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Abstract 
This article studies Hermitian structure on complex manifolds. We introduce 
the torsion of the Chern connection on Hermitian manifolds and present a 
global result with the Kähler form related to the torsion coefficients with re-
spect to the connection 1-form. On compact Hermitian manifolds, by intro-
ducing a linear operator and, based on it, establishing a duality of differential 
operators on ( ),p q -forms, we prove an identity between the Kähler form 

and the connection 1-forms. Furthermore, we show that the integral of the 
Kähler form can be explicitly expressed via the connection 1-form and van-
ishes under the Gauduchon condition.  
 

Keywords 
Complex Manifolds, Hermitian Structure, Kähler Form, Connection 1-Form 

 

1. Introduction 

In complex differential geometry, connections characterize the local properties of 
a manifold and determine its torsion, curvature, and global topological invariants. 
Therefore, the selection of a connection is important for studying the intrinsic 
geometric structure and analytic properties of the manifold. In general, non-Käh-
ler geometry, there are two important classes of connections: the Chern connec-
tion and the Bismut connection. 

If a complex manifold is endowed with a Hermitian metric, it may be viewed as 
a Riemannian manifold, and the Levi-Civita connection can be introduced ac-
cordingly. However, on a non-Kähler manifold, the Levi-Civita connection fails 
to preserve the complex structure. Therefore, on non-Kähler manifolds, the Chern 
connection and the Bismut connection are commonly considered. 

The torsion of a connection plays an important role in geometry. It also gives 

How to cite this paper: Liao, X.L. (2026) 
The Connection 1-Form on Hermitian 
Manifolds. Journal of Applied Mathematics 
and Physics, 14, 566-574. 
https://doi.org/10.4236/jamp.2026.142030 
 
Received: January 4, 2026 
Accepted: February 2, 2026 
Published: February 5, 2026 
 
Copyright © 2026 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2026.142030
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/jamp.2026.142030
http://creativecommons.org/licenses/by/4.0/


X. L. Liao 
 

 

DOI: 10.4236/jamp.2026.142030 567 Journal of Applied Mathematics and Physics 
 

several significant problems in non-Kähler geometry, such as the balanced condi-
tion, the pluriclosed condition, Gauduchon metrics, conformal invariants of the 
connection 1-form, and variational problems for critical metrics. In particular, the 
connection 1-form provides a method to determine whether a Hermitian metric 
is balanced or conformally balanced, and for a Gauduchon metric, the corre-
sponding connection 1-form is co-closed [1]. Ganchev and Ivanov investigated 
the role of the connection 1-form on the existence and holomorphicity of har-
monic 1-forms on compact balanced manifolds [2]. 

Prompted by problems in theoretical physics, Li and Yau provided a rigorous 
mathematical proof for the existence of solutions to the Strominger system, show-
ing that certain non-Kähler manifolds admit torsion structures satisfying super-
symmetry conditions [3]. In recent years, the Bismut connection and its curvature 
properties have attracted considerable attention. Andrada and Villacampa studied 
the Bismut connection on Vaisman manifolds and the related geometric struc-
tures, and characterized the corresponding holonomy group structures [4]. Bar-
baro established that, under appropriate conditions, a Hermitian metric with con-
stant Bismut scalar curvature exists [5]. 

2. Preliminaries 

An n -dimensional complex manifold M  is a smooth manifold of real dimen-
sion 2n  together with a holomorphic atlas ( ){ },k kU ψ  of : n

k kUψ →  and 
( )k k kU Uψ  . The transition map ( ) ( )1 :j k k j k j j kU U U Uψ ψ ψ ψ− ∩ → ∩  is 

holomorphic. 
Let M  be an n -dimensional complex manifold with tangent bundle T M . 

Since 2n n
   and any biholomorphic map is necessarily a diffeomorphism, 

M  can also be considered as a smooth real manifold of real dimension 2n , 
which we denote by M . The complex structure on the real manifold induces a 
decomposition of the complexified tangent bundle  

 .T M T M= ⊗     (2.1) 

It endows pT M  with the structure of a complex vector space. This decom-
position induces a corresponding decomposition of complex-valued differential 
form and leads naturally to ( ),p q -form. 

