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Abstract 
This study introduces an adaptive sparse Fibonacci collocation method for the 
numerical solution of ordinary differential equations with quadratic nonline-
arities. Unlike conventional Fibonacci polynomial approaches based on a pre-
defined truncation order and a full set of basis functions, the proposed frame-
work incorporates the selection of significant Fibonacci modes directly into 
the solution process. The approximate solution is represented by a reduced 
Fibonacci expansion whose active basis is iteratively determined according to 
coefficient significance and residual information. Derivative terms are ex-
pressed through an operational matrix representation, while quadratic non-
linearities involving the solution and its derivatives are transformed into a 
nonlinear algebraic system at the collocation points. A residual-controlled en-
richment and pruning mechanism is employed to balance approximation ac-
curacy and basis complexity, allowing unnecessary Fibonacci modes to be 
eliminated without substantially degrading the solution. The accuracy and 
computational behavior of the method are assessed through benchmark non-
linear differential equations with available exact solutions using maximum ab-
solute errors, residual norms, active basis size, and convergence characteris-
tics. The proposed formulation provides a compact and interpretable exten-
sion of conventional Fibonacci collocation and offers an adaptive computa-
tional framework for quadratically nonlinear differential equations. 
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1. Introduction 

Nonlinear ordinary differential equations (ODEs) arise in many areas of applied 
mathematics, physics, and engineering. In particular, equations involving quad-
ratic interactions between the solution and its derivatives are often difficult to 
solve analytically, which has motivated the development of various numerical and 
semi-analytical approaches [1]-[13]. Polynomial and spectral techniques, includ-
ing Chebyshev, Bessel, and Jacobi-based collocation methods, have proved effec-
tive for transforming such problems into finite-dimensional algebraic systems [2] 
[7]-[9] [13]-[16]. 

Fibonacci polynomials have also emerged as useful approximation functions 
because of their simple recurrence structure and convenient algebraic properties 
[17]. Fibonacci collocation and operational matrix techniques have been success-
fully applied to integral equations, differential equations, Lane-Emden-type prob-
lems, and fractional models [18]-[23]. In particular, Fibonacci collocation has al-
ready been employed for nonlinear differential equations [24], demonstrating the 
potential of this polynomial family for nonlinear problems. 

Polynomial matrix-collocation techniques have also been developed specifically 
for differential equations with quadratic nonlinearities. For example, Bicer and 
Sezer [1] represented the solution by a truncated Bernoulli expansion and trans-
formed the governing equation into a nonlinear matrix system. Their numerical 
results demonstrate improved accuracy as the truncation parameter is increased. 

However, most conventional polynomial collocation methods employ a fixed 
approximation space, 

( ) ( )
0

,
N

N n n
n

y x a xφ
=

= ∑  

in which all basis functions up to a prescribed order N  are retained. Such for-
mulations do not explicitly determine which modes are actually necessary for rep-
resenting the solution. Sparse approximation concepts [25]-[28] provide a natural 
mechanism for addressing this limitation. 

Motivated by this observation, this study proposes an adaptive sparse Fibo-
nacci collocation method for quadratically nonlinear differential equations. In-
stead of retaining the complete Fibonacci basis, the approximate solution is ex-
pressed as 

( ) ( ) { }max, 0, , ,A n n
n A

y x a F x A N
∈

= ⊆∑   

where the active set A  is determined adaptively. Residual-controlled enrich-
ment and coefficient-based pruning are employed to identify significant Fibonacci 
modes while maintaining the required approximation accuracy. 

The main contribution of the proposed approach is therefore the integration of 
Fibonacci polynomial collocation, adaptive basis discovery, and sparse ap-
proximation within a unified framework for quadratic nonlinear ODEs. The 
method is evaluated using benchmark problems with known exact solutions, con-
sidering maximum absolute error, residual error, convergence behavior, and the 
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number of active Fibonacci modes. 
The remainder of the paper presents the Fibonacci approximation framework, 

mathematical formulation, proposed adaptive sparse method, error analysis, nu-
merical experiments, and conclusions. 

2. Fibonacci Polynomials and Sparse Approximation 

Fibonacci polynomials provide a convenient basis for constructing polynomial 
approximations because of their recursive structure and simple algebraic repre-
sentation [17]-[24]. They can be defined by 

( ) ( )0 10, 1,F x F x= =  

and the recurrence relation 

( ) ( ) ( )1 1 , 1.n n nF x xF x F x n+ −= + ≥   

The first few Fibonacci polynomials are 

( ) ( ) ( ) ( ) ( )2 3 4 2
1 2 3 4 51, , 1, 2 , 3 1.F x F x x F x x F x x x F x x x= = = + = + = + +  

These functions have been successfully incorporated into collocation and oper-
ational-matrix techniques for differential and integral equations [18]-[24]. 

