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Abstract

The sample range is an important statistic in extreme value theory and has
been widely used to characterize the variability of extreme observations. How-
ever, the asymptotic behavior of the sample range for asymmetric heavy-tailed
distributions remains insufficiently studied. In this paper, we investigate the
limiting distribution and higher-order asymptotic expansions of the sample
range derived from the skew-¢ distribution. Specifically, for a sequence of in-
dependent and identically distributed skew-#random variables, we first estab-
lish the limiting distribution of the normalized sample range by combining
the asymptotic behaviors of the sample maximum and minimum. Then, based
on refined tail expansions of the skew-¢ distribution, we derive the second-
order and third-order asymptotic expansions of the normalized range under
different conditions of the degrees-of-freedom parameter. These expansions
provide explicit corrections to the first-order limiting approximation and re-
veal the influence of skewness and tail heaviness on finite-sample deviations.
Furthermore, Monte Carlo simulations are conducted to evaluate the accuracy
of the proposed approximations.
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1. Introduction

The skew-¢distribution can be constructed from two independent random varia-
bles. Let Z follow a standard skew-normal distribution with shape parameter

/3 , whose probability density function is

f,(z)=2¢(z)®(Bz), zeR. (1)
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where ¢ and @ denote the probability density function and cumulative distri-

bution function of the standard normal distribution, respectively.
Let Y be independent of Z and follow a chi-squared distribution with

Z
NI

lows a skew-¢ distribution with degrees of freedom parameter v e (0,00) and

v>0 degrees of freedom, that is, Y ~ y2. Define X = . Then, X fol-

shape parameter S eR,denotedby X ~ ST, (/). Its probability density func-

tion is

v+1
f, ,(x)=2t, (X)T, X , XeR. 2

V,,B( ) v( ) v+1[ﬁ X2+VJ € ( )
where t,(-) is the probability density function (PDF) of the standard Student’s
t-distribution with v degrees of freedom, and T,

v+l

bution function (CDF) of the standard Student’s #distribution with v +1 de-

() is the cumulative distri-

grees of freedom. It is also noteworthy that the PDF of the standard Student’s +
distribution t,(X) can be expressed in the form:

v+l
2

t,(x)=C, (1+X_j ° (3)

1%
i
_—, and r
r(;j\/ﬁ

Let {X,,n>1} beasequence of independent and identically distributed (i.i.d.)

where C, = (-) is the gamma function.

random variables with the skew-¢distribution ST, ( p ) , and denote

M, =maXx,., X; be the partial maximum of {X,,n>1}.Padoan [1] proved that

limP (M, <a,x)=¥,(x)=exp(-x“), x>0, (4)

n—oo

with the normalizing constants

a = (2CVVV21TV+1 (Bv+1) n]v . (5)

Peng and Nadarajah derived the higher-order asymptotic expansions of the
maximum of the skew- #distribution [2]; Liao and Weng explored the joint distri-
bution of the maximum and minimum of the skew-normal distribution [3]; Lu
and Guo obtained the higher-order asymptotic expansions of the range of the gen-
eral error distribution [4]; Zhang and Lu derived the higher-order asymptotic ex-
pansions of the range of the skew-normal distribution [5]. However, the joint dis-
tribution and higher-order asymptotic expansions of the range of the skew- ¢ dis-
tribution still remain unexplored currently.

The rest of this article is arranged as follows. Section 2 establishes the higher-
order asymptotic expansions of the range of the skew- #distribution. Section 3 pre-

sents some lemmas required in the proof process. Section 4 provides the proof of
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the theorem. Section 5 presents the numerical simulations, and Section 6 gives the

conclusions.

2. Main Results

In this section, we provide the main results concerning the limiting distribution
of the sample range R =M, —m, from the skew-¢distribution ST, () andits
higher-order expansions. First, we give the limiting distribution of the normalized
R, with the normalizing constants.

Theorem 2.1. Let {Xn, n 21} be a sequence of i.i.d. random variables with
common skew-¢distribution F, , (X) , where ve (0, oo) and B eR.Denote
M, =max,;., X; and m,=min__, X,. For every fixed X >0, then we have

TS +1)
0 v+l
limP(R <ax)=[ v—————L(—y) "Dy (x+y)¥, (yy)dy.
ImP(R e~ e ()%, (79)
1
) Ta(BW+1) |
where y=—-| ———=
Toa(-Av+1)
To establish the higher-order expansions of the normalized sample range from

the skew- ¢ distribution, we define

H,(x)=P(R, <4 x)—.[O V—TM(_ﬂ V+l)(— YUY (x+ Y)Y, (ry)d
n - n — “%n x Tv+l(ﬂ\/m) y v y v 7y y

The following Theorems give the second-order expansions and the third-order
expansions by considering different values of v, respectively.

Theorem 2.2. Let {Xn ,n 21} be a sequence of i.i.d. random variables with a
common skew- ¢ distribution Fv,ﬂ (X) , where ve (0, 00) and g eR. For every
fixed x>0, we have

If O<v<?2,

Tv+l (_ﬂm)

0
lima /H, (x)= v—(—y)’(”l)‘l’v X+ Y)W, (yy)H, (x,y)dy.
n—w ( ) I—x Tv+l(ﬁ\/m) ( ) ( ) 1( )
where

H, (%, y) = 2CVv%lTM (B +1)(x+y)" (1—%(X + y)vj
(6)

+ ZCVVVT_TVA (—ﬂ\/v +1)(—y)_v (1-5,(xy))-
2)If v=2,
. 2 0 TV+1(_'8 V+l) -(v+1)
lima’H, (X):I,XV—(_y) ¥, (x+y)¥, (ry)H, (xy)dy.

