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Abstract

This paper investigates the emergence and transformation of self-oscillatory
regimes in a nonlinear dynamic system based on a generalized van der Pol os-
cillator model. Using asymptotic and bifurcation analysis, conditions for the ex-
istence of limit cycles are derived and their stability is examined. Special at-
tention is given to both global and local bifurcations, including the formation
of homoclinic loops and Andronov-Hopf bifurcations. The influence of wave re-
sistance and equilibrium position on the qualitative structure of the phase por-
trait is also analyzed.
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1. Introduction

Self-oscillating systems represent an important class of nonlinear dynamical mod-
els widely used in various fields of science and engineering, from radio engineer-
ing and mechanics to biophysics and thermophysics. Unlike forced oscillations,
self-oscillations arise due to internal mechanisms of self-excitation and are main-
tained without external periodic forcing. Understanding the nature of such oscil-
lations and their mathematical modeling is of fundamental importance for ana-
lyzing stability, synchronization, bifurcations, and transitions to chaos.

Among the most well-known and studied models of self-oscillations are the
Van der Pol and Rayleigh equations. The classical Van der Pol equation, proposed
in the 1920s to describe electrical oscillations in nonlinear circuits, has the form

[1] [2]:
)'c'—,u(l—xz)x+x:0,

where p is a parameter indicating the nonlinearity and the strength of the damping.
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This model exhibits a stable limit cycle resulting from the balance between nega-
tive linear and positive nonlinear damping.
The Rayleigh equation, proposed earlier to describe acoustic oscillations in pipes,

is written as [3]:
. 1.5 .
x+y(§x3—xj+x:0.

It also describes self-oscillations but with a different type of nonlinear resistance
depending only on velocity. Despite differences in physical assumptions, both mod-
els share similar qualitative properties and serve as a basis for constructing more
complex generalized models.

Both systems can be conveniently represented as first-order systems. For the

Van der Pol equation:

X=-Y),
y :,u(l—xz)y+x,
and for the Rayleigh equation:
X=-y,

. J
yEp( 3y YA

The Rayleigh equation can be transformed into the form of the Van der Pol equa-
tion by a change of variables. Let: x=z, then x=Z. Substituting into the Ray-
leigh equation yields:

z+yez‘3—z’j+z=o,

which structurally coincides with the Van der Pol equation if we denote z=ux,
z =Y. Thus, the Rayleigh equation can be viewed as the Van der Pol equation ex-
pressed in variables where x corresponds to velocity rather than position. This ob-
servation highlights the structural similarity between the two models and allows
the use of common analytical methods.

It is also worth noting that when the nonlinearity parameter u is set to zero,
both the Van der Pol and Rayleigh equations reduce to the classical harmonic os-
cillator equation:

Xx+x=0,

which describes simple sinusoidal oscillations with constant amplitude and fre-
quency. This highlights that the nonlinear terms in each model are responsible for
the emergence of self-sustained oscillations and complex dynamical behavior.

It is also known that for small positive values of u , both the Van der Pol and
Rayleigh equations admit orbitally asymptotically stable periodic solutions corre-
sponding to a soft regime of self-excited oscillations. In this regime, the system
undergoes a supercritical Andronov-Hopf bifurcation on the phase plane, leading
to the birth of a stable limit cycle. This bifurcation scenario is typical for systems

with weak nonlinear damping and provides a smooth transition from equilibrium
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to sustained oscillatory behavior as the nonlinearity parameter increases. Both mod-
els describe self-oscillatory processes that arise due to the internal nonlinear struc-
ture of the system, without any external excitation. Studying these models allows
us to identify the conditions for the emergence of stable limit cycles, bifurcations,
and transitions to complex dynamics.

Of particular interest is the regime of hard excitation of self-oscillations, in which
a stable equilibrium coexists with a stable limit cycle. This regime is characteristic
of a subcritical Andronov-Hopf bifurcation, where the system loses stability not
through a smooth emergence of small-amplitude oscillations, but through an ab-
rupt transition to finite-amplitude oscillations. This is accompanied by hysteresis
and multistability, which are crucial for applications requiring sharp switching be-
tween oscillatory and stationary modes. The relevance of this study stems from the
need for more accurate descriptions of complex oscillatory processes occurring in
modern engineering and physical systems, where simple models are insufficient.
Generalized equations that incorporate multiple types of nonlinearities expand
the applicability of classical models and deepen our understanding of self-organ-

ization mechanisms in nonlinear media.