For a sufficiently smooth function ( )y x , the conventional truncated Fibo-
nacci approximation can be written as 

( ) ( ) ( )
1

,
N

N n
n

y x a F x x
=

= =∑ F A  

where 

( ) ( ) ( ) ( )1 2 1, , , Nx F x F x F x+ = F    

and 

[ ]T1 2 1, , , .Na a a +=A    

The derivatives of the approximation can be expressed through a Fibonacci op-
erational differentiation matrix FD  [19] [20]: 

( ) ( ) ( ) ( ) .k k
N Ny x x= F D A  

This representation enables differential operators to be transformed into alge-
braic matrix equations and provides the basis for the collocation formulation de-
veloped in this study. 

In a conventional Fibonacci approximation, all modes up to the prescribed 
truncation order are retained. The present approach instead considers a candidate 
space 

{ }max max1 2 1span , , ,N NV F F F +=    

and searches for an active subset 

{ }max1,2, , 1 .A N⊆ +   

The resulting sparse representation is 
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( ) ( ).A n n
n A

y x a F x
∈

= ∑  

The objective is to obtain 

max 1A N + A   

whenever the solution admits a compact Fibonacci representation. Inspired by 
sparse approximation principles [25]-[29], insignificant modes can be removed 
while new modes are introduced when they provide a meaningful reduction in the 
differential-equation residual. 

Therefore, the approximation space is not fixed before computation but is pro-
gressively determined according to the solution structure. This adaptive represen-
tation forms the basis of the sparse Fibonacci collocation method developed in the 
following sections. 

3. Mathematical Formulation 

Consider the thm -order ordinary differential equation with quadratic nonline-
arities 

[ ]( ) [ ]( ) ( ) , ,L y x N y x g x a x b+ = ≤ ≤                  (1) 

where the linear differential operator is defined by 

[ ]( ) ( ) ( ) ( )
0

,
m

k
k

k
L y x P x y x

=

= ∑                       (2) 

and the quadratic nonlinear operator is 

[ ]( ) ( ) ( ) ( ) ( ) ( )
0 0

,
r r

p q
pq

p q
N y x Q x y x y x

= =

= ∑∑                 (3) 

Here, ( ) ( ),k pqP x Q x  and ( )g x  are assumed to be sufficiently smooth func-
tions on [ ],a b . The formulation includes nonlinear terms such as 

( )22 , , , , ,y yy y yy y y′ ′ ′′ ′ ′′  

depending on the values of p  and q . 
The problem is supplemented by m  initial or boundary conditions, which 

may be written in the general form 

( ) ( ) ( ) ( ) ( ) ( )
1

0
, 0,1, 2, , 1.

m
k k k

jk jk jk j j
k

y a y b y c j mα β γ λ
−

=

 + + = = − ∑      (4) 

This general structure permits initial, boundary, and mixed conditions of the 
type considered in nonlinear collocation formulations [1]. 

The approximate solution is sought in the Fibonacci polynomial space intro-
duced in Section 2: 

( ) ( ) ,A n n
n A

y x a F x
∈

= ∑                       (5) 

where 
{ }max1,2, , 1A N⊆ +  

denotes the active Fibonacci index set. In matrix form, 
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( ) ( ) ,A A Ay x x= F A                        (6) 

where 

( ) ( ) ( ) ( )
1 2

, , ,
MA n n nx F x F x F x =  F   

and 

1 2

T
, , , , .

MA n n na a a M A = = A   

Using the Fibonacci differentiation operator, the thk  derivative is represented 
as 

( ) ( ) ( ) ( ) ,k k
A A Ay x x= F A                       (7) 

Substitution of Equations (5) - (7) into Equation (1) gives the residual 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0

; .
m r r

k p q
A k A pq A A

k p q
x x xR x P y Q y y gx x x

= = =

= + −∑ ∑∑A     (8) 

For a set of collocation points 

[ ], , 0,1, , ,i cx a b i N∈ =   

the governing equation is enforced through 

( ); 0AR x =A                           (9) 

Collocation Nodes and Algebraic System 

For each adaptive approximation, the collocation points are selected on the com-
putational interval using a uniform nodal rule. Let the computational interval be 

[ ],t a b∈ , and let cN  denote the number of collocation points. The nodes are 
defined by 

( )1 , 1,2, , .
1i c

c

it a b a i N
N
−

= + − =
−

              (10) 

At every adaptive iteration, the governing differential equation is enforced at 
the same set of cN  collocation points. Thus, for an -thm  order differential 
equation, the differential-equation residual equations are evaluated at cN  points, 
while the prescribed initial or boundary conditions are imposed separately. 