" Toa(AVv+1)

where
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H, (xy)= 2va%lTv+1(ﬂx/m)(X+ y)" [1+ h (x+ y)—%(x+ y)vj

+2cvvv74Tv+l(—ﬂm)(—y)’v (1-s.(xy)+9(y)) )

C, . pvVrv+l 2 ’VLZ V(V+1)
{ e J
NIf v>2,

0 Tv+l (_IB\/V—‘”-)

lima?H, (x)=[ v——————2(—y) "W (x+y)¥, (ry)H,(x y)dy.
n—w ( ) J.—x TV+1(ﬂM) ( ) ( ) 3( )
where

2
v-1 v

Ha(xy)= (ZCVVZTM (ﬂm)jv [(x+y) " by (x+y)

v-1

2¢ TM( plv+1)

* (=) 9(y)] (®)
2CV‘/TTV+1 (ﬂ\/m)

L] _Couprivil v
[ 2T, ﬂﬁ)(l S Jy

Theorem 2.3. Let {Xn ,n 21} be a sequence of i.i.d. random variables with a
common skew-¢distribution F, ,(x), for every fixed x>0, we have
1)If O<v<l,

{a”H - T, (-pv 1)

lim a’ v—)(—y)(””‘l’v(x+ y)‘Pv(M)Hl(ny)dV]

n—oo

v - Tv+1 (ﬁm
0 v+l \/7
= v TM((/f JV%)) V)P, (x+ Y)Y, (7Y)Hy (%, y)dy.

where

-1

R e | ((x+y>v Sy ™ )
+[zcvvvz_lm(—ﬂ v+1)}[2c V2T, (BIv+1) (( } s, (xy)
(ch Ta(-AVv+1 )][20v2m (Bv+1) J ©)
x<x+y)V<—y>(1—§(x+y)V(l—s1<x,y>>

2

2C,v B TM v+l L )
+ EAF ) s i) )
2Cv 2 TM(ﬂ\/er )
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2)If v=1,

0 Tv+1 (_ﬂ\/m)

lima, {aan (x)-[ v ), (x+y) W, (ry) Hy (% Y)dYI

_(° TV+1<_'B m) ~(v41)
_I_va(—)’) ¥, (x+Y)¥, (7y)Hs(x, y)dy.

where

Hs(X,y)= [ZC‘/ZTV+1 ,B\/v+ ] X+y) h (x+y)+ ;(x+y)’v

V

2v V v+1 v+ —v
Sy )o )
ZCVV 2 Tv+1 (ﬂ v+ )
X(Sz(xvy)w(y))%[(xw)V(l—%(xw)”] (10)

v-1

2C,v 2T, (-Bv+1)
ZCVVVT_lTM( pv+1)

L vv+l 2y _ vl |
v+1( Lv+1 )(1+'3) 2 Jy '

(9" -sx)

3)If 1<v<2,

Tv+l(_:3‘/‘7)) _y) v+1 (x+y)‘PV (VY) Hl(X, y)dy]

Ilma

N—w |:aan(X).[xV Tv+1(ﬂ\/m

ey T (-BVv+1)

—(v+l)\P N H6 , av.
] TM(/?W) — () L (X+Y)W, (7Y)Hg (x,y)dy

where
He(xy)= (ZC v Twl(ﬂm)jv [(x+y) "y (x+)
R (—ﬁM)(_y)w 6(v)] an
20y 2 TM(/A/M)
Jrlﬂ‘/\/vT L V (V + 1) -2
(—ZTH( ﬁJvT)(l ,B) 5 Jy .
HIf v=2,
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Iima{aﬁHn(x)—jo ”1( 7 )( y) P, (x+y) W, (yy)Hz(x,y)dy]
o X Twl(ﬂ\/v+ )
J-O v+1( ﬂ\/V+ )( y)f(v+l),I, (X+ y)‘I, (7y) H7 (X, y)dy
T, (13'\/v+ ) ' '
where

)= [ZCVV?TV”(ﬁm)I [(“ y) " (O ) (x+y)
—h, (x+y)—h, (x+ y)+%(x+ vy _%(H y)zvﬂ

2w 2T, (peT) B
—— s )(—y) 520 9)+ () )(a(y)
2C,v 2T, (B +1)
ZCVZTM W+l D
+h1<x+y>)+g(y>( ) e
2C,v E Tv+1(,8\/v+1)

e RN ORI S CRR I ST

2CV2TV+1( BV +1)
2C,v ZTM(,B\/VT)

+[2CVv2TM (ﬂm){(x +y)” (1+ h (x+Y) —%(x + y)vj

(12)

(¥)" (=s.00y)+a(v)]

b2y, (-Av+1)(=y) " (1-s,. (% )+ (y))}

| _CoaBvalv+l A v(v+l)) L
[2TV+1(—ﬂ\/v+1)(l+ﬂ) 2 ]y j

+[v2(v+1)(v+3) N 1% (v+1)\/:( )%2

8 47,1 (-Bv+1)
+— v+1(ﬁvﬂ\/\/:7)(l+,82)v;4(ﬂ2 (v—l)—3)] y.

5 If 2<v<4,

lima;- Z[an J(0)-[ v ((;JJVV_T)) ) " (X+y)‘PV(7y)H3(x,y)dy]
Toa(-BVv+1)

=[v e J_)< Yy U, (x+ Y)W, (7Y)Hg (%, y)dy
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where
Hg (X, y)=2C,v 2 M(ﬂ\/ﬁ)((x+ y)v(l—%(x+y)vjj ”
+200 T T (<pNr L) () (-5 (x )
6)If v=4,

0 Tv+1 _ﬂvV 1
!ma{aan(x)—jXV%
J~0 v+1( ﬁVV+ )

" Tv+l(ﬁ\'v+ )

where

—— ) I, (x4 Y)W, (rY) He (%, ) dy.

v-l

+2Cv 2T, (-

Ho (%, y) = [ZC VVZITM v+l J( X+y) 1 h(x+y)—%(x+y)‘vj
Jr1)(-

y) 1slxy

2CV2T (-pv+1) o
y
2CVZTV+1 ﬁVV+ )

+% (x+y) h(x+y)+

([ZCVZTV+1 Pv+1 ] X+y X+y)

(14)
2C,v B T ﬁﬁ B
* - ( y) " a(y)
ZC v 2 Tv+l(ﬁ\/:)

_Cafvival ey Vv |
[2Tv+l(—ﬂ\/v+1)(1+ﬁ) 2 Jy

L E)(v43) Cup (vl R
° a7, (s +1)

Cv+1ﬁV2\/m 2 —% 2 1) N
+m(l+ﬂ) (ﬁ( 1) 3)]y J

NIf v>4,

o Ta(-pWv+1
!ma{aan() '[X - ((ﬁ\/VT))

(- y)*(m)\pv (x+ y)‘PV (7y) H, (x, y)dy}

0 v+1( ﬁVV+ ) ~(v+1)
J.x T (ﬁ\/VT) ( Y) \PV(X‘F y)\Pv (]/y)Hlo(X’ y)dy
where
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4
v-l

Hyo (%, y) = {ZCVVZTm(ﬁM)jV [—(x +y) " hy(x+ y)+%(x+ y)‘V)

v-1l

ZCVVT_TVJrl(—ﬂM)
2CVV‘%1TV+1( pv+1)

#3] () R (e y) (-¥)"a(v)

+ [zcvvvleM(ﬁx/le)j5 ((X+ y) " h(x+y)

2CVVVT_1TM(—,BM)
2CVV%TV+1( Py +1)

(y)" 9(y) (2

+

Caprval ey v | o
2Tv+1(—,3\/v+1)(1+ﬁ ) 2 |
vi(v+1)(v+3) C.pvi(v+LNv+l 22
+ 5 4Tv+l(—,3\/v—+1) (1+ﬂ )
. C,..pv’\v+1 v+

8Tv+1(—ﬂM)(1+ﬁ ) (A v-D-8) v

3. Lemmas

In order to prove the main results, we need to take
u,(x)=a,x and I (y)=c,y,

where @, C, are given.