2. Formalization of the Dynamic System of the Considered
Problem

In this work, we consider a generalized model that combines key features of both
the Van der Pol and Rayleigh equations [4] [5]:

& a1 (x)-3). L=plx-0(r). M

where H(x)=n—{—g€+k28(x—x0)V:|+k3£(x—§)”; n>0; v>u>1l;

(x—x0

Py -\
k>0 (i=13); €20, 605 a>0, f>0; o(y :g[y o],
(i=13) () " H,

O<x,<&, Hy<n, a:a05+0(52) as €0, a,>0.
It is convenient to switch to new variables in system (1), assuming

X=\/E(x—§), Y=x/5(y—77), T =y, Wherea)ozw. (2)

In variables (2), the dynamic system (1) takes the following form

%:—Y+\/E{H[§+%J—n}, j—};z X+\/E{§—go(n+%ﬂ. 3)
When & =0, system (3) is conservative. It is known that certain perturbations
can transform a conservative system into a self-oscillating one, with a limit cycle
close to one of the closed phase trajectories of the original unperturbed conserva-
tive system. In this regard, the following result holds [6].
Proposition 1. As ¢ — 0, consider the following dynamic system

dx d
E:—y+gf1(x,y), d—J;zx-i-gfz(x,y).
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Let ¢, :{(x,y):x:Acos(t),y:Asin(t) 0<t<2n} where (¢, is a circle
centered at the origin with radius 4 . Also,let F (A4 (j} f1 x,y)dy— f3(x,y)dx.
Then, if the function F(4) hasasimple posmve root A the system has a limit

<0 and unstable if

A=4

cycle T', =¢ . for small &>0, which is stable if ar

d4

>0.

*
A=A

It is easy to verify that, up to terms of order 0(82) as & — 0, the following

equalities hold:
e
e [ 2| kX" —k, i—onv—kl o(&%),
g\/;[ (§+\/ﬁ + (g)

JB|s-o(ne 1) |4 ( WJ

Y 2
:_gaog\/ﬁln{n «/E(U—Ho)j+0(g )-

In the considered problem:

ﬁ(X’Y):\/ﬂii[kzXﬂ_kz(‘f"'%_xoj _k1]’ (4)

Y
jfz(x,y)=—a0§\/ﬁln(1+m].

Thus, according to (4), for system (3), we obtain

A)=§, f(X.7)dY -1, (X.V)dx

<J5 ﬁ/‘[ u_k2[§+%—x()} —kl]dY (5)

Y
+a B ln[l+mjd)(.

To compute the line integral (5), we need the following preliminary relation:
VpeNu {0}

F(p+lj
_ p
[p =Iozncos” (t)dt=2x/5( 117 *l 2

> (6)
2

where TI'(x) is the Euler gamma function. Taking into account relation (6), we
obtain
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qS( £(X,Y)dy

:\/ﬂiiﬂA[l%A"lMl k_[ cos [5 x0+%cos(t)J dt} (7)
k] \/714/#1 \/7142 é: X k A_k
3L 5 0 I \/F

95¢‘AJ2(X5Y)dX=—ao§«/E<ﬁ¢A ln[”m}w- (8)

Further,

Let us compute the integral depending on the parameter
2n . .
I(r)= _[0 In(1+rsin7)sinzdr,
using Leibniz’s rule for differentiation under the integral sign. We have

.2
ﬂz 2n Sin“ 7 dz':z—n{ 1 _1}:

NI

1(r)= rdldr—2 ' z{ﬁ—l}d 2:‘[1—«/?].

,
Thus, the expression for the line integral (8) can be written as

§, £(X7)aX =2na0a)0§(77—H0){1— /1—0!(77‘_1—2[{0)2}.

