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Abstract 
In shape optimization, we often seek to optimize the shape of a domain in 
order to achieve a goal. For example, the sound of a drum depends on the 
shape of its membrane, via the eigenvalues of the Laplacian. We use the shape 
derivative to adjust this shape. The shape derivative for an eigenvalue problem 
is frequently used in shape optimisation, in particular when we want to min-
imise or maximise an eigenvalue, often the first of an elliptic operator, typi-
cally the Laplacian, under geometric constraints. This paper gives a simple 
method for calculating the shape derivative of a Dirichlet eigenvalue, but also 
the shape derivative of an objective function constrained to an eigenvalue 
problem. 
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1. Introduction 

In modern applied mathematics, more and more problems involve not just find-
ing a function that satisfies an equation, but determining the very shape of the 
domain in which that function lives. These shapes are no longer fixed: they be-
come variables in their own right, malleable and deformable, which we seek to 
adjust to achieve a given objective. Imagine a musical instrument, a drum for ex-
ample. Its timbre depends closely on the shape of its membrane. Altering its con-
tour, even slightly, changes its sound. Behind this acoustic intuition lies a pro-
found mathematical truth: the eigenvalues of the Laplacian, which govern the fre-
quencies of vibration, depend on the geometry of the domain. And if we want to 
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optimise this geometry to obtain a deeper, higher or purer sound, we need to know 
how these eigenvalues change when we modify the shape of the domain. This is 
where the shape derivative comes in. There are several works in the literature on 
the shape derivative of the first eigenvalue. These include [1]-[6]. Here, we use 
other techniques to calculate the shape derivative of the first eigenvalue for the 
Laplace-Dirichlet problem. Next, we calculate the shape derivative of an objective 
function, taking the spectral problem as a constraint. Readers interested in the 
approach developed can consult the work of M. C. Delfour [7] [8] or our own [9] 
[10]. The shape derivative is a mathematical tool used to study the infinitesimal 
variation of a functional ( )J Ω  when the domain is slightly deformed. This de-
formation is generally given by a vector field which defines a family of domains 

( )( )I VΩ = + Ω  , for   small or more generally ( )TΩ = Ω 
 where the family 

of diffeomorphisms ( )T  is induced by the vector field V . The shape deriva-
tive of ( )J Ω  is then defined by  

( ) ( ) ( ) ( )
0

0

d, : lim .
d

J J
DJ V J

→
=

Ω − Ω
Ω = Ω = 

 
 

 

This is the analogue of the directional derivative, but in the space of shapes 
(domains). The aim of this work is to calculate, using the min-max method [7], 
the shape derivative of the objective function ( )J Ω  defined by  

 ( ) 22 d ddJ A x xη η η
Ω Ω

Ω = ∇ − + −∫ ∫  (1.1) 

where η  is the solution of the following eigenvalue problem  

 Δ 0 in
0 on ,
η λη

η
− − = Ω
 = ∂Ω

 (1.2) 

where Ω  is a regular open domain of N , A  a given vector of N  and dη  
a given function. The existence and uniqueness of this problem are detailed in 
[11]. Note that the problem under study has no source term. In other words, 

( )λ λ= Ω  is considered an eigenvalue and therefore depends on the domain 
Ω . The first step is to determine the derivative of this eigenvalue with respect to 
the domain. The rest of the manuscript is organized as follows: Section 2 presents 
a reminder of the methodology used to calculate the derivative. Section 3 is de-
voted to the study of the shape derivative of the volume function. Numerical sim-
ulations are proposed in Section 4, while the final section is devoted to results 
relating to the shape derivative in the context of the eigenvalue problem. 

2. Methodology for Calculating Shape Derivatives 

In this subsection, we describe how to calculate the topological derivative using 
the min-max approach, see e.g. [7] [9]. To begin with, we will look at the following 
definitions and notations.  

Definition 2.1 A Lagrangian function is a function of the form  
( ) ( ) [ ], , , , : 0, , 0x y x y X Yτ τ× × → >     

where X is a vector espace, Y a non empty subset of vector space and the function 
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( ), ,y x y    is affine.  
Associate with the parameter   the parametrized minimax  

( ) ( ) [ ] ( ) ( ) ( )
0

0
inf sup , , : 0, and 0 lim .
x X y Y

g g
g x y dgτ

+∈ →∈

−
= → =




   


  

When the limits exist, we will use the following notations  

( ) ( ) ( )
0

, , 0, ,
0, , lim

x y x y
d x y

+→

−
=


  



 

( ) ( ) ( )
0

, , , ,
, , , ; limx

x y x y
X d x y

θ

θϕ
ϕ ϕ

θ+→

+ −
∈ =

   
   

( ) ( ) ( )
0

, , , ,
, , , ; lim .y

x y x y
Y d x y

θ

θφ
φ φ

θ+→

+ −
∈ =

   
   

The state equation at 0≥  

 ( )Find such that for all , , ,0; 0.yx X Y d xψ ψ∈ ∈ =    (2.1) 

