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Abstract

In this paper we study the geometry of Mannheim curves in a strict Walker 3-
manifold and we obtain explicit parametric equations for Mannheim curves
and timelike Mannheim curves, respectively. We determine the distance be-
tween two corresponding points of the Mannheim pair of curves and show
that the distance depends on the curvature. We discuss the relationship be-
tween the curvature and torsion of a pair of Mannheim curves in a strict
Walker Manifold. We finish with an example of Mannheim pair curves to il-
lustrate the result.
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1. Introduction

In the study of the fundamental theory and the characterizations of space curves,
the corresponding relations between the curves are a very interesting and im-
portant problem [1]. The well-known Bertrand curve is characterized as a kind of
corresponding relation between the two curves. For the Bertrand curve «, it
shares the normal lines with another curve f, called the Bertrand mate or Ber-
trand partner curve of « . In this paper, we are concerned with another kind of
associated curves, called the Mannheim curve and Mannheim mate (partner curve)
in the history of differential geometry. In this work, we call them simply the Mann-
heim pair.

From elementary differential geometry, we know clearly about the characteri-
zations of the Bertrand pair. But there are rather few works on the Mannheim pair.

According to [2], it is known that a space curve in R® is a Mannheim curve if
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and only if its curvature x and torsion x satisfy the formula x = /I(KZ +177° ) ,

where A 1isanonzero constant. In [3], B. Y. Chen characterizes

T
the curve which satisfles —=as+b, a=0.1In [2], the authors give the necessary
K

and sufficient conditions for a curve in 3 Euclidean space to be a Mannheim part-
ner of a given curve. They also show that the Mannheim curve of generalized helix
is a straight line. In [4], the authors proved that the distance between correspond-
ing points of the Mannheim partner curves in the three-dimensional Heisenberg
group is constant.

Motivated by the above works, in this paper, we study the Mannheim partner
curves in a three-dimensional Walker manifold M?®. We will give the necessary
and sufficient conditions for a curve to be a Mannheim partner curve of another
curve in the three Walker Manifolds and show that, in contrast to the Euclidean
case, the distance between two corresponding points is constant if and only if its
curvature is constant. The paper is organized as follows: Apart from the introduc-
tion in Section 2, we give some preliminary tools about Mannheim curves Walker
3-dimensional space. In Section 3, we study Mannheim curves in a strict Walker

3-manifolds and the last section talks about the Mannheim partner of helices.

2. Preliminaries
2.1. Mannheim Partner Curves

Definition 2.1. [2] Let R® be the 3-dimensional Euclidean space with the
standard inner product. If there exists a corresponding relationship between the
spacecurves o and [ such that, at the corresponding points of the curves, the
principal normal lines of o coincides with the binormal lines of 3, then o
is called a Mannheim curve, and 3 a Mannheim partner curve of « . The pair
{a, p } is said to be a Mannheim pair.

The curve a:1 c R—R® in 3-dimensional Euclidean space is parametrized
by the arc-length parameter S and from the definition above the Mannheim
partner curve of a is given by B:JcR—R® in 3-dimensional Euclidean
space R® with the help of figure 1 [4] such that

B(s)=a(s)+A(s)B(s);sel

where A isasmooth functionon | and B isthe binormal vector field of « .

We should remark that the parameter S generally is not an arc-length parameter
of /.

2.2. The Geometry of Walker Manifold

A Walker n-manifold is a pseudo-Riemannian manifold, which admits a field of

null parallel r-planes, with r Sg. The canonical forms of the metrics were

investigated by A. G. Walker ([5]). Walker has derived adapted coordinates to a
parallel plan field. Hence, the metric of a three-dimensional Walker manifold
(M,g‘,) with coordinates (X,Y,z) is expressed as
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g =dxodz+edy? + f (x,y,z)dz? (2.1)
and its matrix form as
0 0 1 -f 01
g;=|0 € 0| with inverse (g5 )71 =[0 €0
1 0 f 1 00

for some function f (X, Y, Z) , where ¢=%1 and thus D=Spand, as the par-
allel degenerate line field. Notice that when ¢=1 and e=-1 the Walker man-
ifold has signature (2,1) and (l, 2) respectively, and therefore is Lorentzian in
both cases.