Taking into account the obtained relations, the expression for the function

1(0)=0
() dr 0 l+rsing

F(A) in the considered problem can finally be written in the form

F(A)=q A" =g,y q;, 4" —q, (1—\/1—615/12 ) ©)
k=0

v—k
a a (&-x,)
where ¢, =kl oy @ =k o s Gy = for k =0,y
B Bt JB

q, =2na,m, -H)), ¢s5=—=.
4 0 05(77 o) 5 06(77—1‘10)2

The proof of the existence of positive roots of function (9) in the general case is
a separate and rather complex problem. However, in the case =1, the proof
can be obtained by elementary means. It is easy to verify that a sufficient condition
for the existence of a positive root of Equation (9) when u=1 is the fulfillment

of the following inequalities:
—k L

1
R U q22q3kt152 <gqs? . (10)

k=0

Indeed, as A4 — +0, the asymptotic expansion holds:

1
F(4)= (% — 423, —5q4q5jA2 +0(4Y),
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from which, using the first inequality in (10), it follows that F(4)>0 as 4—+0.
Furthermore, using the second inequality in (10), it is easy to verify that

F (LJ <0, and therefore, by the Bolzano-Cauchy intermediate value theorem

Jas

for continuous functions, there exists a positive root 0< A" < of Equation

b
Jas
(9). It is also directly verified that ar >0, ie, the limit cycle T', =¢ Rt
A=A

unstable. Further, although numerical, analysis shows that when varying the co-
efficients of system (1), the function F(A4) acquires a second root. The complete
picture of possible phase portrait bifurcations of system (1) is presented in the next
section.

Remark. Note that the canonical form of the dynamic system (1) considered

above includes, as a special case, the classical dynamic systems of the Rayleigh

1
and van der Pol oscillators. Indeed, assuming H(x)=0, (p(y) = ﬂ(§y3 —y)

and a=f=1 in (1), we obtain the dynamic system of the Rayleigh oscillator,
which in turn is reduced to the van der Pol system by changing the variables as

shown in Section 1.

3. Analysis of Local and Global Bifurcations

As the parameters of the considered dynamic system (1) vary, its phase portrait un-
dergoes a series of both local and global bifurcations, particularly those associated
with the emergence of a homoclinic curve [7]. Let us examine these bifurcations
in more detail. First, note that system (1) has two equilibrium points: O, (£,7) —
afocus,and O, (fo, H(fo)) —a saddle point, where x, <& <¢&.

We consider the wave resistance Z as the bifurcation parameter. Wave re-
sistance (impedance) is a physical property of a medium that characterizes the
ratio between the amplitudes of the electric and magnetic fields (in electrodynam-
ics), between voltage and current (in transmission lines), or between pressure and
particle velocity (in acoustics), during wave propagation. Mathematically, it is de-
fined differently depending on the type of wave and the medium. In nonlinear self-
oscillatory systems, this impedance may be time-dependent, amplitude-sensitive,
and nonlinear, reflecting the complex dynamics of energy transfer between the

source and the system. In the context of the considered dynamical system (1),
the wave resistance can be represented in the following form Z = \/z [5]. For
a

sufficiently large values of Z , system (1) has two special trajectories (Figure 1(a)):
the separatrix K, of the saddle O, , which is its stable invariant manifold, and
the heteroclinic curve K, , which asymptotically approaches the focus O, as
t —>+oo and thesaddle O, as ¢ — —oo.In this case, system (1) has a single at-

tractor - the stable focus O,.
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(e) ()

Figure 1. Phase portraits of the system (1).

As the value of Z decreases, at a certain first bifurcation value Z =Z,, a ho-
moclinic curve K, appears, forming a loop of the separatrix of the saddle O, .

At this point, the focus O, remains an attractor with a basin of attraction bounded
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by the homoclinic curve K, (Figure 1(b)). At the bifurcation point Z =Z,, the
phase portrait is non-rough (structurally unstable), and with further decrease
Z < Z, ,the homoclinic curve breaks (Figure 1(c)), giving rise to an unstable limit
cycle T',.

So far, the bifurcations have been global and are associated with qualitative top-
ological changes in the entire phase portrait of the system (1). However, with fur-
ther decrease in Z , the following local bifurcations also occur. At a certain value
Z=Z,,thefocus O, becomes unstable and a stable limit cycle I', branches off
from it (Figure 1(d)). This bifurcation is local and represents a supercritical An-
dronov-Hopf bifurcation [6] [8]. Indeed, the linearization matrix of system (3) at

the origin has the following pair of complex conjugate eigenvalues:

42(2):%(M—(p'(n)z]ii\/l—i[ww'(n)z]z, (11)

VA VA

from which, for the bifurcation value Z=2Z, defined by the condition

H'
Re[ 4, (Z)]|z: =0, we obtain the expression Z, = () ,and

2, o' (1)

G%Re[/iu (Z)]|z:22 = 2p(n) #0,

m[ 4, (2)], L =E1=H'(&)¢' (1) 20.