The set of states x  at 0≥  is denoted  

 ( ) ( ){ }, , , ,0; 0 .yE x X Y d xψ ψ= ∈ ∀ ∈ =     (2.2) 

The adjoint equation at 0≥  is  

 ( )Find such that for all , , , ; 0.xp Y X d x pϕ ϕ∈ ∈ =     (2.3) 

The set of solutions p  at 0≥  is denoted  

 ( ) ( ){ }, , , , , ; 0 .xY x p Y X d x pϕ ϕ= ∈ ∀ ∈ =       (2.4) 

Finally the set of minimisers for the minimax is given by  

 ( ) ( ) ( ) ( ), inf sup , , sup , , .
x X y Y y Y

X x X g x y x y
∈ ∈ ∈

 = ∈ = = 
 

        (2.5) 

Lemma 2.1 (Constrained infimum and minimax) 
We have the following assertions   
1)                 ( )

( )
( )inf sup , , inf , ,0

x X x Ey Y
x y x

∈ ∈∈
=


     

2) The minimax ( )g = +∞  if and only if ( )E =∅ . And in this case we have 
( )X X= .  
3) If ( )E ≠ ∅ , then  

( ) ( ) ( )
( )

( ){ } ( ): , ,0 inf , ,0
x E

X x E x x E
∈

= ∈ = ⊂ 


        

and ( )g < +∞ .  
Proof. See [7].                                                  ■ 

First Results of the Proposed Approach 

We need the following assumption for everything that follows: 
Hypothesis (H0) 
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Let X be a vector space.  
1) For all [ ]0,τ∈ , ( )0 0x X∈ , ( )x X∈   and y Y∈ , the function  

( )( ) [ ]0 0, , : 0,1x x x yθ θ+ − →

    is absolutely continuous. This implies 
that for almost all θ  the derivative exists and is equal to  

( )( )0 0 0, , ;xd x x x y x xθ+ − −    and it is the integral of its derivative. In partic-
ular  

( ) ( ) ( )( )10 0 0 0
0

, , , , , , ; d .xx y x y d x x x y x xθ θ= + + − −∫         

2) For all [ ]0,τ∈ , ( )0 0x X∈ , ( )x X∈   and y Y∈ , Xφ ∈  and for al-
most all [ ]0,1θ ∈ , ( )( )0 0, , ;xd x x x yθ φ+ −   exist et the functions  

( )( )0 0, , ;xd x x x yθ θ φ+ −

   belong to [ ]1 0,1L  
Definition 2.2 Given ( )0 0x X∈  and ( )x X∈  , the averaged adjoint equa-

tion is:  

( )( )1 0 0
0

Find , , , , ; d 0xy Y X d x x x yφ θ φ θ∈ ∀ ∈ + − =∫    

and the set of solutions is noted ( )0, ,Y x x . 
( )0 00, ,Y x x  clearly reduces to the set of standard adjoint states ( )00,Y x  at 

0= .  
Theorem 2.2 Consider the Lagrangian functional  

( ) ( ) [ ], , , , : 0, , 0x y x y X Yτ τ× × → >     

where X and Y are vector spaces and the function ( ), ,y x y    is affine. As-
sume that (H0) and the following hypotheses are satisfied 

(H1) for all [ ]0,τ∈ , ( )g   is finite, ( ) { }X x=   and ( ) { }0 00,Y x p=  are 
singletons, 

(H2) ( )0 00, ,d x y  exists, 
(H3) The following limit exists  

( ) ( )
0

0 0 0 0 0

0

1

0
, lim , , ; d .x

x xx y d x x x pθ θ
+→

 −
= + − 

 
∫





  


 

Then, ( )0dg  exists and ( ) ( ) ( )0 0 0 00 0, , ,dg d x p x p= +  .  
Proof. Recall that ( ) ( ), ,g x y=     and ( ) ( )00 0, ,g x y=   for each y Y∈ , 

then for a standard adjoint state 0p  at 0=  

( ) ( ) ( ) ( ) ( ) ( )( )0 0 0 0 0 0 00 , , , , , , 0, , .g g x p x p x p x p− = − + −         

Dividing by 0> , we obtain  

( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( )

0 0 0 0 0 0 0

0
0 0 0

0 0 0 0

1

0

, , , , , , 0, ,0

, , ; d

, , 0, ,
.

x

x p x p x p x pg g

x xd x x x p

x p x p

θ θ

− −−
= +

 −
= + − 

 

−
+

∫






      
  

 


  


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Going to the limit when   goes to zero, we obtain  

( ) ( ) ( )

( ) ( )

0
0 0 0 0 0

0

0 0

1

0 0

0
0 lim , , ; d 0, ,

0, , , .

x
x xdg d x x x p d x p

d x p x p

θ θ
+→

 −
= + − + 

 

= +

∫ 






  


 



 