The proof of the main results is based on the integral representation of the sam-
ple range. After normalization, the integrand consists of two components: a den-
sity term associated with the sample minimum and a power of an interval proba-
bility requiring all remaining observations to lie within a range of length a,X.
Lemma 3.1 derives the higher-order expansion of the interval-probability compo-
nent, while Lemma 3.2 derives the corresponding expansion of the density compo-
nent. Their products generate the correction terms appearing in Theorems 2.1 - 2.3.

Lemma 3.1. Let F, ,
every fixed X>0 and ye (—X, 0) R

1) If O0<v <1, wehave

(X) be the skew-¢ distribution with parameter v . For

n-1

T.(pWv+1) )
Fv,/i (un (X+ y))_ Fv,ﬁ In # y

T.a(-AVv+1)

=¥ (x+y)\}l - M Vy

' Tv+l (_ﬁ \/m)
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Xl:1+(2CVVV2_1TV+1(ﬁ\/m)X((X+ y)" (1—%(X+ y)_vj

2 T, (A () (1—s1(x.y>)janv

2

+ [ZCVVV;TM(ﬁ\/v +1) x((x+ y)™ —%(x+ y) ™ +%(x+ y)4vj

+ zcvv%lm(—ﬂm) x(zcvvvzlm(ﬂm)J(—y)‘“ 5 (%Y)

(16)

+ 2CVVVT4TV+1(—,BM) X[ZCVVVZlTM( ﬂﬁ)]

(o) () (15 0000) (-5 (09)

2CVVVT_1TV+1 v +1 2 o )
+%{ — ( Bv+ )J x(—y) (1—Sl(x,y)) )aEZV:|+O(a;I2V).
2CI/V 2 TV+1(ﬂVV+1)

2) If v =1, we have

ey N
[(”))H[M] ym
=V, (x+y)¥,| - M %
o ’ ' Tv+1(_ﬁ\/m> y
X|:1+{2CVVV21T\/+1(ﬂ\/m-)X[(X+y)V(l—%(x.ﬁ,.y)vj
120 T (T a3 )

V= 17
+[2CVV2T Lv+1 J 47

{ZCVVV;TM(MV_H)

|_\

}(—y)v(sz(xly)w(y))

2CvV%TV+1(,3x/le)
+£[<X+ y)" (1—1(x+ y)-vﬂ+ 2C,v leM(—ﬂM)
2 2 2C,v T, (BVV +1)

x(=y) " (1-s,(x, y))}zjanzv} +0(a,”).
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3)If 1<v <2, wehave

{Fvﬂ (u,(x+y))-F., [In H%Jv yJH

—W, (x+y)¥, | - Talp1) %
e )

x {1+ [zcvvvz_lTWl (ﬂﬁ) X ((x +y)" (1—%(x + y)_vj (18)
2 T () (y) K (1 ()

+ [2cvvvz_lTv+1 (ﬂx/m)f [(x +y) " x(h(x+y)

}(y)v G(V))]af}O(an'z)-

2CVV%1TV+1 (-8 +1)
+ v-1
2C,v 2T, (B +1)

4)If v=2,wehave

T,.(BVv+1) Ak
e {23

=¥, (x+y)¥, |- —TV“<'Bm) %
IR I A1) i

x{1+{2CVVV21TM(ﬂM)>{(X+ y)" (l+ hy (x+ y)—%(x - y)vj
+ ZCVV%TV+1(—ﬁJv_ﬂ)x(—y)’V (1— s.(xy)+g (y))] anz}
+(2CVVV21TV+1(ﬂ\/V—+1)]Z [(x+ y) " x (hl(x+ y)(x+y)"

—h, (x+y)=h (x+ y)+%(x+ y)" —%(x+ y)zvﬂ
{2CVVV21TM(/3M)

](y)v ><[s2 (%, y)+(x+ y)q

2vav74Tv+l(,B«/1/—le)
200 T (-pw) |
x| g(y)+h(x+y)+g(y)x = (-y) -1
2C,v 7T, (B +1)
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+%[(X+ Wy (1”&(“ y)_%(x+ y)—vj_%(m y)‘VJ

(19)

v-1
{ 20y 2T, (v +1
+

2C,v 2 TM( ﬁJV_+1)

5)If 2<v <4, wehave

T.(BVv+1) Ak
e8]

\vv(xwwv[[MJv y}

T.a(-Av+1)

{n {(mvvv;nﬂ ( ﬂﬁ)} X((x+y) "y (x+y) (20)

+

27T, (-pWv+1) i
= (=) 9(y))a,
26,V 2T, (pv+1)

+ [ZCVVV;TM (ﬁﬁ)x((x +y)” (1_%@( + y)-vD

+ ZCVV%TV+1<—ﬂm>(—y)’V x(1-5,(x, y))Jan‘V}o(an‘V).

6) If v=4,wehave

T..(BVv+1) Ak
|

oo | (e Y
=¥ (x+y)Y, _—TM(—/?\/IZ) y

X

1+U2CVVV21TM(NV_+1)J; X((X+ y) " h(x+y)

+

ZCVv%lTM (-BWv+1) )
= (-y) "9 (v)) |
2C,v 2T, (A +1)
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+[2CVvV21TM(ﬂ\/m)((x+ y)" x(l— h, (x+ y)—%(x+ y)Vj

v-1

#2012 T (<A +1)x(=y) " (15, (% y))}

v-l 2 (21)

2CVVTTV+1 (—,3\/1/7+1)
26,0 2, (A1)

+% (x+y)  h(x+y)+ x(-y) "9(y) | a,

+o(ay’).