The amplitude of the emerging limit cycle I', is determined in order by the square

root of the supercriticality, e, the following asymptotic holds:

zZ- wl/2(1+0(1)) asZ—>Z
¢'(n) -

Near the bifurcation point (for Z > Z, ), the period of self-oscillations defined

Amplitude(T, ) = Const

by the limit cycle I, does not depend on the magnitude of the supercriticality
|Z—Z,], and the following asymptotic expansion holds:

T=— 2" o(l)asZ 2,

VI=H'()¢'(n)

With further decreasein Z ,thecycles I', and I', approach each other, and at
acertain value Z =Z,, a bifurcation of merging of the stable I', and unstable I,
cycles occurs. At the bifurcation point (Ze, at Z =Z;), a double (semi-stable)
limit cycle I'; arises [8] (Figure 1(e)). For Z < Z,,thecycle I, breaks, the fo-

cus O, becomes a repeller, and system (1) has no attractors (Figure 1(f)).

4. Subcritical Andronov-Hopf Bifurcation

In this case, the parameter ¢ is considered as a bifurcation parameter and is de-
fined by the stable focus O, of the dynamic system (1). As the value of & de-
creases, the basin of attraction of the focus O, narrows. We show that in this case

areverse (subcritical) Andronov-Hopf bifurcation occurs [6] [8]. Indeed, the pair
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of complex conjugate eigenvalues (11) should now be considered as functions of
the parameter ¢. In this case,

Re[ 4, ] =%[w—(p'(n)zj=m[m—zzj.

Z 27 (0'(77)

Furthermore, considering that ¢'(77)= >0, we obtain

n-H,

sgnRe[/ll,z] =sgn'¥ (&), where ¥ (&) =

:e(n—fm[ ke
ag (f—xo)

It is easy to verify that the function W (&) is monotonically decreasing and
has a positive root & >0 such that ‘I‘(é*) =0, and for 0<&<¢&" the ine-
quality W(&)>0 holds, while for &>¢&" the reverse inequality W(&£)<0

holds. Thus, when the parameter & crosses the bifurcation value ¢° from right

— —klv(gﬁ—xo)H +k, (1—sgn(,u—1))]—22.

to left (i.e., decreasing), the stable focus O, becomes unstable. Moreover, before

the bifurcation point in the region &> ¢&°, the function F (A) has a positive

root A=A4">0, for which the inequality ar >0 holds. According to

A=A

Proposition 1, in this case the stable focus O, is surrounded by an unstable limit
cycle T, ~¢ .. This cycle serves as the basin of attraction for the attractor O,
andas & — & +0, it shrinks and collapses to a point. At & =¢&", a crisis (disap-
pearance) of the attractor O, occurs, and for &< & it becomes a repeller.

5. Conclusion

This paper investigates the dynamics of a generalized model that unifies the Van
der Pol and Rayleigh oscillators. Conditions for the existence of limit cycles are
derived, and their stability is analyzed. Special emphasis is placed on the subcriti-
cal Andronov-Hopf bifurcation and the regime of hard excitation of self-oscilla-
tions, characterized by hysteresis and multistability. The study also explores global
bifurcations involving the formation of homoclinic loops and examines how the
position of the equilibrium influences the structure of the phase portrait. It is im-
portant to note that the above analytical derivations and asymptotic analysis are
valid primarily for small values of parameter ¢ — 0. For larger values of this pa-
rameter, the (1) system’s behavior may deviate significantly from the predicted
trends. In such cases, numerical approaches become essential for further investi-
gation. Methods such as the Runge-Kutta algorithm or other finite-difference
schemes for solving ordinary differential equations can be effectively employed to
analyze the system’s (1) dynamics. The results contribute to a deeper understand-
ing of nonlinear dynamics and enhance the analytical and control capabilities for
self-oscillatory regimes in relevant hydrodynamic systems [5]. Let us also note

that the considered dynamic system (1) is a mathematical model describing ther-
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moacoustic self-oscillations and self-oscillations of vibration combustion in vari-
ous heat and power systems [9]. Thus, understanding the qualitative structure of
the phase portrait of this dynamic system, in particular, possible bifurcations, will

improve the technological performance of the corresponding industrial units [10].
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