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Abstract 
In this paper, estimations of the lower solution bounds for the discrete algebraic Lyapunov Equa-
tion (the DALE) are addressed. By utilizing linear algebraic techniques, several new lower solution 
bounds of the DALE are presented. We also propose numerical algorithms to develop sharper so-
lution bounds. The obtained bounds can give a supplement to those appeared in the literature.  
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1. Introduction 
It is known that the Lyapunov equation is widely used in various control systems. Furthermore, solution bounds 
of the above equation can also treat many control problems. For example, robust stability analysis for time-delay 
systems, robust root clustering for linear systems, determination of the size of the estimation error for multiplic-
ative systems, and others can be solved by the mentioned solution bounds. Gajic and Qureshi [1] explained one 
motive for studying the solution bounds of the Lyapunov equation: sometimes we are simply interested in the 
general behavior of the underlying system, and this behavior can be determined by examining certain bounds on 
the parameters of the solution, rather than the full solution. During the past few decades, research on deriving 
solution bounds of the Lyapunov equation has become an attractive research topic, and a number of research 
approaches have been proposed to this problem [2]-[9]. Among those results, they focus on the evaluation for 
the bounds of single eigenvalues including the extreme ones, the trace, the determinant, as well as the bounds of 
solution matrix. In fact, it has been observed that all the aforementioned solution bounds can be defined by ma-
trix bounds. Hence, the matrix bounds are the most general findings. In the literature, matrix bounds of the solu-
tion of the DALE have been studied in [3] [5]-[8]. Many good bounds have been presented. However, it seems 
that most of these approaches for the matrix bounds contain points of weakness. For example, those results pro-
posed in [5]-[7] must assume that the matrix Q is positive definite. In many control problems, this matrix may be 
positive semi-definite. Bounds in [5]-[7] also have inverse matrices and the computation burden hence may be-
come very heavy when the system dimension becomes large. The matrix A must be normal in one of the bound 
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presented in [7] and must be diagonalizable in [6]. For another bound in [7], an extra Lyapunov equation must 
be solved. Furthermore, in [5], the lower solution bound has a free matrix and how to choose this matrix such 
that the obtained bound is the best is still an open problem. To give a supplement to those appeared in the litera-
ture is therefore the aim of this paper. A new approach for developing lower matrix bounds of the solution of the 
DALE then is proposed. In what follows, it is not necessary to assume that Q is positive definite and A is diago-
nalizable or normal. Several matrix bounds for the DALE (1) are developed by a simple approach. In addition, 
the presented results do not involve any free variable. Therefore, in comparison with existing literature on the 
subject, the proposed results are less restrictive and more easily calculated. 

2. Main Results 
Consider the discrete algebraic Lyapunov Equation (DALE) which are represented by 

TA PA P Q− = −                                       (1) 

where , , n nA P Q ×∈ , A is a stable matrix, Q denotes a given positive semi-definite matrix, and P is the unique 
positive semi-definite solution. 

Before developing the main results, we review the following useful result. 
Lemma 1 [10]: Let a real symmetric matrix U be defined as 

TU M N NM= +                                       (2) 

where n nN ×∈  is a given positive semi-definite matrix. Then if and only if the n n×  real matrix 
( )TM M+  is negative semi-definite then U is negative semi-definite. 

Then, by utilizing lemma 1 and some linear algebraic techniques, new lower matrix bounds of the solution of 
the DALE (1) are derived as follows. 

Theorem 1. The solution P of the DALE (1) has the following bounds. 

01
1

( ) ( )
( 2 )

T

lT
n

Q A I P A IP P
A A Iλ

+ − −
≥ ≡

− + −
                               (3) 

and 

02
2

( ) ( )
( 2 )

T

lT
n

Q A I P A IP P
A A Iλ

+ + +
≥ ≡

− − − −
                               (4) 

where the positive semi-definite matrices 01P  and 02P  are defined, respectively, by 

01 ( 2 )T
n

QP
A A Iλ

≡
− + −

                                   (5) 

and 

02 ( 2 )T
n

QP
A A Iλ

≡
− − − −

                                  (6) 

Proof. Let a positive semi-definite matrix R is defined as 

( ) ( )TR A I P A I≡ − − .                                   (7) 

