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Abstract

This paper investigates the issue of H_ control for impulsive switched linear
systems with time-varying delays. The effect of two types of impulses, namely
stabilizing impulses and destabilizing impulses, on the systems is fully consid-
ered. Correspondingly, the Lyapunov-Razumikhin (L-R) technique and Lya-
punov-Krasovskii (L-K) functional are used to deal with the time-varying de-
lays, some conditions are given for the H_ control of the systems. A rela-
tionship among the ADT conditions, impulses, and continuous dynamics is
established. Finally, two numerical examples are given to illustrate the effec-
tiveness of the proposed results.

Keywords
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1. Introduction

With the development of modern industrial production, more and more systems
encountered in practice can no longer be completely described by a single contin-
uous-time dynamic process or discrete event process. Therefore, hybrid systems
such as switched systems and impulsive systems have aroused great interest
among researchers. Switched systems are a class of dynamical systems that consist
of a finite number of subsystems and a logical rule that orchestrates switching
between these subsystems. It is important to study switched systems because of
the fact that they provide a natural and convenient unified framework for mathe-
matical modeling of many physical phenomena [1] [2] and practical applications

[3]. An impulsive system is a kind of hybrid system that shows the continuous
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dynamics on the continuous-time interval and the discrete dynamics at some mo-
ments which impulses occur. Due to characters of lower cost and higher confi-
dentiality, there are many applications of impulsive systems, such as economics
[4], communication security [5], and biomedical engineering [6].

It is worth noting that the subsystems in switched systems are easily affected by
impulses when switching happens, a more comprehensive model, Ze., impulsive
switched systems are naturally formed, which have extensive applications in many
fields such as biological population management [7], network control [8], flying
object motions [9], frequency-modulated signal processing systems [10]. Impul-
sive switched systems, as is known to all, do not retain the property of constituent
modes. Moreover, impulsive effects that the state of a system may undergo abrupt
change at some moments can be classified into two types: stabilizing impulses and
destabilizing impulses, which may affect the system dynamics in a positive and a
negative way respectively. To be specific, the stabilizing impulses can promote sta-
bility and enhance prescribed system performance, while destabilizing impulses
undermine system stability and lead to poor performance. Therefore, the study of
impulsive switched systems is more comprehensive and challenging. In [11], the
authors studied exponential stability and L, -gain for nonlinear impulsive switched
systems by the multiple Lyapunov function method. In [12], based on multiple Lya-
punov functions, some conditions of finite-time stability have been derived for a
class of nonlinear impulsive switched systems. By using the Lyapunov function
and the average impulsive switched internal approach, the input-to-state stability
of nonlinear impulsive switched systems has been investigated in [13]. In [14], un-
der the novel Lyapunov-like function, the authors discussed the globally uniformly
exponentially stable of impulsive switched linear systems.

External disturbance is inevitable in actual systems [15] [16]. The existence of
external disturbance seriously affects the performance of systems and even leads
to instability. H_ controlis an effective and important approach to dealing with
external disturbance. It can be successfully used to design a controller such that
the output is upper bounded by limiting the external disturbance while the inter-
nal stability is ensured. Many interesting resultson H_ control for switched sys-
tems have been reported in recent years. By utilizing Riccati-Metzler inequalities,
the dynamic output feedback H_ control of switched linear systems has been
investigated in [17]. Ref. [18] considered H_ control of nonlinear switched sys-
tems via introducing average dwell time (ADT) and piecewise Lyapunov functions
approaches. Based on multiple Lyapunov functions and mode-dependent average
dwell time, [19] studied the finite-time H_ control problem of switched linear
systems. [20] developed the multiple Lyapunov functionsto H_ control nonlin-
ear switched systems. Some other interesting resultson H_ control for switched
systems refer to [21]-[23]. It is worth noting that the impulse effect has not been
considered in the above contributions. In [24], based on the ADT method and
Lyapunov function, the authors studied the exponential stability and L, -gain

analysis of impulsive switched linear systems, where both stabilizing impulses and
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destabilizing impulses were considered. In [25], from the point of impulsive con-
trol, finite-time H_ control for nonlinear impulsive switched systems with a dy-
namic output feedback controller was investigated via multiple Lyapunov func-
tions and a mode-dependent average dwell time condition. Although the above
papers take the impulse effect into account when switching happens, time-delays
are excluded in their studied switched systems. Nevertheless, in practical systems,
time delays are unavoidable, which are the main cause of poor performance or
even instability. Therefore, it is necessary to study the H_ control for impulsive
switched systems with time-delays. On the other hand, it is well known that the
L-K functional and the L-R technique are two main distinct approaches to dealing
with the stability problems of various delayed systems. Especially when the time-
delays are unknown or unmeasurable, the L-R technique is more efficient and
powerful. In [26], based on Razumikhin technique and Lyapunov functions, au-
thors attempt to derive robust exponential stability of nonlinear impulsive switched
time-delays systems when the impulses are stabilizing. By employing L-K func-
tional method, [27] focused on the finite-time control for nonlinear impulsive
switched with time-varying delays under destabilizing impulses. However, under
the effect of the external disturbance, a basic and important issue on how to develop
L-K functional method and L-R technique for H_ control of impulsive switched
time-delays systems remains unresolved. Especially when both stabilizing impulses
and destabilizing impulses are considered, it is worth deep study, which motivates
this work.