If AN =   denotes the number of active Fibonacci modes, the resulting non-
linear system is assembled from the collocation residual equations and the re-
quired initial/boundary constraint equations. In particular, for an -thm  order 
problem with m   independent conditions, the system contains  cN m+  
equations before any equation replacement or row selection is applied. 

To obtain a square nonlinear algebraic system when required, m  collocation 
equations are replaced by the corresponding initial or boundary conditions. The 
replacement is performed at the rows associated with the selected constraint loca-
tions. Consequently, the final system contains cN  equations for AN  unknown 
Fibonacci coefficients when A cN N= . 

For first-order initial-value problems, one collocation equation is therefore re-
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placed by the initial condition. For higher-order initial-value or boundary-value 
problems, the number of replaced equations is equal to the number of independ-
ent prescribed conditions. 

The same node construction and equation-assembly rule is retained throughout 
the enrichment and pruning stages so that changes in the numerical solution can 
be attributed to the active Fibonacci basis rather than to a changing collocation 
grid. 

4. Adaptive Sparse Fibonacci Collocation Method 

The proposed method combines Fibonacci polynomial collocation with adaptive 
basis selection. Unlike conventional Fibonacci and other polynomial collocation 
approaches using a fixed truncation order [18] [22] [30], only significant Fibo-
nacci modes are retained during the approximation process. 

Let 

( ) ( ) ( ) ( )
max1 2 1, , , Nx F x F x F x+ =  F   

be the candidate Fibonacci basis. For an active index set A , the approximate so-
lution is written as 

( ) ( ) ( ) .A j j A A
j A

y x a x x
∈

= =∑ F F A                 (11) 

Using the Fibonacci operational differentiation matrix FD  [19] [20], the de-
rivatives are represented by 

( ) ( ) ( ) ( ) .k k
A A Ay x x= F A                      (12) 

4.1. Differentiation Operator for a Nonconsecutive Active 
Fibonacci Set 

Because the adaptive procedure may produce a nonconsecutive active Fibonacci 
index set, the differentiation operator cannot in general be defined by simply re-
stricting the full Fibonacci differentiation matrix to the active indices. Let the can-
didate basis be 

( ) ( ) ( ) ( ) T
0 1, , , ,Mt F t F t F t=   Φ  

and let the corresponding full differentiation matrix be D , defined by 

( ) ( )d .
d

t t
t

= DΦ Φ                      (13) 

For an active index set 

{ }1 2 1 2, , , , ,
A AN Nj j j j j j= < < <   

the approximation is written as 

( ) ( )T ,Ny t t= c Φ  

where Φ  contains only the active Fibonacci modes. The derivative is neverthe-
less evaluated through the full candidate-space differentiation operator: 
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( ) ( ), ,Ny t t′ = ⋅D c   Φ                      (14) 

where ,D   denotes the columns of the full differentiation matrix correspond-
ing to the active modes. 

Thus, if the derivative of an active mode ( )jkF t  contains Fibonacci modes 
whose indices are not members of  , those modes are not discarded. They re-
main in the derivative representation within the candidate space and are included 
when the differential-equation residual is evaluated. 

More explicitly, 

( ) ( )
0

, .
k

M

jj kkF t D F t j
=

′ = ∈∑
 



                    (15) 

Consequently, 

( ) ( )
0

.
M

N j j
j

y t c D F t
∈ =

′ = ∑ ∑
 


                      (16) 

The same construction is applied recursively for higher-order derivatives. For 
example, 

( ) ( ) ( )T
, ,r r

Ny t t= D c  Φ                       (17) 

where the active columns are selected only after the full candidate-space differen-
tiation operator has been constructed. 

This formulation separates basis selection from differentiation. The adaptive 
procedure determines which Fibonacci modes are used in the approximation itself, 
whereas differentiation is performed in the full candidate space. Therefore, non-
consecutive active sets do not introduce an artificial truncation of derivative con-
tributions. A mode is removed from the approximation only through the pre-
scribed pruning criterion, and not merely because its derivative representation is 
outside the active set. 

4.2. Nonlinear Solution Procedure 

At each adaptive iteration, the nonlinear algebraic system associated with the cur-
rent active Fibonacci set is solved for the unknown expansion coefficients using 
the MATLAB fsolve solver. For the initial active set, the coefficient vector is ini-
tialized consistently with the prescribed initial or boundary conditions. At subse-
quent stages, the converged coefficient vector obtained from the preceding itera-
tion serves as an effective initial guess for the current solve. The iterative solution 
process is terminated when both the nonlinear-system residual and the coefficient 
update satisfy a numerical tolerance of 10

solver 10ε −= . 
The adaptive residual tolerance and the coefficient-pruning tolerance are de-