By extending the complex structure to T M , we obtain  

 1,0 0,1 ,T M T M T M= ⊕  (2.2) 

where 1,0T M  and 0,1T M  denote the holomorphic and anti-holomorphic tan-
gent spaces. Let ( )1, , nz z  be local holomorphic coordinates on an open set 
U M⊂ , with k k kz x iy= + . Let ( )1 1, , , , ,n nx x y y   be smooth real local coor-
dinates, and denote  

1 1, .
2 2k k k k k ki i

z x y z x y
   ∂ ∂ ∂ ∂ ∂ ∂

= − = +   ∂ ∂ ∂ ∂ ∂ ∂   
 

Then local frames for 1,0T M  and 0,1T M  are kz
∂ 

 ∂ 
 and kz

∂ 
 
∂ 

, respec-
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tively. The dual space of the tangent bundle is denoted by *T M , and it likewise 
decomposes as  

 * *1,0 *0,1 .T M T M T M= ⊕  (2.3) 

Local frames for *1,0T M  and *0,1T M  are given by { }kdz  and { }kdz . 
On a complex manifold M , a k -form *k T M∧   can be locally decomposed 

as  

 ( ) ( )* *1,0 *0,1 ,k p q

p q k
T M T M T M

+ =
∧ = ⊕ ∧ ∧ ∧  (2.4) 

which is denoted as  

( ) ( ), .k p q

p q k
M M

+ =
Ω = ⊕ Ω  

We define ( ),p q MΩ  to be the space of ( ),p q -forms on M . Any element 
( ),p q Mϕ∈Ω  can be locally expressed as  

 1 1
1 1

1 .
! !

p q

p q

k lk l
k k l l dz dz dz dz

p q
ϕ ϕ= ∧ ∧ ∧ ∧ ∧

 

   (2.5) 

The exterior differential d  defined on a smooth manifold naturally extends 
to an n -dimensional complex manifold, where it satisfies  

.

k k
k k

k k
k k

d dx dy
x y

dz dz
z z

∂ ∂
= +

∂ ∂
∂ ∂

= +
∂ ∂

 

Consequently, we can define two differential operators on ( ),p q MΩ   

 
( ) ( )
( ) ( )

, 1,

, , 1

: ,

: .

p q p q

p q p q

M M

M M

+

+

∂ Ω →Ω

∂ Ω →Ω
 (2.6) 

Locally, they have the expressions  

 

1 1 1 1

1 1 1 1

1 ,
! !

1 .
! !

p q p q

p q p q

k k l l k lk lk
k

i i j j k lk lk
k

dz dz dz dz dz
p q z

dz dz dz dz dz
p q z

ϕ
ϕ

ϕ
ϕ

∂
∂ = ∧ ∧ ∧ ∧ ∧ ∧

∂
∂

∂ = ∧ ∧ ∧ ∧ ∧ ∧
∂

 

 

 

 

 (2.7) 

Since the operator ∂  satisfies 2 0∂ = , it defines a cochain complex  

( ) ( ) ( ), 1 , , 1 .p q p q p qM M M
∂ ∂ ∂ ∂

− +→Ω →Ω →Ω →   

The cohomology of the sequence is called the Dolbeault cohomology:  

( ) ( ) ( )
( )

, 1 ,
,

, 1

Ker :
.

p q p q
p q

p q

M M
H M

M

−

−

∂ Ω →Ω
=

∂Ω
 

In particular, there exists the following isomorphism  

( ) ( )0, , ,q q
MH M H M   

where M  is the sheaf of holomorphic functions on M . These groups measure 
the obstruction to the ∂ -equation solved on ( ),p q -forms and constitute fun-
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damental invariants of the complex manifold M . 

3. Hermitian Structure 

Consider the holomorphic tangent bundle 1,0T M  of a complex manifold M . 
For any x M∈ , a positive definite Hermitian form h  is given by  

 1,0 1,0: ,x x xh T M T M× →  (3.1) 

satisfying  

( ) ( ), , ,x xh Y Z h Y Z=  

for all 1,0, xY Z T M∈ . In a local frame kz
∂ 

 ∂ 
, let the components of h  by  

, ,kl k lh h
z z
∂ ∂ =  ∂ ∂ 

 

where klh  is a smooth function on M . Let the local holomorphic coordinates be 
( )1, , nz z  and the Hermitian metric can be expressed locally as  

 ,k l
klh h dz dz= ⊗  (3.2) 

where klh  is a smooth section of * *T T⊗ , satisfying  
1) Hermitian symmetry, kl lkh h= ; 
2) For any nonzero vector ( )1, nγ γ , 0k l

klh γ γ ≥ . 
A Hermitian metric can be defined locally, for example by pulling back the 

standard Hermitian metric from n . These local metrics can be patched together 
via a partition of unity subordinate to the atlas, thereby obtaining a global Her-
mitian metric.  