In this paper, we investigate the H_ control problem of impulsive switched
linear systems with time-varying delays. Some sufficient conditions, which rely on
a relation among switchings, impulses, and external disturbance, are presented.
The main contributions are threefold: 1) Compared with [24] [25], the effect of
time-varying delays on the systems are taken into account in this paper; 2) Two
types of impulses, Ze. the destabilizing impulses and stabilizing impulses, are re-
garded respectively 3) In the case of destabilizing impulses, utilizing L-K func-
tional and ADT condition, the H_ control performance of the delayed impul-
sive switched systems is guaranteed. The L-R technique and reverse ADT condi-
tion is used to obtain the H_ control for the delayed impulsive switched systems

©

under the stabilizing impulses.

2. Preliminaries

Notations. Let R denote the set of real numbers, R, the set of non-negative

+

real numbers, Z, the set of positive integers and R" the n-dimensional real

‘
space equipped with the Euclidean norm |-|. L,[t,,%) denotes the space of
square integrable vector functions on [t),+). A>0(2>,<,<0) denotes that
the matrix A is a symmetric positive definite (positive semi-definite, negative
definite, negative semi-definite) matrix. Moreover, A" and A™ denote the
transpose and the inverse of A, respectively. Let A, (A) (A, (A)) be the
maximum (minimum) eigenvalue of A. | denotes the identity matrix with ap-

propriate dimensions. M= {1, 2,---,I‘ﬁ} , MeZ,, is an index set. For any set
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U cR* (1<k<n),interval ScR, PC(S,U)={p:S—>U iscontinuous eve-
rywhere except for a finite number of points # where go( ’) @(V} exist and
o(t)=0(t)}.

= sup ”(o +6 " In addition, the notation  always
denotes the symmetric bloclﬂ in l)ne symmetric matrix.

In this paper, we consider the following impulsive switched systems with time-

varying delays:
() Ao X(1)+ Dy X (t=7 (1)) + Bygu () + oo (1), t 1,
)=H,X(t ) t—tk,
() CoX(1)+E (b)),
x(t)= (p(t),te[to—r,to],

where X(t)eR" isthesystemstate, y(t)eR" istheoutput, @(t)eR" isthe

(1

exogenous disturbance which belongsto L, [t0 ,0), U(t)eRP isthe control in-
B> Coyr Doy» E Fo)> Ho( are constant matrices with
appropriate dimensions; ¢(t)e PC ([
o(t):[ty,0) > M={12,

ized by the switching sequence (iy,ty),(i,,t;), (I t. ) .

IR

Put A o)
t,—7.%],R") is the initial condition;

-,M} is the switching signal, which can be character-
and o(t)=i, means
that the i, th subsystem is activated when te [tk bt )s r(t) ‘R, >R, denotes
the time-varying delay; Ax(t)= X(t+ ) —X (t’) ,

x(t)= x(t*)z hILT x(t+h), x(t’)z lim x(t+h).

h—0"
In this paper, we make the following assumptions.

Assumption 1. 7(t) is continuous and bounded
0<z(t)<rz,

where 7 isa positive constant.

Assumption 2. 7(t) is differentiable and its derivative is bounded
£(t)<d <1,

where d isa positive constant.
This paper, in order to achieve the H_ performance of the system, considers

a class of state feedback controllers
u(t) =K, x(t), )

where K is the state feedback gain matrix. Substituting (2) into (1), one has

s
)=( A+ BygKagg ) X(1)+ Dyx(t=(t))+ Fyoo (1) t#t,,
)=(1+H,)x(t) t=t,

y(t)=C,x(t)+E (1),

x(t)=o(t), tet—r.t,].

It is assumed that the switches and impulses occur at the same time. Let

oft

X(t

3)

{tk} keZ, beasequence of discrete times representing the impulsive switching
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instants. To avoid Zeno behavior, the sequence t; <t <t, <---<t, satisfies that
t, > +o as k—oo. Given an impulsive switching time sequence {tk} and a
switching signal o (t), the set {tk , o-(t)} is called the impulsive switching signal
which is denoted by F .

Definition 1. ([7]) For a class of impulsive switching signal 7 [Ta, Nl] satis-
fying the ADT condition given by
Tt vratso, (4)

TO!

N, (T,t)< N, +

where N_ (T , t) is the number of impulses or switches occurring on the interval
[t.T), N,>0 iscalled the chatter boundsand 7, iscalled ADT constant. Sim-
ilarly, for a class of impulsive switching signal F, [Ta, N2] satisfying the reverse
ADT condition given by

Tt vTetso, (5)

T!Z

N, (T,t)=-N, +

where N_(T,t) isthe number of impulses or switches occurring over the interval
[t.T), N,>0 iscalled the chatter boundsand 7, iscalled reverse ADT constant.

Definition 2. System (3) is said to be exponentially stable (ES) over the impul-
sive switching signal F , if the solution X(t) of system (3) satisfies

XKl e vizt,

where £>1 and A>0.

Definition 3. ([28]) For a given constant y >0, the system (1) is said to
achieve H_ control performance under the impulsive switching signal F if
there exist control input U(t) and an impulsive switching signal F satisfying
the following conditions

1) The system (3) with a)(t) =0 isES;

2) Under the zero initial condition x(t)=0, te [to - T,to] , the system (3) sat-
isfiesthe H_ performance index for any a)(t) #0

JoyT(s)y(s)ds<7*[ @' (s)o(s)ds. ©6)

Lemma 1. ([29]) Let S and 7 be real matrices of appropriate dimensions.
Then, for any matrix Q >0 of appropriate dimension and any scalar & >0, the

following inequality holds
ST+T'S"<&'8Q'ST+£T7QT. (7)

3. Main Results

In this section, some sufficient conditions are established to guarantee the H_
performance of delayed impulsive switched systems. Both destabilizing and stabi-
lizing impulses are taken into account. To start with, the case of destabilizing im-

pulses is considered.

