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Abstract 
This study presents a conceptual and geometrically motivated exploration of 
structured wave superposition using the Simulated Unified Resultant Am-
plitude Method (S-URAM), with particular emphasis on emergent hexago-
nal structures and their relation to the cuboctahedron in contemporary uni-
fication efforts. Through the application of radial wave overlays, critical in-
tersection points produce configurations whose proportions naturally con-
form to the golden ratio (ϕ ). Symmetric reflection of these patterns exhibit 
fractal-like scaling behavior comparable to the second iteration of the Koch 
snowflake, indicating inherent recursive self-similarity. Extending to three-
dimensional cuboctahedral symmetry, phenomenological expressions are 
developed for the inverse fine-structure constant, the weak mixing angle, 
and the strong coupling constant—interpreting parameters and their refine-
ments as arising from golden-ratio phase constraints, chiral asymmetries, 
volumetric corrections, and edge-multiplicity scaling. These results suggest 
a direct geometric linkage between S-URAM wave dynamics, polyhedral 
symmetry, and central concepts in unified physics—including Einstein field 
equations, grand unified theories, and quantum gravity & holographic mass 
frameworks. While the present work does not claim a replacement for estab-
lished theories, by highlighting scalable, self-similar geometries that echo 
natural constants and structures, this approach offers fresh conceptual in-
sights into bridging quantum mechanics, general relativity, and fractal de-
scriptions of spacetime. 
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1. Introduction 

The quest for a unified theory reconciling quantum mechanics with general rela-
tivity remains one of the greatest challenges in theoretical physics [1]-[5]. While 
significant progress has been made in unifying fundamental forces, a seamless 
framework integrating the quantum realm with the macroscopic curvature of 
spacetime remains elusive. Geometrical approaches offer promising pathways for-
ward, with specific symmetries and polyhedral structures providing fresh insights 
into the fabric of reality [6]-[11]. 

Geometry has long been foundational to physics, from the Euclidean construc-
tions underlying classical mechanics to non-Euclidean differential geometry cen-
tral to Einstein’s Field Equations (EFE) [12]-[14]. Schwarzschild’s solution to Ein-
stein’s Field Equations exemplifies this geometric essence [15]-[17]. However, 
unifying quantum mechanics with general relativity remains active alongside at-
tempts to understand the origin of physical constants, the scaling of natural struc-
tures, and the possible discrete or self-organizing nature of spacetime [13]-[20]. 

Among the many proposed geometric frameworks, polyhedral symmetries, in-
cluding those of the cuboctahedron and fractal relationships thereof, have emerged 
as interesting avenues toward unification. Haramein and Rauscher demonstrated 
that this structure naturally arises in modified forms of Einstein’s Field Equations 
(EFE) and Grand Unified Theories (GUTs) through the incorporation of torque 
and Coriolis force effects [6]. In connection with Quantum Gravity & Holographic 
Mass (QGHM) frameworks, it represents the dense tangent packing of Planck 
Spherical Units (PSU), potentially bridging gravity with the strong nuclear force 
[16]-[20]. 

Complementing these ideas, the golden ratio ( 1.618ϕ ≈ ) has continued to at-
tract attention for its presence in self-similar patterns, biological growth processes, 
and fractal structures, evident in phenomena ranging from phyllotaxis (the ar-
rangement of leaves on a stem) to galactic spirals [21]-[31]. Building on this math-
ematical ubiquity, various authors have proposed that ϕ  may play a more fun-
damental role in physical systems, potentially relating to harmonic structures, hi-
erarchical scaling, and geometric symmetries [26]-[28] [32]-[34]. Parallel to this, 
the fine-structure constant ( 1 137α ≈ ), long viewed as one of the most enigmatic 
quantities in physics, represents another focal point in this geometric discourse. 
While α  emerges naturally within quantum electrodynamics (QED), its mathe-
matical origin and apparent fine-tuning remain unclear [35]. Some researchers—
particularly those working with fractal geometries, golden-ratio scaling, or quasi-
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Euclidean models—have sought to relate α  to geometric invariants or self-sim-
ilar relationships [36]-[45]. Although no consensus has been reached, these efforts 
exemplify a broader interest in connecting dimensionless constants to underlying 
geometric structures and examining whether self-similar geometry and golden-
ratio relationships could be indicative of deeper symmetries within the laws of 
physics. 

Within this conceptual landscape, the present study investigates the Simulated 
Unified Resultant Amplitude Method (S-URAM), a recently developed geometric 
framework that models multi-dimensional superposition through simulated wave-
summation patterns with having demonstrated practical validity in kinematics 
and differential equation applications [46]. In cam theory and associated design, 
S-URAM’s resultant amplitude method simulates the superposition of angular dis-
placements and velocities, enabling precise prediction of follower motion profiles 
under opposing harmonic forces—validating its utility in mechanical systems en-
gineering and lending empirical weight to its geometric extensions in unified 
physics. Rooted in Euler’s formula and frequency-based constructive/destructive 
interference, S-URAM produces emergent geometric structures exhibiting sym-
metry, oscillatory regularity, and fractal-like features. In connection and consistent 
with Fourier’s theorem and modern quantum theory, all of spacetime can be math-
ematically modeled as modes of oscillation. Consequently, S-URAM in context of 
Fourier analysis stands at the heart of quantum mechanics—which should be able 
to be reasonably extrapolated and extended to unified mathematical/physics-
based representations of such [47] [48]. 

Moreover, this work explores how S-URAM geometries relate to the cubocta-
hedron—particularly through its 2D hexagonal projections—and whether golden-
ratio relationships arise naturally from these constructions. It highlights several ge-
ometric constructs—such as ellipses, Euclidean triangles, and circular overlays—
that appear both within S-URAM and in diverse physical contexts ranging from or-
bital mechanics to group-theoretic formulations of field equations [49]-[55]. These 
additional connections suggest that S-URAM’s geometric outputs may intersect 
with multiple strands of theoretical physics, even if only at a conceptual level. The 
central objective is not to assert a definitive physical model but to examine whether 
this geometric structure may provide conceptual insight into unique patterns po-
tentially relevant to quantum-scale behavior, classical gravitational structure, or 
scaling laws observed across nature. This includes deriving an approximate ex-
pression for the inverse fine-structure constant from 2D S-URAM constraints (Ap-
pendix C), with a 3D extension yielding exceptional precision for 1α−  (matching 
CODATA to ~10−10 relative error; Appendix D), a further extension approximat-
ing the weak mixing angle 2sin Wθ  from phase deviations and PSU packing (Ap-
pendix E), and an additional derivation for the strong coupling constant ( )s ZMα  
from gluon-edge multiplicity and recursive corrections (Appendix F), interpret-
ing α , Wθ , and sα  as geometric rotational coupling, mixing ratios, and bind-
ing strengths from golden-ratio phase constraints and volumetric corrections in 
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cuboctahedral symmetry [56]. 
Fractal geometry provides additional motivation for this analysis. Since Man-

delbrot’s work on self-similarity [23], fractals have been applied to phenomena 
across physics, from cosmological clustering to irregularities within quantum sys-
tems [57]-[59]. If the universe exhibits fractal-like behavior across different scales, 
then geometric frameworks capable of producing self-similar or recursively struc-
tured patterns—such as S-URAM-cuboctahedral-golden ratio connected geome-
tries—may offer a conceptual bridge between scale-dependent descriptions of 
physical law. This does not imply that spacetime is necessarily fractal in a strict 
mathematical sense, but rather that fractal-inspired analyses may reveal structural 
parallels or scaling behaviors of theoretical interest [57]-[61]. 

Overall, this work aims to contribute a mathematically grounded, geometrically 
motivated preliminary framework and analysis of S-URAM constructions and 
their potential relevance to ongoing discussions surrounding polyhedral sym-
metry, scaling laws, and geometric interpretations of fundamental constants. Ra-
ther than proposing a complete unified theory, the study seeks to illuminate how 
specific geometric patterns—particularly those comprising the cuboctahedron, 
hexagonal projections, and the golden ratio in connection with Einstein’s Field 
Equations, Grand Unified Theories, and Quantum Gravity & Holographic Mass 
frameworks—may provide avenues for future research into the deeper structure 
of physical law. 

Scope and Limitations: The results presented in this work are intended as a 
geometrically motivated and phenomenological framework rather than serving as 
a complete derivation of physical constants from first principles of quantum field 
theory or the Standard Model. While numerical correspondences with known 
physical parameters are explored and shown to arise naturally from the imposed 
geometric constraints, no claim is made that the Simulated Unified Resultant Am-
plitude Method (S-URAM) replaces or supersedes established gauge-theoretic or 
renormalization-based formulations. Instead, the constructions and exploratory 
extensions presented herein are offered as conceptual insights into possible geo-
metric structures and scaling relationships that may underlie, approximate, or 
complement existing physical theories. Further mathematical development and 
independent physical validation would be required to establish any deeper theo-
retical or empirical significance. Nevertheless, and for those interested in a field-
theoretic perspective, an illustrative Lagrangian linking S-URAM geometric con-
straints to effective couplings is provided in Section 3.2. 

In connection, while the derivations in Appendices C-F are phenomenological 
and do not claim causal derivation from first principles, they distinguish numeri-
cal coincidence from potential structural parallels through a shared geometric 
mechanism: S-URAM’s wave superposition constraints (e.g., radial overlays en-
forcing φ-embedded phase 1tan ϕ−∅ = ) generate emergent asymmetries in cub-
octahedral projections, interpreted as rotational couplings (for α ), chiral devia-
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tions (for Wθ ), and edge-multiplicity bindings (for sα ). This echoes torque/Cori-
olis-induced symmetries in modified Einstein field equations [6] [16]-[20], sug-
gesting a unified conceptual motif where spacetime granularity (PSU packing) im-
prints constants via self-similar scaling, rather than ad-hoc fitting. Causal valida-
tion would require embedding in full Quantum Field Theory (QFT) simulations. 