Then we have 

2T T TR A PA PA A P P Q PA A P P≡ − − + = − − − +                        (8) 

which infers 

( ) ( )TA I P P A I Q R− + − = − − .                              (9) 

It is seen that by using the positive semi-definite matrix R, the DALE (1) can be transformed into a continu-
ous-type Lyapunov Equation (9). Then, by (9), we rewrite the DALE (1) as 
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( ) ( )
( 2 ) ( 2 )

T
T T

n n

Q R Q RA I P P A I
A A I A A Iλ λ

   + +
− − + − −   − + − − + −   

 

( ) ( )
2 2( 2 ) ( 2 )

T

T T
n n

A I I A I IQ R Q R
A A I A A Iλ λ

   − −
= + − + − +   + − + −   

               (10) 

Since A is stable, we have 1 Re ( ) 1Aλ− < <  and 1 Re ( ) 1Aλ− < − < .Then 

1( 2 ) ( ) 2 ( ) 2 2 ( ) 2 2 Re ( ) 2 0T T T
n nA A I A A A A A Aλ λ λ µ λ+ − = + − = − − − − = − − − ≤ − − − <        (11) 

and 

( 2 )2 0
2 2( 2 ) ( 2 ) ( 2 ) ( 2 )

TT T
n

T T T T
n n n n

A A I IA I I A I I A A I I I
A A I A A I A A I A A I

λ
λ λ λ λ

+ −− − + −
− + − = − ≤ − =

+ − + − + − + −
      (12) 

Then, according to Lemma 1, it is seen that the right-hand side of Equation (10) is negative semi-definite. 
Therefore, Equation (10) is a continuous Lyapunov equation and its solution is positive semi-definite. That is,  

01( 2 ) ( 2 )T T
n n

Q R QP P
A A I A A Iλ λ

+
≥ ≥ =
− + − − + −

                     (13) 

Define 

1 ( ) ( )TR A I P A I≡ + +                                (14) 

The DALE (1) now can be rewritten as 

1( ) ( )TA I P P A I Q R− − + − − = − −                           (15) 

Then, we have 

1 1( ) ( )
( 2 ) ( 2 )

T
T T

n n

Q R Q RA I P P A I
A A I A A Iλ λ

   + +
− − − + − − −   − − − − − − − −   

 

1 1( ) ( )
2 2( 2 ) ( 2 )

T

T T
n n

A I I A I IQ R Q R
A A I A A Iλ λ

   − − − −
= + − + − +   − − − − − −   

            (16) 

Due to the facts that 

( 2 ) ( ) 2 2 ( ) 2 2 Re ( ) 2 0T T
n nA A I A A A Aλ λ µ λ− − − = − − − = − − ≤ − − <           (17) 

and 

( 2 )2 0
2 2( 2 ) ( 2 ) ( 2 ) ( 2 )

TT T
n

T T T T
n n n n

A A I IA I I A I I A A I I I
A A I A A I A A I A A I

λ
λ λ λ λ

− − −− − − − − − −
− + − = − ≤ − =

− − − − − − − − − − − −
    (18) 

the right-hand side of (16) then is negative semi-definite. Therefore, the solution of the Lyapunov Equation (16) 
is positive semi-definite. We have 

1
02( 2 ) ( 2 )T T

n n

Q R QP P
A A I A A Iλ λ
+

≥ ≥ =
− − − − − − − −

                  (19) 

Substituting 01P  and 02P  into (13) and (19), respectively, and from the definitions R and 1R  gives 

01
1

( ) ( )
( 2 ) ( 2 )

T

lT T
n n

Q A I P A IQ RP P
A A I A A Iλ λ

+ − −+
≥ ≥ ≡
− + − − + −

                  (20) 

and 

021
2

( ) ( )
( 2 ) ( 2 )

T

lT T
n n

Q A I P A IQ RP P
A A I A A Iλ λ

+ + ++
≥ ≥ ≡
− − − − − − − −

                 (21) 
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Thus, the proof is completed. 
Remark 1. According to the proof of Theorem 1, it is seen that if 01P  and 02P  are substituted into (19) and 

(13), respectively, we can also obtain the following results without proof. 
Corollary 1. The solution P of the DALE (1) satisfies 

02
3

( ) ( )
( 2 )

