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(SMom

Abstract

This paper proposes a symmetric alternating direction method of multipliers
with two different relaxation factors for solving nonconvex optimization
problems with linear constraints and a non-separable structure. Although
many studies have proposed variants of symmetric ADMM with a single re-
laxation factor, incorporating techniques such as Bregman distances, inertial
terms, regularization terms, or linearization, the most basic form of symmetric
ADMM with two different relaxation factors for solving non-separable prob-
lems has not yet been resolved. The introduction of two different relaxation
factors in this method yields a broader range of parameters, making it appli-
cable to more practical problems, and also provides a fundamental theoretical
basis for accelerating the algorithm with other techniques. Based on the
Kurdyka-¥Lojasiewicz property, we establish the convergence of the sequences
generated by the proposed algorithm and analyze its convergence rate.

Keywords

Symmetric Alternating Direction Method of Multipliers, Non-Separable
Structure, Nonconvex Optimization, Kurdyka-Lojasiewicz Inequality

1. Introduction

In many practical problems such as image processing, machine learning, and sta-
tistical modeling [1]-[3], the objective function often contains a coupling term
H (x,y). That is, for the nonconvex and nonseparable problem considered in this

paper, the iterative scheme is as follows:
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min £ (x)+g(y)+H(x),

st. Ax+y=h.

(1

where f:R"—>RuU{+o} isa proper lower semicontinuous function, possibly
nonsmooth and nonconvex, both g:R" —-R and H:R"xR"™ - R are con-
tinuously differentiable and possibly nonconvex functions, the gradient Vg is
L, -Lipschitz continuous and the gradient VH is L, -Lipschitz continuous.
AcR™" isa matrix and beR"™ is a vector. In particular, when H (x, y) =0

problem (1) reduces to a separable optimization problem of the following form:
min f (x ,
nin £ (x)+g(y)

st. Ax+y=h.

)

The alternating direction method of multipliers (ADMM) is one of the most
effective approaches for solving problem (2). The convergence of ADMM has
been extensively studied [4]-[9], and the convergence rate analysis is relatively
well-established for problem (2). However, when H(X,y)#0, for problem (1),
the convergence results for ADMM are relatively limited. Gao ef al [10] proved
the convergence of the proximal ADMM under the setting where H is smooth,

f and @ areconvex, combined with the assumption that VH is Lipschitz con-
tinuous. Chen ef al [11] proved the convergence of the extended ADMM when
the coupling term H is a quadratic function. In recent years, researchers have
begun to focus on solving (1) by using ADMM in non-convex settings, and have
employed tools such as the Kurdyka-Lojasiewicz (KL) inequality to prove the con-
vergence of the algorithm. Guo ef al [12] [13] proved the convergence of the clas-
sic ADMM and extended it to the generalized ADMM (GADMM). Liu et al. [14]
proposed a linearized ADMM and proved the convergence of the algorithm.

Regarding problem (2), it has been established in the literature that under con-
vergence occurs, the symmetric ADMM often converges faster than the classical
ADMM. Wu et al. [15] proposed a symmetric ADMM with one relaxation factor
and verified its convergence. On this basis, some scholars have studied the sym-
metric ADMM with a relaxation factor and its variants for solving the nonsepara-
ble problem (1). For example, Dang ef al. [16] proposed a linear proximal sym-
metric ADMM and verified that the sequence generated by the algorithm con-

verges to a stationary point of the problem. The iterative scheme is as follows:

x*! carg min{f (x)+<x—xk,VXH (X,y*)+ BAT( AX* + By —b)>

-~}

-(2, Ax>

2 Z—Ak—r (AX"+ By* ~b),

yk+1earg)|,”nin g( ) <y y \Y/ H( XK+ yk)>+§ AXk+1+By—b— 5 ,

1

P :/1‘“5 —ﬁ(A X 4 Byt b)
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The parameters are selected as follows:

re(—l,O),ay >1,,

2 2
8212 . U (b—\/b —642’0)
axz(r+1)ﬂ+ﬂﬂmaX(A A)+l,, B> = :

Dang et al. [17] proposed an inertial Bregman symmetric ADMM algorithm
and established its global convergence. The iterative scheme is as follows:

x"*leargmin{Lp(x, yk,/l")+A¢1(x,xk)+¢91k<x,xk*1_xk>+92k<X7kaz_xk71>}7
ﬂk*—% =k —rp(AXk+l+Byk _b)+91kB(yk71_yk)_’_QZkB(ykfz _yk—l),