2. Methods 
2.1. Geometric Structures that Arise from S-URAM  

Geometry—Ellipses, Euclid Triangles & Critical  
Points of Intersection (State 1) 

S-URAM geometry encompasses intricate structures such as ellipses, Euclid tri-
angles (right-angled triangles as described in Euclidean geometry), and critical 
points of intersection. These elements are essential for the mathematical constraints 
that lead to golden ratio relationships throughout the system. While 2D S-URAM 
waves span four Cartesian quadrants, we focus here only on the first quadrant and 
then reflect the geometry into the other quadrants (in Section 2.6) to achieve a 
symmetric configuration that can be scaled recursively to form an infinite number 
of multiplicities. Figure 1 illustrates the geometry used throughout this section. 
 

 
Figure 1. Geometric structures of polar waves (ellipses, Euclid triangles & critical points). 

 
Radial Sine Wave and Parametric Form 
Let point O  represent the origin of the 2D Cartesian plane. Essential to the 

geometric formulation, we first define a radial sine wave ( )Br θ  about point B , 
mathematically described by the polar/parametric Equations (1) through (3). 
Here, the sine amplitude axis b  (a specified quantity) spans line OD b= , and 
the half-distances are 2OB BD b= = . 

https://doi.org/10.4236/jamp.2026.142028


S. P. Guillory 
 

 

DOI: 10.4236/jamp.2026.142028 528 Journal of Applied Mathematics and Physics 
 

( ) sinBr bθ θ=                          (1) 

( ) ( ) ( ) ( )cos sin cos sin 2
2B B
bx r bθ θ θ θ θ θ= = =              (2) 

( ) ( ) ( ) 2sin sin sin sinB By r b bθ θ θ θ θ θ= = =               (3) 

We rotate this sine amplitude axis about the origin O , resulting in a centered 
circle Or , described by the polar/parametric Equations (4) through (6): 

,Or b=                           (4) 

( ) cos cos ,O Ox r bθ θ θ= =                    (5) 

( ) sin sin .O Oy r bθ θ θ= =                    (6) 

Point D′  on the centered circle Or  is defined at an arbitrary angle from the 
horizon (within the first quadrant) to form a radial line OD b′ = . Its orthonormal 
line D E′  intersects the abscissa at point E , defining the major axis OE  of the 
ellipse—a curve that arises in Kepler’s laws of planetary motion and central-force 
dynamics among others [49]-[52]. This also defines OD  as the minor axis and 
D E′  as the ellipse’s focus distance fc , the distance from the origin O  to the 
elliptical focus point A . The equation of this ellipse, ( )Er θ , is expressed in po-
lar/parametric form by Equations (7) through (9): 

( ) cos ,E fx cθ θ=                     (7) 

( ) sin ,Ey bθ θ=                      (8) 

( ) ( ) ( )2 2 2 2 2 2cos sin .E E E fr x y c bθ θ θ θ θ= + = +        (9) 

Radial Cosine Wave and Parametric Form 
The fundamental geometric property fD E c′ =  holds for any arbitrary loca-

tion of D′  within the first quadrant, allowing the construction of a circle ( )Ar θ′  
about the midpoint (denoted as A′ ) of D E′ . This circle is then translated to 
point O , creating a non-shifted radial cosine wave about point A . The polar/ 
parametric equations for this wave ( )Ar θ  are given by Equations (10) through 
(12), where fa c=  is the amplitude axis and the half-distances are  

2fOA AF D A A E c=′ ′ ′= = = . The inclusion of corresponding radial sine and co-
sine waves connects with S-URAM theory [46]. 

( ) cosA fr cθ θ=                        (10) 

( ) ( ) ( ) 2cos cos cos cosA A f fx r c cθ θ θ θ θ θ= = =           (11) 

( ) ( ) ( ) ( )sin cos sin sin 2
2

f
A A f

c
y r cθ θ θ θ θ θ= = =          (12) 

Note that we consider fc  as a specified quantity, allowing direct specification 
of both S-URAM waves—the radial sine and cosine wave amplitudes ( b  and 

fa c= , respectively). The “arbitrary” angle of OD′  from the horizon now de-
pends on these values, resulting in the system (Figure 1) having two degrees of 
geometric freedom. 
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S-URAM Triangle and Wave Parameters 
From the amplitude axes fa c=  and b , the S-URAM triangle ODF∆  is 

formed [46] congruent to OD E′∆ , revealing the resultant amplitude R , phase 
angle ∅  and its opposite angle α . These parameters are defined by Equations 
(13) through (17): 

2 2 ,fR DF OE c b= = = +                     (13) 

1tan ,
f

b
c

−∅ =                          (14) 

,
2

α π
= −∅                           (15) 

cos sin ,fc
R

α∅ = =                       (16) 

sin cos .b
R

α∅ = =                        (17) 

Given these parameters, the circle ( )Ar θ  is expressed in polar/parametric 
form by Equations (18) through (22): 

22

cos cos
2 2

f fc cbh OD OA D A
R R

α= − + ∅ = − +′ ′ ′            (18) 

sin
2

fbc
k A E

R
= ∅ =′                       (19) 

( ) ( ) 2cosA A fx x h c hθ θ θ′ = + = +                  (20) 

( ) ( ) ( )sin 2
2

f
A A

c
y y k kθ θ θ′ = + = +                 (21) 

( ) ( ) ( )2 2
A A Ar x yθ θ θ′ ′ ′= +                   (22) 

Resultant Wave and Geometric Parameters 
The sine and cosine waves ( )Br θ  and ( )Ar θ , as well as line OD′ , intersect 

at point I . Their summation produces the resultant wave ( )Cr θ , centered at 
point C  (midpoint of DF R= ). The algebraic sign augmentations of R  and 
∅  (from S-URAM equations [46]) fluctuate with the quadrant position of the 
triangle formed by the sine and cosine amplitudes, as defined by Equations (23) 
and (24). We evaluate at quadrant one ( 1q = ) for simplicity. 

( ) ( ) ( )Floori 1 2

1
e 1ˆ 1

q q
m

m

aR
a

 
− π  

 

=

= = − = ⇒ +∏                (23) 

( ) ( ) ( ) ( )i 1e cos 1 isinˆ 1 1q abq q
ab

− π∅ = − = − π − − π − = − ⇒ −        (24) 

( ) ( ) ( )cos cosˆˆ
Cr RR Rθ θ θ= +∅∅ = −∅               (25) 

( ) ( ) ( )cos cos cosC Cx r Rθ θ θ θ θ= = −∅               (26) 

( ) ( ) ( )sin cos sinC Cy r Rθ θ θ θ θ= = −∅               (27) 
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Intricate Geometric Characteristics 
From the intersection of S-URAM waves at point I , we generate OI , or-

thonormal to DF , forming Euclid triangle ODF∆ . S-URAM wave points A , 
B , and C  lead to additional Euclid triangles OAB∆  and CAB∆ , similar to 
and proportionally smaller than ODF∆ . Interesting to note, Euclid triangles ap-
pear in some unified theory attempts [53] [54]. Nevertheless, and continuing, or-
thonormal lines AB  and OI  intersect at point I . A horizontal line from I ′  
intersects AC  at point P , forming API ′∆ . Points P  and I  are crucial for 
mathematical constraints. Furthermore, an isosceles triangle OPF∆  arises due 
to congruence between OP  and PF . Relevant distances and angle γ  (from 
abscissa to OP ) are defined by Equations (28) through (34): 

( ) ( ) ,f
B A

bc
OI r r

R
α α= = =                   (28) 

,
2
RBA DC CF= = =                      (29) 

1 ,
2 2

fbc
OI OI

R
′ = =                       (30) 

2 2

2 2cos 1 ,
2 22

f f fc c b c bI P OA OI
R R

α
 

′ = − = − = −′ 
 

          (31) 

2

2sin ,
2

fbc
AP OI

R
α′= =                     (32) 

22 2
2 2

2 21 ,
2 22

f f f fc bc c bc
OP PF OA AP

R R
  

= = + = + = +       
    (33) 

( ) ( )
( )
2 2

1 1 1
2

2
tan tan tan .

2
f f

f

bc R bcAP
ROA c

γ − − −
    = = =      

       (34) 

At this stage, all geometric structures are defined within State 1, yielding a 2D 
S-URAM system (Figure 1) with two degrees of geometric freedom due to nu-
merical independence between sine and cosine amplitudes. This forms the foun-
dation for subsequent constraints. 

2.2. Radial Cosine Wave Overlay & Mathematical Constraints 
(State 2) 

In this section, we introduce a radial cosine wave overlay and examine how con-
straining it to points P  and I  modifies the S-URAM geometry. The derivation 
for State 2 is divided into four phases: (1) free overlay, (2) overlay constrained to 
pass through point P , (3) overlay constrained to pass through point I , and (4) 
overlay constrained to pass through both points P  and I  simultaneously. Fig-
ure 2 illustrates the geometry in Phases 1-4. 

This overlay bears similarity to a quantum couple, as seen in research approxi-
mating the fine-structure constant using Planck cubes, spheres, uncertain bound-
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aries, UV/IR half-wavelength cutoffs, and symmetries across multi-dimensional 
spaces [55]. Consequently, this may offer a pathway to new geometrical formula-
tions embedding the golden ratio. 

Phase 1: Free Overlay 
We duplicate circle ( )Ar θ  and translate it to point A′′  by arbitrary distance 

OO′  along the abscissa, creating the radial cosine wave overlay ( )Ar θ′′ , confined 
between O′  and F ′ , as described by Equations (35) through (36): 

( ) ( ) 2cos ,A A fx x OO c OOθ θ θ′′ = + = ′+′               (35) 

( ) ( ) ( )sin 2 ,
2

f
A A

c
y yθ θ θ′′ = =                   (36) 

The circles intersect at I ′′ , with J  as the overlay center. Point P′  is hori-
zontally aligned with P . O F′ ′  is the cosine amplitude fc , and O A A F′ ′′ ′′ ′=  is 
its half-distance: 

( )2 ,fOA OO O A OO c′′ ′ ′ ′ ′= +′= +                 (37) 

,fOF OA A F OO c= + =′′ ′ ′ +′ ′′                   (38) 

( ) 22 .fOJ OF OO c′= +′=                    (39) 

The geometry now has three degrees of geometric freedom, where b , fc , and 
OO′  are independent, specified quantities. 