7)If v>4,wehave

n-1

T (A1)

= R S ——

v,ﬁ(un(x"'y))_':v,/? I, (Tvu(_ﬁ\/m)J y

=¥, (x+y)¥,| - Ta(plv ) %
T ey

x| 1+ [ZvavleM(ﬂ\/v_Jrl)Jv x((x+ y) h(x+y)

(22)

2CVVVT4TV+1(—/3M)
ZCVV%TV+1( pv+1)

+

(-y) " a(y)) &

v-1

i ZCVVZTM(NE)]V x(~(xy) " hy (x+ y)+%(>< +y) " h(x+Y)

ZCVV%TV+1(—ﬂM) :
_ xX(—
20, 2T, (v )

Proof 1) If 0<v <1, it follows from Nadarajah and for large enough n that
let F, 2 (X) denote the cdf of the skew-#distribution [2]. For large x, we have

1-F, ,(x)= ZCVVVT_ITM( Pv+1)xt (1+ AX?+ AXF40(x ). (23)

where

v+2
| G WRIB(L ) E () @)

o) e2) 2ve2)
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_Crav+l ﬁ(l+ﬂ) {_ Vv-1) 3

T (ph) e (e
3 (V+2)Igzv3 ]+v2(v —1)+ 32 +V2(V_1)l
8(v+4)(1+ %) 8 (v+2)(v+4) 2(v+2)

we have
1-F, 4 (u, (x+y))= (x+y) (1—hl(x+y)n_i+h2(x+y)n_3+o(n_SB.(26)

where

v+2

C,.V\v+1p (1+,32 )7T . v (v+1)
2T, . (Av 1) (v+2)  2(v+2)

hl(X+ y) =
(27)

x (chvvleM (ﬂﬁ)}v (x+ y)_2 .

Cwlmﬂ(Hﬂz)i%z {% viv=1) 3

T, (ﬂM) 8  4(v+2) (v+2)(v+4)
B (V+2)ﬂ2vs +V2(V2—1)+ 32 +v2(v—1)
8(v+4)(1+/32)] 8 (v+2)(v+4) 2(v+2)} (28)

h,(x+y)=

x {2c:vvvz_lTv+1 ( ﬁﬁ)] (x+y)™.

hence

(n-1)logF, , (u, (x+y))+(x+y)"
:(n—l)log[l—( un x+y) )]+ (x+y)
:—(n—l)[(l F, (U, (x+Y) )+%(1 Fs x+y))2}

+%(l— F, 5 (u, (x+ y)))3(1+0(1))+(x+ y)" (29)

—(x+y)” Hze vvleM (/J’x/—l)}[l—%(X+ y)_vjan‘v

[ZC z lTv+1(5*/VT)J ( (x+y)" —%(Hy)'zvjan‘”}
+o(a,”).

Similar to finding the maximum value distribution, we can find a normalization
constant C, >0 such that
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limP(m, < cny):l—exp(—(—y)'“), y <0,

n—owo

with the normalizing constant

1
c, = [ZCVVV;TM(—ﬁM)n]V . (30)

And it follows from Fung and Seneta that the following expansion for the lower
tail of skew- ¢ distribution [6]:

Fi(y)=B,(-y) " (1+By*+o(y™*)), asy > —»,

where
21“(V+1J\/V2+1TV+l (—/)’\/v +l)
B=— 2/ , (31)
(wr)zl“(;)v
_ﬁ(v+z)2j 2
vzﬁx/v+1F(V+2j 1+(
2 v+1
g, - (V1) _. (2
2(v+2) 2(V+2)Tv+1(—ﬂ\/V+1)F(V2+1)((V+1)7z)2
we have
. [Tm(ﬂdvﬂ)Jv
v, 'n - [ I\ y 1 —v
(n-1)log|1 al 2 Ta(BVvl) |
n-1)log|1- +| -
’ Fo (U (x+Y)) T.(phe))
o | | Talpdred) )
T (-8 1) y v (33)

=(n-1)log|1- + —
Pl (U (x+Y)) 2C,v 2T, (BVv+1)

+2C,v 2T, (-Bv +1)2CVVVT_1TV+1 (Bv+1)s, (x.y)a, |+o(a;).

where
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v-1
o126 2T, (-pdv+l .
s (xy)=(x+y) +o—— 4 )(—y) : (34)
2C,v 2T, (BVv+1)

20T (-pv+1
sy~ (reg) T I e
2CVVTTH1(ﬁx/v+1)

260 2T, (- i)

3 (=) " (x+y)" (35)
2C,v 2T, (A +1)

. ZCVV%TV+1(—ﬂM) 2( o
3 v -y
| acr 2T (p)

Note tat

a,AuAH”“Vﬂ['"H%T YH
MHYW“ (wﬂ?)J J

e

= F25 (U, (x+y)) 1~

Fvﬁ(un(x+y))
9 : -1
N
¥, (x+y)?, [ ((I‘;\/ﬁ))] J

e ((,;?M

DOI: 10.4236/jamp.2026.148148 3023 Journal of Applied Mathematics and Physics



https://doi.org/10.4236/jamp.2026.148148

X. Y. Luo

=| exp| (n-1)logF, ; (u, (x+Yy))+(x+y)"

T, (B +1)
Tv+l (_ﬂ \/m)

1
Fv,,/}‘ In [ ] y

+(n-1)log

() )

X

Fs

(Un (x+y))

Ta(AVv+1)
T,.o(-Av+1)

1
[

xW, (x+y)¥, —[

{

Tv+1 (‘ﬂm)

Hence, combining (29), (33), and (36), we can draw a conclusion.

2) If v =1, we have

(n=1)logF, 5 (u, (x+y))+(x+y)"

v-1

-frey”| (20 T 7
x(l—%(x+ y)" )a +[2C vV;lT

X hl(x+y)+l(x+y)’v_l(x+y)f2v a?
S

T (BVv+1)
Tv+1 (_ﬂ \/m)

1
FVVﬂ In [ J y

|

v+l

(pi1)|

}o(anzv).

T (BVv+1)

(n—1)log|1-
Fv,,b‘

(Un (x+))

e

+2C v 2 T

v+l

T ﬂ\/ﬁ)@ 51(X Y))

where

f

T.a(-BVv+1)

-V

]y =1| (36)

(37)

1
[

(38)

( ﬂ\/ﬁ)ZCva (ﬁJv_ﬂ)(g( )+s,(xY))a 2”}
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_ﬂ(v+z)ij2 2

v+l

vzﬂ\/v+ll"(vzzj 1+(
vz(v+1)_

2(v+2) 2(v+2) M( ﬂr) (v+1j(( +1)”)%

[rrdnim)

Hence, combining (36), (37), and (38), we can draw a conclusion.