Theorem 3.1. [6] Any n -dimensional complex manifold M  admits a Her-
mitian metric.  

This fundamental fact shows that Hermitian geometry is always available on 
complex manifolds. 

The Kähler form ω  with respect to h  has the following local coordinate 
form  

 .j k
jkih dz dzω = ∧  (3.3) 

Remark. If 0dω = , then M  is called a Kähler manifold, and any submani-
fold of M  is also a Kähler manifold.  

Consider the set of complex lines through the origin on 1n+ . The complex 
projective space is defined as  

{ }1 \ 0 / ~,n n+=   

where 1, nz w +∈  are equivalent, ~z w , if there exists *γ ∈  such that w zγ= . 
Elements of n  are denoted by homogeneous coordinates [ ]0 1, , , nz z z . The 
projective space can be covered by 1n +  standard open sets  

[ ]{ }0 , , | 0 , 0, , .n
k n kU z z z i n= ∈ ≠ =   

On kU , we define affine coordinates  
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0 1 1, , , , , .k k n

k k k k

z z z z
z z z z

− + 
 
 

   

Consider the map on kU   

: ,n
k kUψ →  

[ ]( ) ( )0 1 1
0 1, , , , , , , , , .k kk k n

k n n
k k k k

z z z zz z z z
z z z z

ψ − + 
= = 
 

     

The transition map is  

( ) ( )1 1, , , , .k k k k k
jk n j nz z z z zψ =   

Hence, n  is a complex manifold.  
Proposition 3.2. [6] The complex projective space is a Kähler manifold.  
The projective manifold is a class of complex manifolds, and it is shown in [7] 

that compact Kähler manifolds with positive bisectional curvature are projective. 
Similarly, we equip ( ),p q MΩ  with a Hermitian metric. On a compact Her-

mitian manifold for any ( ),, p q Mϕ φ ∈Ω , we define an inner product at each 
point x M∈   

 ( )( ) 1 1 1 1
1 1 1 1

1, .
! !

p p q q
p q p q

a b d ca b d c
a a c c b b d dx h h h h

p q
ϕ φ ϕ φ=

 

 

   (3.4) 

The metric for ϕ  and φ  is given by  

 ( ) ( )( ), , .
M

x dVϕ φ ϕ φ= ∫  (3.5) 

where 
!

n

dV
n
ω

= , we denote ( ) 2,ϕ ϕ ϕ= . 

A complex manifold is automatically orientable. Intuitively, this property arises 
from the fact that holomorphic coordinate changes preserve the natural orienta-
tion of the underlying real 2n-dimensional space. It distinguishes complex mani-
folds from smooth manifolds that fail to be orientable. 

On an n -dimensional Hermitian manifold M , there exists a linear map 
( ) ( )2: k n kM M−∗ Ω →Ω  satisfying the following  

 ( )( ), ,x dVϕ φ ϕ φ∧∗ =  (3.6) 

for ( ), k Mϕ φ ∈Ω . By the  -linear extension, it satisfies  

( )( ), ,x dVϕ φ ϕ φ∧∗ =  

for ,, p qϕ φ ∈Ω . Let M  be a compact manifold. Based on (2.6), (3.4) and (3.5), 
the dual operator is defined as  

 
*

*

,

.

∂ = −∗∂∗

∂ = −∗∂∗
 (3.7) 

It is easy to see that  

( ) ( )
( ) ( )

* , 1,

* , , 1

: ,

: .

p q p q

p q p q

M M

M M

−

−

∂ Ω →Ω

∂ Ω →Ω
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A special class of Hermitian manifolds is the balanced Hermitian manifolds, i.e., 
Hermitian manifolds with coclosed Kähler forms. Moreover, every Kähler mani-
fold is balanced. In higher dimensions, there exist non-Kähler manifolds which 
admit balanced Hermitian metrics [8]. 

4. Main Results 

The Chern connection ∇  is the unique connection which is compatible with the 
complex structure and also the Hermitian metric. 