■ 
Corollary 2.3 Consider the Lagrangian functional  

( ) ( ) [ ], , , , : 0, , 0x y x y X Yτ τ× × → >     

where X and Y are vector spaces and the function ( ), ,y x y    is affine. As-
sume that (H0) and the following assumptions are satisfied: 

(H1a) for all [ ]0,τ∈ , ( )X ≠ ∅ , ( )g   is finite, and for each ( )0x X∈ , 
( )0,Y x ≠ ∅ , 
(H2a) for all ( )0x X∈  and ( )0,p Y x∈  ( )0, ,d x p  exists, 
(H3a) there exist ( )0 0x X∈  and ( )0 00,p Y x∈  such that the following limit 

exists  

( ) ( )
0

0 0 0 0 0

0

1

0
, lim , , ; d .x

x xx p d x x x pθ θ
+→

 −
= + − 

 
∫





  


 

Then, ( )0dg  exists and there exist ( )0 0x X∈  and ( )0 00,p Y x∈  such that 
( ) ( ) ( )0 0 0 00 0, , ,dg d x p x p= +  .  

Proposition 2.4 Let X and Y be two vector spaces and [ ]: 0, X Yτ × × →   
be a Lagrangian. If the function ( ), ,y x y→   is affine, then for all ,y Yψ ∈ , 
we have  

( ) ( ) ( ) ( ), , ; , , , ,0 , ,0; .y yd x y x x d xψ ψ ψ= − =         

Proof. The Lagrangian   is affine in y  means  

( ) ( ) ( )1 2, , , , ,x y x x y= +     , où 2  is linear in y . 

Since 1  does not depend on y , we have  

( ) ( )2, , ; , , ; .y yd x y d x yψ ψ=     

By definition, the following applies  

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2 2
2 0

2 2 2
20

2
20

, , , ,
, , ; lim

, , , , , ,
lim , because is linear in

, ,
lim , , .

y
x y x y

d x y

x y x x y
y

x
x

θ

θ

θ

θψ
ψ

θ
θ ψ

θ
θ ψ

ψ
θ

→

→

→

+ −
=

+ −
=

= =

   
 

     


 
 

 

So for all y Y∈  

 ( ) ( ) ( )2 2, , ; , , ; , , ,y yd x y d x y xψ ψ ψ= =       (2.6) 

and it follows that  

 ( ) ( ) ( )2 2, ,0; , , ; , , .y yd x d x y xψ ψ ψ= =       (2.7) 

Now let us calculate ( ) ( ), , , ,0x xψ −    .  
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( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

1 2 1 2

2 2

, , , ,0 , , , , , ,0

, , , ,0 .

x x x x x x

x x

ψ ψ

ψ

− = + − −

= −

           

   
 

But ( )2 , ,0 0x =   because 2  is linear in y  and it follows  

 ( ) ( ) ( )2, , , ,0 , , .x x xψ ψ− =       (2.8) 

So the relationships (2.6), (2.7) and (2.8) give the result.                 ■ 

3. Shape Derivative for the Volume Function via Min-Max 
Approach 

The following example is a special case where we consider a shape functional in-
dependent of a PDE constraint. It is given in [5] by  

 ( ) ( )J λΩ = Ω Ω  (3.1) 

Ω  is the volume of Ω  et ( )λ λΩ =  is the first eigenvalue of the following 
eigenvalue problem  

 Δ in and 0 on .η λη η− = Ω = ∂Ω  (3.2) 

This problem has a sequence of real positive eigenvalues:  

( ) ( )1 20 ,λ λ< Ω < Ω ≤ →∞

 

with associated eigenfunctions ( )1
0i Hη ∈ Ω , orthonormal in ( )2L Ω , i.e.  

d .i j ijxηη δ
Ω

=∫  

In this case, we need the volume expression of the derivative of the eigenvalue. 
For this we have the following proposition.  

Proposition 3.1 Let Ω  be a bounded open domain. Assume that the first ei-
genvalue ( )λ λ= Ω  is simple. Then ( )λ Ω  is shape differentiable and the Eu-
lerian derivative is  

 
( ) ( )

( ) ( )( )( )2 2 20 0 0 0 0

Ω, 0

2 0 0 d .

D V

DV divV x

λ λ

η η η λ η
Ω

′=

= − ∇ ⋅ ∇ + ∇ −∫
 (3.3) 

If, in addition, Ω  is convex or of class 2C , then  

 ( ) ( )
2

, 0 d .D V V n
n
ηλ λ σ

∂Ω

∂ ′Ω = = − ⋅ ∂ ∫  (3.4) 

Proof. A proof of this proposition can also be found in the work of A. Henrot 
and M. Pierre [4] or that of S. Zhu [5]. We only prove the derivative formula in 
volume form (3.3). The reader can also consult [6]. In this proof, we will therefore 
use a rigorous demonstration based on the min-max method introduced by M. C. 
Delfour in [7]. To do this, we consider the diffeomorphism family ( ) 0T

