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Abstract

This paper presents a comprehensive numerical study of the two-dimensional
time-dependent heat conduction equation using the Forward Time Centered
Space (FTCS) finite difference scheme. The heat equation is a fundamental
parabolic partial differential equation, models the diffusion of thermal energy
in a medium and is applicable in areas such as thermal insulation design, mi-
crochip cooling, and biological heat transfer. Due to the limitations of analyt-
ical methods in handling complex geometries and boundary conditions, we
employ the FTCS scheme. The problem is formulated with Dirichlet boundary
conditions and a sinusoidal initial condition for which an exact analytical so-
lution is known. We derive the FTCS discretization using Taylor series-based
approximations and perform a detailed von Neumann stability analysis to es-
tablish the Courant-Friedrichs-Lewy (CFL) condition. The scheme’s perfor-
mance is evaluated through numerical simulations on a uniform grid, with
results compared against the exact solution. Simulation results show that the
FTCS scheme achieves I? and max-norm errors on the order of 107'* and 1071°,
respectively, under stable conditions. Graphical comparisons further demon-
strate excellent agreement between numerical and analytical solutions. Over-
all, the FTCS method proves to be a robust and reliable tool for solving heat
conduction problems, provided the stability criterion is satisfied.
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1. Introduction

Heat is a form of energy that transfers from one medium to another due to a tem-
perature difference. According to the second law of thermodynamics, heat natu-
rally flows from a hotter region to a cooler one, proportional to the temperature
gradient and the material’s thermal conductivity [1]. This phenomenon governs
many real-world applications, from industrial processes to biological systems.

The mathematical modeling of this process is described by the heat equation, a
parabolic, second-order linear partial differential equation (PDE) that captures
the temporal and spatial evolution of temperature in a medium. It explains how
thermal energy diffuses through a region over time. For example, when a hot ob-
ject is submerged in cooler water, its temperature gradually decreases, and even-
tually, thermal equilibrium is reached in the absence of external heat sources.

While analytical methods such as separation of variables [2]-[6], Fourier series
[7] [8], and domain decomposition [9]-[11] have been effectively used to solve the
heat equation under simplified conditions, they are often impractical for complex
geometries or boundary conditions. To overcome these limitations, numerical
methods, particularly the Finite Difference Method (FDM) [12]-[15], have be-
come widely adopted. FDM approximates the derivatives in the PDE using finite
difference expressions derived from Taylor series expansions [16]-[18], convert-
ing the PDE into a system of linear algebraic equations that can be efficiently
solved using iterative algorithms.

The Forward Time Centered Space (FTCS) scheme is a classical explicit finite
difference method known for its simplicity and ease of implementation. Despite
its conditional stability, the FTCS scheme remains popular for short-time simula-
tions where the time step can be carefully controlled.

In this paper, we investigate the two-dimensional heat equation using the FTCS
method. We derive the numerical scheme, perform a rigorous von Neumann sta-
bility analysis, and validate the method by comparing the numerical solution with
the exact analytical solution. The error is evaluated both graphically and numeri-
cally using maximum and Z*-norms. The numerical experiments are carried out
in MATLAB, and the results demonstrate the accuracy and reliability of the
method under stable conditions.

The remainder of the paper is organized as follows: Section 2 presents the math-
ematical model and initial-boundary value problem. Section 3 describes the finite
difference discretization and development of the FT'CS scheme. The stability anal-
ysis using von Neumann’s method is given in Section 4. Section 5 provides a de-
tailed error analysis and discussion of the numerical results. Finally, Section 6 of-

fers concluding remarks.

2. Model Equations

In our model problem, we consider the two-dimensional time dependent heat

conduction equation of the form [18],
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—=q + , O<x<a, O<y<b, t>0, 1
ot o’ 6y2J Y W

with initial condition

u(x,»,0)=f(x,y), 0<x<a, 0<y<b, 2)
and boundary conditions

u(O,y,t)zu(a,y,t)zO, O<y<b, t>0, 3)

u(x,O,t)zu(x,b,t)zO, O<x<a, t>0, (4)

where, u=u (x, y,t) is the temperature of the substance, «’ the thermal dif-
fusivity of the substance. Equations (1), (2), (3) and (4) together are called initial
boundary-value problems.

3. Finite Difference Discretization

The finite difference method (FDM) is a numerical technique that approximates
derivatives by using finite differences at discrete grid points. Through discretiza-
tion, the continuous domain in space and time is converted into a finite grid, al-
lowing partial diffessrential equations like the heat equation to be solved as sys-
tems of algebraic equations [4] [14] [15].

In order to describe the finite difference techniques, let us consider the rectan-
gle QxI into a finite number of nodes (xl.,t/. ) , where Q denotes the spatial

domain and I represents the time domain.