Phase 2: Constrained to Point P  
The circle ( )Ar θ  is constrained so P  and P′  coincide, limiting OO′  as a 

function of b  and fc , reducing to two degrees of geometric freedom. We im-
pose 0PP′ =  ( OP OP′= ), resolving into vertical and horizontal constraints. 
Equation (40) solves for β  (angle of O P′ ′′  from abscissa) in Equation (41); 
Equation (42) solves for ( )

1
OO′  in Equation (43). 

( ) ( )
2

2s.t. sin 2
22

f f
A

bc c
AP y

R
β β= ⇒ =                 (40) 

2
1 1 1

2 2
1 2 1 2 1sin sin sin
2 2 22

f f

f f

bc bcAP
c c R R

β − − −
    

= = =            
        (41) 

( ) ( )
1

s.t. cos A fOP OO x cγ β= − +′  

( )
2

2
2 2 4 1

cos
2
f f

f f
f

c R bc R
OO c c

b c R
β−′

+
⇒ = +

+
            (42) 

( )
( )

4 2 2 4
2

21 2 2

1cos cos
2

f f
f f f

f

b b c c
OO OP c c c

b c
γ β

+ +
= − + =

+
′        (43) 

Additional equations are: 

( ) ( )2 2 ,A AO P x yβ β+′ =′′                     (44) 

( ) ( )( ) ( )
2 2

1
,A AOP OO x yβ β′= + +′′                 (45) 
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( ) ( )( ) ( )
2 2

1
,f A AOP OO c x yβ β= + − +′ ′                (46) 

( ) ( )( )1
cos 0.f APP OP OO c xγ β′ ′= − + − =               (47) 

where Equation (47) reduces to zero, for mathematical confirmation. 
Phase 3: Constrained to Point I  
The circle ( )Ar θ′′  is constrained so I  and I ′′  coincide, limiting OO′  as a 

function of b  and fc , maintaining two degrees of geometric freedom. We im-
pose 0II ′′ =  ( OI OI= ′′ ), resolving into vertical and horizontal constraints. 
Equation (48) solves for ψ  (angle of O I′ ′′′  from the abscissa) in Equation (49); 
Equation (50) solves for ( )

2
OO′  in Equation (51). 

( ) ( )
2

2s.t. sin sin 2
2

f f
A

bc c
OI y

R
α ψ ψ= ⇒ =              (48) 

2
1 1 1

2 2

21 2 sin 1 2 1sin sin sin
2 2 2

f f

f f

bc bcOI
c c R R

αψ − − −
    

= = =            
     (49) 

( ) ( ) ( )
2

2
22 2

s.t. cos cosf
A f f f

b c
OI OO x c OO c c

R
α ψ ψ= − + ⇒ −′= +′    (50) 

( ) ( )2 2
2

2 22
cos cos f f

f f
f

c b c
OO OI c c

b c
α ψ

−
= − + =

+
′            (51) 

Additional equations are: 

( ) ( )2 2 ,A AO I x yψ ψ′ ′′ +′ =                     (52) 

( ) ( )( ) ( )
2 2

2
,A AOI OO x yψ ψ= + +′′′ ′                (53) 

( ) ( )( ) ( )
2 2

2
,f A AOI OO c x yψ ψ= +′ + −′′              (54) 

( ) ( )( )2
cos 0,f AII OI OO c xα ψ′′ ′= − + − =              (55) 

where Equation (55) reduces to zero, for mathematical confirmation. 
Phase 4: Constrained to Points P  and I  
The circle ( )Ar θ′′  is constrained so P  and I  coincide with P′  and I ′′ , 

respectively, limiting OO′  and fc  as functions of b , reducing to one degree of 
geometric freedom. We set ( ) ( )

1 2
OO OO′ ′= : 

( ) ( )
( )

( )2 24 2 2 4

2 2 21 2 2 2

1; .
2

f ff f
f

ff

c b cb b c c
OO OO c

b cb c

−+ + = =  +
′

+
′         (56) 

Solutions are 0fc =  and 1
fc bϕ−= ± , where ( )1 5 2 1.618ϕ = + ≈  is the 

golden ratio. 0fc =  is trivial (geometry collapses). 1  fc bϕ−= −  corresponds to 
quadrant II. Thus, we select 1

fc bϕ−=  for quadrant I: 
1 .fc bϕ−=                           (57) 

This concludes State 2, where the sine amplitude b  drives full geometry crea-

https://doi.org/10.4236/jamp.2026.142028


S. P. Guillory 
 

 

DOI: 10.4236/jamp.2026.142028 533 Journal of Applied Mathematics and Physics 
 

tion, with the cosine amplitude fc  being constrained. Equation (57) is interest-
ingly similar to Haramein’s 1

I Rk k ϕ−=  for the spatial decay rate of metric fluc-
tuations regarding his recent work pertaining to an extension of Einstein-Rosen’s 
geometric vision [20]. With this in mind and interesting to note, substitution of 

1
fc bϕ−=  into all previous equations embeds ϕ  throughout the system (as 

shown in Appendix A). 
 

 
Figure 2. (Phase 1) Free radial cosine overlay, (Phase 2) Radial cosine overlay constrained to cross point P , (Phase 3) Radial cosine 
overlay constrained to cross point I , (Phase 4) Final radial cosine overlay constrained to cross points P  and I . 
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2.3. Connection with 2D Hexagonal-Shaped View of the 
Cuboctahedron 

The cuboctahedron (12 vertices, 24 edges, 14 faces) relates to quantum gravity and 
spacetime in Haramein-Rauscher topology, emerging from modified Einstein 
Field Equations (EFE) and Grand Unified Theory (GUT) via 4U  topology—dual 
torus, 4 1 1 1 1U U U U U= × × × , where 1U  is the Weyl (photon/electromagnetic) 
gauge invariance group—and the octahedral subset (maximal compact space/cover 
group) of C O    and [ ]C O  spaces. Including torque and Coriolis force terms 
may unify gravity with strong, weak, and electromagnetic forces [6]. This ap-
proach represents the dense tangent packing of 13 Planck Spherical Units (PSUs) 
in Quantum Gravity & Holographic Mass (QGHM) [16–20]. Its 2D hexagonal 
view packs 7 spheres. 

From Figure 2, a partial hexagon emerges from lines connecting B , C , and 
A . As illustrated in Figure 3, scaling this hexagon shows that its side s  and 

source circle diameter 2 OO′×  are in golden ratio, as likewise for the sine and 
cosine amplitudes. 
 

 
Figure 3. 2D View of the cuboctahedron constructed from S-URAM waves and the direct S-URAM wave construction. 

 
Horizontal and vertical construction lines intersect ( )Br θ  at J ′ , vertically 

aligned with J . Reflecting across axes forms a symmetric foundation. Line OF ′  
rotates about F ′  to create circle ( )Fr θ′ : 

( ) ( )
2

2

4
2 cos 2 cos 4 cos cos cos ,f

F

b c
r OF OJ JF OI

R
θ θ θ α θ θ′ ′= = + = =′   (58) 

( ) ( )
2 2

2
2 2

4 4
cos cos cos cos ,f f

F F

b c b c
x r

R R
θ θ θ θ θ θ′ ′

 
= = =  

 
       (59) 

https://doi.org/10.4236/jamp.2026.142028


S. P. Guillory 
 

 

DOI: 10.4236/jamp.2026.142028 535 Journal of Applied Mathematics and Physics 
 

( ) ( ) ( )
2 2

2 2

4 2
sin cos sin sin 2 .f f

F F

b c b c
y r

R R
θ θ θ θ θ θ′ ′

 
= = =  

 
     (60) 

This intersects the vertical line at 1H , and 1F H′  forms a 60˚ edge. Reflecting 
across quadrants completes the equilateral hexagon, forming the 2D-cuboctahe-
dron perimeter. An interior equilateral triangle (side = hexagon side) is centered 
at O , and lines connect between the triangle and hexagon’s vertices to complete 
the 2D cuboctahedron projection. Equation (62) verifies ( )2s OO ϕ′ = : 

( )
2

1 2

2
  cos 2 cos ,fb c

s F H OJ JF OI
R

α α′= + = =′=          (61) 

( ) ( )( ) ( )
2 2 2 2

2 2 222 2 2 12 1

2 1 .
2 2 11

f

ff f

b c Rs b b
b cOO c b c R b

ϕ
ϕϕ −−

= = = = ≡
′ −− −−

  (62) 

2.4. Directly Connected S-URAM Geometry Emergence 

A simplified S-URAM geometry emerges, with equations in terms of ϕ , forming 
curves that intersect hexagonal symmetries. This suggests standalone hexagons 
are embedded with ϕ  as a function of b  (see Appendix B), potentially con-
necting with scaling laws and the Planck length, inspired by Haramein, Wheeler, 
et al. [20] [60] [61]. 