It follows after a straightforward calculation that the Levi-Civita connection of

any metric (2.1) is given by [6]:
V.oz=1t0, Vv, a=1ta,
* 2 y 2

xY X yYx
2.2
1 (2.2)

2

(ff, + fz)ax+%fyay—lf 2

V, 0=
0; 2xz

where 0,, 0, and 0, are the coordinate vector fields ai, ai and i,re—

0

X y z

y

spectively. Hence, if (M ,0% ) is a strict Walker manifolds 7e.,
f (X, Y, Z) =f (y, Z) , then the associated Levi-Civita connection satisfies [6]

V0t :% f,0,, V,oz :% f,0

yOx

x—gnq. (2.3)

Note that the existence of a null parallel vector field (ie. f=f (y, Z) ) simpli-

fies the non-zero components of the Christoffel symbols and the curvature tensor

of the metric g5 as follows:
1

rlza = réz ZE

1

f,rl,== d
y 33 2

n,r;=—5fy (2.4)

Proposition 2.2. Starting from local coordinates (x,y,z) for which (2.1)
holds, Let
2—f 1 2+ f 1
& =0, &=—7= =

O, +——0,, e,="—"—0 ———0
2\/5x\/§z32\/§x\/§z

Then they formed a local pseudo-orthonormal frame fields on ( M, g5 ) .

(2.5)

Proof Indeed, we get g5 (e,8)=¢, 0;(e,,6,)=1 and gf(e,e)=-1. O

Let now U and V be two vectorsin M . Denoted by (T, i, IZ) the canoni-
cal frame in R®.

Proposition 2.3. For the covariant derivatives of the Levi-Civita connection of

the left-invariant metric § defined above, we have

1 1
0 ny(e2+e3) —ny(e2+e3)
1 € €
V. = " f, (e, +e,) " f.e " fe : (2.6)
€
-=f, (e, +€;) fe ——fe
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Proof. The curvature tensor field of V is given by

R(X.Y)Z=V,V,Z-V,V,Z -V, 2
where X,Y,Z eI’(M). If we denote by
Ri =R(e.¢ e,

where the indices |, j,k take the values 1,2,3. Then the non-zero components

of the curvature tensor field are [6]

1
Ry =—Ri = _Z fyy (ez +€‘3),
2.7)

€
Ry =—Ri3 =R =Rig :Z fyyel'

O
The vector product of U and Vv in (M o ) with respect to the metric g
is the vector denoted by ux;Vv in M defined by

gi(u X, v,w)=det(u,v,w) (2.8)

for all vector W in M , where det(u,v,w) is the determinant function associ-
ated to the canonical basis of R®.

Proposition 2.4. I u=(u,,U,,U;) and v=(V,,V,,V) are two vectors in R®
then by using (2.8), we have:

Proof. We develop the two members of equation and after a simple calculation

(TRYA N VAV TRV U, V,

U Vs

-

K (2.9)

u, v, U; Vg U; Vg

using the determinant function we get the resultants. U
Proposition 2.5. [6] The Walker cross productin M has the following prop-
erties:
1) The Walker cross product is bilinear and anti-symmetric.
2) Xx;Y isperpendicular bothof X and Y.
3) The frame defined in (2.5) verify the following: €, x; e, =—g,,
e, x; 6, =—€ and e;x, € =¢,.
Proof. We use the definition of cross product and compute. (]

3. Mannheim Curves in Strict Walker 3-Manifold

Let a:lcR—> (I\/I Nops ) be a curve parametrized by its arc-length s. We can
define the Mannheim curve as in the case of Euclidean space.