≥ 
 and 

define the perturbed domain by ( )TΩ = Ω 
. The perturbed state η  is the so-

lution of the variational problem  

( )1
0d d , .v x v x v Hη λη

Ω Ω
′ ′ ′∇ ∇ = ∀ ∈ Ω∫ ∫

 
     

A change of variables allows the problem to be transported to the reference do-
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main Ω . Thus, noting by Tη η= 


   and Tλ λ= 


  , η   is the solution of 

the following variational equation  

 ( ) ( )d d .B v x vJ xη λ η
Ω Ω

∇ ∇ =∫ ∫     (3.5) 

For ϕ η=   

 ( ) ( )d d .B v x vJ xϕ λ ϕ
Ω Ω

∇ ∇ =∫ ∫    (3.6) 

Deriving with respect to   and taking v ϕ= , we obtain  

 ( ) ( ) ( ) ( ) ( ) ( )2 2 2d d d .B x J x divV J xϕ λ ϕ λ ϕ
Ω Ω Ω

′ ′′ ∇ = +∫ ∫ ∫      (3.7) 

So at 0=  with 0ϕ η= .  

 ( ) ( ) ( ) ( )
2 2 20 0 0 00 d 0 d 0 d .B x x divV xη λ η λ η

Ω Ω Ω

′′ ∇ = +∫ ∫ ∫  (3.8) 

Using the normalization condition, we have  

 ( ) ( ) ( ) ( )
2 20 0 00 0 d 0 dB x divV xλ η λ η

Ω Ω

′ ′= ∇ −∫ ∫  (3.9) 

with ( ) ( ) ( ) ( )*0 0 0 0B divV DV DV′ = − − . Using the fact that  

( ) ( )( ) 2 2* 0 0 00 0 2DV DV DVη η η+ ∇ = ∇ ⋅ ∇  

 ( ) ( ) ( ) ( )( )( )2 2 20 0 0 0 00 2 0 0 d .DV divV xλ η η η λ η
Ω

′ = − ∇ ⋅ ∇ + ∇ −∫  (3.10) 

■ 
Proposition 3.2 Let J  be the objective function defined by ( ) ( )J λΩ = Ω Ω . 

Then the derivative of J  in Ω  in the direction V  is given by  

 
( )

( )( )2 2 20 0 0 0 0 0

,

2 d .

DJ V

DV divV divV xη η η λ η λ
Ω

Ω

 = Ω − ∇ ⋅ ∇ + ∇ − +  ∫
 (3.11) 

Proof. If we consider the objective function  

 ( ) ( ) ,J λΩ = Ω Ω  (3.12) 

first, we know that the derivative of the volume functional is given by  

( )( ) ( ), 0 0 d .' V divV x
Ω

Ω Ω = ∫  

Indeed, by definition of the shape derivative  

( )( ) ( )0 0

1, 0 lim lim 1d 1d .' V x x
Ω Ω→ →

Ω − Ω
Ω Ω = = −∫ ∫





  
 

We use a change of variables to transform the domain Ω  into Ω  

( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
0 0

1 0
, 0 lim d lim d

0 d 0 0 0 d .

J J J
' V x x

J x divV T J x

Ω Ω→ →

Ω Ω

− −
Ω Ω = =

′= =

∫ ∫

∫ ∫ 

 

 
   

Since ( )0T I=  and ( )0 1J = , we have well ( )( ) ( ), 0 0 d' V divV x
Ω

Ω Ω = ∫ . 
And finally, the derivative of the objective function J  is given by  
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( ) ( )( )2 2 20 0 0 0 0 0, 2 d .DJ V DV divV divV xη η η λ η λ
Ω

 Ω = Ω − ∇ ⋅ ∇ + ∇ − +  ∫  

■ 

4. Numerical Tests 

In shape optimization, the aim is to find the most efficient shape for a certain 
criterion in an admissible set of domains. In this section, we present numerical 
tests for minimizing the objective function defined in (3.1) taking into account 
that λ  is the first eigenvalue of the operator Δ− .  

Shape Optimization Implementation Details 

The interest of the shape derivative is to give a direction of descent to evolve the 
domain in order to minimize the eigenvalue. The idea is to find a vector field V 
that gives a decrease in the objective function, i.e. we want to find a vector field V 
such that ( ), 0DJ VΩ ≤ . This can be achieved by solving an auxiliary limit prob-
lem of the type  

( ) ( )Find ; , , for allV b V DJφ φ φ∈ = Ω ∈   

for a suitable Herbert space  . ( ), :b ⋅ ⋅ × →    is a positive bilinear form 
that we are free to choose. Then V−  is a descent direction because  

( ) ( ) ( ), , , 0.DJ V DJ V b V VΩ − = − Ω = − <  

We present a shape gradient descent algorithm, based on a volume expression 
rather than a boundary expression. In this case, it will be essential to update the 
finite element mesh after each iteration. To this end, we follow the approaches 
developed by V. H. Schulz, M. Siebenborn, K. Welker, [12] using the linear elas-
ticity equation given as follows  

( ) inelasdiv fσ = Ω  

0 onu = ∂Ω  

( ): 2Tr Iσ λ µ= +   

( )T1:
2

u u= ∇ +∇  

where σ  and   are the deformation and continuity tensors, I  is the identity 
tensor, Tr  is the trace operator on a tensor and u  is the displacement vector 
field [12] [13]. β  and µ  designate the Lamé parameters, which can be ex-
pressed in terms of Young's modulus E  and Poisson’s ratio ν  as follows  

( )( ) ( )
, .