3.1. Approximation of the Derivatives of a Function by Finite
Differences

In this section, we derive the finite difference approximations for the partial de-
rivatives in the heat Equations (1)-(4).

Step 1: (Discretization of the domain) We divide the spatial domain (x, y)
into a uniform grid with step sizes Ax and Ay, and we divide the time domain
into discrete steps of size Az .

Let u;, denote the temperature at position (x[, y /.) at time ¢,. The spatial
points are indexed as:

x =iAx, i=0,1,2,--,N,
v, = jAy, j=0,1,2,--,N,
t, =nAt, n=0,12,-

where, N, and N, are the number of grid intervalsin x and y directions,

T
respectively, and the time step size is defined as At = N where N, is the total

t
number of time steps.

Step 2: (Finite difference approximation): We use a forward difference
scheme for the time derivative (explicit in time) and central difference schemes

for the spatial derivatives. These approximations are given as follows:
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The first-order time derivative is approximated by the forward difference:

n+l n
ou N u[,j —Ml.,j

i Y 5
ot At ®)

The second-order spatial derivatives are approximated by the central difference
scheme:

n

n n
o’u Wy =2u; ;g 6)
a’ Ax’ '

2 n _ n n
ou _Hija 2”[,,' +u;

6y2 Ay2

™)

3.2. Forward Time Centered Space (FTCS) Explicit Scheme

To construct the FTCS formula for our Equation (1) [6] [14] [15], we substitute
the approximations (5)-(7) in (1). We obtain

n+l n n n n n n n
U j —u; - (”m,j —2u;  +uy + Ui — 2+ ]

i,j-1
At A.XZ AyZ

n+l |
ijor

n n n n n n
w' o= 2u 4w u —2u +ul
1 2 i+1,j i,] i-1,j i,j+1 i,] i,j-1
us =u' +a At + .
5] 1] 2 A 2

\y

Rearranging for u

Define stability parameters:

A ’A
Sx = anzt , Sy — aAyzt )
The update formula simplifies to:
Wi =u S, (=2l vl )+ S, (u) -2 ). (8)
@ @ @ @ @ @ @
(i+1,5)
@ @ @ L @ @ L J
® ® @ o ® ®
® ) —@— ° ®
(Z_ ]-7 j)
® L @ @ @ @ L

Figure 1. FTCS Grid: The node (i, J ) and its four immediate neighbors used in the For-
ward Time Centered Space (FTCS) discretization for the 2D heat equation.
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Figure 1 illustrates the finite difference stencil used in the Forward Time Cen-
tered Space (FTCS) scheme for the two-dimensional heat equation. The central
node (i, ) corresponds to the grid point where the temperature is being up-
dated. Its four immediate neighbors (i,j—1), (i,j+1), (i-1/), and
(i +1, j) are used to approximate the second-order spatial derivatives in the x
and y directions via the central difference method. This five-point stencil struc-
ture is fundamental to the explicit FTCS update formula in Equation (8), enabling
the computation of the temperature at the next time level using current values at

the surrounding nodes.

4. Stability Analysis

In the numerical solution of partial differential equations, such as the two-dimen-
sional heat equation, ensuring the stability of the numerical scheme is essential for
obtaining reliable and accurate results. Stability determines whether the numeri-
cal errors introduced at each time step will remain bounded or amplify uncon-
trollably as the simulation progresses. Particularly for explicit schemes like the
Forward-Time Central-Space (FTCS) method, stability imposes strict conditions
on the relationship between time and spatial discretization parameters. Without
satisfying these conditions, the computed solution may diverge from the true be-
havior of the underlying physical system, rendering the results unreliable. In what
follows, we conduct a detailed Von Neumann stability analysis of the FTCS
scheme applied to the 2D heat equation to derive the necessary condition for nu-
merical stability [14] [15] [19].

Assume the error (or solution) at grid point (i, Jj) and timestep n isa Fou-
rier mode:

U;I,- — G ei(kx.ri+k},}v/-) _ Gnei(kxmﬁk},_m) ,

where,

G is the amplification factor;

k., ky are spatial frequencies (wave numbers);

i=+/-1 isthe imaginary unit.

So each term in FTCS updated formula (8) becomes:

0o i(kXiAx+k‘,jA}r)
u ;= G'e

uin;l — Grz+lei(kxiA"+k}~jAy)

n e (e () AE AY) ik A i(kiAxk, jAY)
uy,,; =G"e =G"e"Ve
no i ikoAr (kiAxry jAy)
u_,,; =Ge e
0 _ e kA i(kiAvek, jAy)
u,=G"e’ e
U= Gne—ikyAyei(kxiAx+ky /Ay)

i, j-1
Now substitute these values in (8), and factor out the common term

G"ei(k"iAHk"'jAy) from the entire right-hand side, we obtain
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i(kyitx+k, jA i(kyit+k, Ay i 4
Gn+lel( N v ,V) _ Gnel( i yJ ,V) |:1+SX (elkXAx +e ik, Ax _2)

s (6 e )

Using the identity ¢’ +¢™ =2cos(6), we simplify:
Gl ei(kXiArJrk),jAy)
PR CUSEVY [1 +28, (cos(k,Ax)—1)+28, (cos (ky Ay) - 1)}

= G=1+28, (cos (k,Ax)-1)+25, cos (k,Ay)-1).