T

lT
n

Q A I P A IP P
A A Iλ

+ − −
≥ ≡

− + −
                               (22) 

and 

01
4

( ) ( )
( 2 )

T

lT
n

Q A I P A IP P
A A Iλ

+ + +
≥ ≡

− − − −
                              (23) 

where matrices 01P  and 02P  are defined by (5) and (6), respectively. 
Remark 2.It is found that if ( 2 ) ( 2 )T T

n nA A I A A Iλ λ+ − ≤ − − −  then 02 01P P≥ . This leads to 2 4l lP P≥  

and 3 1l lP P≥ . Besides, it is seen that 01 02P P≥  for ( 2 ) ( 2 )T T
n nA A I A A Iλ λ+ − ≥ − − − . For this case, we 

have 2 4l lP P≤  and 3 1l lP P≤ . The tightness between bounds 2 4l lP P≤  and 3 1l lP P≤ , respectively, cannot be 
compared. Maybe they can give a supplement to each other. However, from Theorem 1, the following algo-
rithms can be developed for obtaining tighter lower solution bound for the DALE (1). 

Algorithm 1. 
Step 1. Set 0 01lP P= . 
Step 2. Compute 

( 1)( ) ( )
, 1, 2,

( 2 )

T
l k

lk T
n

Q A I P A I
P k

A A Iλ
−+ − −

= =
− + −

                         (24) 

Then, comparing to 1lP , lkP  are tighter solution bounds for the DALE (1). 
Proof. Let 1k = . From Step 1 and (24), we have 

0
1 0

( ) ( )
( 2 ) ( 2 )

T
l

l lT T
n n

Q A I P A I QP P
A A I A A Iλ λ

+ − −
= ≥ =

− + − − + −
                  (25) 

Now, we assume 

( 1)lk l kP P −≥ . 

Then the definition of lkP  yields 

( 1)
( 1)

( ) ( )( ) ( )
( 2 ) ( 2 )

TT
l klk

l k lkT T
n n

Q A I P A IQ A I P A IP P
A A I A A Iλ λ

−
+

+ − −+ − −
= ≥ =

− + − − + −
             (26) 

By the inductive method, one can conclude that ( 1) 0lk l k lP P P−≥ ≥ ≥ . 
Algorithm 2. 
Step 1. Set 0 02l̂P P= . 
Step 2. Compute 

( 1)
ˆ( ) ( )ˆ , 1, 2,

( 2 )

T
l k

lk T
n

Q A I P A I
P k

A A Iλ
−+ − −

= =
− − − −

                        (27) 

Then, solution bounds l̂kP  of the DALE (1) are tighter than 2lP . 
Proof. Let 1k = . From Step 1 and (27), we have 

0
1 0

ˆ( ) ( )ˆ ˆ
( 2 ) ( 2 )

T
l

l lT T
n n

Q A I P A I QP P
A A I A A Iλ λ

+ − −
= ≥ =

− − − − − − − −
.                  (28) 

Now, we assume 
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( 1)
ˆ ˆ
lk l kP P −≥ . 

Then the definition of l̂kP  yields 

( 1)
( 1)

ˆˆ ( ) ( )( ) ( )ˆ ˆ
( 2 ) ( 2 )

TT
l klk

l k lkT T
n n

Q A I P A IQ A I P A IP P
A A I A A Iλ λ

−
+

+ − −+ − −
= ≥ =

− − − − − − − −
.                 (29) 

By the inductive method, one can conclude that ( 1) 0
ˆ ˆ ˆ
lk l k lP P P−≥ ≥ ≥ . 

Remark 3. Surveying the literature, existing lower matrix bounds of the solution of the DALE (1) are sum-
marized as follows. 

( )
1

1 12
5[ ( ) ( )]T

lP R R Q M A I A I R R Pη− −≥ − + − − ≡  [5]                    (30) 

62
( )

1 ( )
Tn

l
n

QP A A Q P
A

λ
σ

≥ + ≡
−

 [3]                             (31) 

1 7 1 1( ) , ( )T n T n
n n n lP M M P P P A P A Iλ≥ ≡ − = , [7]                        (32) 

1

8( ) ( )T T n
n n n lP M M I AA Pλ

−
 ≥ − ≡  , with T TAA A A=  [7]                  (33) 

9( ) T
n dm m m lP G M M Pλ≥ ≡  [8]                              (34) 

