4

X/
¢

Scientifi
o2 Resoarch
0.00 Publishing

Journal of Applied Mathematics and Physics, 2025, 13(5), 1719-1735
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

A New Contraction in b-Metric-Like Spaces with

an Application

Ju Hu?, Xiaolan Liut23

'College of Mathematics and Statistics, Sichuan University of Science and Engineering, Zigong, China

*Artificial Intelligence Key Laboratory of Sichuan Province, Zigong, China
*South Sichuan Center for Applied Mathematics, Zigong, China

Email: xiaolanliu@suse.edu.cn

How to cite this paper: Hu, J. and Liu, X.L.
(2025) A New Contraction in b-Metric-Like
Spaces with an Application. Journal of Ap-
plied Mathematics and Physics, 13, 1719-
1735.
https://doi.org/10.4236/jamp.2025.135095

Received: April 13, 2025
Accepted: May 20, 2025
Published: May 23, 2025

Copyright © 2025 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

[OMom

Abstract

In this paper, via the concept of w-distance in b-metric-like space, we intro-
duce a new contraction, called S-{-contraction. Furthermore, we get the exist-
ence and uniqueness of the corresponding fixed point. In addition, we also
furnish several examples to demonstrate the validity and practical applicability
of our findings. Finally, we utilize the derived outcomes to address problems
within differential equations.
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1. Introduction

In this paper, we define the set of all real numbers as R, the set of all non-nega-
tive real numbers as R, , the set of all non-negative integers by N.

In 2012, Samet et al. [1] proposed the concept of a-admissible mapping, which
plays a very important role in fixed point theory. In 2014, on the basis of a-admis-
sible mapping, the concepts of a-orbit admissible and triangular a-orbit admissi-
ble mapping were raised by Popescu [2].

Next, we will recall a new metric space. In 2013, Alghamdi et al. [3] introduced
b-metric-like space for the first time. It is also known as a dislocated metric space
by Karapinar [4]. In 2015, Chen et al. [5] established several novel theorems con-
cerning fixed points and common fixed points within the context of b-metric
spaces, and gave some examples and applications to prove the accuracy and prac-
ticability of their conclusions. In 2016, Gholamian et al. [6] introduced general-

ized Meir-Keeler compression in b-metric-like spaces, and proved the existence
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of fixed points by ¢ function. In 2017, Zoto et al. [7] introduced a-admissible
mapping to prove the uniqueness of fixed point in h-metric-like spaces. In 2018,
Gholizadeh et al. [8] proved the results of the best proximity point in b-metric-
like spaces, and provided an example to prove the accuracy of the result. In the
same year, Dakun ef al. [9] introduced the concept of (T, g)F -contractions, and
studied the common fixed point theorems for such contractions in »-metric-like
spaces. In 2021, Javed et al [10] extended b-metric-like-space to fuzzy b-metric-
like-space, proved the uniqueness of fixed point, and applies it to integral equation,
which shows the practicability of the results in this paper.

After the above mappings and related metric spaces, we continue to understand
a contraction, that is, Geraghty type hybrid contractions. In 2020, Alzaid et al. [11]
studied Geraghty type hybrid contractions and got some fixed point results in a
b-metric space.

Subsequently, Karapinar et al. [12] introduced admissible hybrid Geraghty con-
tractions by combining hybrid Geraghty contractions with a-admissible mapping,
and obtained some fixed point results of such contractions in a complete metric
space.

In 1996, a class of asymmetric structures were introduced firstly in terms of w-
distance by Kada et al [13] in metric spaces. In 2023, Hu ef al. [14] generalized
the w-distance and obtained the ¢-fixed point result for nonlinear compression.
Inspired by it, we also prove some fixed point theorems by w-distance. Next, we
introduce some related lemmas about w-distance.