3.1. Destabilizing Impulses

In this section, Assumption 2 is required for the L-K analysis. The L-K framework
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relies on constructing functionals that integrate the system state over the entire
delay interval, which necessitates the bound on the derivative of the time-varying
delay to ensure the stability of the functional derivative. Considering the detri-
mental effects of destabilizing impulses on system performance, this section aims
to design a state feedback controller to ensure the H_ control performance of
system (3). Utilizing the L-K functional method and the ADT condition, we derive
some sufficient conditions under which the H_ performance of system (3) is
guaranteed.

Firstly, we study the exponential stability for the system (3) with @(t)=0, that

is,

)=( .
;:(I+H0(t))x(t), t=t, (8)
x(t)=p(1), tet,-7.t],

Theorem 1. Assume that Assumption 1 and 2 hold. For system (8), given con-
stant >0 and nxn matrix H,, if there exist constant g >1, and nxn
matrices P, >0, Q, >0, such that the following linear matrix inequalities (LMIs)
hold

* iy 0, Vie M 9
« (1 d)me<’ e M, 9)
.
[‘”Pﬂ (1+H) F’iJ<o, Vi jeMix] (10)
£ R
Q <uQ;, Vi, jeM, (11)

where Q, =PA +A'P+PBK;+KB'P+aP +Q, and the ADT constant 7,

satisfies

In
>—£ (12)
a
then, the system (8) is ES over the impulsive switching signal 7 [Ta, Nl] .
Proof. Choose the L-K functional candidate as
Vo (t) =Vis( (t) Voot (t)
(13)

t afs—
=x" (t)Pa(t)X(t)Jf,L_,(t)e ( t)xT(s)Qg(t)x(s)ds.

The derivative of V;(t) along the trajectory of system (8) on [t,,t,,,), where

the i, th subsystem is activated, is
DV, ()= X" ()R X(1) X" ()R x(1) =V ()" ()Q, x(1
—(1—f'( e X (t=7(1))Q, x(t==(1))

t)(P/sﬁJrAi P, +P,B,K, +KIBIP )x(1)

X" ()R, D, x(t=7(t))+x" (t=7(t)) DR, x(t)—aVy, (1)
T(t)Q.kX() (1-d)ex"(t—z(t))Q,x(t-7(t)).
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It follows from (9) that
DYV, (t)+aV, (t)< X"(t)(R,A, + AR ik +P B, K, +K/B/P )x(t)

x"(t)P, D, x(t—7(t))+x" (t—7(t)) D/ P, x(t)
(1 d)ex" (t-7(1))Q, x(t-7(t))
X' (1)Q, x(t)+ax™ ()R, x(t) (14)

Q P.D,
0% g

<0,

where 7(t)= (XT (t) x"(t —r(t)))T . Integrating both sides of (14) from t,_ to

t, one gets
V, () <e NV, (1) tet t,). (15)

In addition, let o (t)=i,,te [tH,tk ), it follows from (11) that

V, (t)- v, (tk‘) =x"(t,

Based on (10), it can be deduced that

{—,uPiH (I +Hik)T I:)ikJ<0

* -P

oy e R T

@[—,uPikl+(l+Hik)T R(1+H,) © J<O

* -P

3

o -uP_ +(1+H,) B (1+H,)<0.
Hence,

v, (t)=<av, (%) (16)
Combining (15) and (16), it yields
V, ()< pe N ()< pe TN, (1)<
< yke‘“(t‘t"\/a(to) (t)
LI VN ()
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It follows from (4) in definition 1 that N_(t,t;)Inxz<N In,u+ b Ing,

0(

which implies

M*“](t*to)

alx(v) <v, (1)< A

(i)
HWV, ) () <e ek tO)bﬂm|

where a=min{4,, (R)}, b=max{4,, (R)+7Ay (Q)} . Therefore, one ob-

ieM ieM

x(t) < b %e"(’
ol (B

where A= %(a _In_,u]’ which implies that system (8) is ES over the impulsive
T

a

tains

switching signal F[z,,N,].
O

In what follows, we investigate the H_ performance of system (3) with zero
initial condition when @(t)=0.

Theorem 2. Assume that Assumption 1 and 2 hold. Given constants « >0,
y>0 and nxn matrix H,, if there exist constants x#>1, >0, and nxn
matrices P >0, Q, >0, G, >0, such that the (9) - (12) and the following LMI
hold

C'C,-6P C'E 0 JoxP 0
* D, 0 0 E'
* *x  —0e°Q 0 0 |<0, VieM, (17)
* * * -G, 0
* * * * -1
r, uM
where ®, =—y°1 +6xF'GF,, k=—2 then, system (1) has H_ con-
ar,—Inu

trol performance over the impulsive switching signal F [ra, Nl] .