1
2 10( )T T

n lP N QN N R N Pλ − −≥ ≡  [6]                            (35) 

where 
11 2[( ) ( ) ]TR A I M A I−≡ − −  with Q M>                          (36) 

4 2 1 2
1
2 1 2 1

1 1

[( ) ] 4 [( ) ( ) ] [ ( ) ] [( ) ]
2 [( ) ( ) ] 2 [( ) ( ) ]

T
n n n

T T

A I R A I M A I R Q M R A I R
A I M A I A I M A I

σ λ λ ση
λ λ

−

− −

− + − − − −
≡ +

− − − −
      (37) 

2 1[ , , ( ) , , ( ) ]T T T n
nM D A D A D A D−≡   where TQ DD=                    (38) 

{ } m m
dm ijG g R ×≡ ∈ , with 

1

0 0
( ) ( ), ( )

m
k i

ij i j i
k i

g a k a k A a k A
∞ −

= =

≡ =∑ ∑                (39) 

2
2 {1 / [1 ( ) ]}iR diag Aλ≡ −                            (40) 

1, { ( )}iA N N diag Aλ−= Λ Λ ≡                            (41) 
2 1[ , , ( ) , , ( ) ]T T T m

mM D A D A D A D−≡   where TQ DD=                 (42) 

m ≡  the degree of the minimal polynomial of A.                 (43) 
From the above conditions, it is seen that most of them contain points of weakness. The matrix Q in [5]-[7] 

must be positive definite. In many control problems, this matrix may be positive semi-definite. It is also seen 
that bounds in (30), (33), and (35) have inverse matrices. The computation burden hence may become very 
heavy. The matrix A must be normal in (33) and must be diagonalizable in (35). For bound (32), an extra 
Lyapunov equation must be solved. Furthermore, from (39), it is obvious that the computation of constants ijg  
is very difficult. From the obtained results of this work, it is not necessary to assume that the matrix A is diago-
nalizable or normal. We also do not assume that the matrix Q is positive definite. Furthermore, the present 
bounds do not involve any inverse matrix and hence are easy to be evaluated. It is found the tightness of the ob-
tained results and those appeared in the literature cannot be compared by any mathematical method. However, at 
least they can give a supplement to each other. 

3. A Numerical Example 
Example 1. Consider the DALE (1). Matrices A and Q are chosen as 
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0.79 0
0 0.8

A  
=  
 

 and 
4 0
0 5

Q  
=  
 

 

where matrix A is diagonalizable and normal and Q is positive definite. In this case, we choose 

3 0
0 4

M  
=  
 

. 

Then, from the obtained results and (30)-(35), solution bounds of the DALE (1) for this case are shown be-
low.  

1 2 3 4

10.5238 0 2.1000 0 9.6403 0 9.5876 0
, , , ,

0 13.0385 0 2.6389 0 12.0370 0 12.1032l l l lP P P P       
= = = =       
       

 

5 6 7 8

9.5603 0 10.6411 0 10.6411 0
, ,

0 11.4527 0 11.8103 0 11.0034l l l lP P P P     
= = = =     
     

 

9 10

1.6980 0 10.6411 0
, .

0 2.1433 0 11.1111l lP P   
= =   
   

 

For this case, it is seen that 1 3 5 2 9l l l l lP P P P P> > > > , 4 3l lP P> , and 6 10 7 8 2 9l l l l l lP P P P P P≥ ≥ = > > . How-
ever, the sharpness between 1lP , 4lP , and 6lP  cannot be compared. It shows that the obtained results and 
those appeared in the literature can give a supplement to each other. By using Algorithm 1, we have 

1

10.6411 0
0 13.8889lP  

=  
 

 for 6k = . 

Obviously our result 1lP  now is tighter than the parallel ones in this case. This means that the presented al-
gorithms indeed can work. 

4. Conclusion 
In this paper, the lower matrix bounds of the solution for the DALE have been discussed. By transform the 
DALE into a continuous-type Lyapunov equation, we have established several concise lower solution bounds of 
the DALE. All proposed bounds are new and less restrictive than the majority of those appeared in the literature. 
According to some of these results, iterative algorithms have also been developed for obtaining sharper lower 
matrix bounds. Finally, we give a numerical example to demonstrate the applicability of the presented schemes. 
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