Inspired by the aforementioned research outcomes and the latest advancements
in fixed point theory within 5-metric-like spaces, we decide to expand the research
results of Karapinar et al [12] to the fixed disc of /. And inspired by [14], employ-
ing a w=distance, we introduce a new type contraction in b5-metric-like spaces, called
[-¢-contraction, and some new fixed point theorems are obtained by weakening
their conditions. On the one hand, our results improve the research results of Alzaid
et al. [11] and expand the research results of Karapinar et al. [12]. On the other hand,
it enriches the fixed point theory results under 5-metric-like spaces.

The geometric characteristics of non-unique fixed points have been extensively
examined from multiple perspectives. For instance, the fixed-disc problem, fixed-
circle problem and so on. Ozgiir and Tas [15] introduced the concept of a fixed
circle, and the fixed circle problem in metric space is proposed as a new direction
for the promotion of fixed point theory. Later, Hussain ef al. [16] presented some
fixed disc results for improving contractions in F~-metric space.

In 2019, the concept of a- 1, -admissible was raised by Aydi et al. [17] in rectan-
gular metric spaces. Now we give a corresponding definition in b-metric-like

spaces.

2. Preliminaries

Definition 1. [2] Let a:NXxNX—> R, be a function. We say that a mapping
7N —N is a-orbital admissible if o (2, 72)>1= « (hz, hzz) >1,forall 1e¥.
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Definition 2. [2] Let a:NxN—>R, be a function. If 7:N >N meets the
following conditions:

6)) a(z,hz) >1= a(hz,hzz) >1,forall 1eN;

(i) a(ng)=La(shy)=1= a(1,ny)=1,forall 1,7eN,
then 7 is called a triangular a-orbital admissible mapping.

Based on a certain understanding, below, we give the related concepts of 5-met-
ric-like-space.

Definition 3. [3] Let ¥ beanon-emptysetand s>1 bea given real number.

o :XxX—>R, isa b-metric-like, if it meets the following conditions:

(01) o(uy)=0=1=7y;
(0,) o(vg)=0(g.1),forall 1,7eN;
(03) (zy)>s[0'zz+0 Z]} forall 1,3,zeVN,
then (N,o) issaid to be a b-metric-like space.

Remark* [3] (i) If (N,0) isa b-metric-like, then the self-distance might not
be zero for some 1€ N;

(ii) Every b-metric is a b-metric-like, but the converse is not true in general. For
example, the readers can refer to [3].

Example 1. Let N={1,2,3}.Defined o:XxN—>R, by:

o(L1)=0(2,2)=0,6(33)=2;
o(L2)=0(2,1)=10;
o(13)=0(31)=3
o(3,2)=0(2,3)=30.

It is obvious that o is b-metric-like space with s=3. However it is not a b-
metric space, indeed, ©(3,3)=2=0.

Definition 4. [3] Let (N,0) bea b-metric-like space.

(i) A sequence {7,} in N issaid to be convergentto . if
!ma(zn,z) =o(1,1);

(i) A sequence {z,} in N is said to be a Cauchy sequence if m!E]TOC & (1)
exists and be finite;

(iii) (N,0) issaid to be complete if every Cauchy sequence {7,} in N con-

verges to some pointin N such that lim o (z,,2,)=0(%2)=limo(z,,2).
n—oo

Proposition 1. [3] Let (X,0) be a b-metric-like space. If {7} isa sequence
in N suchthat limo(z,,2)=0,then {7} hasauniquelimit ,.