Proof In view of the L-K functional (13), we can derive from (10) and (11) that
V, ()<, (&), (18)
It follows from (9) that

DV, (t)+aV, (t)<x"(t)(R,A, + AP, +P,B,K, +KIBIP, )x(t)

+X (t)PlkDI x(t—z(t))+x"(t)Q, x(t)
X' (t=7(1)) DR x(t)+2x" (1) R, F (1)
(=) (1= ()R (1 (D)+ax” ()R (1)
Q, R.D, ]
0T g e R R
<2x"(t)R F, o(t),
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where 7(t)= (XT (t) x' (t —r(t)))T . By integrating the above inequality from

t, to t,we obtain
V, () <e Y, (4)+ [ e X (s)R R o(s)ds, teftut).  (19)

Combining (18) and (19), it yields

V, (1)< pe NV, () + J': e “2x" (s)P,F, o(s)ds
- k

I

<pe N, () + y.[::?le‘““‘s)Zx (s)P. F. o(s)ds

k-1 k2
+ .[:k e “2x" (s)P.F, o(s)ds
<.en
< ke ”°)\/ o)+ H J” e “2x" ()P, F @ (s)ds +--
+.[tke’“"s)2x (s)PikFika)(s)ds

< e—a(t—to )+Ng(t,s)In g

) (to)+_[t: g lt-s)No(ts)inu o T (S) P-F-a)(S)dS.

Given the zero initial condition V_ (t,)=0, one gets

v, (1)< J'; g (NI oxT (S) PR () ds,

Based on (4) in Definition 1, we obtain N_(t,s)In z <N, In ,u+

In,u,

which implies

Inu
g,

v, (1)< I o (5) R (s)s 20)

<],
Then, we apply (20) to make an estimation of I V s)ds, e[ it ) - Tt fol-

lows from (12) that
t t s [L:#‘“]( N1
L{)Vik (s)dsg_[to.[toe @ 2x" (V) PFo(v)dvds

t ot [I:J*a](sfv) N9y T
=L0J'Ve “ dspM2x" (V) BFao(v)dv

binu—ar,

N M_a(—v)
SRt (e[’“ ]t —1}2xT(v)PiFia)(v)dv

< Kj; 2x" (V)PFo(v)dv.
Letting t — o0, (7) yields

jV,k ds<z<_[ 2x" (V)PFo(v)dv

<K W[XT (V)PG'Rx(v)+ " (v )ETGiEa)(v)]dv. @

t0 [

Set J, = J':O[yT (s)y(s)-ro’ (s)w(s)]ds. By (21), we derive
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$)y(s)-7’a" (s)o(s)-oV;(s)]ds +5j:vi (s)ds
)CICx(s)+X" (s)C/Eo(s)+o" (s)E Cx(s)+ @' (s)EEm(s)
s)w(s)-x"(s) RX(S)_‘SL#(S)

) e SIxT (v)Qix(v)dv} ds
X" (V)PG"Px(v)+a' (V)F'G Fia)(v)] dv

<L J'S T (s,v)M£ (s,v)dvds,

where ¢(s,v)=(x"(s) @' (s) x"(v)),
C'C - 6P +6xPG'P, C'E, 0
M, = * E'E, -7’1 +5xF'GF 0 . Using
* * -708 Q)

the Schur complement of (17), we have J, <0, which implies
[oyT(s)y(s)ds<y*[ " (s)o(s)ds.

Hence, system (1) has H_ control performance over the impulsive switching
signal F [Ta, Nl] .

O

It should be noted that the above results are established under the assumption
that the control gain matrix K is known. In practice, however, the matrix is
usually unknown and needs be designed. Therefore, the following theorem is pre-
sented.

Theorem 3. Assume that Assumption 1 and 2 hold. Given constants « >0,
y>0 and nxn matrix H,, if there exist constants #>1, 6>0, and nxn
matrices X; >0, Z;>0, U;>0, G, >0, T,, such that the following LMIs
hold

Q D, X,
i i |7 <0, (22)
x —(1-d)ez,
-5X; XC'E, 0 VX, 0 X.Cf
* D, 0 0 E' 0
* * —r0e ' Z, 0 0 0 <0.Vie M, (23)
* * * -U, 0 0
* * * * -1 0
* * * * * -1
T
[—ﬂxj X;(1+H;) J<0, Vi, jeM,i#], (24)
* =X
Z,<uZ;, vi,jeM, (25)
where Q= AX,+X,A"+BT +T'B'+Z +aX, , @ =—y*1+6xF'GF, ,
Ny
x=—22___ and the ADT constant 7, satisfies
at,—Inu
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T >—, (26)

a

then, system (1) has H_ control performance over the impulsive switching sig-
nal A [Ta, Nl] . The control gain matrix is given by K, =T.X..

Proof. According to Theorem 2, by pre-multiplying and post-multiplying
inequality (9) with matrix diag {Pi’l, Pi’l} , one derives that

Wi DiPi4 <0
* —(1-d)e“P'QR*)

where W, = AP +P'AT+BKP'+P'K/B +P'QP " +aP™. Let

X, =P, T =KX, and Z, = X,QX;.It can be derived that (9) is equivalent to
(22). Similarly, by pre-multiplying and post-multiplying inequality (10) and (17)
with matrix diag {Pj’l, F’i’l} and matrix diag{Pi’l, I,P P, I} respectively,

we derive

(—w Pﬁ(uHi)T}o,

* —F’i’1

R® P'C'E, 0 oxP* 0

* 1 1
* * R® 0 0 |<0.
* * * Ri44 0
* * * * -1

where R"=P'C/C'P*-6P™", R?=—y’1 +E'E, +6xF'GF,

R¥ =—r5e " P'QP™", R"=-P 'GP . Define U, = X,G,X,, then (10) and (17)
can be derived to be equivalent to (24) and (23) respectively. Therefore, the con-
trol gain is matrix designed by K; =T,X;. This completes the proof. u

Remark In Theorem 3, condition (24) and (25) implies that V increases
(u>1) at impulsive switching instants, which corresponds to characteristics of

In
destabilizing impulses. In the meantime, the ADT 7, is satisfied with 7, > =4 ,
a

which indicates that the dwell-time of each subsystem can not be too short, ie,
the number of impulses and switches can not be too frequent to attenuate the ef-

fect of impulsive disturbance on the state of the system.