1 1 2 2 1
E Eνβ µ

ν ν ν
= =

+ − +
 

The Young’s modulus E  and Poisson’s ratio ν  have effects on mesh defor-
mation. E  indicates the stiffness of the material, allowing us to control the step 
size for shape updating, while ν  gives the ratio between mesh expansion in other 
coordinate directions and compression in a particular direction. These coeffi-
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cients can be found, for instance, in [12] [13]. The bilinear form of the linear elas-
ticity equation is given by  

( ) ( ) ( ), : d .a u v u v xσ
Ω

= ∫   

Thanks to the Riesz representation theorem, we obtain the direction of descent 
or the shape gradient or the solution of the linear elasticity equation 2:U Ω→ , 
which can be solved as follows  

( ) ( ) ( ) ( )1 2
0: d , , , .U V x DJ V V Hσ

Ω
= Ω ∀ ∈ Ω∫   

The shape functional is not subject to any PDE constraints. It is therefore suf-
ficient to solve the state equation and the deformation equation at each iteration 
step using the following algorithm: 

 

Algorithm 1  

Initialization 
while ( ),k TOLDJ VΩ >   do 

1. Calculate the solution kη  of the spectral problem.   
2. Calculate the gradient kW  [via ( ),DJ VΩ  and Linear elasticity].  

3. Deforming the domain kΩ  in 1k+Ω  [via ALE.move and kW ]. 
end while 

 
First, it is worth noting that all numerical simulations are conducted in two 

dimensions within the FEniCS framework, see for instance [13] to find out more. 
The algorithm used here is a slight modification of the one proposed in [6], in 
which λ  is assigned a value. In our case, since λ  is an eigenvalue, it is calculated 
directly. In the absence of a partial differential equation constraint, each iteration 
consists of solving the equation of state and the system associated with the direc-
tion of descent, or simply the linear elasticity equation. As we shall see, obtaining 
the new domain shape relies solely on moving the points on the boundary. We 
implement the general problem of minimizing the functional (3.1) depending on 
λ , eigenvalue for (3.2). For each iteration, we need to solve the state equation (3.2). 
The shape derivative we use is given by the formula (3.11). To define the Lame 
parameters, we fixed the values 0.1E =  and 0.4ν =  throughout the numerical 
tests. We set the time step to 0.001. We follow the Algorithm 1 to obtain a decrease 
in the functional introduced in (3.1). Tests were first carried out for 100 iterations, 
then extended to 500 and finally 1000 iterations. The convergence of the algorithm 
depends on the tolerance chosen which is set here at 0.088. The initial mesh is the 
unit square, as shown in Figure 1.  

After some numerical testing, the vector fields look like this: Figure 2 shows the 
vector fields for 100, 500 and 1000 iterations.  

Figure 3, Figure 4 and Figure 5 show the optimized domains, the solution of 
the state equation and the evolution of the objective function for 100, 500 and 
1000 iterations respectively.  

https://doi.org/10.4236/jamp.2025.137136


M. G. Ngom et al. 
 

 

DOI: 10.4236/jamp.2025.137136 2386 Journal of Applied Mathematics and Physics 
 

 
Figure 1. Initial mesh. 

 

 
Figure 2. Vectors fields after 100, 500, and 1000 iterations. 

 

 
Figure 3. (1): Optimized domain, (2): State, (3): Objective function for 100 iterations. 

 

 
Figure 4. (1): Optimized domain, (2): State, (3): Objective function for 500 iterations. 
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Figure 5. (1): Optimized domain, (2): State, (3): Objective function for 1000 iterations. 

 
We also carried out tests with the unit disk. Given the slow rate of convergence, 

the number of iterations was limited to 500. The simulation results are presented 
in Figure 6 below.  

 

 
Figure 6. (1): Optimized domain, (2): State, (3): Objective function for 500 iterations. 