Definition 5. [gTwLet (N,0) be a b-metric-like space and 7:NX—>N be a
mapping. We say that 7 is continuous at 1, if limo(z,,2)=0(2,2) implies that
lim o (s, hz) = o (i, ), for each sequence {znn?win N
"“Theorem 2. [11] Let (X,0) beacomplete b-metric space. If there exists a, <1
such that 7:N — N satisfying the following conditions:

(i) J(hz,h])ﬁﬂ(Mq(h,z,j,a))Mq(h,z,],a),for all 1,7eN;

(ii) 7 is continuousor a, <l or a,<1l,and
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G (ung)=

1

M (%,2,5,a) (a0 (19)' +a0 () +a0 (5,)' [ .a>0;

O'(Z,j)al U(Z, hz)az O'(j,h])a3 ,q=0.
3
where q>0, and a >0,i=12,3, with Zai =1, then % has a unique fixed
i=0
7

pointand {7} converges to some point

4 =h"(1,),forall neN.

in N, where {s,} isproduced by

Definition 6. [12] Let «:NXxX—> R, be a function. If for every sequence
{t,} in N suchthat a(z,,1,,)>1,forall neN and lims =, implies that
n—oo

a(1,,2)>1, forall neN,wesaythat N isregular with respectto o .
Let y:R, —[0,1) satisfying that limsupy(z,)=1 implies that lims, =0.
nN—o0

Theorem 3. [12] Let (N,0) be a complete metric space and /7:N —> N bea
mapping. If # satisfies the following conditions:
(i) n istriangular a-orbital admissible;
(ii) there exists 2, € N such that (2, 71,)>1;
(iii) one of the conditions satisfies:
(iii,) % is continuous,
(iliy) %° is continuous and a(h,1)=1 forall xeN with 7w,
(iiic) N isregular with respectto « ;
(iv) a(wg)d(m,ny)< ;/(C,f (z,j))C,‘f (2.), forall 2,eN,

and

a,0(1,7) +a,0(v,m) +a,0(5,1y) +a{ ,q>0;

o(5.hy)(1+o(2, hz))]q

1+o(1,9)

R e e IR

4
where q>0, 0<a <1,i=1234 with Zai =1, then % has a fixed point in
i=1

N

Definition 7. [13] Assume that (N, a) be a metric space. If the following con-
ditions are met:

(@ p(ng)<p(nz)+p(z,7) forall ,2,5eN;

(b) p(2,-):N—[0,0) islower semi-continuous for any e N;

(c) there exists 6>0 suchthat p(z,7)<& and p(1,z)<S imply
o(s,2)<e forany &>0,thena function p:XxX—[0,00) is called a w-dis-
tanceon N.

Lemma 4. [13] (N,o) isa metric space equipped with a w-distance p, {j,}
isasequencein XN ,and it satisfies that for any € >0, thereexists N_eN such
that p(g,,J,)<e (or mIE\Tw P(JnrJn)=0) for m>n>N, . Then {j} isa
Cauchy sequence.

Lemma 5. [13] Suppose that (X,o) isa metric space,and p isa w-distance
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on N,{7}.{z,} and {5} arethreesequencesin N, 7,z,2€N.
() If p(s,,z2)—>0 and p(y,,2)—>0,then z=1 In particular, if

p(7,2)=0 and p(72)=0,then z=x;
(i) If p(s,,2,)—>0 and p(g,,2)—>0,then z convergesto u;
(iii) If p(gy,2,)—0 and p(y,,2,) >0, then o (z,,2,) convergesto 0.
Definition 8. [15] Suppose that (N,c) is a b-metric-like space and a nonempty

set N, F(h) is the set of all the fixed point of mapping 7% and 7:N—>N is
a mapping. Define t by

v=inf {O'(z,hz):z # hz}.

(1) Acirdle C_, ={1eN:o(2,5)=t} in N is said to be a fixed circle of 7
ifandonlyif C_ F(n).

(2) Adisc D, ={1eN:0(1,5)<t} in N issaid to be a fixed disc of 7 if
andonlyif D, . F(n).

Definition 9. [16] A simulation function is a mapping ¢ :[0,00)x[0,00) > R
satisfying the following conditions:

(i) ¢(t,s)<s—t forall t,s>0;

(i) if (t,) , aresequencesin (0,00) such that limt, =lims, >0, then

n—o n—w

limsup¢ (t,,s

n’>n
n—o

)<O0.