1
yk+1€argymin{Lﬂ[xkﬂvy,lk+2J+A¢z(y, yk)+01k<By,B(yk*1_yk)>

+0,(By,B(y* - yk‘1)>},

prE. ﬂk% _p(AXk+1 + Byt —b)+91kB(y" _ yk—l)+ 6’2kB(yk_l _ yk-z)_

where A 4 (S,t), i=1,2 represents the Bregman distances, and r e (—l,l) isa
relaxation factor. However, the convergence of the sequence generated by the al-
gorithm depends on the strong convexity of the kernel function associated with
the Bregman distance.

In recent studies on solving problem (2), we observe that Lu et al. [18] proposed
a symmetric ADMM with two different relaxation factors, without introducing
the Bregman distance, they proved its convergence with a broader range of pa-
rameters, numerical experiments verified that their algorithm converges faster

than the algorithm proposed by [15]. Its iterative scheme is as follows:
X" eargmin{ (%, y*, A,
gmin | (xy",2")

k

1
A 2= —ap( A4y —b),
k+1 (3)
y** eargmin E}[xk”,y,i 2} ;
y

1
ﬂ/kﬁl :lk 2 _Sﬂ(Axk+l+ yk+l_b).

Among them, £ is the augmented Lagrangian function associated with
problem (2), defined as follows:

L, (x,y,A)=f(x)+g(y)—(4 Ax+ y—b)+%||Ax+y—b||2. (4)

where >0 isthe penalty parameter, o and s are two different relaxation fac-
tors.
The above research on symmetric ADMM algorithms for solving problem (1)

is limited to those containing only one relaxation factor. However, inspired by the
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algorithm proposed by the work of Lu et al. [18], we consider introducing two
relaxation factors to achieve wider applicability, faster convergence, and a more
concise and unified algorithmic framework, this paper proposes using a symmet-
ric ADMM with two different relaxation factors to solve the non-separable (1),

the iterative scheme is as follows:
xkte argxmin {f (x)+H (x, a )—<ik, Ax>+%"Ax+ a —b"z},

k+l

A2 =2"—aB( Ay —b),

(5)
y*“*! e argmin {g (y)+H(x, y)—<;tk;, y>+%"Axk+1 + y—b"z},
y

1
k+=
ikﬁl:i Z_Sﬂ(Axk+l+yk+l_b).

Compared with the algorithm proposed by Dang et al. [16], our algorithm has
a wider range of parameter values, allowing it to be applied to more practical sce-
narios through appropriate parameter tuning. Moreover, unlike the algorithm
proposed by Dang et al. [17], our method does not require the introduction of the
Bregman distance, thereby providing a unified iterative framework for solving
non-separable problems via ADMM. The optimality conditions are as follows:
0 df (x**)+V,H (X", y*) - ATA* + sBAT (AX“" + y* ~b),

1

lk+§ :lk _aﬂ(AXk+l+ yk —b),
ok ©
0=Vg (yk“)+VyH (Xk+l, yk+1)_/1 2, Sﬂ(AXk+l + yk+l —b),

1
/’Lkﬂ:ﬁ,k 2 _Sﬁ(AXk+1+yk+1_b).

In the case where H =0,when a=0 and s=1, the proposed algorithm re-
duces to the classical ADMM. When a#0 and s=1, the algorithm reduces to
the symmetric ADMM with a scaling factor. This demonstrates that our method
provides an improved basic iterative framework for symmetric ADMM with re-

laxation factors.

2. Preliminaries

In this section, we provide the necessary definitions and properties required for
the following study.

Notations:
e R, R", R™": real numbers, n-dimensional real vectors, mxn -real ma-

trices.

<~, ) and |||| : inner product and associated norm.
Set-valued mapping F:R" = R":
¢ Domain: domF = {X eR"|F(x)= @} .
e Graph: GraF = {(x y)eR"xR":yeF (x)} .
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Distance: For ScR" and xeR", d(x,S):=inf {||y— X||| ye S} , with
d(x,S):=+0.
Definition 1. [19] The domain of function f:R" >R u{+oo} is denoted by
dom f Z{XE R": f(x)<+oo},
then f(x) iscalled a proper function.
Definition 2. [19] A function f:R" 5> RuU {+oo} is said to be lower semicon-

tinuous at X e R" if it satisfies

f () <liminf £ (x,).