3)If 1<v <2, wehave

(n=1)logF, ; (u, (x+Yy))+(x+y)”"

=(x+y)”" {(2(: y 2 TV+1(ﬂ\/VT)](l——(X+ y) j (40)

+(2<:VVV2_1TV+1 ([;’\/v+1)JV hy (x+ y)anz}ro(anz).

- | [ T (A1) ]

Toa(-Av+1) o (55) L
(n—1)log|1- T i L y
o (oY) )
(y){mvvvzlhl(ﬁM)(lsl(x,y))an” (41)

2y m( ﬂm)(zc ﬁm(mﬁ)] 9(v)a,’ |+o(a).
2C v = T +1(ﬁ\/VT)

Hence, combining (36), (40), and (41), we can draw a conclusion.

4)If v =2, wehave
(n=1)logF, ,(u, (x+y))+(x+y)"
=(x+ y) KZC v 2 Twl(ﬂ\/i)J(lJrhl(x+ y)—%(x+ y)'”]anv

(42)

[2C )z lTM(ﬂ«/m)T x((H y) " h(x+y)=h(x+y)
—h (x+ y)+%(x+ y)" —%(x+ y)'zvjan”}o(anzv).
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| (i)
LT Tv+1(_ﬁ\/m)

(n—l)log 1- 4l - v+1(ﬂ\/ﬁ) iy
Fs (U (x+)) T,a(-Bv+1)
_ v _ (43)
=(-y) {ZC VZTM( BIv+1)(1-5, (% y)+9(y))a,"
20 T, ()2 ST (AN ) (e y) (3 (y)+h(x+ )
2cvvv77lTv+1 Jr+1
+9(y) = ( >(—y) "-1l+s,(xy))a,> +o(an’2”).
200 7T, (53771)

Hence, combining (36), (42), and (43), we can draw a conclusion.
5)If 2<v<4,wehave

(n=1)logF, , (u, (x+Yy))+(x+y)"

=(x+y)" {(20 szle(ﬁ\/F)]z h(x+y)a,? (44)

+(2CVVV2_1TV+1(,BM)jx(l—%(x+ y)'vja,jv + o(an‘v )

: | { T (Vv +1) J

1)log|1 ) Ta(pv+1) 2
(n=1)tog| 1~ F.y (U, (x+Y)) e T.a(-BVv+1) !
=(-y)" i j_jv*l(_ﬂm)[2CVVV21TV+l(ﬁM)jV (v)a;? (45)

2Cv 2T, ( Sv+1 )

+ ZCVVVTATV+l (—,B\/m)(l— s, (X, y))anV] +o(a,”).

Hence, combining (36), (44), and (45), we can draw a conclusion.
6) If v=4,wehave
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(n=1)logF, , (u, (x+Yy))+(x+y)"

=(x+y)" {(ZC valTM(ﬂ\/v +1)]2 xhy (x+ y)an%
(46)
EZC VV7lTv+l(ﬂ1/V+ )j ( hy (x+ y)—%(x+ y) )an-v]
+o(an’v)
Ta(Bv+1) |
F s I ﬁ y RN
1)log| 1 k) Ta(pvel) |
A N 7 A I K v S I
= (-y)” 2C. TM( P VV+1)[2CVVVZ_1TV+1(ﬂ«/v+1)]Zg(y)an; (47)
2C,v E TM(ﬁ\/erl)
+2CVvV2_1TV+1(—,B\/v+1)(1—sl(x,y))anV]+o(anV).
Hence, combining (36), (46), and (47), we can draw a conclusion. []
7)If v >4, wehave
(n=1)logF, , (u, (x+Yy))+(x+y)"
=(x+ y)_v £2C vV;lTM(ﬂ\/v +1)JV hl(x+ y)a;z (48)
(ZC vvleV+1(/;’\/v+l) ;h (x+ y)an4}+o(an4)
T..(BVv+1) .
F s I ﬁ y RN
1)log| 1 k) Ta(pvel) |
R A Y 7 A I R At S I
2C,v 7 T ﬁ«/v+ ){ZC ) ngv+1(ﬁ Hl)jv o) )
2C v B TM ﬁ\/v+ 1)

+2CVV (=B +1)(1-s,(xy))a, ] o(a,").
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Hence, combining (36), (48), and (49), we can draw a conclusion.
Lemma 3.2. Let f(X) be the probability density function of the skew- ¢ distri-
bution with parameter v. For y <0 and large enough n, with normalizing

constant @, and C,, we have

Tv+l (_ﬂm)

na, f (a,y) = VW(-Y)(M
C+1ﬂV\/m 2\ "y V(V+l) 2,2
x[ 14| —=2——— (1 2 _
" 2TV+1(_ﬂM)( e ) 7 [&Y
(50)
+ v (V+1)(V+3)_Cv+1ﬂv (V+1)VV+1(l+ﬂ2)’L;2

8 ar, ., (-pv+1)

Cv+1ﬂvz \/m 2
ENE

Proof. Recall that the density function of the skew-¢ distribution is

fv,ﬂ(x>=2tv<x>m[ﬁx v+l J

+4

_v+e
2

(ﬁ2 (v —1)—3) a,'y*+o(a’)

x> +v

where t,(-) is the PDF of the standard Student’s t distribution with degree of
() is the CDF of the standard Student’s t distribution
with degree of freedom v +1.

freedom v,and T

v

Let x<0 with X — —o0, and define

v+l
z(x) = Bx )
(x)=F5 X2 +v
Since
Y2 2
X
(1] e S eo(x),
X2 +v X 2
we obtain

z(X)Z—ﬂVV+1+ﬂV 2V+1x'2—3ﬁ‘/28V+1x‘4+0(x‘6).

Set z,=—p~Nv+1 and A=17(x)-z,.Then

/ 2
:IBV 2V+1 X,z_SﬁV 8V+1X74+O(X76)_

A

Now expand T,,,(z) about Z, by Taylor’s theorem:

11 (25) A% +0(A%).

’ 1 ”
T,.(2) =TV+1(ZO)+TV+1(ZO)A+§T

The derivatives are

v+2

Tv’+1 (Zo) = Cv+l (1+ ﬂz )7T )
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C L 2 v+4
T;;1(ZO)=—”ﬂr(+vl+ Joe ) ®

because t,,(z)=C,,, (l+ 2*J(v+ 1))7(”2)/2 . Substituting A and collecting

termsup to X yields

Vﬂ ﬁX V+1 Tv+1 (—ﬂm)+M(l ﬂ )7v+2
v 2

Ll gy (- -3)ct 40 ().