3. Main Results

In the section, we present the main results by the following definitions.

n—o

Let B:R, - [O%j satisfying Iimsupﬂ(zn)zé implies that limz, =0. And

if r>0,then ﬂ(r)>0,where s>1.

3.1. Fixed Circle Result

In this part, we get a new fixed circle result through the new contractions.

Now, we present the definitions of fixed circle and fixed disc in »-metric-like
spaces.

Definition 10. Suppose that (N,o) isa b-metric-like space with a nonempty
set N, 7, isapointin N and «:NxNX—(0,%) isafunction. The mapping
h:N—>N is a1, -admissible if

a(19,2)21= a (1, )21, forall veN.

Inspired by the above results, in virtue of a- 1, -admissible mapping, we obtain
new fixed circle and fixed disc results in b-metric-like spaces.

Theorem 6. Suppose that (X,o) isa b-metric-like space with a nonempty set
N and a:NxN—(0,%) isafunction. If the mapping 7:X >N is a-1, -ad-

missible and satisfies
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a(zo,hz)a(z,hz) < ﬁ(C,‘j (2,20))C,‘j (z,zo), forall « eN/f(h), (1)

and

= |

q>0;
l+0'(z,zo) 17

a(zo,hzo)(l+a(z,hz))]q}

a0 (1,9)" +a,0 (1, )" +a,0 (19, 7y )’ +34{
G (Zvlo)=

ay
a 2 as [ 0 (%9, 7000) (1+ & (1, 72) )
ol(1,1) o(,m)? o1, ,q=0,
(o o o 2l O
where q>0, a >0,i=1234 with a +a,<s". In addition, o (¢,72,)=0
and a(1,2)>1,forall 1eC,_ ,then C_, isafixed circleof 7.
Proof. Suppose that there exists 1eC,_ such that ¢/ . And from (1),

o (19, 115) =0, a(1,2)>1,forall 1eC,  and % isa-1, -admissible, we obtain

U(’L, hz) < a(zo, hz)(f(z, hz) < ﬂ(C};‘ (z, @0))07:' (Z’ZO) < %C; (z,zo), @)
where
1
Gl (1) = I:aio-(Z’ZO )" +a,0 (1, hl)q}q , ifq>0;
0, otherwise.
Casel. q>0.
By (2), it follows that

1

o (1)< %[ala(z, %) +a,0 (1) }H :

Both sides of the above inequality are simultaneously raised to the g power,

and we get
o (i) <Siq[a10'(z,zo ) +a,0 (o) |
Taking account of the definition of t, we have
o) < [ac () +ac(ni)' | (a+ra)o ()
or

[1—5%(.31 +a2)}0'(z,hz)q <0.

This is contradictory with a, +a, <s°.
Case 2. q=0.

It deduces from (2) that
o(1,m)<0.
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This is a contradiction. So, in all cases, we have 1=7u, for all 1eC, .. The
proof is completed. U

Corollary 1. Suppose that (X,o) isa b-metric-like space with a nonempty set
N and a:NxN—>(0,0) isa function. If mapping 7:N—>N is a-1, -admis-

sible and satisfies
a(zo,hz)a(z, hz) < ﬁ(C,f (z,zo))C: (z,zo), forall z N/]—"(h),

and

N

alcr(z,zo)q+a20'(z,hz)q+asa(zo,hzo)q+a4( ,q>0;

o (19, 71) (1+ 0 (2, hz))}q

1 '
C;(l,lo)z +O'(Z ZO)

ay
" a 8 O'(Zo,hlo)(1+0(l, hz))
ol(,1) olr,h) o, ,q=0,
(115)" o (0, 10) 0 (1, g ) [ 1+ () q
where q>0, a >0,i=1234 with a +a,<s". In addition, o (¢),72,)=0
and a(1,2)>1,forall 1eD, ,then D, . isfixed disc of 7.
Proof. The result follows by a similar discussion method as Theorem 6. The