noted by resτ  and pruneτ , respectively. Following a successful nonlinear solve, the 
differential residual norm is evaluated to govern the adaptive enrichment and 
pruning criteria. If a proposed basis modification leads to a failure in fsolve con-
vergence within the prescribed iteration limit, the tentative modification is re-
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jected, and the previous converged active basis and coefficient vector are strictly 
retained. The procedure then either investigates the next admissible basis adjust-
ment or terminates if convergence criteria are met, ensuring a consistent and ro-
bust numerical implementation across all benchmark problems. 
Algorithm 1. Adaptive Sparse Fibonacci Collocation Method 
Input: Candidate Fibonacci index set  , initial active set ( )0 , collocation 
nodes, initial/boundary conditions, nonlinear-solver tolerance NLε , residual tol-
erance Rε , coefficient-pruning tolerance cε , and maximum number of adaptive 
iterations maxK . 
Output: Final active index set ∗   and coefficient vector ∗c . 
1. Initialize ( )0←   and construct the corresponding Fibonacci approxima-
tion. 
2. Assemble the nonlinear collocation system using the current active set and the 
prescribed initial/boundary-conditions. 
3. Initialize the coefficient vector. For the first iteration, use the prescribed condi-
tions to determine the constrained coefficients and initialize the remaining coef-
ficients. At subsequent iterations, use the previously converged coefficient vector 
as the initial guess. 
4. Solve the nonlinear algebraic system using the selected nonlinear solver until 
the prescribed nonlinear-solver tolerance NLε  is satisfied. 
5. If the nonlinear solve is unsuccessful, reject the current tentative basis modifi-
cation and retain the previous converged active set and coefficient vector. 
6. Evaluate the collocation residual 

( ) ( )max .ii
R t=   

7. Apply the coefficient-based pruning criterion and remove a mode only when 
its removal satisfies the prescribed pruning condition. 
8. For each inactive candidate mode, evaluate the residual reduction obtained by 
tentative enrichment. 
9. If several candidate modes satisfy the enrichment criterion, select the mode giv-
ing the largest admissible residual reduction. 
10. Add the selected mode, reassemble the nonlinear system, and re-solve for all 
active coefficients. 
11. If the nonlinear solve associated with the enrichment is unsuccessful, reject 
that enrichment and retain the previous converged representation. 
12. Repeat the enrichment-pruning cycle until 

( ) Rε≤  , 

no admissible enrichment produces a meaningful residual reduction, and no ac-
tive coefficient satisfies the pruning criterion. 
13. If maxK  is reached, terminate the adaptive procedure and retain the latest 
converged representation. 
14. Return ∗  and ∗c . 
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5. Convergence and Error Analysis 

The accuracy of the proposed adaptive sparse Fibonacci approximation is evalu-
ated using the residual and, whenever available, the exact solution. For the active 
basis A , the residual is defined as 

( ) [ ]( ) [ ]( ) ( ).A A AR x L y x N y x g x= + −  

The corresponding residual norm is 

[ ]
( )

,
max .R A Ax a b

E R R x
∞ ∈

= =  

When the exact solution ( )y x  is known, the maximum absolute error is com-
puted by 

[ ]
( ) ( )

,
max .A Ax a b

E y y y x y x∞ ∞ ∈
= − = −  

The adaptive enrichment process generates a sequence of active spaces 

1 2
,A AV V⊆ ⊆  

where new Fibonacci modes are retained only when they provide a sufficient re-
duction in the residual. Thus, the computational convergence criterion is ex-
pressed as 

( ) ( )1 ,s s
R RE E+ <  

where s  denotes the adaptive iteration. 
For sufficiently smooth solutions that admit a convergent Fibonacci expansion, 

increasing the effective approximation space is expected to reduce the truncation 
error. The pruning mechanism preserves this behavior by removing a mode only 
when its elimination produces no significant deterioration in the residual. 

To quantify the efficiency of the sparse representation, the compression ratio is 
defined as 

*

max

1 ,
1R

A
C

N
= −

+
 

where *A  is the number of active Fibonacci modes in the final approximation. 
A larger RC  indicates a more compact representation. 

Accordingly, the proposed method is assessed through three complementary 
quantities: 

, ,R RE E C∞  

representing solution accuracy, equation consistency, and basis sparsity, respec-
tively. These measures are used in the numerical experiments to evaluate the con-
vergence and computational effectiveness of the adaptive Fibonacci approxima-
tion. 

6. Numerical Experiments 

The proposed Adaptive Sparse Fibonacci Collocation (ASFC) method is evaluated 
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on three nonlinear differential equations with known exact solutions. The bench-
mark problems include a nonlinear oscillator, a quadratic Riccati equation, and a 
third-order nonlinear equation. These examples are selected to examine the accu-
racy of the proposed method for oscillatory, exponential, and strongly nonlinear 
solution behaviors. In addition to the solution error, the differential-equation re-
sidual and the sparsity of the final Fibonacci representation are considered. 