If this holds for every pointin domf ,then f is said to be a lower semicon-
tinuous function.
Definition 3. [20] Let f:R" —>RuU{+x} bea proper lower semicontinuous
function.
(i) The Fréchet subdifferential of f at xedomf , written of (X) , is the set
of vectors X €R" that satisfy
fiminf - ()= ()= yx)

>0.
T Iy

When xgdomf , weset of (x)=0.
(ii) The limiting-subdifferential of f at xedomf , written of (x), is de-

fined as follows
of (x):{x* eR",3x, > X, f(x,) = (X)X €df (x,),with x; —>x*}_

Lemma 1. [21] Let ¢g:R™ — R Dbe a continuously differentiable function and

suppose that Vg is L -Lipschitz continuous. Then
L
||g (u)-g(v)-(u-v,vg (v)>|| SE”u —v[, vuveR™

Definition 4. ([22], Kurdyka-Lojasiewicz inequality) Let f :R" — R U {+o}

be a proper lower semicontinuous function. For —oo <7, <7, <+00, set
[ < f <771]:{XER” < f(x)<772}.

We say that function f has the KL property at X edom(df ) if there exist
17 €(0,+x], a neighbourhood U of X, and a continuous concave function
¢:[0,7) > R, , such that

(i) ¢(0)=0;

(i) ¢ is C' on (0,7) and continuous at 0;

(iii) ¢'(x)>0,vxe(0,7);

(iv) forall x in U ﬁ[f (X*) <f<f (X*)+77} , the Kurdyka-Lojasiewicz ine-
quality holds

o(1(x)- £ (x))d(0,0f (x))21,
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where d (X, of (X)) = yigflzx)"y - X|| is the distance from x to of (x).

Lemma 2. ([23], Uniformized KL property) Let O be a compact set and
fR" > RuU {+oo} be a proper and lower semicontinuous function. Assume that
f isconstanton € and satisfies the KL property at each pointof Q . Then, there

exist ¢>0,7>0,and pe®, suchthatforall XeQ andforall x in thefol-

lowing intersection:
{XER":d(xQ <e}m[f X)< f<f(X)+n],
one has
o'(f(x)=f(x))d(0,0f (x))21
Lemma 3. [24] Suppose that F(X,y)= f (x)+g(x), where
f:R" >RU{+0} and g:R" - RU{+n} are proper lower semicontinuous
functions. Then for all (x,y)edomF =dom f xdomg , we have
OF (x,y)=0,F(x,y)x0,F(xy).

Definition 5. ([24], Kurdyka-Lojasiewicz function) If f satisfies the KL prop-
erty at each point of dom(of ), then f is called a KL function.

Definition 6. (X*, Yy, l*) is a stationary point of the augmented Lagrangian
function Esﬁ () for problem (1), if and only if

-V H (x*, y*)+ ATL e of (x*),
—VyH(x*,y*)Jr/%*:Vg(y*), (7)
AX +Yy =D
Lemma 4. Let the iterative sequence generated by the algorithm (5) be denoted
as {Wk : (Xk RAVA )} . Then, the following holds

0eof (Xk+1)+va (Xk+l y ) ATﬂkﬂ (ﬂkﬂ ﬂ )

a+s
s°B Kk
T a+s AT (y -y ),

Vg (yk+l) — ﬂ,kﬂ _ ( k+1’ yk+1)

A= K —ﬂ[(a+s)(Ax"”+ y —b)+s(y"+1—yk)].

Proof. Combining the second and fourth equations in (6) yields
ﬂ.kﬂ:ﬂk—a’ﬂ(AXkﬂﬁ-yk— ) Sﬁ( k+l _b)l
ﬂk+l=/’),k—(a+5)ﬁ(AXk+l+yk ) Sﬂ( kel ),

subtracting the above two equations, we obtain

ﬂ,kﬂ—/lk:—(a‘l-S)ﬂ(AXkﬂ-Fyk ) Sﬂ( k+l ) (8)
and thus
+ 1 + +
AX 1+yk—b=——(a+s)ﬂ(ﬂk“ik)—ﬁ(y“—yk), ©)
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+ + 1 + +
Ax“+yk1—b=—m(ﬁk1"1k)+ﬁ(ykl‘yk)' (10)