For S-URAM waves (Figure 3), ( )Jr θ , ( )Br θ′ , and ( )Cr θ′  are: 

( )
2

2

42 cos 4sin cos sin sin ,
sin 60 3 3

f
B

b cOIr OI
R

αθ θ α θ θ′
 = = = 
 

     (63) 

( ) ( )
2

2

2
2 cos cos cos ,f

J

b c
r OI

R
θ α θ θ= =             (64) 

( ) ( ) ( )ˆcos cos ,ˆ
C N N N Nr RR Rθ θ θ′ = +∅∅ = −∅         (65) 

( )
2 2

2

2
4 2 21 2 212 cos cos cos ,

3 33
f

N

b c
R OI OI OI

R
α α α = + = = 

 
  (66) 

( ) ( )1 1
4 3 cos

tan tan 2 3 3 .
2 cosN

OI

OI

α

α
− −
 
 ∅ = =
 
 

         (67) 

2.5. Conversion of Line ′OO  to a Specified Driving Variable  
along with Conversion of Sine Amplitude b  to a  
Driven Variable 

OO′  is critical in State 2/Phase 4. With ( )2s OO ϕ′ = , setting diameter 2 OO′×  
to 1 m yields 1.618 ms ≈ . Equation (69) expresses b  as a function of radius 
r OO′= , where r  could be 0.5 m, 10 m, or whatever one desires to scale it to, 
such as the Planck radius 2  ( 351.62 m10−≈ × ) [17]. 

( )
( )

2 2 2 4

2 2 2

1
22 1

f f

f

c b c br OO b
b c

ϕ ϕ
ϕϕ ϕ

− + +
= = = =

++ +
′          (68) 
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( )
( )

2

2 4

2 1
2

1
b r r

ϕ ϕ
ϕ

ϕ ϕ

+
= = +

+ +
                (69) 

From Equation (69), Appendix A compiles key equations for graphing S-
URAM geometry with golden ratio reductions. Appendix B explores generaliza-
tions for deeper insights. 

2.6. Symmetric Geometry & Recursively Scaled Geometries 

Fractals and recursive scaling are central to unified field theories [20] [30] [31] 
[41]-[45]. Fractal concepts, introduced by Mandelbrot, have found applications 
in modeling complex structures across a range of cosmic and quantum contexts, 
particularly where self-similarity and scale invariance are observed [23]. These 
structures provide a framework for understanding phenomena that exhibit pat-
terns repeating over multiple scales, from the clustering of galaxies to quantum 
fluctuations. S-URAM’s scaling principles may illuminate such self-similar behav-
ior in the cosmos or matter distribution, offering a geometric and recursive per-
spective on natural hierarchies. Moreover, these principles could be relevant to 
diverse areas including turbulence, critical phenomena, and complex network in-
teractions [6] [20] [30], providing a unified lens to connect macro- and micro-
scopic structures within a single theoretical framework. 

Haramein posits a recursive, self-similar universe evolving from entropy dy-
namics and the conservation of momentum over billions of years, with PSU in-
teractions that lead to Einstein’s General Theory of Relativity [6] [16]-[20]. This 
aligns with Wheeler: “The vision of quantum gravity is a vision of turbulence—
turbulent space, turbulent time, turbulent spacetime… spacetime in small enough 
regions should not be merely ‘bumpy’, not merely erratic in its curvature, it should 
fractionate into ever-changing, multiply-connected geometries” [58]. 
 

 
Figure 4. Symmetric geometry and basis for recursively scaled geometries. 

 
Figure 4 above shows a symmetric configuration by reflecting points, lines, and 
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circles across quadrants, revealing self-contained, multi-scale shapes (circles, dia-
monds, hexagons). Ratios enable recursive scaling of b . The bold hexagon con-
tains a second iteration of the Koch-snowflake comprised of a smaller hexagon, 
exhibiting fractal-like properties with infinite recursion. 

This suggests scaling techniques for an infinite self-similar fabric, connecting 
to Haramein-Rauscher topology or other spacetime frameworks as per Ha-
ramein’s wavenumber/amplitude ratio, Zhou’s half-wavelengths for α approxima-
tions, and the Mandelbrot set due to its infinite fractality [6] [20] [23] [55]. 

3. Results Discussion 
3.1. Validation 

To validate the geometric constructs derived from the Simulated Unified Resultant 
Amplitude Method, we employed the full set of polar and parametric wave equa-
tions to generate computer-based scatter plots (Figure 5 below). These visualiza-
tions utilized 16 points (not shown) per S-URAM circle and 32 points (not shown) 
 

 
Figure 5. Computer-generated scatter plot for graphical validation. 

https://doi.org/10.4236/jamp.2026.142028


S. P. Guillory 
 

 

DOI: 10.4236/jamp.2026.142028 538 Journal of Applied Mathematics and Physics 
 

for the circle and ellipse centered at origin O . Additional Cartesian lines, coor-
dinates, and point markers (sphere and “+” symbols, the latter denoting circle 
centers) were incorporated to highlight critical intersection points and emergent 
structures, including Euclid’s triangle, the regular hexagon, equilateral triangles, 
and the overall 2D hexagonal projection of the cuboctahedron (Figure 4). 

For rigorous numerical evaluation, five distinct scenarios were defined (Table 
1), representing varying degrees of geometric freedom through the application or 
relaxation of constraints on critical intersection points. 
 

Table 1. Scenarios for graphical validation. 

Scenarios Sine Amplitude b  Cosine Amplitude fc  Source Circle Radius r  

1 Given 3 m Given 2 m Given 0.5 m 

2 Given 3 m Given 2 m Drivena ~0.887 m 

3 Given 3 m Given 2 m Drivena ~0.769 m 

4 Given 3 m Drivenb ~1.854 m Drivena ~0.829 m 

5 Driven c ~3.618 m Drivenb ~2.236 m Given 1 m 

a. Equations (43), (51), and (68) are used for respective “driven” cases of r ; b. Equation (57) is used for both “driven” cases of fc ; 

c. Equation (69) is used for “driven” case of b . 

 
Scatter plots for all scenarios are shown in Figure 5, confirming adherence to 

theoretical expectations: 
Scenario 1. (Three Degrees of Geometric Freedom): Removal of constraints 

yield non-intersection of the cosine overlay with points P  and I , as predicted. 
Scenario 2. (Two Degrees of Geometric Freedom with First Constraint 

0PP′ = ): Cosine overlay intersects only P . 
Scenario 3. (Two Degrees of Geometric Freedom with Second Constraint 

0II ′′ = ): Cosine overlay intersects only I . 
Scenario 4. (One Degree of Geometric Freedom with Combined Constraints 

Based on Given Sine Amplitude): Both P  and I  intersected. 
Scenario 5. (One Degree of Geometric Freedom with Combined Constraints 

Based on the Given Source Circle Radius): Both P  and I  intersected, with 
driven parameters yielding values evocative of golden-ratio scaling (e.g., ~3.618 
m and ~2.236 m essentially equivalent to 2 1ϕ +  and ( )1 2 1ϕ ϕ− + ). 

Across all scenarios, consistent emergent features validate the model: 
1) Resultant wave intersections at origin/peak points of the sine and cosine 

waves. 
2) Sine and cosine wave alignment/intersection with hexagonal symmetries. 
3) Line orthogonality, Euclid triangle similarities, etc. 
Importantly, the agreement between analytic predictions and graphical realiza-

tions persists across multiple constraint regimes, indicating robustness to param-
eter variation. By explicitly relaxing and reapplying geometric constraints across 
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five scenarios, the analysis functions as a sensitivity test, demonstrating that the 
emergent symmetries are structurally stable features of the formulation rather 
than fine-tuned consequences of particular amplitude or radius selections. 

These features not only confirm the mathematical robustness of S-URAM but 
also reveal precise golden-ratio (ϕ ) proportions in hexagonal side lengths relative 
to the source circle diameter—directly mirroring the symmetric properties of the 
cuboctahedron’s 2D projection. Furthermore, the constrained scenarios (4 and 5) 
produce amplitude and radius values numerically exact and proportional to pow-
ers of ϕ , underscoring the inherent self-similar scaling. 

Symmetric reflection and multiplicative expansions of these patterns exhibit 
fractal-like recursion, with iterative overlays resembling projections of the second 
iteration of the Koch snowflake. This recursive self-similarity aligns with the 
broader implications for unified physics: the emergent cuboctahedral-hexagonal 
geometry echoes Haramein-Rauscher modifications to Einstein’s Field Equations 
through incorporating torque/Coriolis effects, while the golden-ratio embedding 
and fractal characteristics suggest conceptual parallels to scalable spacetime struc-
tures in Quantum Gravity & Holographic Mass frameworks. Thus, these validated 
simulations provide empirical support for S-URAM as a potential geometric 
bridge between wave superposition dynamics and polyhedral symmetries central 
to ongoing unification efforts. 

3.2. Toward a Field-Theoretic Interpretation 

As noted in the Introduction: Scope and Limitations, S-URAM is a geometric 
framework complementary to established theories, not a replacement. It does not 
explicitly address renormalization (e.g., running couplings via beta functions) or 
spontaneous symmetry breaking (SSB) in gauge theories like ( ) ( )L YSU 2 U 1× . 
However, conceptual parallels exist: fractal recursion (Section 2.6) may mimic 
renormalization group flows through ϕ -scaled iterations, while PSU packing 
asymmetries (Appendices E-F) could analogize SSB via volumetric perturbations 
in cuboctahedral lattices [6] [9]. Future extensions could embed non-Abelian 
multi-wave superpositions to model these, bridging the gap to Standard Model 
dynamics without superseding them. 

To provide a field-theoretic context for the geometric constraints developed in 
Sections 2-3 and Appendices C-F, we present an illustrative effective Lagrangian 
density inspired by the Simulated Unified Resultant Amplitude Method (S-URAM). 
This formulation is phenomenological and conceptual, mapping key S-URAM pa-
rameters (e.g., amplitudes b , 1

fc bϕ−= , phase ( )1tan ϕ−∅ = , resultant R ) 
onto scalar and vector fields. It is not a rigorous quantum field theory but illus-
trates how emergent couplings may arise from wave superposition dynamics with 
complex amplitudes and phase interference. 