Let ∇  be a Chern connection. The torsion tensor of ∇  is defined as  

 ( ) [ ]1 21 2 2 1 1 2 1 2, , , , .X XT X X X X X X X X T M= ∇ −∇ − ∈   (4.1) 

It is easy to see that T  is a (1,2)-tensor, with components T γ
αβ  defined by  

,jq iqq
ij i j

h h
T h

z z
γ γ ∂ ∂ 
= − ∂ ∂ 

 

denoted by ijk ijkh T Tγ
γ = . 

Proposition 4.1. Let M  be a Hermitian manifold. The following equation be-
tween the Kähler form and the torsion coefficients holds:  

 .
2 2

i j k j i k
ijk ikj

i id T dz dz dz T dz dz dzω = ∧ ∧ − ∧ ∧  (4.2) 

Proof. By (2.7) and (3.3), we obtain  

2

.
2

jk jki j k i j k
i i

jk i j kik
i j

jk ji i j k
i k

h h
d dz dz dz i dz dz dz

z z
h hi dz dz dz
z z

h hi dz dz dz
z z

ω
∂ ∂

= ∧ ∧ + ∧ ∧
∂ ∂
∂ ∂

= − ∧ ∧  ∂ ∂ 
∂ ∂ 

+ − ∧ ∧  ∂ ∂ 

 

From ijk ijkh T Tγ
γ = , it gives  

,

.

jk ik
ijk i j

kj ij jk ji
ikj i k i k

h h
T

z z
hh h h

T
z z z z

∂ ∂
= −
∂ ∂

∂∂ ∂ ∂
= − = −
∂ ∂ ∂ ∂

 

This completes the proof.  
It follows from (4.2) that if ∇  is torsion-free, then M  is a Kähler manifold. 

The connection 1-form on M  is given by  

 ,dzαασ σ=  (4.3) 

where k
kh Tµ

α αµσ = . In particular, by choosing a unitary frame { }ke , we have  

( ), .
ke kT eσ ι= − ⋅  

The linear map L  is called the Lefschetz operator is defined by  

( ) ( ), 1, 1: .p q p qL A M A M+ +→  
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Its dual is given by  

( ) ( ), 1, 1Λ : .p q p qA M A M− −→  

Proposition 4.2. Let M  be an n -dimensional Hermitian manifold with σ  
∂ -closed. Then  

 
( )( ) ( )* 2 1 ,

1 3 ! 1
ni

n n n
ω σ ω σ−∂ ∂ = − ∗ ∧ ∂ +

− − −
  (4.4) 

where = −∗∂Λ∗ . If M  is compact, we have  

 
( ) ( ) 222 1 11 , .

2 ! 1 1
ni i

n n n
ω ω σ σ ω ω−  ∂ ∧ ∂ = + − ∂ − ∂ − − − ∫  (4.5) 

Proof. we denote  

2

2

1, .
1

n

n

L
n

ω ω ω ϕ ω σ−

−

= ∧ ∧ = ∂ −
−





 

By the dual operator Λ , it follows that  

 
( ) ( )( )

3 2.
3 ! 1 3 !

n ni i
n n n

ϕ ω ω σ ω− −∗ = ∂ ∧ − ∧
− − −

 (4.6) 

Thus  
2 21

1 1 2 2

2 2
1 ,n n

n n

n ni h h dz dz dz dzα βα β
α β α βω − −

− −

− −= ∧ ∧ ∧ ∧   

( ) ( ) 1
1 1 2 2

2 2

1
1 1 2 2

2 2
1 1 2 2

2 21

3 2
1

2
1

2

1

2

.

n n

n n

n n

n n
n n

n n

n n

n

n

n i h h dz dz dz

dz dz
i h h dz dz dz

dz dz i h h

dz dz dz dz dz

αα β
α α β α β

α β

αα β
α α β α β

α β
αα β α β

α βα β α

ω ω
− −

− −

− −

− −

− −

− −

− −

−

−

− ∧ ∂ = ∂ ∧ ∧

∧ ∧ ∧

= ∂ ∧ ∧

∧ ∧ ∧ + + ∂

∧ ∧ ∧ ∧ ∧ ∧







  



 

Substituting into (4.6), we can easily obtain  

( ) ( )( )
2 2 1 .