From t,(x)=C, (l+ x?/ V)_(M)/z , direct binomial expansion gives

()= {1_1/(”1) o V() (xe)}.

2 8

Since y<0, a, > implies X=a,y —> —oo. Multiplying these two expan-
sions and retaining terms up to a,*, we obtain

v+l

f(a,y)=2C,v 2 a (-y)"* {TM (B +1)

2
+( v+1ﬂv VV+ mt

[ﬂ(l ) (p) )j iy

5 (1+5%) 2 (B (v-1)-3)

v+1ﬂVVV+
2

+TV+1(—ﬂM)WJa4y4+o(a )}

V*z v(v+1)

)

By the definition of a,, we have

V-

al =2C,v Twl(ﬁ«/v+l)n.
Hence
vl a’ L”‘
na,-2Cv2a" "= n 2.V =

v
= L A T
veT v+1(ﬂ V1 ) Tv+1<ﬁ\"/+l)
Multiplying it by this factor and dividing the bracket by M( LV +1) , we
get proved. O
Role of the Lemmas and Proof Strategy

To clarify the role of the preceding expansions, we briefly describe the probabilis-
tic structure underlying the proofs. For a continuous distribution function F, ,

with density f, ;, the sample range satisfies
n-1
a a
P =na, (x+ | = filL =yl
R Y e
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we obtain
P(R, <a,x)=[D,(y)Q,(x y)dy,
where
D,(y)=na,f (In [% yD
and

Q. (xy)= {Fv,ﬂ (U (x+y))-F. (ln [i— ymm

The factor D, (y) represents the density contribution associated with placing
one observation, which becomes the sample minimum, near the normalized loca-
tion y. Conditional on this location, Q,(X,y) is the probability that the re-
maining N—1 observations all lie in the interval (a,y,a, (x+Y)), whose length
is ax.

Thus, the two factors describe, respectively, the location of the minimum and
the requirement that the entire sample be contained in an interval of the pre-
scribed length. On the effective domain, we have a,y —>—o and
a,(Xx+y)—+wo. Lemma 3.1 provides the required expansion of Q,(x,y) by
combining the lower-tail probability at a,Y, the upper-tail probability at
a, (X+ y) , and the logarithmic expansion of the power n—1. Lemma 3.2 pro-
vides the corresponding expansion of the density factor D, (y).

The leading product of the two lemmas yields the limiting distribution in The-
orem 2.1. Their first nonvanishing correction terms yield the second-order expan-
sions in Theorem 2.2, and the next correction terms, including the cross-products
between the two factors, yield the third-order expansions in Theorem 2.3. The
separate cases in v arise from the competition among the orders

v a2y a2 4
Latt, a’ a

n

a,
The values v =1,2,4 are critical because two different sources of error become
of the same order at these values.

4. Proofs
4.1. Proof of Theorem 2.1

Proof. Let f(x,y) be the density function of P(M, <u,(x),m <1 (y)),

and we have
82P(|\/In <u, (x),m, <1, (y))
OXoy

=2 e, [P(1 ()< X, =4, ()] £ (1 ()]
=n(n-1)a,c, f (I, (¥)) f (u, () [P (1 (v) < X, <u, (x))]

we denote g;(X,y) be the density function of

fi(xy)=
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P(Mn_mn Sanx’mn Sln(y))

then g, (X, y) & [X + y,— yj Therefore, we can obtain that

n

P(R,<a,x)= '[;Ii g, (s, y)dyds

r n-1
=na,[° Ju:fgfyy]) f (S)ds] f (ln [i— dey

n-1
- nan.[f)X F oy (u,(x+y))=F, 4| 1, %yJH f [In (i—" y}]dy
- ' ; n-1
0 Ta(BW+1)
=na, F o (u (x+y))-F ;||| —F/——1| V¥
J'—x ,ﬂ( ( )) B { V+l(—,3\/l/7+1)
_ 1
T Vv+1) )Y
xfl1 M y | dy.
Toa(-BVv+1)
It follows from the dominated convergence theorem, Lemma 3.1, and Lemma
3.2 that
1
Toa(-Av+1 ) Ta(pv1) )
limP(R <ax)=|" 1( YUY (x+y) W - Ly |dy.
n—ow ( ) I_X v+l (ﬁ\/VT) ( ) Tv+1 (_ﬂM)

The proof is finished. ]

4.2. Proof of Theorem 2.2

Proof: 1) If v >2, from (20) - (22) and (50), according to the dominated con-

vergence theorem, we have

lima’ P(Rnganx)—jov M( ﬁ\/:) ) U (x+y)Y, (ry)dy
o N v+1(ﬁ\/VT>

1
vt =

M( ﬂ\/ﬁ) Y)Y (x+y) Y, (ry)| 1+8 (ZC v 2 Twl(ﬂ\/v—Jrl)]Z

:JlX v+1 ﬂVV+

2CV v+1( ﬂm)
(x+y) " h(x+y)+ (=y) " a(y)
2CV TM(,BM)

C,.’Wv+1p8(1+8°) M_vz(v+1) (v+2)y”
2T (B +1)(v+2)  2(v+2) y

v
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2CVVV7_1TM (-BWv+1)
2CVV%TV+1 (B +1)

g (2cvvv5lm (ﬂm)}z X((x+y) " hy (xry)+

_CHlVZMﬁ(]f,BZ)i%_vz(v+1) (v+2)y”
2T, (A1) (v+2)  2(v+2) !

x(=y) " a(y))

+2C VT, (ﬁﬁ)((x+ y)" [1_ h, (x+ y)—%(x+ y)vj

v

v-1

+2C,v 2T, (=B +1)(-y) " (1-s. (% y))]

v-1

+%((X+ YY" (x4 y)+ 2Cv :rm(—ﬂM)
ZCVVTTVA (ﬂM) (51)

e wripap) e
<) o) + oL r)

Ta(AVv+1)
y £+v3(v—1)_ 3v? ~ (v+2)p%° r+4 g
8 4(v+2) (v+2)(v+4) 8(v+4)(1+5°)| v
. vz(v2—1)+ 32 +vz(v—l) e
8 (vi2)vid) 2v+2) | v’
T (_ﬁm) ~(v+1)
—VW(—)’) ‘PV(X+Y)lPV(7y) dy
0 v+ |\ T \/:
= vw(—y)‘””‘PV(Hy)‘I’V(yy)Hg(xyy)dy

o Ta(BWv1)

where H, (X, y) is given in (8).
2)If v =2, similarly, from (19) and (50), according to the dominated conver-
gence theorem, we have
T,a(-Bdv+1)

limaZ{P(R, < anx)—fwv—(—Y)_(”l)‘Pv (x+y)¥, (ry)dy

" Ta(Vv+1)

o Ta(-BVve1)
ZLXVWH) ¥, (x+y)¥, (ry)H, (xy)dy

(52)

where H,(X,y) is givenin (7).
3)If O0<v<2,similarly, from (16) - (18) and (50), according to the dominated
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convergence theorem, we have