According to the optimality condition (6) of the X -subproblem, we have
0 e of (xk*1)+VXH (xk*l, a )— ATA* +spAT (Axk+1 +y* —b)
= Of (X )+ V, H (X, y* )= ATAM 4 AT (2 - 2) (11)
+spBAT (Axk+l +y* —b),
putting (9) into (11), we get

K+l k+ |k T k4l a T( gk k
Oedf (X)+V,H (X" y*)-ATA +mA (2t -24)

(12)
2
_sp AT(yk+1_yk)_
a+s
According to the third and fourth equations in (6), we obtain
Vg(ykﬂ):lkﬂ_vyH(Xk+1lyk+l). (13)
This completes the proof. O

3. Convergence Analysis

Assumption A.let f:R" >RuU {+oo} be a proper lower semicontinuous func-
tion,and let g:R™ — R be a continuously differentiable function with an L -
Lipschitz continuous gradient Vg, and H:R"xR" - R be a continuously
differentiable function with an L, -Lipschitz continuous gradient VH . Also as-
sume that

. {(a,s)eRz |a<s<0},

. {ﬁeR|ﬂ>—%(Lg+Lh)}

Lemma 5. Let the iterative sequence generated by the algorithm (5) be denoted
as {Wk :(Xk , yk,ﬁk )} . Suppose that this sequence is bounded and that Assump-

tion A holds. Then the following conclusion holds

Esﬂ (Wk+1)_ [:sﬂ (Wk ) < _?7(||Xk+1 _xk ||2 +||yk+l _ yk||2)’ (14)
where 77>0 (see Remark (0.1)).
Proof. The polarization identity implies

%”Axkﬂ L yk —b||2 _%"Axm Ty —b||2 "

__%"yk_ym 2+5ﬂ<AXk+1+yk+1_b, yk+1_yk>_

Due to Vg is L, -Lipschitz continuous and VH is L, -Lipschitz continu-

ous, we combining the lemma 1, then we have

g(yk+1)_g(yk)s<vg(yk+l), yk+1_yk>+%

||yk _yk 2

(16)
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H (Xk+1’ yk+1)_ H (Xk+1, yk)
) (17)

<V H( X<t yk+l)’yk+1_yk>+%||yk_yk+l .

From the fourth equation in the optimality condition (6) of the problem, we

obtain
Vg(ykﬂ):ﬂhé—slg(AXkﬂ'i'yk+l_b)' (18)

We obtain A" = Vg( k+l)+V H ( X< yk”) in (13) and combining the Lip-

schitz continuities of Vg and VH , we have

ika—l_lk"z :HVg k+1)_vg(yk)+v H ( Kk k+1 “
<2“Vg k*l) Vg ” +2HV H Xt yk*l) \Y% H(x Yy )H2
k+l_y| +2Lﬁ” k+1’ k+1)_(x Ly )”

2 2
yk+1_yk|| +2Lﬁ Xk+1_xk|| .

(19)
<21?

=2(L3+13)

Recall (9) and (10), we get

aﬁ’||AXk+1 +y* _b”2 N Sﬂ||AXk+l 4y _b"2

1 20)
“wal

2 asﬂ”y ka2
(a+s '

From the definition of the augmented Lagrangian function £y (-) in (4), and
in combination with (15), we have

1

e

003"l )-{£ ey o) ()
R A [ [V S | (1)

0y gy (4 o e () ()

_%"yk _ yk+1||2 n Sﬁ<AXk+1 +yR_p, yeH yk>'

Then, combining it with (16) and (17) yields

1 1
Cz(xkﬂ’ yk+1'lk+2]_£;(xk+l, yk’ﬂkJrZ]

<Vg (yk+l) Yt yk>+L_Zg||yk _yk 2

kel kel K
_ 2 kel _
<ﬂ Y y > (22)

<V H( e yk+1)l yk+l_yk>+%||yk _ ki 2 _%"yk gk 2

+Sﬂ<AXk+l+ yk+1_b’ yk+l_ yk>_
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Substituting (13) into the above expression and simplifying, we obtain

k+1 k+1 L +L —Sﬂ 2
@[Xkulykﬂ,/i zj_ﬁ;(xkﬂ,yk'l ZJS 9 2h ||yk+1_yk|| . (23)