We introduce a complex scalar field ( )xφ  representing normalized amplitude 
fluctuations in S-URAM wave overlays (e.g., ( )( )i~ sin e cosfb c Rφ θ θ− ∅+ −∅ , 
rendered dimensionless, with inherent phase structure from Euler’s formula and 
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interference patterns) and an Abelian vector field ( )A xµ  analogizing rotational 
“twist” from golden-ratio constraints. The proposed Lagrangian density is: 

( )( ) ( )* *
S-URAM eff

1 ,
4

V F F g J Aµ µν µ
µ µν µφ φ φ φ= ∂ ∂ − − +         (70) 

where F A Aµν µ ν ν µ= ∂ − ∂  is the field strength tensor, and  

( ) ( )* * *i iJ µ µ µ µφ φ φ φ φ φ= ∂ ↔ = ∂ − ∂  is the standard conserved Noether current 
for global ( )U 1  phase invariance, directly derived from interference patterns in 
constructive/destructive wave summation (phase gradients driving charge flow). 
The potential ( )*V φ φ  encodes golden-ratio self-similarity and fractal recursion 
(Section 2.6): 

( ) ( ) ( ) 12
22 2* 2

1
,

n
N

n n
n

V m
φ

φ φ φ λ φ κ
φ

+

=

= + +∑                 (71) 

with ( )1 5 2 1.618034ϕ = + ≈ . Parameters are motivated geometrically: 
1) 2 21m R∝  (inverse resultant amplitude scaling from Equation (13)), 
2) 1 13λ ≈  (volumetric stiffness from 13-PSU packing; Appendix E), 
3) ( ) 2 11 n

nκ ϕ +∝ ±  (recursive coefficients from phase deviations ∆∅  and 
higher-order fractal terms, e.g., 1

1 ~κ ϕ−  for golden contraction, 5
3 ~κ ϕ−−  for 

quintic correction; Appendices D-F). 
This potential yields minima at 2 ~ kφ ϕ , reflecting discrete hierarchical scal-

ing in PSU lattices. The effective coupling effg  emerges from minimization un-
der cuboctahedral constraints and is uniformly defined as the inverse effective 
strength (for dimensionlessness and consistency across interactions), using full 
refined expressions from Appendices D-F: 

( )
( )

( )( ) ( )

( )

2 3 5

eff
5

1 5

360 2 1 electromagnetic : refined rotational twist
3

1  weak : refined chiral/volumetric asymmetry
3 13 1 3

8 strong : refined gluon-edge multiplicity

g

ϕ ϕ ϕ

ϕ

ϕ ϕ− −

 − +

≈ 
 −

 + −

  (72) 

These values approximate the known inverse couplings at a characteristic scale 
(vacuum-like values analogous to renormalization scales in torque/Coriolis-ex-
tended modified Einstein field equations [6]): 

1) Electromagnetic: eff 137.036g ≈  (close to 1 137.035999α− ≈  from recent 
measurements), 

2) Electroweak: eff 4.323g ≈  (corresponding to 21 sin 4.323Wθ ≈ ), 
3) Strong: eff 8.528g ≈  (close to 1 8.528sα

− ≈  in the relevant regime). 
This illustrative framework highlights how S-URAM’s wave constraints and pol-

yhedral symmetries could generate gauge-like interactions via amplitude/phase 
asymmetries, complementing holographic principles [16]-[20]. The use of a com-
plex scalar ensures proper ( )U 1  invariance and a conserved current rooted in 
wave interference, aligning with the model’s emphasis on constructive/destructive 
summation and golden-ratio phases. Future non-Abelian extensions (e.g., multi-
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component fields for ( )CSU 3  gluon octets) might incorporate renormalization 
through fractal-inspired beta functions. The model remains exploratory and aligns 
with the phenomenological scope outlined in the Introduction. 

4. Conclusions 

This exploratory study demonstrates that the Simulated Unified Resultant Ampli-
tude Method (S-URAM) generates geometric patterns through which the hexag-
onal projection of the cuboctahedron emerges with exact golden-ratio propor-
tions. Notably, ϕ  appears precisely in the relationships between sine and cosine 
amplitudes and in the ratio of the hexagonal side length to the diameter of the 
source circle. Scatter plot analyses further validate the model, confirming close 
alignment between simulated and expected geometric behaviors. 

These results align with and extend prior work in Haramein-Rauscher topol-
ogy, revealing a deep geometric correspondence between S-URAM wave dynam-
ics, cuboctahedral symmetry, golden-ratio scaling, and fractal-like recursion—
within the broader contexts of modified Einstein field equations, grand unified 
theories, and the Quantum Gravity & Holographic Mass framework. The deriva-
tion of a base approximate expression for the fine-structure constant from 2D 
constraints (Appendix C), refined in 3D to exceptional precision (matching CO-
DATA to ~10−10 error; Appendix D), together with parallel geometric approxi-
mations of the weak mixing angle from phase asymmetries and 13-PSU packing 
(Appendix E) and the strong coupling constant from edge multiplicity and recur-
sive scaling (Appendix F), further underscores the potential of S-URAM to derive 
both electromagnetic, electroweak, and strong parameters geometrically. Collec-
tively, the findings point toward a scalable geometric paradigm that may illumi-
nate interconnections among quantum mechanics, general relativity, and funda-
mental physical constants. 

While the methodology outlined in this paper presents exciting potential for ge-
ometrically-based unification, it is important to reiterate the preliminary nature of 
such rather than the presentment of a final unified theory. Consequently, the re-
sults presented within this study should be interpreted within the conceptual and 
phenomenological scope outlined in the Introduction. Future work, particularly 
experimental validation and collaboration with theoretical physicists, will be cru-
cial to assess the viability and implications of this model within the context of cur-
rent physical theories. Nevertheless, and although significant questions remain un-
resolved, the geometric approach entailed herein provides a unique and promising 
theoretical foundation and associated mathematical simulation proposal/concep-
tual model for future investigations into the underlying structural principles of the 
universe. 

5. Future Research 

The geometric patterns emerging from the Simulated Unified Resultant Ampli-
tude Method (S-URAM)—particularly the golden-ratio-proportioned hexagonal 
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projections of the cuboctahedron and their fractal-like scaling—suggest several 
avenues for extending this work within unified physics frameworks. Future re-
search could involve empirical testing of the geometric structures proposed, with 
particular attention to how the fine-structure constant and other fundamental 
constants may be derived from the self-similar, fractal-like patterns suggested by 
the associated models contained herein. However, and again, the results should 
be viewed as preliminary, with the recognition that further theoretical and exper-
imental work will be necessary to validate or refine these concepts. 

Nevertheless, and in connection, a primary direction involves deeper explora-
tion of the golden ratio (ϕ ) in relation to dimensionless constants, such as the 
fine-structure constant (α ), the weak mixing angle ( Wθ ), and the strong coupling 
constant ( sα ). Prior studies have noted numerical approximations linking ϕ  to 

1α−  through harmonic proportions or geometric models [25] [26]. Integrating 
these ideas with S-URAM dynamics could yield new insights into how self-similar 
wave superpositions might inform scaling behaviors in quantum electrodynamics 
(QED), electroweak unification, QCD running, or holographic mass formulations 
[17] [62]. Building on the high-precision 3D derivation of α  (Appendix D), the 
electroweak extension (Appendix E), and the strong-force approximation (Ap-
pendix F), further refinements could incorporate quartic or higher ϕ  terms to 
explore QCD ties or exact CODATA matching [5] [56]. 

Further research could employ advanced computational tools to model three-
dimensional S-URAM constructions beyond the initial extension, examining 
fuller cuboctahedral packing of Planck spherical units and potential alignments 
with Quantum Gravity & Holographic Mass predictions, including chiral asym-
metries for ( ) ( )L YSU 2 U 1×  embedding and color-flow dynamics for ( )CSU 3  
[9]. Such models might predict testable signatures in astrophysical phenomena, 
including cosmic microwave background anisotropies, galactic clustering, or 
large-scale fractal distributions [41]-[45]. 

To further assess the distinctions of the S-URAM framework from the Standard 
Model and evaluate its phenomenological implications, specific testable predic-
tions can be examined. For instance: (1) ultra-precision measurements in atomic 
interferometry or hydrogen spectroscopy could search for deviations from CO-
DATA values at the level of golden-ratio-scaled corrections (~10−10 in α )—ab-
sence of such signatures beyond experimental uncertainties would constrain the 
proposed geometric embedding of the fine-structure constant; (2) analyses of cos-
mic microwave background anisotropies for signatures of fractal cuboctahedral 
patterns (e.g., angular correlations modulated at multiples of ϕ ) could probe 
PSU-based interpretations—non-detection at current resolutions would limit 
such granular spacetime models; (3) lattice QCD simulations incorporating cub-
octahedral symmetry constraints could test whether the running of sα  deviates 
from PDG fits by more than ~1%, potentially falsifying the proposed strong-force 
edge-multiplicity ties. 

Additionally, incorporating S-URAM geometries into quantum field theory sim-
ulations—particularly those exploring electromagnetic-gravitational and weak in-
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teractions in curved spacetime—could bridge conceptual gaps between quantum 
mechanics and general relativity [1]-[6] [13]-[15]. Interdisciplinary efforts com-
bining mathematics, theoretical physics, and cosmology would be valuable, poten-
tially applying these scalable, self-similar structures to fractal cosmology or hierar-
chical models of spacetime, including empirical validation of the 3D α  and elec-
troweak expressions through angular distributions or spectral data [36] [37] [39]. 

Ultimately, these investigations may contribute to ongoing discussions on geo-
metric unification, offering fresh perspectives on the interplay of wave dynamics, 
polyhedral symmetry, and natural constants without presupposing revolutionary 
technological outcomes. While remaining conjectural at this stage, advancements 
in our understanding of fundamental symmetries and geometric structures could 
indirectly inform breakthroughs in zero-point energy concepts, gravitational mod-
eling, and biomedical applications. By maintaining mathematical and simulational 
rigor, future work can build incrementally on the foundational patterns identified 
herein, progressively refining or reinterpreting them in light of new theoretical in-
sights and experimental evidence. 
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Appendix A: Mathematical Expansions and Reductions 
Based on the Golden Ratio 

This appendix presents the key equations from the main study, rewritten using 
the golden ratio constraint 1

fc bϕ−=  (where ( )1 5 2 1.618034ϕ = + ≈ ) and 
expressing parameters primarily in terms of the source circle radius r OO′= . 
Well-known identities ( 2 1ϕ ϕ= + , 4 2 3ϕ ϕ= + , 1 1ϕ ϕ− = − , 2 41 2ϕ ϕ ϕ+ + = , 
etc.) are applied for maximal simplification [24] [26]. 