6.1. Problem 1—Nonlinear Oscillator 

Consider the nonlinear differential equation 

( ) ( ) ( ) ( ) 22 1 0, 0 1,u t u t u t u t t′′ ′− + + − = ≤ ≤    

subject to the initial conditions 

( ) ( )0 2, 0 0.u u′= =  

The exact solution is 

( )ex 1 cos .u t t= +  

For an active Fibonacci index set  , the ASFC approximation is written as 

( ) ( ).N j j
j

u t c F t
∈

= ∑


 

The initial conditions are imposed directly on the approximation, 

( ) ( )0 2, 0 0.j j j j
j j

c F c F
∈ ∈

′= =∑ ∑
 

 

The remaining coefficients are determined from the nonlinear collocation re-
sidual 

( ) ( ) ( ) ( ) ( ) 22
1, 1,N N N N NR t u t u t u t u t′′ ′= − + + −    

evaluated at the prescribed collocation points. The adaptive procedure introduces 
additional Fibonacci modes when the residual reduction obtained from an inac-
tive candidate mode satisfies the enrichment criterion. Conversely, insignificant 
active modes are removed when their elimination does not produce a significant 
deterioration of the residual. 

This problem is particularly useful for examining sparse basis selection because 
the exact solution contains a constant component and an oscillatory component 
while the governing equation includes quadratic nonlinearities. 

6.2. Problem 2—Quadratic Riccati Equation 

The second benchmark is a quadratic Riccati equation defined on 

0 1t≤ ≤  
by 

( ) ( ) ( )3 2 2e e 2e e ,t t t tu t u t u t′ = − + −                (18) 

with the initial condition 

( )0 1,u =                           (19) 
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and exact solution 

( )ex e .tu t =  

Equivalently, the equation can be written in the standard quadratic Riccati form 

( ) ( ) ( ) ( ) ( ) ( )2 ,u t P t u t Q t u t g t′ = + +  

where 

( ) ( ) ( )2 3e , 2e , e e .t t t tP t Q t g t= − = = −  

Using the ASFC representation, the exact nonlinear differential equation is 
transformed into a finite-dimensional nonlinear collocation system. The coeffi-
cient associated with the initial condition is constrained through Equation (19), 
while the remaining coefficients are determined from the collocation equations 
generated by the residual of Equation (18). 

Because the exponential exact solution contains both even and odd powers in 
its Taylor expansion, this benchmark provides a useful test of adaptive Fibonacci 
basis enrichment and the ability of the proposed method to construct a compact 
representation without imposing a fixed complete truncation. 

6.3. Problem 3—Third-Order Nonlinear Equation 

The third benchmark considers the nonlinear third-order differential equation 

( ) ( )

( )
3

3
42e , 0 1,

1
u tu t t

t
−′′′ = − + ≤ ≤

+
 

subject to 

( ) ( ) ( )0 0, 0 1, 0 1.u u u′ ′′= = = −  

The exact solution is 

( ) ( )ex ln 1 .u t t= +  

Starting from the active Fibonacci representation, 

( ) ( ) ,N j j
j

u t c F t
∈

= ∑


 

the required derivatives are evaluated using the Fibonacci differentiation operator 
described in Section 4. The three initial conditions are imposed through 

( ) ( ) ( )0 0, 0 1, 0 1.N N Nu u u′ ′′= = = −  

The remaining coefficients are obtained from the nonlinear collocation residual 

( ) ( ) ( )

( )
3

3, 3
42e .

1
Nu t

N NR t u t
t

−′′′= + −
+

 

Additional Fibonacci modes are introduced when they provide a meaningful 
reduction of the residual, whereas insignificant modes are removed according to 
the pruning criterion. The process continues until the prescribed residual crite-
rion is satisfied or no admissible enrichment provides a sufficient improvement. 

This problem also provides a test of the proposed method for a higher-order 
nonlinear equation and explicitly verifies the treatment of the second derivative 
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initial condition ( )0 1u′′ = − . 

6.4. Exact-Solution Verification 

Before computing the numerical errors, the exact solutions used in the three 
benchmark problems are independently verified against their corresponding gov-
erning differential equations and initial conditions. The verification is performed 
symbolically and is independent of the ASFC approximation. For each problem, 
the exact-solution verification residual is defined by substituting the exact solu-
tion into the corresponding differential equation. 

6.4.1. Verification of Problem 1 
For Problem 1, 

( )ex 1 cos ,u t t= +  

and therefore 

( ) ( )ex exsin , cos .u t t u t t′ ′′= − = −  

Substitution into the governing equation gives 

( ) ( ) ( ) ( ) ( )
( ) ( )

22
1,ex ex ex ex ex

2 2

2 2

1

cos 1 cos 1 cos sin 1

cos sin 1 0.