Note that, by using (4), (6), (20) and (19), we have
k+1
Csﬂ(xkﬂ’ yk+l,ﬂk+l)—[;}[xk+l,yk+1,/1 ZJ
k-*—E
+£Sﬂ Xk+1,yk,ﬂ, 2 _@(XkJrl'yk’/lk)
k+1 k+E
— lkﬂ.—ﬂ, Z’Axk+l+yk+1_b + ﬂ, 2_/1k,AXk+1+yk—b

(24)
= s/i’"Axk+1 +y<t —b"2 + o:,B"Axk+1 +y - b”2

Ry AR RV |

(a+s)p
2(2 +12)+asp? . 212 ,
s
Summing the inequalities (23), (24) and the first equation in Section (5) we ob-
tain
£sﬂ(wk+l)_£; (Wk)
:EZ(Xk+1, yk+l,lk+1)_£sﬁ[xk+l, yk+1,ik+;j+£;(xk+1’yk+1,ﬂk+;J
k-¢-l k+1
—ﬁ;[xkﬂ,yk,ﬁ 2]+£sﬂ(xk+llyk,/1 Z\J_Ejj(xkﬂ'yk’/lk)
+£jj(Xk+17yk,lk>_ﬁfs/j(xk7yk’j’k> (25)
L +L,-sB 2(L+L)+asp® | ..
S[ ; zh * ( g(a:S))ﬂ ”ykl—yknz
212 . 2
+ﬁ"xk =
Thus
e - A B Py SV § NS
2 2 2
there 7= min{sﬁ_ L, -Ly _ 2(L9(J;E‘S);ﬁasﬂ '_(aiLj)ﬁ} . This completes

the proof. U
Remark 3.1. Thus, aslongas 7 >0, the sequence L, (W,,;) has sufficient de-

scent properties, which means that E;(WM) is monotonically nonincreasing.

Therefore, we can achieve 7 >0 by appropriately choosing the parameters

(a,s,8) . The constraints on these parameters are as follows:
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. {(a,s)eR2|a<S<O},

. {ﬂeR|ﬂ>—%(Lg+Lh)}

Lemma 6. Let the iterative sequence generated by the algorithm (5) be denoted

as {Wk : (Xk Ly AK )} . Suppose that this sequence is bounded, that Assumption A

holds and 7 >0. Then we have
3w - < e
k=0

Proof. The boundedness of {Wk} implies the existence of a subsequence
K .
{W '} converging to W . Moreover, the lower semicontinuity of f (x) together

with the continuity of ¢ (y) ensures that Esﬂ () is lower semicontinuous. Hence,

L

ﬁ(W*)S liminf L‘;(wkj )

>+
Hence, {ﬁsﬂ (ij )} is bounded below. The fact that it is also nonincreasing
implies its convergence. Since {C} (Wk )} is monotonic and contains a conver-
gent subsequence, it follows that {Csﬁ (Wk )} itself converges, satisfying
L, (Wk ) > L (W*) . Finally, invoking Equation (14) yields
||Xk+1_xk||2 +" kel k"z <r (Wk)_ﬁs (Wk+l) vk

By summing over k =0,---,n, and observing that L} (WO) < +o00, we arrive at

né(uxkﬂ_xknz +||yk+l_yk||2)S£Sﬁ(WO)_£Sﬁ(Wn+1)

<L, (WO)—@ (W*) < o0,
The condition 7 >0 yields i“”yk+1 —y* "2 <400 and i:”xk+l —x¥ "2 <40 .
k-0 k=0

o0 2 +00 2
Using (19), we further obtain 2"/1'”1 -2k ” < 4o . Hence, Z:"Wk+l —wk " < 40,
k=0 k=0

This completes the proof. U
Lemma 7. Let the iterative sequence generated by the algorithm (5) be denoted

as {Wk :(Xk RAVA )} . Suppose that this sequence is bounded and that Assump-
tion A holds. We define

glk+1 _ AT(lk _lk+l)+va (Xk+1, yk“)—VXH (Xk+l, yk)+sﬂ(yk*1— yk),

g;ﬂ:_ﬁ(lkﬂ_ik)_i_%(ykﬂ_yk), @7)

K+l _ 1 k1 gk @ kil K
831_(0(+S)/3(/1 1 /1) 0:+S(y 1 y)'