A1. Geometric Structures (State 1 with Golden Ratio Constraint) 

1) Core Parameters. Resultant Amplitude, Phase Angle, and More. 

( )
( )

2

2 4

2 1
2

1
b r r

ϕ ϕ
ϕ

ϕ ϕ

+
= = +

+ +
                (A1) 

( )2 1f
bc rϕ
ϕ

= = −                    (A2) 

( )2 22R b r
ϕ ϕϕ

ϕ ϕ
+ ++

= =               (A3) 

1tan ϕ−∅ =                      (A4) 

2
α π
= −∅                      (A5) 

2

1 1cos sin
21

α
ϕϕ

∅ = = =
++

             (A6) 

2
sin cos

21
ϕ ϕα

ϕϕ
∅ = = =

++
             (A7) 

2) Line Magnitudes. 

( )2OD OD b rϕ= = = +′                 (A8) 

1
2 2
bOB BD rϕ = = = + 

 
                (A9) 

( )2 1f
bD E OF O F c rϕ
ϕ

= = = = =′ −′ ′          (A10) 

1
2 2 2

fc bOA AF D A A E O A A F rϕ
ϕ

′  = = = = = = = =′ ′ ′ ′′ ′′ 


′ − 


   (A11) 

( )2 22OE DF R b r
ϕ ϕϕ

ϕ ϕ
+ ++

= = = =         (A12) 

( )2 22
2 2 2
RBA DC CF b r

ϕ ϕϕ
ϕ ϕ

+ ++
= = = = =       (A13) 

3) Polar/Parametric Equations (Selected Key Waves). 
Sine Wave at B. 

( ) ( )sin 2 sinBr b rθ θ ϕ θ= = +              (A14) 
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Cosine Wave at A. 

( ) ( )cos cos 2 1 cosA f
br c rθ θ θ ϕ θ
ϕ

= = = −             (A15) 

Resultant Wave at C (Quadrant 1). 

( ) ( ) ( )
( ) ( )

1

1

2cos cos tan

2 2
cos tan

2

Cr R b

r

ϕ
θ θ θ ϕ

ϕ

ϕ ϕ
θ ϕ

ϕ

−

−

+
= −∅ = −

+ +
= −

         (A16) 

Cosine Wave at A’. 

1 3 1 3 11 1 1
2 22 2

h b rϕ ϕ ϕϕ ϕ
ϕ ϕ

   − − = − + = + − +       + +    
       (A17) 

( )1 2
2 2 2

bk r
ϕ

ϕ ϕ
+

= =
+ +

                 (A18) 

( ) ( )2 23 2 1 3 2 1cos cos 2 1
2 22 2A

bx rϕ ϕθ θ θ ϕ
ϕϕ ϕ′

   + +
= + − = + − −      + +   

   (A19) 

( ) ( ) ( ) ( )1sin 2 sin 2 3
2 22 2A
by rϕ ϕθ θ θ ϕ
ϕϕ ϕ′

   
= + = + −      + +   

    (A20) 

4) Additional Magnitudes and Angles. 

sin 2
2
bOI b rα ϕ
ϕ

= = = +
+

                (A21) 

1 2
2 22 2

b rOI OI ϕ
ϕ

′ = = = +
+

                (A22) 

( )
sin

2 2 2
b rAP OI α
ϕ

′= = =
+

                 (A23) 

( )
( )

1 1cos
2 2 2
b

I P OA OI r
ϕ ϕα
ϕ
− −′ = − = =
+

′               (A24) 

( )3 10 2 1 3 10bOP PF rϕ
ϕ

= = = −                (A25) 

1 1tan
2 1

γ
ϕ

−  
=  − 

                        (A26) 

A2. Radial Cosine Wave Overlay & Mathematical Constraints 

The overlay constraints are inherently satisfied by the golden ratio relation 
1

fc bϕ−= . 
Cosine Wave at Point A′′ . 

( ) ( )( )2 21cos 2 1 cos 1
2 1A

bx rθ θ ϕ θ
ϕ ϕ′′
 

= + = − + − 
         (A27) 
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( ) ( ) ( )1sin 2 sin 2
2 2A
by rθ θ ϕ θ
ϕ′′

 = = − 
 

             (A28) 

Line Magnitudes. 

( )
1 2 1

2 2 2
OA b rϕ ϕ

ϕ
+  = = +′ 


′ + 

                   (A29) 

( )2 22
2 1 2 1

rbOF
ϕ

ϕ ϕ
+

= =
− −

′                     (A30) 

2
2 2 1 2 1

OF bOJ rϕ
ϕ ϕ

+
= = =

− −
′

                  (A31) 

Angles used in Mathematical Constraints. 

11 1sin
2 2 1

β
ϕ

−  
=  − 

                      (A32) 

11 2sin
2 2 1

ψ
ϕ

−  
=  − 

                      (A33) 

Algebraic Validation of the Constraint ( ) ( )
1 2

OO OO r=′ ′ ⇒ . 

( )
( )

4 2 2 4

21 2 2

1
2 2

f f
f

f

b b c c bOO c r
b c ϕ
+ +

= = =
++

′              (A34) 

( ) ( )2 2

2 22 2
f f

f

c b c bOO r
b c ϕ

−
= = =

++
′                  (A35) 

A3. 2D Hexagon-Shaped View of the Cuboctahedron 

Cosine wave at F’. 

( ) ( )
( )
( )

4 2 cos4 cos
2 1 2 1F

rbr
ϕ θθθ

ϕ ϕ′

+
= =

− −
                (A36) 

Hexagonal side length. 

( )
( )
( )

2 22
2 1 2 1

rbs
ϕ

ϕ ϕ
+

= =
− −

                    (A37) 

Key ratios (highlighting golden ratio emergence). 

2 f

s b
r c

ϕ= =                          (A38) 

A4. Directly Connected S-URAM Geometry Emergence+ 

Resultant amplitude for nested structure. 

2 21 2 21 2   
3 2 1 3 2 1N

bR rϕ
ϕ ϕ

+
= =

− −
                (A39) 

( )1tan 2 3 3N
−∅ =                       (A40) 

Sine Wave at B’.  
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( ) ( )
( )
( )

4 3 2 sin4 3 sin
3 2 1 3 2 1B

rbr
ϕ θθθ

ϕ ϕ′

+
= =

− −
              (A41) 

Cosine Wave at J. 

( ) ( )
( )
( )

2 2 cos2 cos
2 1 2 1J

rbr
ϕ θθθ

ϕ ϕ
+

= =
− −

                (A42) 

Resultant Wave at C’ (Quadrant 1). 

( ) ( )( )

( )( )

1

1

2 21    cos tan 2 3 3
3 2 1

2 21 2    cos tan 2 3 3
3 2 1

C
br

r

θ θ
ϕ

ϕ θ
ϕ

−

−

′

 
= −  − 
 +

= −  − 

         (A43) 

Appendix B: Generalizations and Connections to Circular 
Overlays, Equilateral Triangles and  
Hexagonal Geometries 

This appendix generalizes key equations for the structures illustrated in Figure 
B1, linking circular overlays, equilateral triangles, and the 2D hexagonal projec-
tion of the cuboctahedron. These relations are independent of the golden ratio in 
their general form, but notes are included for the S-URAM special case where the 
hexagon side 2s rϕ=  (derived from the constraint in Appendix A). 
 

 
Figure B1. Circular overlay geometry, equilateral triangle, and cuboctahedron. 
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B1. Circular Overlay Geometry 

For two circles of equal radius r  with center displacement ic D= : 
Gap Distance. Positive for centers outside overlap region; negative for centers 

inside the other. 

gpd D r= −                            (B1) 

Overlap Distance. Interior overlap length, if 2D r< . 
2ovd r D= −                           (B2) 

Radial Distance. Half-distance between outermost boundaries. 

2 2
i

o
c Dc r r= + = +                       (B3) 

B2. Equilateral Triangle Geometry 

For an equilateral triangle of side length s : 
Circumradius (outer radius). 

2 3 2 3
cos30 3 33o

s s sr rϕ= = = =


                (B4) 

Inradius (inner radius). 

3 3sin 30
6 32 3i o

s sr r rϕ= = = =                (B5) 

Height/apex/diagonal. 

3 3sin 60 3 3
2 2

o
o i i

r sh s r r r rϕ= = + = = = =           (B6) 

B3. Hexagon & Cuboctahedron Projection 

A regular hexagon constructed from six equilateral triangles of side s : 
Vertex-to-vertex diagonal. 

2 4HVD s rϕ= =                   (B7) 

Midpoint-to-midpoint diagonal. 

2 2 3HMD h rϕ= =                 (B8) 

These relations underscore the structural parallels between S-URAM overlays 
and polyhedral symmetries. 