5. Shape Derivative of an Eigenvalue Problem Using a  
Min-Max Approach  

In this section, we focus on calculating the shape derivative in the presence of a 
spectral problem as a constraint. We use the same computational techniques 
developed in Section 2. The difference is that here, the domain-dependent 

( )λ λ= Ω  is considered as the first eigenvalue of the Dirichlet Laplacian. 
Let Ω  be a bounded lipschitzian open domain in N  with a regular bound-

ary ∂Ω . Let ( )η η= Ω  be the solution to the following spectral problem  

 Δ 0 in , 0 on .η λη η− − = Ω = ∂Ω  (5.1) 

is considered here as the first eigenvalue of the Laplacian. We consider the func-
tional J  defined by  

 ( ) 22 d ddJ A x xη η η
Ω Ω

Ω = ∇ − + −∫ ∫  (5.2) 

where η  is the solution of (5.1), A a given vector of N  and dη  a given func-
tion. As in the case of the HeLmholtz equation [9], we want to calculate the shape 
derivative of the function J . Recall that the shape derivative of J  in Ω  in the 
direction V  is defined by  
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( ) ( ) ( )
0

, lim
J J

DJ V
Ω − Ω

Ω =




 
 

when the limit exists where ( )TΩ = Ω 
. We will also follow M. C. Delfour [7] 

[8] to calculate the shape derivative of the J  functional. The functional in the 
domain Ω  is then defined by  

 ( ) 22 d ddJ A x xη η η
Ω Ω

Ω = ∇ − + −∫ ∫
 

    (5.3) 

where η  is the solution to the problem  

 Δ 0 in , 0 on .η λη η− − = Ω = ∂Ω       (5.4) 

∂Ω  is the boundary of Ω . The variational formulation of (5.4) is to find 
( )1

0Hη ∈ Ω   such that  

 ( )1
0d 0 for all .v v x v Hη λη

Ω
′ ′ ′∇ ∇ − = ∈ Ω∫


     (5.5) 

Note that this problem is not trivial, as the operator acts on domains that 
change Ω . The eigenfunctions η  live in different spaces ( )1

0H Ω . The nor-
malization ( )2 1Lη

Ω
=

  also depends on  . To solve this problem, we transport 
the domain onto a fixed Ω  domain, via the change of variables ( )1x T y−=  . 
This will enable us to manipulate objects in a fixed frame. To this end, we intro-
duce the following parameterization  

 ( ) ( ){ }1 1 1
0 0, .H T Hϕ ϕ−Ω = ∈ Ω   (5.6) 

and to work in ( )1
0H Ω , we also introduce the compositions Tη η= 


  , 

Tλ λ= 


   and v v T′=   . So the variational formulation of (5.4) amounts to 

looking for ( )1
0Hη ∈ Ω

 such that  

( ) ( ) ( )( )( ) ( )1 1 1 1 1 1
0d 0, .T v T T T v T x v Hη λ η− − − − −

Ω
∇ ∇ − = ∀ ∈ Ω∫     



  
     (5.7) 

Applying the change of variables formula, we obtain  

( ) ( ) ( )( )( ){ } ( )1 1 1 1 1 d 0.T v T T T v T T J xη λ η− − − − −

Ω
∇ ∇ − =∫      

  
        

In addition, we have  

( )( )( ){ } ( )

( )( )( ) ( )
( )

1 1 1

1 1 1

d

d

d .

T T v T T J x

T T T T v T T J x

vJ x

λ η

λ η

λ η

− − −

Ω

− − −

Ω

Ω

=

=

∫
∫
∫

   

     

 
   

 
     

 







 

Let ( )DT X
 be the Jacobian matrix of T  evaluated in X , ( )*  DT X  the 

transpose matrix of ( )DT X
, then we have the following proposition  

Proposition 5.1 We have   

1)          ( ) ( ) ( )1 1  , ,NT DT T Cφ φ φ−∗∇ = ⋅∇ ∀ ∈      

2)        ( ) ( ){ } ( ) ( )1, , ; .N ND T S DT S DS T S C= ⋅ ∀ ∈     

Proof. See [1].                                                  ■ 
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So using the proposition, we can write  

( ) ( ){ } ( )

( ) ( )
( )

1 1

*1 1

d

d

d .

T v T T J x

DT DT vJ x

B v x

η

η

η

− −

Ω

− −

Ω

Ω

∇ ∇

= ∇ ∇

= ∇ ∇

∫

∫
∫

  


  


 









 

Finally, the previous equation becomes  

 ( ) ( )d d 0B v x vJ xη λ η
Ω Ω

∇ ∇ − =∫ ∫     (5.8) 

with ( ) ( ) ( )*1 1B J DT DT− −=    , ( ) detJ DT=  , DT  the Jacobian matrix of T . 
To write the functional in the fixed domain Ω , we first assume that A is writ-

ten A η= ∇ =   and note by Tη η= 



 .  

( )

( ) ( )

( ) ( ){ } ( )

( )

22

22

2

2

d d

d d

d d

d

d .

d

d

d

d

J A x x

x x

x x

T J x

T T J x

η η η

η η η η

η η η η η η

η η η η

η η

Ω Ω

Ω Ω

Ω Ω

Ω

Ω

Ω = ∇ − + −

= ∇ −∇ + −

= ∇ −∇ ⋅ ∇ −∇ + −

= ∇ −∇ ⋅ ∇ −∇

+ −

∫ ∫

∫ ∫

∫ ∫
∫
∫



 

 


 

 

 

 

  

 

  

  

  





 

Applying Proposition 5.1 once more, we obtain  

 
( ) ( ) ( )( ){ } ( )