R t u t u t u t u t

t t t t

t t

′′ ′= − + + −  

= − − + + + + −

= + − =

 

The initial conditions are also satisfied exactly: 

( ) ( )ex ex0 2, 0 0.u u′= =  

Consequently, 

( ),1 1,ex0 1
max 0.ver t

R tη
≤ ≤

= =  

6.4.2. Verification of Problem 2 
For Problem 2, 

( ) ( )ex exe , e .t tu t u t′= =  

Substitution into the governing Riccati equation yields 

( ) ( ) ( ) ( )3 2 2
2,ex ex ex ex

3 3 3

e e 2e e

e e e 2e e 0.

t t t t

t t t t t

R t u t u t u t′= − + − +

= − + − + =
 

The prescribed initial condition is verified by 

( ) 0
ex 0 e 1.u = =  

Hence, 

( ),2 2,ex0 1
max 0.ver t

R tη
≤ ≤

= =  

6.4.3. Verification of Problem 3 
For Problem 3, 

( ) ( )ex ln 1 ,u t t= +  

with derivatives 
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( ) ( )
( )

( )
( )ex ex ex2 3

1 1 2, , .
1 1 1

u t u t u t
t t t

′ ′′ ′′′= = − =
+ + +

 

Furthermore, 

( ) ( )

( )
ex3 3ln 1

3
1e e .

1
u t t

t
− − +

+
=  

Therefore, 

( ) ( ) ( )

( ) ( ) ( ) ( )
ex3

3,ex ex 3 3 3 3
4 2 2 42e 0.

1 1 1 1
u tR t u t

t t t t
−′′′= + − = + − =

+ + + +
 

The initial conditions are satisfied exactly: 

( ) ( ) ( )ex ex ex0 0, 0 1, 0 1.u u u′ ′′= = = −  

Thus, 

( ),3 3,ex0 1
max 0.ver t

R tη
≤ ≤

= =  

The symbolic verification results are summarized in Table 1. 
 
Table 1. Symbolic verification of the exact solutions for the three benchmark problems. 

Problem Exact solution Verification residual 
Initial-condition  

mismatch 

Problem 1 1 cos t+  0 0 

Problem 2 et  0 0 

Problem 3 ( )ln 1 t+  0 0 

 
These results confirm that the three exact solutions satisfy their respective gov-

erning equations and prescribed initial conditions identically. The subsequent nu-
merical error calculations are therefore performed relative to independently veri-
fied reference solutions. 

6.5. Error Measures 

Let ( )Nu t  denote the ASFC approximation and ( )exu t  the corresponding ex-
act solution. The pointwise absolute error is defined by 

( ) ( ) ( )ex .NE t u t u t= −  

The maximum absolute error over the computational interval is 

[ ]
( ) ( )ex,

max .Nt a b
E u t u t∞ ∈

= −  

For numerical evaluation, the maximum is calculated on the prescribed error-

evaluation grid { } 1

eN
q q

t
=

, 

( ) ( )ex1
max .

e
q N qq N

E u t u t∞ ≤ ≤
= −  

In addition to the solution error, the maximum absolute differential-equation 
residual is used to measure the consistency of the numerical approximation with 
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the governing equation. For a general differential operator  , 

( ) ,N NR t u=   

and 

[ ]
( )

,
max .Nt a b

R R t∞ ∈
=  

On the numerical evaluation grid, this becomes 

( )
1
max .

c
N ii N

R R t∞ ≤ ≤
=  

For the three benchmark problems, the corresponding residuals are 

( ) ( ) ( ) ( ) ( ) 22
1, 1,N N N N NR t u t u t u t u t′′ ′= − + + −    

( ) ( ) ( ) ( )3 2 2
2, e e 2e e ,t t t t

N N N NR t u t u t u t′= − + − +  

and 

( ) ( ) ( )

( )
3

3, 3
42e .

1
Nu t

N NR t u t
t

−′′′= + −
+

 

Accordingly, the problem-dependent maximum residual is defined as 

( ) ( ), ,1
max , 1,2,3.

c
k k N ii N

R t R t k∞ ≤ ≤
= =  

The sparsity of the final Fibonacci representation is quantified by the number 
of retained active modes, 

act ,N =   

where   is the final active Fibonacci index set. The corresponding compression 
or sparsity ratio is defined by 

act

cand

1 ,NS
N

= −  

where candN  denotes the number of candidate Fibonacci modes considered by 
the adaptive procedure. A larger value of S  corresponds to a more compact final 
representation. 

Thus, the numerical assessment is based on three complementary measures: 
E∞ , R∞  and actN  (or S ). The first measures the deviation from the inde-
pendently verified exact solution, the second measures satisfaction of the govern-
ing differential equation, and the third quantifies the compactness of the adaptive 
Fibonacci representation. 