3.2. Stabilizing Impulses

When impulses exhibit stabilizing effects, the H_ control performance of the
system (1) is guaranteed by designing a hybrid controller, which is the state feed-
back controller and impulsive controller. The L-R technique and ADT condition
are used to derive the sufficient conditions for the system to have H_ perfor-
mance. Different from the L-K method, which requires the delay derivative bound
to handle integral terms in the functional, the L-R technique only needs the in-
stantaneous system state and the delayed state, making Assumption 2 unnecessary

in this section. In the following, we first consider the exponential stability of sys-
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tem (8) with @(t)=0.

Theorem 4. Assume that Assumption 1 holds. For system (8), given constant
a >0, if there exist constants O<u<1l, F>0, >0, and nxn matrix
P, >0, such that the following LMIs hold

¥ RD 0, Vi,le M (27)
< ] 1 il
* —fe_ﬂ’PI €
-uP. P+H'P - o
( M5 '+P' 'j<o, Vi, jeM,i#], (28)
* -5

where ¥, =PA +A'P+PBK,+K/B'P +(ﬂ+ < —ajP- , and the reverse

Np+1 1
yZi
ADT constant 7, satisfies

In
r, <——£ (29)
o

then, the system (8) is ES over the impulsive switching signal F, [z’a, Nz] .
Proof. Consider the Lyapunov function

Vo (t)=x"(t) Pa(l)x(t).

Similar to the derivation of Theorem 1, for any te [tk ,tm), keZ,, it follows
from (28) that

=x7(5)(1+H; ) R (1 H; ) x(%)
<ux"(t)P,_x(t)
=V, (&)-

Let =min{A_. (P)}, =max{A_. (P)!.Choose M >0 such that
j’O .M{mln(l)} j’l M{max(l)}

(30)

A < M L Set W (t) — e/, (t), t=ty—7. Then, for te[t,—7,t,), one
has

W, (1) <V, (1) < Aol < " *2M ol < AgM o] (3D
We claim it holds for any t>t,,i, € M that
W, (1)< ZM o] (32)
First, we prove that
W, (1)< M ||, te[tt). (33)
If not, there exist te[ty,t,) such that
W, (t)2 ZM o]
Set t'=inf {t&[t,,,):W, (t)> 4M o[} . Then, one gets
W, (1) =M ol e (tot) (34
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Set t= Sup{t € [to,t*) W, (t) < 4" M ||go||j} . Then, we have

cefio)

Np+1

w, (t) =

Hence, for te [t J it holds that
W, (t)> "M o] = 1MW, (t+0), @ [-7,0]. (35)
In fact,
1) for t+60€(t,,t,), (35) obviously holds;
2) for t+0e[t,—7,t,), it follows from (31) that (35) also holds.
In addition, consider the derivative of W, (t) on te [t_,t*] , it yields
W, (t)= ﬂeﬁ““f’\/i0 (t)+e" DY, (1)
1

L ROV, (0] |, (0)-w, (t-r(0)

Seﬁ(”‘)){XT(t)(ROAO—kA .+ P.By K, + K{BIP, )X (1)

+BX" ()R x(t)+x" (t)R D x(t—7(t))+x" (t—7(t)) IR x(t)  (36)
JrﬁxT ()P x(t)—ee X" (t—z(t))P x(t —r(t))}

—aW, (t)+aW, (1)

Blt-tg) ‘Pio l:)io Dio W
=e n (t) * _fefﬂTP n(t)+a io(t)’

where n(t)z(XT(t) x'(t—7(t) )T.By (27), we have
D'W, (t)<aW, (1), te[T,t"], (37)

which leads to

w, (t)<e My,

lo lo

(t_) < g@lt)

According to the reverse ADT condition (5), it is derived that
t—ty <7, (N, (t.t))+N,) <7, (1+N,). Hence,

No+1

Wio (t*) < eara(Nerl)

From condition (29), em"(’\‘ﬁl),u'\‘2+1

W, (1) < M ol (38)

This contradicts (34), so (33) holds.
Suppose the following inequality holds for any k eZ, that

W, (1)< Mo’ te[ty-7.t) i, e M, m=01,-k-1. (39)

<1 is deduced, which implies

We will prove that
W, (1)< M [o]”, t e[t ts)- (40)

Suppose not, there exists te[t,,t_;) such that W, (t)>4,M ||go||i Combin-

DOI: 10.4236/jamp.2026.144070

1495 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.144070

X. H. Duan, Y. H. Yin

ing (30) and (39), one has
W, (t) <, (t)
Then, set 1" =inf {te[t, t.,):W, (t)> M off}, it yields
W, () =AM o]
T =sup{te[t.t'):W, (t)< 4" M [gl} . Then, W, (T)=u""4M o,

te (tk ,t*) . Moreover, for te [t_, t*] , we obtain

ot e(tt) - Set

Np+1

,uNZHWim (t+6)<

(1), i, eMm=01-- k. (41)