2 ! 1 3 ! 1
n ni i L

n n n n
ω ω σ ω σ− −∗∂ = ∂ − ∧ + ∗

− − − −
 

Using the Leibniz property of ∂  and the duality of L , it gives  

( )( )
2 1 ,

1 3 ! 1
ni

n n n
ω σ ω σ−∂∗∂ = − ∧ ∂ + ∂Λ∗

− − −
 

which proves (4.4). From (3.6), we get  

( )

( ) ( )( )
3 2

1, ,
1

.
3 ! 1 3 !

n n

L
n

i i
n n n

ω ϕ ω ω σ ω ϕ

ω ω ω ω σ ω− −

 ∂ = ∂ ∂ − = ∂ ∧∗ − 

= ∂ ∧ ∂ ∧ − ∂ ∧ ∧
− − −

∫

∫ ∫
 

By Hermitian symmetry and the duality of L , we have  

 ( ) ( )( )

( ) ( )

3 2

3 ! 1 3 !
1, , .

1

n ni i
n n n

n

ω ω ω ω σ ω

ω ω σ σ

− −∂ ∧ ∂ ∧ = ∂ ∧ ∧
− − −

+ ∂ ∂ −
−

∫ ∫
 (4.7) 
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In particular, we have  

 

( )( ) ( ) ( )

( )
( ) ( )

2 1
2

1
2

1 3 ! 1 3 !

( 1) 3 !

2
, .

1

n n

n

i i
n n n n

i
n n

i n
n

ω σ ω ω σ

ω σ

σ ω

− −

−

∂ ∧ ∧ = ∂ ∧
− − − −

= − ∧ ∂
− −

−
= − ∂

−

∫ ∫

∫  (4.8) 

The second equality of (4.8) follows from integration by parts. Therefore, (4.5) 
can be derived from (4.7) and (4.8).  

The metric ω  is called an m -Gauduchon metric for 1 1m n≤ ≤ −  if it sat-
isfies  

1 0.m n mω ω − −∂∂ ∧ =  

A classical result of Gauduchon states that within any conformal class of a Her-
mitian metric on a compact complex manifold, there exists a Gauduchon metric, 
which is unique up to normalization. By Proposition 4.2, we have the following 
corollary.  

Corollary 4.3. Let M  be an n -dimensional Hermitian manifold with σ  ∂ -
closed. If ω  is an ( )2n − -Gauduchon metric, we have  

 ( )( ) ( ) 22 2 , 1 .i n nσ σ ω ω+ − ∂ = − ∂  (4.9) 

Proof. By integration by parts, it follows that  
2 2 .n nω ω ω ω− −− ∂∂ ∧ = ∂ ∧ ∂∫ ∫  

Under the Gauduchon condition (4.5) vanishes, which proves (4.9).  
In general, the fundamental 2-form ω  is not necessarily closed, and the ex-

tent to which the manifold deviates from the Kähler condition can be described 
by the connection 1-form. Moreover, it is closely related to the topology of Her-
mitian manifolds, and we refer to [9]. 

(4.9) presents a quantitative relation between σ  and ω∂ , providing a tool to 
verify whether a metric satisfies the balanced or pluriclosed condition. If 2 0σ = , 
the manifold satisfies the pluriclosed condition; if ( ), 0σ ω∂ = , the manifold is 
balanced. (4.9) holds under the ( )2n − -Gauduchon condition, but the validity of 
(4.9) does not necessarily imply the ( )2n − -Gauduchon condition. Consider the 
left-hand side of (4.5). If 2 0nω ω−∂ ∧ ∂ = , then ω  is an ( )1n − -Gauduchon 
metric if and only if it is a 1-Gauduchon metric. 

5. Conclusions 
2σ  describes the length of σ , and 

2
ω∂  is defined analogously. ( ),σ ω∂  

measures the component of σ∂  in the direction of ω . The integral on the left-
hand side of (4.5) characterizes the extent to which the manifold deviates from the 
Kähler condition. Moreover, the study of higher-degree differential forms can be 
reduced to that of lower-degree forms via integration. Equation (4.5) shows that 
the global integral obtained by applying the (1, 0) and (0, 1)-directions to the Käh-
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ler form decomposes into inner products of lower-degree forms and is independ-
ent of the integral on the (1, 0)-direction. 

In some cases, the σ  represents Dolbeault or Bott-Chern cohomology classes. 
These identities can be used to relate differential forms to global invariants, for 
example, to compute obstructions to the existence of Kähler metrics and to study 
dimension inequalities between Dolbeault cohomology groups. Moreover, it is 
possible to apply these identities to the Chern-Ricci flow or the pluriclosed flow. 
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