Figures 1(a)-(c) provide graphical comparisons of the ASFC results for the 
three benchmark problems with respect to the independent variable [ ]0,1t∈ . For 
each individual problem, the numerical approximation ( )u t , pointwise absolute 
error ( )e t , and differential-equation residual ( )R t  are systematically dis-
played alongside the Bernoulli polynomial results [1]. These subfigures serve as 
an explicit visual complement to the quantitative error and residual measures de-
fined above, while the detailed discussion and interpretation of the numerical per-
formance are presented in Section 7. 
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(a) 

 
(b) 
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(c) 

Figure 1. (a) Numerical solution, pointwise absolute error, and differential-equation resid-
ual for Problem 1 (Nonlinear Oscillator) obtained by the proposed Adaptive Sparse Fibo-
nacci Collocation (ASFC) method and the Bernoulli polynomial method [1]; (b) Numerical 
solution, pointwise absolute error, and differential-equation residual for Problem 2 (Riccati 
Equation) obtained by the proposed Adaptive Sparse Fibonacci Collocation (ASFC) 
method and the Bernoulli polynomial method [1]; (c) Numerical solution, pointwise abso-
lute error, and differential-equation residual for Problem 3 (Third-Order Nonlinear Equa-
tion) obtained by the proposed Adaptive Sparse Fibonacci Collocation (ASFC) method and 
the Bernoullipoly nomial method [1]. 

7. Results and Discussion 

The numerical performance of the proposed Adaptive Sparse Fibonacci Colloca-
tion (ASFC) method is assessed using the three benchmark problems introduced 
in Section 6. The comparison considers three complementary indicators: the max-
imum absolute error E∞ , the maximum differential-equation residual R∞ , the 
number of active Fibonacci modes actN , and the corresponding compression ra-
tio. The exact solutions used for the error calculations were independently verified 
against the governing equations and prescribed initial conditions, as reported in 
Section 6.4. 
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7.1. Summary of Numerical Results 

The main numerical characteristics of the three benchmark problems are summa-
rized in Table 2. 
 

Table 2. Numerical performance of the proposed ASFC method. 

Problem Solution type 
Candidate 

modes candN  
Active modes 

actN  
Compression  

ratio 
E∞  R∞  

Problem 1 Oscillatory 25 7 72.0% 93.86 10−×  84.80 10−×  

Problem 2 Exponential/Riccati 25 8 68.0% 111.01 10−×  101.02 10−×  

Problem 3 Logarithmic, third-order 25 10 60.0% 109.65 10−×  98.70 10−×  

 
The results show that the adaptive procedure does not retain the complete can-

didate Fibonacci basis. For Problem 1, only seven modes are retained, whereas 
eight modes are sufficient for Problem 2 and ten modes are retained for Problem 
3. This behavior illustrates the principal sparse-approximation feature of the pro-
posed formulation. 

For Problem 2, the retention of eight modes from a 25-mode candidate basis 
corresponds to a compression ratio of 68.0%. Thus, approximately one-third of 
the candidate modes are retained in the final representation. The result is partic-
ularly relevant because the exact solution is exponential rather than polynomial, 
providing a useful test of the ability of the Fibonacci basis to represent smooth 
non-polynomial behavior. 

7.2. Solution Accuracy 

Figures 1(a)-(c) compares the numerical and exact solutions for all three bench-
mark problems together with the corresponding pointwise absolute errors and 
differential-equation residuals. 

For Problem 1, the computed solution reproduces the oscillatory behavior of 
the exact solution over the complete interval. The use of seven active Fibonacci 
modes demonstrates that the oscillatory solution can be represented without re-
taining the entire candidate basis. 

Problem 2 provides a different test because its exact solution is ( ) etu t = . De-
spite the exponential character of the solution and the quadratic Riccati nonline-
arity, the adaptive procedure retains only eight modes. The resulting approxima-
tion follows the exact solution throughout the computational interval, while the 
pointwise error remains controlled. 

Problem 3 represents the most demanding benchmark in terms of differential 
order, since the governing equation contains a third derivative and a nonlinear 
exponential term. The exact solution ( ) ( )ln 1u t t= +  is also non-polynomial. 
The final approximation uses ten active Fibonacci modes and reproduces the qual-
itative behavior of the reference solution over 0 1t≤ ≤ . 

The maximum absolute errors reported in Table 2 provide the quantitative 
counterpart of these observations. In contrast to a visual comparison alone, E∞  
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measures the largest deviation between the numerical and independently verified 
exact solutions over the prescribed computational grid. 