Hence, it holds that &' = (glk“, e, 6‘3k+1> €dL; (WM) , and there exists a con-

stant 6 >0 such that
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d (0,0, (w)) <5(|x

k+1 ||

k+1_ yk")l (28)

Proof. From the definition of the function L (*) in (4), the following system

of equations holds
0, (W) = of (X' )+ V, H (X, yt) = AT 4 s AT (A 4y —b),
0, (W) =g (y*H)+V H (X, y ) = A e sp( X4y —b),  (29)
0.6 (W)=~ (A yb).
From the optimality condition (6), after rearrangement, we have

ATﬂ,k—V H(Xk+l k) SﬂAT(AXk+1+yk b)e@f( k+1),
A ; -V H( k+1 k+1) S,BAT(AXkH-i-ka b) g( k+1)

R ) a )

Then, by substituting the above into (29), we obtain
AT (/Ik —ﬂk+l)+VxH (Xk+l, yk+1)_VxH (Xk+1, yk)+8ﬂ(yk+l_ yk ) c axﬁsﬁ (Wk+1),

_L(lkﬂ_lk)_i_%(y y)eaﬁs( k+1)

a+S
(a+ls)ﬁ(lk+1_lk)_ﬁ(yk+1 y )66 Es( k+l)

Consequently, applying Lemma 3 yields (51‘”1,8;*1,8;*1) € 0L, (WM) . Based

on the preceding relation, we can find 9,8, such that

k+1||

H (e e )
<[t + e + ek (30)
<2yt -y [+ 82 Jasr - a4
Applying (19), there exists & for which the following holds
(025, ) <l <07 (je - F ol ).
then
a(0.06 (w)) <ol ey -y']) 6D
This completes the proof. O

Lemma 8. Let the iterative sequence generated by the algorithm (5) be denoted
as {Wk :(Xk AV A )} . Suppose that this sequence is bounded and that Assump-
tion A holds. Let QO represent the set of all cluster points of the sequence {Wk } .
Then the following statement is true

(i) Q isanonempty compact set, and

d(Wk,Q)—>0, as k — +oo;
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(i) Qc Critﬁﬁ , where Critﬁﬁ denotes the set of all stationary points of C; ;
(iii) @, () is finite and constant on Q, which equals to

inf £ (w*) = lim £ (w*).

keN k—>+o0

Proof. We now verify the above results one by one.

(i) This is immediate from the definition of limit points.
(ii) Suppose W Q. Then there exists a subsequence {ij} of {Wk} such
that W —w". Applying Lemma 6 yields

lim

k—+o0

wo —w || =0, (32)

thus, W™ >w". Noting that x*** minimize Esﬂ (X, A lk) with respectto X,
we get

,C;(Xkﬂ,yk,ﬂk)ﬁﬁz(x*,yk,ﬂk). (33)

With respect to the variables y, A, and (ykj LAY ) - (y*, /1*) . Hence, it fol-

lows that
Iiznjgpﬁﬁ (xk”l, y, Ak ) = "?ligpﬁﬂ (xk"”, yk“l,ﬂkj*l). (34)

Furthermore, applying (33) yields

Iigrligpﬂz (xk“l, yk”l,/lk“l) <L (x*, y*,i*). (35)
Since @; () is lower semicontinuous, we know that

|i2rl§:pc; (xkj*l, it z“i“) > 05Xy 4. (36)
From (34), (35) and (36), we obtain

fim ()= 1)

Taking the limit in (6) along the subsequence {(ij+1, ykj+1,/1kj+l)} using (32)

again, we obtain
“VH (XY )+ ATA e of (X)),
-V, H (x*, y*)+/1* :Vg(y*),
AX +y —b=0.
Therefore, (X*, Yy, l*) satisfies the critical point condition of (4), which im-

plies that W' ecrit£. Thus, QccritL.

(iii) Take any (x*, Y, /1*) € Q. Then there exists a subsequence
{(in , ykj A )} , such that {(ij , ykj A )} - (X*, Y, /1*) .Since L, (Wk) is

. . : K
nonincreasing and has a convergent subsequence, the entire sequence L (W )
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converges, we have

lim E}(xk, yk,/lk)= Esﬂ(x*, y*,/l*).

K—+o0
Thatis, L£}(-) takesa constant value on Q. Clearly,
H S kK _ 1 S k
nt £ (w) = fim 4 (w").