. .(0
Or, more compactly using the identity cos(6)—1=-2sin’ (5) , we get

k Ax kA
G=1-4S_sin’| =— |-4S sin*| = > )
¥ 2 Y 2

The scheme is stable if |G| <1 for all wave numbers £,k . Since

sin® (-) €[0,1], the maximum dissipation occurs when

k Ax k A
sin? | = |=1, sin?| =2 il =1.
2 2

Then the worst-case amplification factor is,
G =1-45,-45,.

To ensure |G| <1, the condition is

-1<1-45 -4§ <1.

The most restrictive bound is given by

1-4S, —48, > -1
= 48, +45, <2 9)
1

= 5. +5 <,
T2

The equality case S, +5S, =% results in marginal stability, where the amplifi-

cation factor G =-1 in the worst-case scenario. This may result in non-growing
but oscillatory behavior, which is why it is treated cautiously in practice. Equation
(9) is known as the CFL (Courant-Friedrichs-Lewy) condition for stability of the
2D FTCS scheme [20]. This condition ensures the numerical scheme does not
produce oscillations or divergence.

To illustrate the behavior of the FTCS scheme under various stability condi-
tions, we present six numerical solution plots for the two-dimensional heat equa-
tion using different values of the stability parameter S, +S . Figure 2 and Figure
3 demonstrate solutions within or at the edge of the theoretical stability limit,
while Figure 4 shows the unstable behavior when the CFL condition is violated.

Figure 2(a) and Figure 2(b) display stable solutions for S, +S, =0.4, simu-

lated over the spatial domains x e[0,n] and xe[0,2n], respectively. Similarly,
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Figure 3(a) and Figure 3(b) show solutions for S, +S =0.5, which lies exactly
at the stability threshold. In all four cases, the numerical solutions remain smooth
and bounded over time, indicating stable evolution of heat diffusion.

In contrast, Figure 4(a) and Figure 4(b) illustrate the unstable nature of the
FTCS scheme for S +S§, = 0.6, which exceeds the stability bound. The numerical
solutions exhibit unbounded growth and spurious oscillations, especially near the
center of the domain, confirming the breakdown of the method under instability.

Note that, the stability parameter S +S, =0.4 is computed using
Ax=Ay=0.05, Ar=0.0005,and « =1, which yields S, = Sy =0.2. Similarly,
S, +8, =05 results from Az=0.000625, giving S, =S, =0.25. On the other
hand, S, +§, =0.6 correspondsto Az =0.00075, yielding S =S5, =0.3

< 10° Stability in explict method from x=0 to x=r with SX+Sy=O44 w10 Stability in explict method from x=0 to x=2n with SX+Sy=0.4
3 1.5
2.5 A
2 F -
= =
n wn
o 1.5F q o
> x
=1 =1
1 F -
0.5 A
0 i i i i 15 i i i i
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
(a) Solution over the domain z € [0, 7] (b) Solution over the domain x € [0, 27]

Figure 2. Stable FTCS solutions of the 2D heat equation for S, +S,=0.4.

_g Stability in explict method from x=0 to x=r with SX+Sy=0.5 o Stability in explict method from x=0 to x=2r with SX+Sy=O.5

x 10 X1
2.5 T T 15 T T T T
2, 4
151 9
= =
to) to)
o <]
= =
=] =)
| ]
0.5 1
B ‘ ‘ : : e : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 056 0.8 1
X X
(a) Solution over the domain = € [0, 7] (b) Solution over the domain x € [0, 27]

Figure 3. FTCS solutions at the critical stability threshold S +S =0.5.
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471 Instability in explict method from x=0 to x=r with S_+S =0.6 471Instability in explict method from x=0 to x=2r with S_+S =0.6
10 Xy x10 x Ty

u(x,0.5,T)

-2 L i

u(x,0.5,T)

0 0.2 0.4

i i o i i i i
0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X

(a) Solution over the domain z € [0, 7] (b) Solution over the domain x € [0, 27]

Figure 4. Unstable FTCS solutions of the 2D heat equation for S, +S,=0.6.