( )
2

d

d .d

g J B x

T J x

η η η η

η η

Ω

Ω

= Ω = ∇ −∇ ⋅ ∇ −∇

+ −

∫

∫

 



   




 




 (5.9) 

Since the set of perturbed states admits a solution, then ( )g < +∞ . So the  -
dependent Lagrangian can be defined as follows:  

( ) ( )( ){ } ( ) ( )

( ) ( )

2, , d

d

dB T J x

B J x

ϕ φ ϕ η ϕ η ϕ η

ϕ φ λ ϕφ
Ω

Ω

= ∇ −∇ ⋅ ∇ −∇ + −

+ ∇ ⋅∇ −

∫
∫


 

 




   

 
 

( )
( ) ( )

( ) ( ) ( ) ( )( ) ( )( )1 10 0
0

inf sup , , ; 0 lim 0 , 0 .
H H

g dg g g DJ V
ϕ φ

ϕ φ
∈ Ω ∈ Ω

= = − = Ω


      

Let ( )R   be the following function  

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

0
0

20 0
0

0 0

20
0 0

0

2 d
2

1
d 2 d

2

2 d 2 d

d

d

d d

B I
R x

J
x T x

x T x

B I
x p

J

η η η η η

η η η η η η η

η η η ηη η η η

η η η η

λ

Ω

Ω Ω

Ω Ω

Ω Ω

 −   + = ∇ −∇ ∇ −    
    

−    − +
+ ∇ + − −    

    

   − −
− ∇ −∇ ∇ − −   

   

−−
+ + ∇ ∇ −

−

∫

∫ ∫

∫ ∫

∫ ∫







 


 

 




 















 

 




 

( ) ( ) ( ) ( )
0

0 0 0 01
d d .p x J p xλ λη η η η

Ω

−   −
− − −   

  
∫


 


 
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We assume that the function ( )R   admits a finite limit noted ( )0 0,R pη , 
then we have the following proposition.  

Proposition 5.2 Let Ω  be the solution to the problem ( )min
ad

JΩ∈ Ω , then 
the shape derivative of the functional ( )J Ω  defined in (5.2) is given by  

( ) ( ) ( )( ){ } ( )
( ) ( )( )

( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0

0

20 0

0 0 0 0 0 0 0

Ω, , 0 d

2 0 d

0 2 0 d

0 0 0 d .

d d d

DJ V p B x

V x

divV V x

B p p divV p x

η η η η η

η η η

η η η η η

η λ η λ η

Ω

Ω

Ω

Ω

′= + ∇ −∇ ⋅ ∇ −∇

− ∇ −∇ ⋅∇ ∇ ⋅  

+ − − − ∇ ⋅

′′+ ∇ ⋅∇ − −

∫
∫

∫

∫

 

 





 

where 0η  solution of (5.1) and 0p , the adjoint state solution of  

( ) ( )0 0 0 0 02 2 d 0.d p p xη η ϕ η η ϕ ϕ λ ϕ
Ω

′ ′ ′ ′∇ −∇ ⋅∇ + − +∇ ⋅∇ − =∫   

Proof. The derivative of the  -dependent Lagrangian with respect to  .  

( ) ( )( ){ } ( )
( )( ) ( )( )

( ) ( ) ( )

( ) ( ) ( ) ( )

2

, , d

2 d

2 d

d .

d d d

d B x

B V T x

T divV J T V J x

B divV J J x

ϕ φ ϕ η ϕ η

ϕ η η

ϕ η ϕ η η

ϕ φ λ ϕφ λ ϕφ

Ω

Ω

Ω

Ω

′= ∇ −∇ ⋅ ∇ −∇

− ∇ −∇ ⋅∇ ∇ ⋅  

+ − − − ∇ ⋅

′+ ∇ ⋅∇ − −

∫
∫
∫

∫

 

 


 

 





   

 


  

 

 

  

 

Taking 0ϕ η=  and 0pφ = , we obtain  

( ) ( )( ){ } ( )
( )( ) ( )( )

( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0

0

20 0

0 0 0 0 0 0 0

, , d

2 d

2 d

0 d .

d d d

d p B x

B V T x

T divV J T V J x

B p p divV J p J x

η η η η η

η η η

η η η η η

η λ η λ η

Ω

Ω

Ω

Ω

′= ∇ −∇ ⋅ ∇ −∇

− ∇ −∇ ⋅∇ ∇ ⋅  

+ − − − ∇ ⋅

′′+ ∇ ⋅∇ − −

∫
∫

∫

∫



 

 

 

 





   


 

  

 

 

 

 

Taking   equal to zero, we get  

( ) ( )( ){ } ( )
( ) ( )( )

( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0

0

20 0

0 0 0 0 0 0 0

0, , 0 d

2 0 d

0 2 0 d

0 0 0 d .