Appendix C: Derivation of a Base Approximate Expression 
for the Fine-Structure Constant from 2D  
S-URAM Geometry 

This appendix derives a geometric link between the fine-structure constant α  
( ( )1 137.035999084 21α ≈ , ( )1 137.035999084 21α− ≈  [CODATA 2022 (up-
dated)] [56]) and the golden-ratio-embedded constraints in S-URAM. The main 
study emphasizes emergent hexagonal structures and ϕ -proportioned symme-

https://doi.org/10.4236/jamp.2026.142028


S. P. Guillory 
 

 

DOI: 10.4236/jamp.2026.142028 552 Journal of Applied Mathematics and Physics 
 

tries (e.g., Equation (57): 1
fc bϕ−= ). This extension interprets α  as a rotational 

coupling ratio from the phase angle 1tan ϕ−∅ =  (Equation (A4)) and the oscil-
latory/circular wave superpositions, aligning with unified physics models (e.g., 
Haramein-Rauscher topology [6]) and prior geometric proposals relating ϕ  to 
α  via angular/harmonic proportions [36] [37] [39]. The base derivation approx-
imates 1α−  to ∼0.34% of the CODATA value using S-URAM equations. A re-
fined adjustment, inspired by g-factor differences and fractal recursion (Section 
2.6), demonstrates pathways to higher precision [37]. 

C1. Golden-Ratio Phase from S-URAM Constraints 

In State 2 (Phase 4, Section 2.2), intersection points P  and I  constrain the am-
plitude ratio fb c ϕ=  (Equation (57)), where ( )1 5 2 1.618034ϕ = + ≈ . The 
phase angle is: 

1 1tan tan .
f

b
c

ϕ− −∅ = =                     (C1) 

In degrees: 

1180 tan 58.2825 .ϕ−∅ = ≈
π

                   (C2) 

This angle governs interference patterns and hexagonal alignment (Section 2.3, 
Equation (62): ( )2s OO ϕ′ = ), resembling 60˚ equilateral edges scaled by ϕ . 

C2. Rotational Geometry and the Full Circle 

S-URAM uses polar coordinates with θ  spanning 0˚ to 360˚ (full cycle), modeling 
oscillations similar to Fourier modes or de Broglie waves (Introduction) [47]. The 
2D hexagonal projection (Figure 3) supports recursive tiling (Section 2.6, Figure 
4), with 360˚ as a complete rotation. In geometric fine-structure models (e.g., Som-
merfeld orbits or Heyrovska’s hydrogen geometry), α  ties to phase shifts or arc 
fractions [36] [37]. Here, 2 1 2.618034ϕ ϕ= + ≈  (from 2 1 0ϕ ϕ− − = ) defines a 
“golden arc,” reflecting quadratic scaling in ODF∆  (Equations (A3) to (A7)). 

C3. Coupling Ratio Formulation 

Define α  as the ratio of the golden arc ( 2ϕ ) to the full circle (360˚): 
2

1
2

360; .
360
ϕα α

ϕ
−≈ ≈                      (C3) 

This frames α  as the fractional “twist” per rotation, connecting S-URAM an-
gular constraints to QED coupling. 

C4. Numerical Validation 

With ( ) ( )2 3 5 2 2.6180339887 50ϕ = + ≈ : 

( ) ( )1 360  137.507764050 04 .
2.6180339887 50

α− ≈ ≈          (C4) 
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Approximate error [CODATA ( )1 137.035999084 21α− = ]: 
1 1

CODATA approx
1

CODATA

0.344%.
α α

α

− −

−

−
≈                  (C5) 

C5. Refinement Adjustment via g-Factor and Fractal Recursion 

For refinement, prior models subtract a g-factor-related term: 

1
2 3

360 2 ,α
ϕ ϕ

− ≈ −                      (C6) 

where ( )32 0.472135954999 58ϕ ≈ , yielding ≈ 137.035628095(04) [36] [37].  
Error relative to CODATA:  

( ) ( )
( ) ( )6137.035999084 21 137.035628095 04

2.71 10 ~ 0.00027% .
137.035999084 21

−−
≈ ×   (C7) 

The g-factor term ( )32 ϕ−  originates from QED’s anomalous magnetic mo-
ment (electron 2g ≈ ) [36-37], geometrically extended as a “spin-like” correction 
from 3D torque effects in Haramein-Rauscher topology [6], reflecting rotational 
asymmetry in S-URAM overlays. This phenomenological refinement illustrates 
the conceptual link to electron-proton g-factor differences thereby reducing error 
markedly. Further precision emerges in 3D extensions (Appendix D). 

C6. Interpretation in S-URAM Context and Limitations 

Physical Insight: α  emerges geometrically as the golden twist from wave con-
straints (points I , P  enforcing ϕ ) per cycle, akin to hydrogen spectral split-
ting. In S-URAM, this implies that spacetime granularity (PSUs [16]-[20]) im-
prints α  via hexagonal tiling. 

Unification Ties: Extends QGHM links: ϕ  recursion scales from Planck length 
to atomic scales, potentially deriving α  from holographic entropy ( ln nS ϕ∝ ). 

Limitations: Approximate; exact match requires 3D extensions or QCD factors 
(Appendix D, Future Research). Angular distribution tests could validate predic-
tions. 

Appendix D: 3D Extension and Refined Derivation of the 
Fine-Structure Constant 

The S-URAM extension builds on 2D radial wave superpositions and golden-ratio 
constraints (e.g., 1

fc bϕ−= , 1tan ϕ−∅ = ) by incorporating volumetric/symmet-
ric properties of the cuboctahedron in Haramein-Rauscher topology [6]. The 2D 
hexagonal projection gives base 1 2360 137.50776α ϕ− ≈ ≈  (∼0.34% error), 
viewing α  as a golden twist per 360˚ cycle. In 3D, the cuboctahedron’s packing 
of 13 Planck Spherical Units (PSUs) adds corrections for multi-dimensional in-
terference and torque/Coriolis effects, treated as higher-order terms in phase-scal-
ing expansion. 

The first correction, 32 0.47214ϕ− ≈ − , retains the QED-grounded method-
ology from the 2D refinement (Appendix C), accounting for g-factor differences 
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(echoing electron 2g ≈ ) while incorporating PSU volumetric scaling in the 3D 
extension. A further term, ( )51 3 0.000371ϕ+ ≈ + , stems from quintic fractal re-
cursion (Section 2.6) and polyhedral symmetries (factor 3 from faces/axes). The 
expression is: 

( )
( )1

2 3 5
360 2 1 137.035999164 77 .

3
α

ϕ ϕ ϕ
− ≈ − + ≈          (D1) 

This matches CODATA ( ( )1 137.035999084 21α− ≈  to 10~ 5.9 10−×  relative 
error, supporting geometric unification via S-URAM overlays and cuboctahedral 
topology. 

D1. Motivation for 3D Extension 

2D S-URAM (Appendix C) captures planar projections but omits cuboctahedral 
volume (12 vertices for 3D PSU packing [16]-[20]). Modified Einstein Field Equa-
tion (EFE) torque/Coriolis terms [6] suggest rotational corrections in higher di-
mensions, where volumetric symmetry scales with powers of ϕ  via self-similar 
recursion (Figure 4).  

D2. Higher-Order Terms 

Base: ( )2360 137.507764050 04ϕ ≈  (2D angular fraction).  
First Correction: ( )32 0.472135954999 58ϕ ≈ , reflecting QED g-factor dif-

ferences (electron 2g ≈ ) as in Appendix C, extended to include cubic PSU vol-
ume packing. 

Higher Order Term: ( ) ( )51 3 0.000371069727364 09ϕ ≈ , from quintic fractal 
iterations (e.g., 3D Koch-like) and triangular symmetry (factor 3 from faces/axes). 

To reiterate, the quintic term ( )( )51 3ϕ+  stems from fractal-recursive itera-
tions (Koch-like protrusions in Section 2.6, Figure 4) and the factor 3 from cub-
octahedral triangular symmetries or ( )SU 2  triplet multiplicity [9], capturing 
higher-order volumetric scaling in PSU packing [16]-[20]. These are theoretically 
grounded in self-similarity, not ad-hoc, yielding precision while remaining ex-
ploratory. 

D3. Numerical Validation 

Using ( )1.6180339887 50ϕ ≈ : 
Base (2D): ( )2360 137.507764050 04ϕ ≈  → relative error ∼0.3442% 
After First Correction: 137.507764050 (04) − 0.472135954999 (58) ≈ 

137.035628095 (04) → relative error ∼2.7 × 10−6 
After Quintic Term: 137.035628095 (04) + 0.000371069727364 (09) ≈ 

137.035999164 (77) → discrepancy ∼8.06 × 10−8 (relative error ∼5.9 × 10−10) vs 
CODATA 2018 ( ( )1 137.035999084 21α− = ) 

The 3D S-URAM refinement achieves near-perfect agreement with CODATA. 

D4. Interpretation 

This refinement bolsters QGHM ties, positing α  from holographic volumetric 
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corrections in PSU interactions. It offers a geometric basis for α ’s value, bridging 
quantum-gravitational scales via S-URAM’s scalable symmetries. Although phe-
nomenological in nature, the excellent agreement with the latest CODATA 2022 
values (no further adjustment released as of December 2025) highlights the pre-
dictive power of the 3D extension, with potential for even finer QCD-inspired 
terms in future work [5]. 

Appendix E: Geometric Approximation of the Weak Mixing 
Angle from S-URAM Phase Deviation and 
Cuboctahedral Symmetries 

This appendix proposes a geometric formulation of the weak mixing angle Wθ  
within the S-URAM framework. It extends the golden-ratio-embedded phase 

1tan 58.2825ϕ−∅ = ≈  (Equation (C2)) and its small deviation from the ideal 60˚ 
hexagonal angle in emergent cuboctahedral projections (Section 2.3). The cub-
octahedron’s dense packing of 13 Planck Spherical Units (PSUs) in the Quantum 
Gravity & Holographic Mass (QGHM) framework [15-20] provides a discrete ge-
ometric basis for electroweak asymmetry, refined through ϕ -recursive correc-
tions analogous to the volumetric terms in Appendix D. 

The MS -renormalized weak mixing parameter at the Z-pole scale is  
( )2 ˆsin W ZMθ 0.23129 0.00004≈ ±  (PDG 2022 global electroweak fit) [56]. In S-

URAM, the electromagnetic fine-structure constant emerges from ϕ -based rota-
tional twist in 2D projections, refined by 3D volumetric effects; the electroweak sec-
tor analogously introduces chiral asymmetry perturbing the hexagonal baseline. 