Definition 3.1. A curve a: |l cR—> (M .05 ) is said to be a Mannheim curve
if there exists an other curve [:J cR — (M o ) such that
ﬁ( f (S)) = a(s) + /1(8) B (S) where A:1 >R isasmooth function and
f:1 > J isafunction such that f(S) isarc-length parametrization of f3.

Note that as the principal normal vector of the spacelike curve « is timelike,

the Mannheim mate curve £ can be a timelike curve or a spacelike curve. The
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Frenet frame of « is formed by the vectors T, N and B along o where
T isthe tangent, N the principal normal and B the binormal vector.
Theorem 3.2. [6] They satisfied the Frenet formulas
V:T(s)=6x(s)N(s)
V:N(s)=—¢xT (s)—¢7B(s) (3.1)
V:B(s)=67(s)N(s)
where x and T arerespectively the curvature and the torsion of the curve o,
with ¢ =0¢(T;T); ¢=9;(N;N) and ¢=9,(B,B).
Proof. We can consider the unit speed normal which is opposite of the principal
normal vector. O
Theorem 3.3. [4] For a Mannheim curve « there exists a Mannheim partner
B such that {a,f8} isa pair of Mannheim curves.
Proof As N and B’ arelinearly dependents,
f=a-AB
=a — AKN.

(3.2)

O
Theorem 3.4. Let (a, p ) be a Mannheim pair in Walker manifold M . The
distance between corresponding points of the Mannheim partner curves in M
Is constant if and only if the curvature of « 1is a constant.
Proof. Let {a, ,B} be a couple of Mannheim curves in a strict Walker 3-mani-
fold. We note {T,N,B} and {T*, N*, B*} the Frenet frames of the curves «

and [ respectively. According to figure 1 [4], we can write:

a(s) :ﬂ(s*)+/1(s*)B* (s) (3.3)
By derivation of Equation (3.3) we have:
da(s) ds (") 94(") B*(S*)M(S*)—dB*(S*) (3.4)
ds ds* ds* ds* ds*

Using the above Equation (3.4) and the fact of N et B" coincide, and
B"=kN we have:

T(S)oo =T (s )+ 2/( )N (5) + A(')eie" ()N (57) 39
Applying the Walker metric g on the two members of equation above and

computing the scalar product with N , we have
dd; 9(T(s).N(s))= g(T*(s*),N(s))+/1’(s*)kg(N(s),N(s))
+/1(s*)5;r*(s*)g(N*(s*),N(s))
As N and B* are linearly dependent, we get
g(T.N)=0, g(T",N)=g(T",B*)=0,
g(N,N)=+1, g(N",N)=g(N",B")=0.

(3.6)

So /1'(5*) =0 andinthatcase A isanon zero constant. On the other hand,
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according to the definition of distance function between two points we get:
d(4(s7).(5))=J(s)- ()
s e ()
GRS
|7 (5). kN (5))
|2l (N.N)
= ke

So the distance d ( ¥ij (S* ) , a(s)) is constant if Kk is constant. O

We establish now the relation between curvatures and torsions of @ and g
at the correspondents’ points.

Theorem 3.5. Let {a, p } be a pair of Mannheim in Walker 3 -manifold. Then
the torsion of [ 1is obtained as

- & K
T = ——
&8, AT
Proof. According to the relation T (;js* =T +&Ar' N . we get
S
T8 i B (37)
ds ds

And we have

(3.8)

T =cosdT" +sindN”
B=—singT" +coséoN”

where @ is the angle between T and T~ at the corresponding points of «
and S respectively.
From (3.7) et (3.8), we have

*

cosé :di, (3.9)
ds
) v «0s
sinf=e,At —. 3.10
EQAT ds ( )

By derivation of (3.2), we obtain:

dA(s’) _da(s) ds 0N ds
ds ds ds ds ds”