d d d

d p B x

V x

divV V x

B p p divV p x

η η η η η

η η η

η η η η η

η λ η λ η

Ω

Ω

Ω

Ω

′= ∇ −∇ ⋅ ∇ −∇

− ∇ −∇ ⋅∇ ∇ ⋅  

+ − − − ∇ ⋅

′′+ ∇ ⋅∇ − −

∫
∫

∫

∫

 

 





 

The derivative of the  -dependent Lagrangian with respect to ϕ  in the direc-
tion ϕ′ :  

( ) ( )( ) ( ) ( )
( ) ( )

, , ; 2 2 d

d .

dd B T J x

B J x

ϕ ϕ φ ϕ ϕ η ϕ ϕ η ϕ

ϕ φ λ ϕ φ
Ω

Ω

′ ′ ′= ∇ −∇ ⋅∇ + −

′ ′+ ∇ ⋅∇ −

∫
∫









   

 
 

The derivative of the  -dependent Lagrangian with respect to φ  in the direc-
tion φ′ :  

 ( ) ( ) ( ), , ; d .d B J xφ ϕ φ φ ϕ φ λ ϕφ
Ω

′ ′ ′= ∇ ⋅∇ −∫      (5.10) 
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The state equation at 0≥  and the adjoint state equation at 0=  are respec-
tively given by  

 ( ) ( ) ( ) ( )1 1
0 0, , d 0H H B J xη φ η φ λ η φ

Ω
′ ′ ′∈ Ω ∀ ∈ Ω ∇ ⋅∇ − =∫      (5.11) 

( ) ( )0 1 1
0 0, ,p H Hϕ′∈ Ω ∀ ∈ Ω  

 ( ) ( )0 0 0 0 02 2 d 0.d p p xη η ϕ η η ϕ ϕ λ ϕ
Ω

′ ′ ′ ′∇ −∇ ⋅∇ + − +∇ ⋅∇ − =∫   (5.12) 

( ) ( )

( )

( )

( ) ( )

01 0 0 0
0

0 0

0 0

0 0
0 0

, , ; d

2 d
2

2 d
2

d .

d

d p

B x

T J x

B p p J x

ϕ
η ηη θ η η θ

η η η ηη

η η η ηη

η η η ηλ

Ω

Ω

Ω

 −
= + − 

 
    + − = ∇ −∇ ⋅∇    
     

  + −
+ −  

  
   − −

+ ∇ ⋅∇ −   
   

∫

∫

∫

∫








 


 



 


   








 
 

 

Taking 
0η ηϕ −′ =




 in adjoint Equation (5.12), we have  

( ) ( )
0 0

0 0

0 0
0 0 0

2 2 d

d 0.

d x

p p x
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∫
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Consequently, we get  
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η η η η η ηη η η

η η η ηλ

Ω

Ω

Ω

      + − − ∇ −∇ −∇ +∇ −∇ ⋅∇      
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In other words,  
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Accordingly, the function ( )R   can be rewritten as follows:  
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As in the case of the Helmholtz equation studied in [9], we have the following 
inequality  

( ) ( ) ( )
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 
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

 

Now we need to show that the limit of ( )   exists. First, we know the terms 
( )( )B I−   and ( )( )1J −   are uniformly bounded. It will therefore suffice 

to show that 0η η→  in ( )1
0H Ω -strong and that the ( )1

0H Ω -norm of 
( )0η η−   is bounded. But the difficulty lies in the fact that the eigenvalue λ  
depends on the variable   and we have no information on whether ( )0λ λ−   
is bounded. So we just assume that ( )   admits a finite limit denoted 
( )0 0,R pη  and in this case the shape derivative of the functional ( )J Ω  is given 
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by:  

( ) ( ) ( )( ){ } ( )
( ) ( )( )

( ) ( ) ( )

( ) ( ) ( ) ( )
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η η η η η
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Ω
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Ω

′Ω = + ∇ −∇ ⋅ ∇ −∇

− ∇ −∇ ⋅∇ ∇ ⋅  

+ − − − ∇ ⋅

′′+ ∇ ⋅∇ − −

∫
∫

∫

∫

 

 
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where 0η  solution of (5.1) and 0p , the adjoint state solution of  

( ) ( )0 0 0 0 02 2 d 0.d p p xη η ϕ η η ϕ ϕ λ ϕ
Ω

′ ′ ′ ′∇ −∇ ⋅∇ + − +∇ ⋅∇ − =∫   

■ 

6. Conclusion 

This work provides a simple method for calculating the shape derivative in the 
context of Dirichlet eigenvalue problems. We have used alternative techniques to 
calculate the shape derivative of the first eigenvalue of the Laplace-Dirichlet prob-
lem, as well as that of an objective function constrained by a spectral problem. A 
fundamental tool in shape optimization, the shape derivative enables us to analyze 
how a quantity of interest varies under the effect of small deformations of the do-
main. This approach, inspired in particular by the work of Delfour, opens the way 
to a better understanding and control of geometry-dependent spectral problems. 
Some numerical tests were also carried out in two dimensions. The next step is to 
calculate the topological derivative using the same approach for an eigenvalue 
problem. 
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