E1. Cuboctahedral Packing and Base Approximation 

The cuboctahedron achieves closest packing of 13 PSUs (12 surrounding a central 
PSU), representing spacetime granularity in QGHM models. This discrete count 
motivates a base fractional expression, where the numerator 3 corresponds to the 
dimensionality of the ( )LSU 2  gauge group (triplet representation for weak bos-
ons before mixing) relative to total volumetric units: 

2 3sin 0.23077.
13Wθ ≈ ≈                      (E1) 

Comparison to PDG 2022 value: ( )2sin 0.23129Ŵ ZMθ ≈ : absolute discrep-
ancy ~5.21 × 10−4; relative error ∼0.225%. 

E2. Golden-Ratio Phase Deviation from Hexagonal Ideality 

The golden phase ∅  governs hexagonal emergence (Equation (62):  

( )2s OO ϕ′ = ) but deviates from exact 60˚ equilateral symmetry: 

118060 tan 1.7174 .ϕ−∆∅ = − ≈
π



                 (E2) 

This deviation arises naturally from the amplitude asymmetry constraint  
1

fc bϕ−=  (Equation (57)), offering a geometric analog to chiral weak interac-
tions perturbing the symmetric electromagnetic/hexagonal baseline [9]. 
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E3. Higher-Order Refinement via φ Recursion 

To attain higher precision, we introduce a fractal-recursive correction motivated 
by self-similar scaling and cuboctahedral volumetric adjustments (paralleling the 
quintic term ( )51 3ϕ+  in Appendix D). The factor 3 reflects triplet multiplicity 
or polyhedral rotational axes; 5ϕ  captures higher-order phase/amplitude recur-
sion: 

( )
2

5

3sin .
13 1 3Wθ ϕ

≈
−

                 (E3) 

The subtractive term reduces the effective PSU denominator, increasing the 
fraction to incorporate ϕ -scaled chiral and volumetric asymmetries. 

E4. Numerical Validation 

Base (E1): 3/13 ≈ 0.23077 (absolute discrepancy ~5.21 × 10−4; relative error ~2.25 
× 10−3). 

Correction term: ( )51 3 0.030057ϕ ≈ . 
Refined (E3): 2sin 0.23078Wθ ≈  (absolute discrepancy ~1.4 × 10−4, or 

0.0061%—comfortably within PDG 2022 uncertainty). 

E5. Interpretation and Limitations 

Physical Insight: The discrete 13-PSU packing imprints a fundamental electro-
weak fraction 3/13, interpreting ( )LSU 2  triplet structure within unified volu-
metric granularity. The ϕ -recursive refinement encodes chiral asymmetry 
through the phase deviation ∆∅ , where weak left-handed preference emerges as 
a geometric perturbation on the ϕ -constrained hexagonal symmetry underlying 
electromagnetic interactions. 

Unification Ties: This result significantly strengthens connections to the Ha-
ramein-Rauscher modified Einstein field equations incorporating torque and 
Coriolis effects [6], where the cuboctahedron arises as the equilibrium configura-
tion balancing rotational dynamics in unified gauge-gravity theories. The base 
3/13 aligns with potential embedding of ( )LSU 2  triplet representations within 
cuboctahedral symmetry groups (e.g., octahedral subgroups and axis triads), while 
ϕ  recursion provides a scalable bridge from Planck-scale PSU interactions to 
electroweak energies. Combined with the precise derivation of α  (Appendices 
C-D), this suggests a common geometric origin for both ( )EMU 1  and  

( ) ( )L YSU 2 U 1×  couplings from S-URAM wave constraints and holographic 
cuboctahedral packing—advancing a conceptual pathway toward grand unifica-
tion within a discrete, self-similar spacetime fabric [6] [20] [42]-[46]. 

Limitations and Future Directions: While geometrically motivated and quan-
titatively precise, the refinement remains illustrative. An exact derivation requires 
embedding the full non-Abelian ( ) ( )L YSU 2 U 1×  gauge structure in higher-di-
mensional (4D spatiotemporal or torque-extended) S-URAM generalizations: for 
instance, assigning chiral wave superpositions (left- vs. right-handed radial over-
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lays) to weak doublets, hypercharge to asymmetric amplitude ratios, and sponta-
neous symmetry breaking via recursive fractal perturbations or Coriolis-induced 
vacuum fluctuations in modified field equations [6]. Future investigations could 
simulate multi-component chiral wave asymmetries in extended S-URAM models 
and compare predicted angular distributions or running couplings against preci-
sion electroweak observables, potentially deriving the Higgs vacuum expectation 
value from volumetric PSU density variations. 

This extension underscores the remarkable depth of golden-ratio-embedded 
cuboctahedral geometries in S-URAM, yielding high-precision approximations 
for electromagnetic and electroweak parameters from shared foundational con-
straints. 

Appendix F: Geometric Approximation of the Strong 
Coupling Constant from S-URAM Gluon-Edge 
Multiplicity and Cuboctahedral Symmetries 

This appendix extends the geometric framework of S-URAM to propose an ap-
proximation for the strong coupling constant ( )s ZMα , rounding out the explo-
ration of Standard Model gauge couplings alongside the electromagnetic (Appen-
dices C-D) and electroweak (Appendix E) sectors. The strong interaction, medi-
ated by ( )CSU 3  with 8 gluons in the adjoint representation and quarks in color 
triplets, features asymptotic freedom and confinement, with the world average 

( ) 0.1179 0.0009s ZMα ≈ ±  (as reported in recent reviews and consistent with 
PDG updates through late 2022) [56]. In the S-URAM paradigm, the emergent 
cuboctahedron—with 24 edges, 8 triangular faces (mirroring the 8 gluons), and 
13 Planck Spherical Units (PSUs) in dense packing—furnishes a discrete geomet-
ric substrate for the strong force, positing gluon multiplicity as arising from tri-
angular face dynamics and edge-mediated “color flows” in the polyhedral lattice. 

F1. Cuboctahedral Gluon-Edge Multiplicity Base 

The cuboctahedron exhibits 8 triangular faces and 24 edges, with edges bridging 
triangular and square faces in a balanced Archimedean symmetry. This multiplic-
ity resonates with ( )CSU 3  structure: 8 gluons (adjoint octet) and potential color-
connectivity via edges (e.g., 24 as three times the octet, reflecting triplet-antitriplet 
pairings). A base inverse coupling ties to gluon count directly: 

( )1 8 .s Z correctionsMα ϕ− ≈ +                         (F1) 

F2. Golden-Ratio Recursive Adjustment for Running and 
Confinement 

The strong coupling’s energy-dependent running (decreasing at high scales due 
to asymptotic freedom) parallels S-URAM’s fractal-recursive scaling (Section 2.6, 
Figure 4) and inherent golden-ratio embedding ( 1

fc bϕ−= ). Introducing ϕ -
powered corrections motivated by edge scaling and phase asymmetries, analogous 
to volumetric terms in prior appendices, we have the following: 
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Primary correction: 1 0.6180ϕ−+ ≈ +  (golden contraction from amplitude ra-
tios, enhancing binding). 

Higher-order: 5 0.09017ϕ−− ≈ −  (quintic recursion from Koch-like protru-
sions and polyhedral self-similarity). 

Refined expression: 

( )1 1 58 .s ZMα ϕ ϕ− − −≈ + −                    (F2) 

F3. Numerical Validation 

Using exact: 

( )1 5 2 1.618ϕ = + ≈ , 1 0.6180ϕ− ≈ , and 5 0.09017ϕ− ≈ . 

Refined: ( )1  8 0.6180 0.09017 8.528 0.6180 0.09017 8.528s ZMα− ≈ + − ≈ + − ≈ , 

( ) 1 8.528 0.1173s ZMα ≈ ≈ . 

Comparison to world average ≈0.1179 ± 0.0009: absolute discrepancy 
∼0.00064; relative error ∼0.54%—well within experimental uncertainty. 

F4. Interpretation and Limitations 

Physical Insight: Base 8 derives from the cuboctahedron’s triangular faces, geo-
metrically encoding the gluon octet as mediators of strong “color charge” in the 
lattice. The 1ϕ−  term reflects recursive amplitude asymmetries (Equation (57)), 
strengthening confinement at low energies, while the subtractive 5ϕ−  captures 
higher-order fractal freedom at short distances, mirroring asymptotic behavior. 

Unification Ties: This completes a geometric trilogy for gauge couplings: elec-
tromagnetic from golden rotational twist ( 2 360ϕ  base, refined volumetrically), 
electroweak from PSU triplet asymmetry (3/13 refined recursively), and strong from 
gluon-face multiplicity ( 8 ϕ+  corrections). Together, these posit S-URAM cub-
octahedral symmetries as a unified discrete origin for ( ) ( ) ( )C L YSU 3 SU 2 U 1× × , 
potentially embedding the full gauge group in torque/Coriolis-extended modified 
field equations [6] and scalable holographic PSU dynamics [15]-[20]. 

Limitations and Future Directions: Though geometrically motivated and nu-
merically compelling, the approximation is illustrative. Rigorous derivation 
awaits S-URAM generalizations to non-Abelian multi-wave superpositions (e.g., 
three color components for quark triplets, eight adjoint resultants for gluons) and 
confinement modeling via recursive edge perturbations (Koch snowflake analogs, 
Section 2.6). Future efforts could incorporate color-flow simulations in extended 
constructs, predicting ( )sα µ  running through ϕ -derived beta functions and 
benchmarking against lattice QCD or multi-jet observables, further illuminating 
grand unification within this self-similar spacetime framework [5]. 

This strong-coupling extension underscores the profound unifying capacity of 
golden-ratio-constrained cuboctahedral geometries in S-URAM, affording con-
sistent geometric approximations for all Standard Model interactions from com-
mon wave-superposition and polyhedral principles. 
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