This completes the proof. O
Theorem 9. Let the iterative sequence generated by the algorithm (5) be

denoted as {Wk :(Xk, yk,lk)} . Suppose that this sequence is bounded, that As-

sumption A holds and 7 >0. When @; () is a KL function, then {Wk} has fi-

nite length, that is
+o0
> ||wk+1 —w" || <+,
k=0

Moreover, it converges to a critical point of L} (-).
Proof. Lemma 8 implies that £, (Wk)—> c, (W*) for any W' e Q. Next, we

examine two cases.
(i) Suppose there exists Kk, with ﬁ‘; (Wko ) = L; (W*) , then using (14) and Re-

mark 0.1, for every Kk >k, , we have
ol ol -y )26 (00) -5 ()
<L (we)- L5 (w')=0.

Hence, y*'=y* and x**'=x" forany k>Kk,.Then, by (19), we further ob-

tain A" =1 forany k>k,+1, which means W =w".

(i) If £ (wk ) > L, (w) holds for all k, then the following convergence
properties hold:
e Since d (Wk , Q) — 0, forany g >0 thereexists k >0 such that for all

k >k, ,itholds d (Wk,Q) <g istrue.
* Since L (Wk)—> L, (W*), for any &, >0 there exists k, >0 such that for
all k >k, it holds that £} (Wk ) <L, (W*) +¢, istrue.
Now set k>k= max {k,k,} andany &,¢&,>0,wehave
d (w",Q) <&, L (w*) <L, (wk) <L, (w*)+gz.
By Lemma 8, we have established that Q is a nonempty compact set and that

L () isconstant Q. Consequently, Lemma 2 implies that
o(£, ()2 (w))d (0,0 (wt))>1, vk>k. (37)
Drawing on what has been clearly established, namely that
£y (W)= (W) = £ (W), (W) =( 5, (w' )=, (W)

and the concavity of ¢(-), it follows that
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o( 55 (W) =5 (w)) -5 (W) -5 (w))
> ¢/ (6 (W)= 65 (w))( G (w) - 55 (w)).
Now, taking the above inequality together with
d(0.00; (w)) < £lly* -y 0'( 25 (w)- 5 (w)) >0,
and relation (37), it follows that
£, (W)= (w)
o5 ()5 (w) - (5 (w) -5, (W)
) o (W)= (w))
<d (0.0, (w)) o5 (W)= 5 (w)) - (5 (w) - £ (w))
<o (e x|y =y ) o (w) -5 (w)) - (5 (W) - 25 (w)) |
For convenience, we define
A= go(ﬁj, (w”)—ﬁ; (W*))—(p(ﬁz (w“)—ﬁ} (W))
Then the above equation is equivalent to

GGl el P o9

Together, Lemma 5 and (38), imply that
e P B P H S I
together with
Al ey =y ) < (bt = ol - y'F )
2

and thereby

2|y -y s 2o T Y A

Using the fact that 2\/7,8 <a+ [, we have
e T 15 s N A T

Taking the sum of (39) over k = K+1,--+,N gives
L K+ K K+ K N Kk Ko k= 20
][ T Y s W P N
From Definition, we have (D(Ej; (WNA)—@ (W*)) >0 from Definition 4. Re-
arranging terms and taking N — 4o gives

> (b ey -y

k= k +1 ] ) ] 25 ] (40)
ooy | ()6 )

s

Thus,
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> VARER'A B (41)

and h
) K R @

Substituting into (19) yieldsk_o
f /1“*1—/1“” < 4o, (43)

Additionally, we note that h

R B e T R e
ey -y -

From (41), (42) and (43), we arrive at

)

k=0

wht —wk || < oo,

Finally, {Wk} converges to a critical point of L (‘) byLemma 8. This com-
pletes the proof. U

Lemma 10. Let {Wk ::(Xk, yk,;tk)} be the sequence generated by the sym-
metric ADMM (5), If at least one of the following statements holds

(i) liminf f(x)=+o.

X[+

(ii) inf f(x)>—o0 and liminf g(y)=-+wo.

Iy

Then we can conclude that the sequence {Wk = (xk, y*, A )} is bounded.

Proof. In the first place, suppose that condition (i) holds. Based on Lemma 5,
we arrive at

£ (X2 < 6 (X 7).
By combining (4) with Vg (ykﬂ) — -V H (Xm’ ykﬂ) e gt
£, (X522 £ (XY +g(y*)+H (X v )= (4% AX + y* —b)
e ey f
=1(x)ra(y)+H(xy)
—<Vg(yk)+VyH (X, ¥°) A+ y" —b>+%||Axk +y* —b||2

> f (xk)+(%+%+%j"Axk +yk —b||2.