0 Tv+1 PN 1
lima; 1 P(R, <a,x)- | VM(—y)‘(””‘PV(Hy)‘Pv(yy)dY

" T Ta(pr)
T, (- +1)

0
=y = G (x ), (ry) H (% y)dy
Fo (x5 ¥) %, (ry)H, ()
(53)
where H,(X,y) isgiven in (6). The proof is finished. g

4.3. Proof of Theorem 2.3

Proof Note that the normalizing constants @, and C,, similar to the proof of
Theorem 2.2:
Recall that
0 Tv+1 (_ﬁVv+1)

H,(x)=P(R, <ax)- [ v—————L(-y) ¥, (x+y)¥, (ry)dy

7T (pVv )

1) If O0<v<1,by(16), (50), and (53) again, we have
T, (- +1)

fma; {aﬁ”"(x)‘“ ) e s ”‘”]

B P ey

X£2CVVV21T\/+1 (ﬁm)x[(x+ y)" (l—%(x + y)”j

)P (x+y)Y, (ry)

+=(x+ y)q"j+ (ZCVVVZlTV+1 (—,B\/m)J

X

[2CVVV21TM (ﬂﬁ)}(—y)v s, (%, Y)
( vt

2Cv 2T, (—ﬁﬁ)}[zcvvvzlnﬂ ( ﬁﬁ)j

+

W) (1500 (s (x0)

X
—~
x
+

ZCV VTilTerl PN 1 2 _2 2
- Vv;l o) (=y) " (-5 (xy)) ))an’v
2C,v 2 T, (Bv+1)

_(ZCVVV;TM (ﬁ\/v_ﬂ)[(x+ y)" (1—%(x+ y)vj
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+ ZCVv%lTM (=B +1)(-y) " (-5 (x, y))Ddy]

0 Tv+1 _ﬂ\' +1 1
_I V&(_y)'(”)‘l’v(x+ )\, (7y)H, (X, y)dy.

T (s

where H,(X,y) is givenin (9).
2) If v =1, similarly, by (17), (50), and (53) again, we have

li H ( ) J-O Tv+1 (_‘ V+1)( )—(v+1) ( ) ( )H ( )d
Ima,|a X)— e —— VY o(X+ WV X, .
ne T ~Y TV+1(ﬂ\/v+1) y Y VPRV Y)Y

0 Tv+1 _ﬂVV+1 1
= vag(—y)*” " (x+ Y)Y, (7Y)Hs (x, y)dy.

T (A1)

where H, (X, y) is given in (10).
3) If 1<v <2, similarly, by (18), (50), and (53) again, we have

0 v+l | T \/ﬁ
()= M(—y)‘””‘PV(X+y)‘PV(7y)H1(X,y)dy}

T (B

0 Tv+l _ﬂVv+1 1
= I_XVQ(—W“+ "W (x+ Y)W, (7Y)He (%, y)dy.

T (pv+1)

where HB(X, y) is given in (11).
4) If v =2, similarly, by (19), (50), and (52) again, we have
T (—ﬂx/v+1)
lima2|a2H, (x)- [ v———L(—y) "D (x+y)¥, (yy)H,(x, y)dy
n—oo |: ( ) J:x TV+1(ﬁ\/m) ( ) ( ) 2( )
T.(-BW+1)
d )(—y) U, (x+y) P, (7y)Hy (X y)dy.

0
_J‘V
-X

T (A1)

where H,(X,y) isgivenin (12).
5)If 2<v <4, similarly, by (20), (50), and (51) again, we have
T (—ﬁx/v +1)
lima’?|a’H, (x)- ° VM—(—y)’(M)‘PV X+Y)¥, (7y)H, (X, y)dy
|: ( ) J._x T‘,H(ﬂM) ( ) ( ) 3( )

lima’™ {agH
n—o0

n—o0

jo Tv+1(_,3\/V+l)( y),(wl)q, (X+y)\lj ( y)H (X y)dy
Sl Y = v nv4 , .
~ T (V) ’
where HS(X, y) is given in (13).

6) If v =4, similarly, by (21), (50), and (51) again, we have

i 2| a2 _[O TV+1(_ﬂ\/V+1)( )7(”1)\{, ¥, (yy)H d
ima‘|a X)— I EE—E X+ (%
o | “n 2 (X) N TM(ﬁ /—V+1) y L (X+ Y)Y, (7y)Hs (x,y)dy

T . (=-Bv+1
( )— ‘(V*l)‘Pv(x+y)‘PV(;/y)H9(x,y)dy.

[y

T.a(pW+1)
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where H, (X, y) is given in (14).
7)If v >4, similarly, by (22), (50), and (51) again, we have
T,a(-Av+1)

lim ay aﬁHn(X)—foxvm(—y)_(””‘l’v(x+y)‘Pv(VV)Hs(X,y)dy

J-o TV+1 (_/BVV+1)( y)_(v+1)\P (x+y)‘P ( y)H (X y)dy
= V— - v v 7/ ' "
o T (V) B
where H,o(X,y) is given in (15).
The proof is completed. O

5. Numerical Simulation

Let
Xy, Xy, X

n

be independent and identically distributed random variables following a skew-¢

distribution with degrees of freedom v and skewness parameter /3,

X, ~ST(v,p).
The sample range is defined as
R,=M,-m,,
where
M, =max X,
I<i<n
and
m, =min X;.
I<i<n

The objective is to investigate the asymptotic behavior of the normalized sam-

ple range

R

_n

a

n

According to the extreme value theory developed in previous sections, the nor-

malized sample range satisfies
— -G, (X),
a, 0 ( )

where G, (X) denotes the first-order limiting distribution.
To investigate the finite-sample accuracy, higher-order expansions are consid-

ered. The second-order approximation is expressed as
F?(x) =G, (x)+AG,(x),

where G, () represents the second-order correction term.

Furthermore, the third-order approximation is given by

Fi? (%) =Gy (X)+ AGy (X)+ ATG, (x)+ ATGs (x).
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The purpose of the numerical experiment is to examine whether these higher-
order correction terms can improve the approximation accuracy for finite sample

sizes.