7.3. Residual Accuracy 

Solution error alone is not sufficient to characterize the performance of a nonlin-
ear collocation method. Therefore, the differential-equation residual is evaluated 
independently using 

( ) .N NR t u=   

The corresponding maximum residual R∞  measures the extent to which the 
computed approximation satisfies the governing differential equation. 

The residual curves depicted in Figure 1(a3), Figure 1(b3), and Figure 1(c3) 
remain strictly bounded across the computational domain [ ]0,1t∈  for all three 
benchmark problems. In each case, the residual magnitude ( )R t  associated 
with the ASFC method remains consistently suppressed below 10−7, demonstrat-
ing substantial consistency with the governing differential equations compared to 
the Bernoulli polynomial approach [1]. This behavior is directly aligned with the 
residual-controlled adaptive strategy introduced in Section 4, wherein inactive 
Fibonacci modes are selectively incorporated into the active basis only when they 
provide an admissible reduction in the differential residual. 

The residual results are particularly important for Problem 3. Because the equa-
tion is third-order and contains the stiff nonlinear exponential term ( )32e u t−− , sub-
sequent differentiation and nonlinear evaluations may significantly amplify nu-
merical approximation errors. As demonstrated in Figure 1(c3), the residual 

( )R t  remains bounded on the order of 10−8, thereby providing an independent 
confirmation that the obtained sparse Fibonacci approximation rigorously satis-
fies the original governing equation rather than merely reproducing the qualita-
tive shape of the exact solution. 

7.4. Adaptive Basis Selection and Sparsity 

The numerical results also illustrate the role of adaptive basis selection. The final 
approximation is written as 

( ) ( ) ,N j j
j

u t c F t
∈

= ∑


 

where   is the adaptively determined active index set. 
The number of retained modes is seven, eight, and ten for Problems 1-3, re-

spectively. These values indicate that the required approximation dimension de-
pends on the structure and differential order of the problem rather than being 
fixed uniformly in advance. 

The compression ratio provides an additional measure of this behavior. In par-
ticular, the 68.0% compression obtained for Problem 2 demonstrates that the can-
didate space can be substantially reduced while maintaining the required numer-
ical accuracy. The same interpretation applies to Problems 1 and 3, for which the 
same 25-mode candidate space is reduced to 7 and 10 active modes, correspond-
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ing to compression ratios of 72.0% and 60.0% respectively (Table 2). 
An important consequence is that increasing the candidate basis does not au-

tomatically imply that all additional modes must be retained. Instead, the adaptive 
procedure attempts to identify modes that contribute meaningfully to residual re-
duction. This distinguishes the proposed ASFC formulation from conventional 
fixed-order Fibonacci collocation approaches in which the complete truncated ba-
sis is retained. 

7.5. Comparison with the Bernoulli Polynomial Method 

Figures 1(a)-(c) also provides a comparison with the Bernoulli polynomial results 
reported by Bicer and Sezer [1]. The comparison includes the numerical solution, 
pointwise absolute error, and differential-equation residual for the benchmark 
problems. 

The comparison should be interpreted using the reported numerical quantities 
rather than the solution curves alone. In particular, E∞  characterizes approxi-
mation accuracy relative to the exact solution, while R∞  measures consistency 
with the governing differential equation. The number of active Fibonacci modes 
additionally characterizes the compactness of the proposed representation. 
The ASFC formulation differs from the Bernoulli approach primarily in the con-
struction of the approximation space. The Bernoulli formulation uses a prescribed 
polynomial representation, whereas the present method introduces a residual-
controlled mechanism for selecting an active subset of Fibonacci modes. Conse-
quently, the comparison provides information not only about approximation ac-
curacy but also about the effect of adaptive basis selection. 

7.6. Overall Numerical Assessment 

Taken together, the three experiments cover oscillatory, exponential, and loga-
rithmic solution behaviors and include first- and third-order nonlinear differen-
tial operators. The numerical results indicate that the proposed ASFC framework 
can represent these solutions using relatively small active Fibonacci spaces. 

Three observations are particularly relevant. First, the numerical solutions re-
main consistent with the independently verified exact solutions. Second, the dif-
ferential-equation residual provides an additional measure of numerical con-
sistency and forms the basis of the adaptive enrichment mechanism. Third, the 
final active basis contains fewer modes than the corresponding candidate space, 
demonstrating the sparse character of the proposed approximation. 

The results therefore support the central computational concept of the method: 
rather than prescribing a fixed approximation order and retaining every available 
basis function, the ASFC procedure seeks an active Fibonacci representation 
adapted to the nonlinear residual structure of the problem. 

A complete assessment of computational efficiency would additionally require 
reporting implementation-dependent quantities such as CPU time, nonlinear-
solver iterations, conditioning measures, and the number of enrichment/pruning 
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iterations. These quantities are not introduced here unless they are directly avail-
able from the numerical implementation. 
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