For te [t_, t*] , similar to (36), it follows that

R.D
D'W, (t )<elto)y (t)[ fek ﬂrk Jn(t)wgw (1), (42)

where n(t) = (XT (t) X" (t - r(t)))T . Then, based on (27), we derive

Np+1

W, (t)< egl([tf)wik (T) et

By (5), t,,—t <7, (N, (t,1t)+N,)<7,(N,+1). Thus,

No+1

Wik (t*) < eara(N2+l)

which yields a contradiction. Therefore (40) holds. By mathematical induction,
(32) holds. From the definition of W, (t) , we have

V, (t)=e o (1) <e

2 txt -z

Therefore,

B
Ix(t) i< vMe 2" g

which implies that system (8) is ES over the class F,[z,,N,]. This completes the
proof. U

In what follows, we shall analyse the H_ performance of system (1) with
w(t)#0.

Theorem 5. Assume that Assumption 1 holds. For system (3), given constants
a>0 and y >0, if there exist constants O0<u<1, >0, ¢>0, §>0,and
nxn matrices P, >0, G, >0, such that the (27) - (29) and the following LMI
hold

c'c,-oP C'E, JoxP 0

T
* 0 Bl viem, (43)
* * -G 0
* * * -1
-N,
where @, = —y°l +xF'GF,, k=——2  then, system (1) has H_ con-

ar, +Inu
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trol performance over the impulsive switching signal F, [ra, N2] .
Proof. Set W, (t) = e/l (t) . By (30), we have
W, ()<, (), (44)

the derivative of W, (t) along the trajectory of system (3) on [ « ts1)» which
implies the i,th subsystem is activated, that is

D'W, (t)<e” | X" (t)(R,A, + ATR, +R,B,K, +KIBIR, )x(t)

+BXT (R X(1)+X ()R, D, x(t-7(1)
#4" (t-(t)) IR X(t) + 2 (1)P, Fyo(t)]

+{ﬁ% (t)-W, (t—z‘(t))}—awik (t)+aW, (1)

¥ R.D
Seﬂ(t—to)nT(t)[ k ik ]U(t)

where 77('[)=(XT(t) XT(t—r(t)))T, i,e M, m=0,12,---,k.By(27),itholds

D'W, (t)<aW, (t)+2¢")x" (t)P,F, w(t),
which implies
DV, (t)<aV, (t)+2x"(t)P,F, o(t).
Integrating the above inequality from t, to t, one has
V, (t)<e N, ( j e“I2xT ()P, F, o(s)ds, teft b)) (45
According to (44) and (45), it follows that
V, (1)< ue N, (t‘)+jl e“2x" (s)P, F, o (s)ds
<pe N, (t) +yf e“2x" (s)P,_F, o(s)ds
+.|-tke At=s)pyT (s)P, Fika)(s)ds
<.
< uke” “"N o)+ U jl“” (s)PFa)(s)ds
+,u“ 2 g9l pyT (s)P.F.a)( )ds+-- +I e“)2x" (s)P, F, o(s)ds

< g“ltto +k|n;xV(T I e(t=s)iNo(ts)inu o T ( )P.F-a)(S)dS-

Given the zero initial condition V. (t,) =0, it yields

je AN (LN oT (s) PR @(s)ds.

From the reverse ADT condition (5), we derive
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2x" (s)RFRa(s)ds. (46)
Integrating both sides of (46) from t; to t, it follows from (29) that

In,u
(s-v)
J'to s)ds< ' [ T“] w2 2x" (V)PFo(v)dvds

fo l0

In u

_LOJ' e[ T"] )dS/[NZZXT(V)PiFia)(V)dV

¢ e s I
:f —e e ) 1|y "22x" (V)RFao(v)dv

bar, +Inu
<K.[ 2x" (V)PFo(v)dv.

Letting t — o0, we obtain from (7) that

[V, (s)ds<x[(x"(v)PG'Rx(v)+a' (v)F'GFe(v))dv. (47)

Set J —I

fo

[yT (S) y(S)—)/Za)T (S)a)(s)] ds. Then, together with (47), it is ob-

tained that
j (Y () ¥( (s)a)(s)—évi(x(s))]ds+5j:Vi(x(s))ds
<[,

X" (s)CICx(s)+x" (s)CE(s)+ @' (s)E'Cx(s)

(
(
+0 (3)ETE(s) - 720" () (s) - 5X" (s) Px(s) |ds
+5;<j:[xT s)PG'Px(s)+a' (s)F'GFa(s)]ds

© C'C. —S5P +6xPG'P C'E,
:I fT(S) i i i i~ i i =i f(S)dS,
o * 7?1 +E'E, + okF'G,F

where £(s)= (XT (s) o' (S))T . By using the Schur complement of (43), one has
J, <0, which implies

.[: y'(s)y(s)ds< 7’2.[: o' (s)o(s)ds.

Hence, system (1) has H, control performance over the class F,[z,,N,].
This completes the proof. U

Theorems 4 and 5 are established under the assumption that the gain matrices
Ko and H, aregiven. Since these matrices need to be designed in practical
applications, it leads to the following theorem.