5. Error Analysis and Results Discussion

To evaluate the accuracy and reliability of the Forward Time Central Space
(FTCS) method for solving the two-dimensional heat equation, we perform a
quantitative and qualitative error analysis by comparing the numerical solution
with the exact analytical solution at a fixed final time 7 . We chose the final time
T'=1 toensure the solution has evolved meaningfully while maintaining numer-
ical stability. This duration is long enough to observe the diffusion process with-
out violating the CFL condition [13] [21]. The governing equation is discretized
using a uniform grid of size 21 x 21, with spatial step sizes Ax =Ay =0.05, and
time step Ar =0.0005 . The diffusion coefficient « is set to unity.

The key stability parameter for the FTCS method in two dimensions is the sum
S+ Sy , where

s alt g _alrt

ng’ y_Ayz.

In our setup, Ax=Ay=0.05, Ar=0.0005,and a=1,giving S =S =02,
yielding S, +S = 0.4, which satisfies the theoretical stability criterion (9). This
ensures that the scheme remains numerically stable throughout the simulation.

We use the exact solution,
Upaer (%, ¥, T) = sin (mx) sin (my ) exp (—anaT) (10)

and the sinusoidal initial condition,
u(x,y,0)=sin(mx)sin(ny) (11)

for comparison. The condition (11) is chosen because it satisfies the homogeneous
Dirichlet boundary conditions (3 - 4) and corresponds to the exact analytical so-
lution (10) of the 2D heat Equation (1). This facilitates validation of the numerical

method by allowing precise error comparison. The error is assessed both visually
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-9

FTCS vs Exactaty =0.5 (T =1)

and through quantitative norms. The maximum norm error is given by
lell, = max |u} —u | ~ 1.48472x107,
0 i sJ L]

indicating the largest pointwise deviation across the computational domain.

. 2 .
The discrete L -norm error is computed as

i.J i,J

lell, = \/Z(uFTCS —u )2 AxAy ~7.42362x107"",
L)
providing a measure of the global error over the entire domain.

The numerical solution obtained using the FTCS scheme (solid blue line) is
plotted against the exact analytical solution (dashed red line) in Figure 5(a). Both
solutions are evaluated along the horizontal cross-section y=0.5. The two
curves overlap almost perfectly, demonstrating excellent agreement between the
FTCS approximation and the true solution. This alignment confirms that the spa-
tial and temporal discretizations are sufficiently fine to resolve the solution accu-
rately.

The second figure of Figure 5 (ie., Figure 5(b)) plots the absolute pointwise

error |uFTCS —u along the same line y=0.5. The error curve exhibits a

exact
smooth and symmetric profile, peaking near the center of the domain but remain-
ing under 1.5 x 107", which is consistent with round-off level errors given the
double-precision arithmetic typically used in MATLAB.

Overall, the error analysis confirms that the FTCS method is both stable and
highly accurate under the given discretization and time step. The small magnitude
of the maximum and Z* errors suggest that the numerical solution is an excellent
approximation to the analytical solution, validating the correctness and precision

of the implementation.

Error |[FTCS - Exact| aty =0.5 (T =1)

x 10 x 10
3 : : : , 15 :
FTCS
- - - — — Exact
s g = N
25¢ > < 1
/ \
7/ N
/ \
2 / \ q 1k 4
’ \ -
~ Y/ \ S
= 4 3 fin]
© /, \ o)
150 {1 2
< 4 \ 2
=1 Y/ \Y 17
Qo
/ \} <
L 4 \ ] L 1
1 i 1 05
05t 1
O i i i i G<' i i i 1 273
0 02 0.4 06 0.8 1 0 02 0.4 06 0.8
X X
(a) FTCS and Exact Solution (b) Error

Figure 5. Comparison of FTCS and Exact Solutions (left) with Corresponding Error (right) at y=0.5, 7 =1.
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6. Conclusions

In this study, we applied the Forward Time Centered Space (FTCS) explicit finite
difference scheme to numerically solve the two-dimensional heat conduction
equation. Starting from the model formulation, we derived the FTCS update for-
mula through systematic spatial and temporal discretization. A detailed von Neu-
mann stability analysis was performed to obtain the CFL condition, which ensures
the boundedness of the numerical solution over time.

The numerical experiments demonstrated that the FTCS method, when applied
under stable conditions, yields excellent agreement with the analytical solution.
The computed maximum norm and I*-norm errors were both of the order of
107", indicating the accuracy and reliability of the method. Graphical compari-
sons further confirmed the validity of the implementation and the method’s ca-
pability to capture the correct behavior of the heat distribution.

A key limitation of FTCS is its conditional stability, requiring very small time
steps for fine spatial grids (due to Af o« (Ax)2 )- This leads to high computational
cost and makes the scheme unsuitable for long-time simulations or large-scale
domains unless adaptive or implicit methods are used. Nevertheless, for problems
where the CFL condition can be satisfied, the FTCS method remains a powerful

and educationally valuable tool for approximating solutions to the heat equation.
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