5.1. Simulation Settings

The parameters used in the simulation are chosen as
v=2, f=3.

The choice v =2 corresponds to a heavy-tailed case, while S =3 represents
a strongly skewed distribution.
Three different sample sizes are considered:
n =1000,5000,10000.

For each sample size, Monte Carlo samples are generated, and the empirical

distribution is calculated as
Ifn (x)=P(R,/a, <x).

The empirical distribution is then compared with the theoretical approxima-

tions of different orders.

5.2. First-Order Approximation
The first-order approximation is given by
R (x) =Gy (x).

Figure 1 shows the comparison between the theoretical first-order limiting dis-

tribution and the empirical distributions for different sample sizes.

First-order convergence of skew-t range: v=2.0, 3=3.0

09
0.8
0.7
=061
VI
S
S 05¢F
<
[ae]
Q 04r
0.3
0.2 Theoretical limit |
n=1000
01+ n=5000 1
n=10000
0 1 1 1 1
0 1 2 3 4 5

Figure 1. First-order convergence of the normalized sample range under the
skew-tdistribution with v =2 and f=3.
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It can be observed that the empirical curves approach the theoretical limit as
the sample size increases.

For n=1000, the empirical distribution already provides a close approxima-
tion to the limiting curve. With increasing sample size, the difference between
simulation results and theoretical approximation remains very small.

The sample range absolute errors are summarized below.

As shown in Table 1, the results demonstrate that the first-order asymptotic

distribution captures the limiting behavior of the skew-#sample range statistic.

Table 1. Sample range absolute errors of the first-order approximation.

n Error
1000 6.57x107°
5000 6.82x107°

10,000 3.39x10°

5.3. Second-Order Approximation

To improve the finite-sample accuracy, the second-order correction term is in-
corporated.

The corresponding approximation is
F? (x) =G, (X) + AG, (x).

The simulation results are presented in Figure 2.

Second-order convergence: v=2, 3=3

1 T
09
08
0.7
0
06
Vi
$ os5f
\
g
& oaf
A,
03
s First-order limit
02 Empirical n=1000 R
/ Empirical n=5000
0.1 Empirical n=10000 i
= = = Second-order n=10000
0 . | 5 .
0 1 2 3 4 2

z

Figure 2. Second-order convergence of the normalized sample range un-
der the skew-¢distribution with v=2 and f=3.

The comparison shows that the second-order expansion does not provide a

more accurate approximation than the first-order limit, especially in the tail re-
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gion.

The errors obtained from simulations are listed below.

As shown in Table 2, although the correction term becomes smaller when n
increases, the second-order expansion successfully describes the finite-sample de-

viation from the limiting distribution.

Table 2. Errors of first-order and second-order approximations.

n First-Order Second-Order
1000 5.61x107° 1.55x107"
5000 2.54x10°° 3.14x107?

10,000 2.50x10°° 1.49%1072

5.4. Third-Order Approximation

To further improve the approximation accuracy, the third-order correction is in-
troduced.

The third-order expansion is
FP (x) =G, (X)+ AG, (X)+ AZG, (X)+ AXG, (x).

Figure 3 presents the simulation results.

Third-order convergence: v=2, 3=3

1 T T
09
0.8
0.7
w06
VI
£
S 05F
I3
T 04
03r
—— First-order limit
0.2r Empirical n=1000 7
Empirical n=5000
01+F Empirical n=10000 |
== == Third-order n=10000
0 1 1 1 1
0 1 2 3 4 5

Figure 3. Third-order convergence of the normalized sample range under the skew-
tdistribution with v=2 and f=3.

This indicates that the higher-order correction terms effectively capture the re-
maining finite-sample bias.

The numerical errors are summarized as shown in Table 3:
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Table 3. Errors of first-order and third-order approximations.

n First-Order Third-Order
1000 3.49x107° 2.29%x107°
5000 5.12x107° 4.42x107°

10,000 5.30x10°° 5.49%107°

5.5. Discussion

The simulation results show that the approximations from the first-order expan-
sion, second-order expansion, and third-order expansion are all close to the actual
values. However, since the second-order correction and third-order correction do
not significantly improve the approximation for this sample size, it cannot be con-

cluded that the third-order approximation is significantly superior.

6. Conclusions and Discussion

In this paper, we have developed a higher-order asymptotic theory for the extreme
behavior of the skew-¢ distribution. By carefully analyzing its tail properties, we
obtained the first-order limiting distribution as well as explicit second-order cor-
rection and third-order correction terms for the normalized sample range statistic.
The theoretical derivations themselves constitute a significant mathematical con-
tribution, providing a systematic analytical tool for extreme-value problems in-
volving asymmetric heavy-tailed distributions.

Numerical simulations confirm the correctness of the theoretical derivations,
with empirical curves gradually approaching the respective asymptotic forms as
the sample size increases. However, it is noteworthy that, under the sample sizes
and parameter settings considered in this study, the second- and third-order cor-
rections do not exhibit a significant improvement over the classical first-order ap-
proximation. This finding suggests that the advantage of higher-order expansions
is likely conditional, and their gains may only emerge at substantially larger sam-
ple sizes or at more extreme tail quantiles. Consequently, when applying these
expansions in practice, the choice of expansion order should be carefully weighed
against the specific sample size and tail region of interest.

Several limitations of this study should also be acknowledged. First, the current
framework relies on the independent and identically distributed assumption and
does not account for dependence or temporal clustering commonly encountered
in real data. Second, the complexity of the correction terms increases rapidly with
the expansion order, which may hinder their direct use in large-scale numerical
procedures. Third, the empirical analysis is primarily simulation-based, and fur-
ther validation using real-world extreme-event datasets is needed to assess practi-
cal applicability.

Future research may proceed along several directions. One possible extension
is to generalize the proposed higher-order framework to dependent skew-¢ se-
quences, including time series and spatial processes. Another promising direction

is to examine whether the correction methodology can be extended to other skewed

DOI: 10.4236/jamp.2026.148148

3039 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.148148

X. Y. Luo

heavy-tailed distributions or more flexible distribution families. Additionally, de-
veloping more efficient computational algorithms for evaluating higher-order
terms would enhance the practical utility of the proposed approach.

In summary, although this study does not establish the universal superiority of
higher-order expansions over the first-order approximation in all finite-sample
settings, its systematic theoretical development and the numerical insight into the
applicability boundaries of higher-order terms provide a valuable foundation for
refined extreme-value analysis in asymmetric heavy-tailed contexts, and offer

clear guidelines for future investigations.
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