Theorem 6. Assume that Assumption 1 holds. Given constants « >0 and
y >0, if there exist constants 0< u<1, >0, €>0, §>0,and nxn ma-
trices X;>0, U, >0, G, >0, S;;, T;,such that the following LMIs hold.

ij?
(@i D,X,

<0, Vi,le M, 48
* —feﬂ’X,J (48)
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—5X, XC'E, “oxX, 0 XCf

* 0, 0 EiT 0
* * -U, 0 0 |<0, VieM, (49)
* * * -1 0
* * * * -1
—uX. +ST
[ UX; XJ—;SI,]J<O, Vi, jeM,i=j, (50)
* A

~ N2
where ¥, = AX,+X,AT+BT,+T'B +X,| f+———a |, x=——eE |
M? ar, +Inu
and the reverse ADT constant 7, satisfies

In
T, <-———, (51)
(04

then, system (3) has H_ control performance over the impulsive switching sig-
nal F, [z’a, Nz] . The control gain matrices are given by K, =T, X",
H, =S X"

Proof. According to Theorem 5, we perform the following congruence trans-

formations: pre-multiply and post-multiply (27) by diag {Pi’l, P,’l} , (28) by
diag {P;*,R™*}, and (43) by diag{R™*,1,R™1}.let X;=R", T, =KX,
U; =X,GX; and S§;; =H,X;, then, we derive that (27), (28), and (43) are equiv-
alent to (48), (50), and (49), respectively. Therefore, the control gain matrices are
givenby K, =T.X;', H,= Si ;X j’l. The proof is completed. u

Remark. In Theorem 6, the requirement of 0< <1 implies that the impulses

occurring at discrete moments are stabilizing impulses and the ADT 7, is

In
satisfied with 7, < £ , which indicates that the dwell-time of each subsystem
a

should not be too long, i.e., the number of impulses and switchings between the
subsystems should occur in high frequency to enhance the positive effect of the
stabilizing impulses on the state of the system.

Remark. In [24]-[27], authors have investigated the stability and stabilizability
of impulsive switched delay systems. Different from these existing results, this pa-
per considers the influence of external disturbances on system, and establishes
some sufficient conditions based on ADT for the H_ control performance by
coupling the effect of impulse with state feedback control. In addition, when the
system is disturbed by external inputs, [24] investigated the L,-gain problem of
impulsive switched system under the influence of two kinds of impulses. [25] dis-
cussed the finite-time H_ control problem of nonlinear impulsive switched
time-delay systems, but only considered the effect of stabilizing impulses. It is
noteworthy that the systems studied in both [24] [25] neglected the influence of
time-delays. Therefore, this paper considers a class of impulsive switched time-
delay systems, which are investigated by different schemes (L-K functional

method for destabilizing impulses and L-R techniques for stabilizing impulses)
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for different impulses, and gives a sufficient criterion for the controllability of the

system. Compared with the results in [24] [25], our results are more general.

4. Examples

In this section, two numerical examples are given to illustrate the effectiveness of
the obtained results.

Example 1 Consider the two-dimensional delayed impulsive switched system

(1) with
A= -023 0 _(ro1 0
- 0.2 0 -087)
01 0 -0.1 -0.1
0 01/ D, = -01 01)
016 O 01 0
- h= 0 01/
o 0.3 0.01 A= -07 O
11002 03) % L 0o -03)
1 0 001 -0.02
B, = , C,= :
0 -1 -0.04 -0.05
01 0 044 0
DZ = y Ez = 1]
( 0 —0.1] ( 0 —0.2]

01 O 035 0
F, = , H,= .
0 01 0 035
Set time-delay 7(t)=0.22-0.03cos(2t) . Choose =163, x=178,

0=036, N,=0.11, r=0.74, d =0.31. Then applying Theorem 3 and using
MATLAB LMI toolbox, the following feasible solutions can be obtained:

(42278 -0.3970 (43940 -0.4645
171-0.3970 4.5865 271 -0.4645 4.7700

_(15.8958  0.1041 ~(15.9910 0.0764
17101041 15.7911) 7% | 0.0764 15.8876)

(12,5517 -0.2995 (12.3047 -0.1914
11-0.2995 129561 ) 2 (-0.1914 12.6975)

_(-15.2668 -1.4295 _(-13.4881 0.0299
17 —2.0959 18.0085) 2 | —0.2041 15.3917)

The gain matrices of control are designed as

_(-3.6702 -0.6293 _(-3.1009 -0.2957
'1-0.01263 3.9351 271 02977 3.2557 )

DOI: 10.4236/jamp.2026.144070 1500 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.144070

X. H. Duan, Y. H.Yin

12 . . L L L

Figure 1. State trajectories X, (t) and x,(t) (u(t)=0,(t)=0).

1.2 T T T T T

1 (t)
zo(t) | |

1

0.8 J

0.6 1

Figure 2. State trajectories X (t) and x,(t) (w(t)=0).

3 T T T
‘ =1
exponential bound
2.5 7
3
(2]
2 g 2 i
4
]
= R
= L J
5 1.5
- 0
1
0.5
0 N "
0 1 2 3 4 5 6

Figure 3. State norm trajectories "X(t)" (w(t)=0).
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0.1

0.08 -

0.06 -

0.04

0.02

Figure 4. The system of H_ performance (w(t)=0).