Note that (i) implies that inf f (X) > —o00 . Based on Assumption A, we can ob-

L, sp

tain —+i +——>0. Thus, we can deduce that {Xk } and { a } are bounded.
2 2 2

Hence, {/Ik} is also bounded, and thus {Wk} is bounded. This completes the
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proof. U
Theorem 11. (Convergence rate) Let the iterative sequence generated by the
algorithm (5) be denoted as {Wk : (Xk Ly AK )} . Suppose that this sequence is
bounded, that Assumption A holds and 7 >0, and
{Wk :(Xk, yk,/lk)} —){W* :(X*, y*,/l*)} . Assume that ﬁﬂ() possesses the KL
property at (X*, Yy, /1*) , and that the corresponding function is given by
(p(s) =ct*?, with Oe [O,l) , ¢>0. Then the following three statements hold
(i) If =0, the sequence {Wk = (Xk Ly, A )} converges in finitely many steps.
This means we can find an index k with w*=w".

(i) If e (o,ﬂ, then there is a constant ¢, >0 and 7€[0,1) so that
”(x",yk,/l" )~(x, y/l)” <crt.
(i) If e [%1} , then there is a constant ¢, >0 for which
“(xk, y,25)=(x, y/1)“ < k(0.

Proof. For §=0,wehave ¢(t)=ct and ¢'(t)=c.Suppose, contrary to the

claim, that {Wk = (Xk, y*, A )} does not terminate in finitely many steps. Then,

for large enough k, the KL property yields cd (0,8[1; (Wk )) >1, which contra-

dicts Lemma 7. Now let 6>0 and set A= +Zw:(| X —x! " + "yi+1 -y ”) for
i=k

k>0. From (40) we deduce

AEHSAE—AE+1+2’7—5¢(£;(WK+1)—£;(W*)). (44)

Because Ly () has the KL propertyat w", we have
(6 (W)= (o) a(0.06 (w)) 21
This inequality can be rearranged as
(£ (W)= (w)) <c-(1-0)d (0.0 (w)). (43)
Finally, applying Lemma 7 yields
d (0,0 (w)) < o ([x x|+t = ¥ = (8¢ - A). (46)
From (45) and (46), there exists y =[c(1-0)5] ¢ >0 satisfying

o6 (1)) e (5 (W) 5 )] = (o
Inserting this into (44) gives
20
Ap A=Ay, +77/(Al€ A
Now, by (47) and the results of Attouch and Bolte [25], we obtain

i @)
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e Casel: O¢ (0,%} , then there exist ¢, >0 and re [0,1) such that
D =x ey =y et (49
e (Case2: e [%1] , then there exists ¢, >0 such that
01
R »
Next, applying (19) yields
< \/E[Lz ||yk -y

$2[ |y -y By -y -]

Thus, (ii) and (iii) follow from (48)-(50).

1

ZT (50)

"A"—/l* 2+Lﬁ||yk—y* 2+Lﬁ||x"—x*

4. Conclusion

In this paper, we propose a symmetric alternating direction method of multipliers
with two different relaxation factors for minimizing the sum of two non-separable
nonconvex functions. For problems where the objective function contains a cou-
pling term, Ze, the case where f and { are non-separable, research remains
limited in both convex and non-convex settings. We review the development of
symmetric ADMM for solving non-separable problems and find that although
many existing works have proposed symmetric ADMM variants incorporating
techniques such as Bregman distances, inertial terms, regularization terms, or lin-
earization, they often introduce only one relaxation factor. Inspired by this, we
introduce two different relaxation factors and apply the algorithm to non-separa-
ble nonconvex problems, thereby refining the basic form of symmetric ADMM
for solving non-separable problems. This makes the parameter range of the algo-
rithm broader, allowing it to be adapted to more practical problems by adjusting
the parameters. It also provides fundamental theoretical support for further inte-
gration with other techniques. Finally, based on the Kurdyka-Lojasiewicz (KL)
property, we prove that the sequence generated by the algorithm converges to a
stationary point of the problem and further analyze its finite-step convergence,

linear convergence, and sublinear convergence.
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