*

=T :Td—s*+ ke AxT d—s*—i- kgsxerd—s*,

ds ds ds

T = (Lt keyin) BT s keir L . (3.11)
ds ds

The Equation (3.8) give
cosdT =T —singN”~
singT " =—B+cosON”
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1+ _T-sinoN’
= cosg (3.12)
T = —B+cosoN
sing

The equation

T-sinON”  —B+CcosON”
0s@ sin@

= sin H(T —sin HN*)=0059(—B+0059N*)

(3.12)=>

=sindT —sin?dN" = -Bcosd +cos* ON”
=>singT +Bcosd =(cos’ f+sin’ )N,
According to cos? 8 +sin® @ =1, we get the equation:
N" =sindT + Bcosd,
= N" =sindT +cosHB.
And from the Equation (3.8), we obtain:
SiNON™ =T —cosdT~
{cos@N* =B+singT”

N*_T—cosé'T*
= sing (3.13)
« B+singN
N =z > 7%
cosd

T-cosdT"  B+sinON”
sin@ cos@

:cose(T —cosaT*):sinH(B+sin9T*)

(3.13) =

= cosOT —cos? 0T =sindB +sin’ oT"

= cosdT —sin @B = (sin2 0 + cos? H)T*.

And we have

T =cosdT —sin@B. (3.14)
So
T" =cosdT —sinvB
* . (3.15)
N =sindT +coséB.
From (3.11) and (3.14), we obtain:
cosd =(1+ kelﬂm)%, (3.16)
S
sin6 = kg ir- (3.17)
ds

By multiplication of the two Equation (3.9) and (3.16), and (3.10) and (3.17)
respectively we get
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cos® @ =1+ke Ak,

o o (3.18)
sin“ 0 =—kee,A%77 .
Adding the Equation (3.18) we have
cos® @ +sin’ 0 =1+ ke dx —keye, A%t
And from cos®@+sin’@=1 we have
1+kedx —kee,Alrr =1
= —keye, A%t =1-1-keg Ak
«  §AK
=T =2
E,6,A°T
=48
EE,AT
So we have 7 = 81*-£ O
&, AT

Theorem 3.6. Let {a, p } be a pair of Mannheim in Walker manifold. We
have

EUT — EAK :%,

where A1 and pu are nonzero real numbers.
Proof. We use the fact that

cosd =(1+ kglﬂuc)%

et
in6 = ke e 03
ds
_,_Cos9 _ds (3.19)
l+kgdx ds
and
_sing _ds (3.20)
ket ds

Adding the relations (3.19) and (3.20); and after calculation we get the result.
O
Example 3.7. To illustrate our main result, we give an example of a pair of

Mannheim curves. Let

a(s)= (cosi'sini'ij
NFRERNFANG]
be a Mannheim curve with arc-length parameter S. Then the Mannheim partner

of a Iisthecurve [ (S) = (0; 0;%) . Indeed, the principal normal vector of o

is N (S) =(—COS%;—Sin%;OJ and we consider ﬂ(s) = a(s)+ N (S) In this
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example, the distance between two corresponding points is constant because the
curvature of « Is constant.
This example matches the result obtained by Fan-Wang [2] in Euclidean space

whereby the Mannheim partner of helix is a straight line.

4. Conclusion

In this paper we study the geometry of Mannheim curves in a strict Walker 3-
manifold. For the first time, we introduced the geometric elements of the strict
Walker 3-manifold by calculation of the Christoffel symbols, the Levi-Civita con-
nection, curvature and the cross product. The second concerned our results. In
this paper, two main results are obtained. The first one is that, in contrast to the
case of Euclidean, the distance between two corresponding points is constant if its
curvature is constant. In the second result, we established the relation between the
torsion of the partner and the curvature and torsion of the Mannheim curve. This
paper shows that some results in Euclidean space can be generalized to the Walker
manifold. We finish with an example of a Mannheim pair of curves. In the future,

we can extend our study to the Mannheim curves in the Walker 4-manifolds.
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