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Abstract 
Recently, we discussed the properties of harmonic functions on the Sierpinski 
gasket (SG) and proved the Holder derivative of the harmonic functions. In 
this paper, based on the quaternary expressions of the Koch curve, another 
very important fractal, we will construct harmonic functions on the fractal and 
discuss some properties of the derivative of the harmonic functions. The main 
result is that first quaternary derivative is found to be constant.  
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1. Introduction 

The concept of harmonic function on fractals was first introduced and studied by 
Kigami [1]-[3]. Since then, there have been various studies of the harmonic 
functions. Kigami proved the effective resistances for harmonic structures on p.c.f. 
semi-similar set [4]. Guariglia studied harmonic Sierpinski Gasket and some of its 
applications [5]. Cao and Qiu considered boundary value problems for harmonic 
functions on domains in Sierpinski gaskets [6]. Gopalakrishnan and Prasad 
investigated some harmonic functions on Vicsek fractal [7]. Very recently, we 
discussed the properties of harmonic functions on a very important fractal, the 
Sierpinski gasket (SG) and proved the Holder derivative of the harmonic functions 
[8]. 

Koch curve is basically one dimensional while Sierpinski Gasket is two 
dimensional. The construction of harmonic function on Koch curve is entirely 
different than that of harmonic function on Sierpinski gasket. Our goal in this 
paper is to obtain harmonic functions on Koch curve and study some properties 
of the derivatives of the functions. The contents of this work are organized as 
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follows: In Section 2, inspired by the analytical expressions of Koch curve on 
quaternary intervals [9], we will construct harmonic functions on Koch curve. In 
Section 3, we will explore some properties of the derivative of the harmonic 
functions based on the explicit expressions of the functions on quaternary 
intervals. Finally, in Section 4, we summarize our work and discuss the future 
work in the area of harmonic functions on other fractals briefly. 

2. Harmonic Function on Koch Curve 

Koch curve is a very unique fractal. To define and construct harmonic function 
on Koch curve, we need to examine the structure of the fractal. The vertices of the 
Koch curve can be expressed as quaternary expansion of rationales in [ ]0,1 :  
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In this case, harmonic functions on Koch curve satisfy the following average 
value properties:  
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for 1,2,m =  . Now we have: 

Theorem 2.1. On quaternary interval 
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for { }0,1,2,3 , 1,2,kx m∈ =  .  
Proof. Because of the average value properties,  
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Theorem 2.2. 
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3. Some Properties of the Harmonic Function on Koch Curve 

First of all, we will define the quaternary derivative of a function: 
Definition 3.1. The derivative of a function on a quaternary interval is called 

the quaternary derivative of a function. It is defined as  
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We have the following results concerning the quaternary derivative of harmonic 
function obtained in Section 2: 

Theorem 3.1. The quaternary derivative ( )u x′  of the harmonic function u  
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From (2.3), successfully we have  
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It follows from Theorem 3.1.  
Theorem 3.2. The second order quaternary interval derivative of harmonic 

function ( )u x  on Koch curve is always zero.  
Based on this, Laplace operator ∆  can be defined as  
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Therefore, harmonic function on Koch curve satisfies the Laplace equation 0u∆ = . 
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For irrationals, we will just let m →∞  to obtain similar equation. 
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We will prove (3.3) for m  in three cases: 
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 
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−
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−

=
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 

= +

 = + 
 

∑ ∑ ∑

∑ ∑

∑

∑

 

 

4. Conclusions 

Based on the analytical expressions of Koch curve, we constructed harmonic 
functions on Koch curve and discussed some properties of the quaternary 
derivative of the function. It is interesting to see that the harmonic function on 
Koch curve is linear while as we found out in our earlier paper, the harmonic  

function on a Sierpinski Gasket satisfies a Hölder inequality of order 3ln \ ln 2
5

α = . 

From our previous results [8] and our results of this work, it is interesting to 
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see that harmonic functions on different fractals present different properties. 
Because of this, we are interested in furthering our investigation in the area of 
harmonic functions on fractals and their properties. We believe that further work 
in this direction will be as interesting and will be possible as we have obtained 
analytical expressions of numerous fractals in the past with the understanding that 
future work would present different challenges as the structures and expressions 
of other fractals are entirely different. 
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