The impulsive switching sequence is given by t, , =0.72n-0.38, t, =0.72n,
neZ, . Based on condition (26), letting 7, =0.36, it is satisfied that
In

T, > —# ~0.3538. The initial condition is set as o(t)=(1.05, —0.55)T Ltis
a

evident that system (1) is unstable in the absence of external disturbance and the
controller, see Figure 1. As illustrated in Figure 2 and Figure 3, the state trajec-
tories of the system under control indicates that the system (1) is ES over the class
%7, N,]. Considering disturbance @ (t)=(0.2cos(2t),0.1sin (t))T , system (1)
has H_ control performance with index y =0.77 under zero initial condition,
which is shown in Figure 4.

Example 2. Consider the two-dimensional delayed impulsive switched system

(1) with
A~ 03 -0.1 - 036 0
Lo o01) * o 03)
0.2 0 -1 -1
C1= y D1= [}
-0.04 -0.27 0 1
- 01 0 E_ 01 0
“lo1 01) L o o01)
A= 05 -05 5 _ 04 0.1
(04 02) % (-03 05)
c_ 0.4 -0.21 o - 01 0
27102 -045) 2 {0 09)
o 035 0 L 01 0
2l o -02) * {0 -01/)

The time-delay is given by 7(t)=0.2+0.01sin(2t). Applying Theorem 6 and
choosing =136, x=042, 6=119, p=116, =05, N,=07,
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7=0.36. Then using MATLAB LMI toolbox, the following feasible solutions is
obtained:

(52292 -05957 _(3.2584 0.6468
' -05957 4.1235 )" "? |0.6468 2.7781)

14.6416 —48.8243 —28.8242 -12.7295

s _ —2.9489 0 s _ —4.6370 0
270 o0 —29489) 2 | 0 -4.6370)

B (11.3539 0.0799J (12.8942 —1.5393]
’ 2= .

_(—63.1066 18.5458 ) _[—17.1073 22.3960 )
1~ 1 2 1

"1 0.0799 11.6483 —-1.5393 12.6731

The state feedback control gains and impulsive control gains are designed as

follows

(-11.7492  2.8002 (-7.1826  9.7339
Yl 14754 -116273) % | -8.3212 -2.6447)

(-0.9489  0.2209 ~(-0.9016 -0.1302
1102209 -1.1129) * (-0.1302 -1.1433)

Set the impulsive switching sequence as t, ,=0.42n-0.17, t,, =0.42n,
neZ, and reverse ADT 7o =0.21. According to condition (51), the ADT 7,
In
satisfies 7, < — £ _0.6379. Choose the initial condition o(t)=(0.1, —0.9)T.
a
From the simulation, it can be observed from Figure 5 that system (1) is unstable
when no external disturbance or control input is applied. And Figure 6 shows that
he system (1) is also unstable with only state feedback control input, which reveals

the necessity of impulsive control. The dynamical behavior of X(t) under the

100 T T T T

80

60

40

x(t)

20

-20 [

40 1 1 1 1 I

Figure 5. State trajectories X (t) and Xx,(t) without state feed-

back control and impulsive control (e(t)=0).
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Figure 6. State trajectories X (t) and x,(t) without impul-

sive control (@(t)=0).

0.6

@1(t)
0.4 25(t) | 4

X(t)

1.2 L I L L L

Figure 7. State trajectories X, (t) and x,(t) with mixed con-
trol (e(t)=0).

25 T T T T T
IIx®l
exponential bound
2r 3 1
12
£
L
151 123
= 8
e 3
X
1
05
0 L L . .
0 1 2 3 4 5 6

Figure 8. State norm trajectories ||X(t)|| with mixed control

(w(t)zO).
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0.8 T T T T

IOl
] Ylw@l] |

0.6 b

05 1

04 1

03 b
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Figure 9. The system of H_ performance (w(t)=0).

mixed action of state feedback control and impulsive control is shown in Figure
7. When (t)=0, Figure 8 implies that the system is ES over the class
F, [ra, Nz] . Under zero initial conditions, let @(t)= [O.ZSin (t),0.3cos (t)}T VIt
is illustrated in Figure 9 that the system achieves H_ control performance with

index y =1.25 under the hybrid controller.

5. Conclusion

This paper studied the H_ stabilization of impulsive switched systems with
time-varying delays under different kinds of effects of impulses. As for the desta-
bilizing impulses, by constructing L-K functionals and combining with the ADT
condition, a state feedback controller is designed, and the sufficient conditions for
the exponential stability and H_ performance of the system are given in the
presence and absence of external disturbances. On the other hand, from the per-
spective of stabilizing impulses, by applying L-R method and the reverse ADT
condition, the impulsive controller and state feedback controller are designed for
the exponential stability of the system without @(t) andthe H, performance
of the system with @(t)#0. The sufficient conditions obtained in two cases are
both delay dependent and presented in the form of LMIs, which is easy to be ef-
fectively examined using the LMI toolbox in MATLAB. The system that we stud-
ied takes full account of the effects of time-delays and the two different kinds of
impulses, which improved and extended the results in [24] [25]. Finally, two nu-
merical simulations are presented to verify the effectiveness of the proposed re-
sults. Several limitations of the present work should be acknowledged. First, the
assumption that switching and impulsive events occur at the same time may re-
strict the application to practical hybrid systems. Second, the proposed controllers
rely on full-state feedback, which requires all system states to be measurable and
available, thus limiting their implementation in scenarios where only partial state

information is accessible. Third, the current framework is restricted to linear sub-
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systems. In the future, we will extend the results to nonlinear impulsive switched

systems and consider the condition that the switchings and impulses are asyn-

chronous.
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