proof is completed. U

3.2. Fixed Point Results

In this part, we get some new fixed point results through some new contractions.
Definition 11. Let (N,0) be a b-metric-like space. A mapping 7:X -\ is
called an a-f-admissible contraction if there exists a function a:NxN—>R,

such that
a(z,])a(hz, hj) < ﬁ(C,f (z,j))C,f (z,]), forallz, e\, 3)

and

a |-

aia(z,j)q+a20'(z,hz)q+a30'(],h])q +a4[ ,q>0;

o (s h])(1+a(z,hz))Jq

o (’L,j)z 1+G(’L,j)

o (1) o(n,m)? o(3,h)° [U(j']?z(izzigz’ hz))] ' =0,

4
where q>0, a >0,i=12,34 with Zai:l.
i

Definition 12. (X,0) beacomplete b-metric like space with a w-distance p,

s>1. % is called an admissible S-¢-contraction if there exists a function
a :NxN—[0,0) such that

é’(a(z,j) p(hz, hj),,B(C,f' (z,j))C,f' (’L,j)) >0, forall +,5eN, (4)

and
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= |-

,q>0;

p(j,hj)(1+ p(z, hz))jq

pz,jq+ap@,hzq+ pj,hjq+a
sl oo v EC

G (ng)=

p(g,h])(l+ p(z,hz)) a4 B
1+p(z,j) j 9=0,

p(2)* p(nin)* p(J,hJ)ESL

4
where q=0, g >0,i=12,34 with Zaizl,

i1
Theorem 7. Let (N,0) be a complete h-metric-like space with a w-distance
p, s=1 and 7%:N—>N be anadmissible 5-¢-contraction. If the following con-

ditions hold:
(i) 7 istriangular a-orbital admissible;
(ii) there exists 2, €N such that o(z,72,)>1;

(iii) # is continuous;
(iv) a(n7)=1 forany o=,

then # has a unique fixed point 1 .
Proof. Step 1. we will get &(2,,2,,,) 21, a(2,,2,)=1,forall m<n,

!Tl p(lnllml) = 0’ lm p(Zn+l’Zn) = O .
From (ii), there exists 12, €N such that «(¢),717,)>1. Define a sequence

{t.} by 2, ="y, forall neN.By (i) and induction, it follows easily that

a(ty,t,,,) =1, forallneN (5)

and

a(ty,1,) 21, forallm<n. (6)
Case 1. There exists n, € N suchthat p (zno 'Zn0+1) =0<7.
)
If p(zno+l, 7’n0+2) =5 <900, then
p (zno ,zn0+2) < S[ p (zno ,zn0+1) +p (ln0+1, U2 )] =0 . Therefore, by (c) of Definition 7,
we have the limit of d (Zn0+l'ln0+2) <€, and taking the limits at both sides of the

inequality, we get U(anp Zn0+2) =0, so that 4, , =1, ., =7, ,,. When

n>n,+1,itisa constant sequence, whichis ¢, ,, or 7z, .,.Then

p(ln0+l, Zn0+2) = p(zn0+1| Zn0+1) = p(ln0+2,lno+2) =6>0.
Let 1=7=1,, in(4), we have
0< g(a(lnml' Zno+1) p(lno+2’ Xn0+2),ﬂ(cs (Z”o+1’ anl))cz‘? (Zn0+1' Zﬂo+1))
< ﬁ(c}‘? (ZnOJrl!7’n0+1))C7(1q (ln0+1'zn0+1)_a(zno+l’Zn0+1) p(Zno+2'Zno+2>'
It follows that

q q
p(lno+2 ! Zn04-2) < a(2n0+1’ Zn0+1) p(zno+2’7’n0+2) < ﬂ(ch (Zn0+l’ an—l))ch (Zno+l’ Zn0+1)’

)
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where
alp(ZnOJrl'ZnoJrl)q +a2 p(Zn0+1’ZnO+2) +a3p( n0+2’ n0+3)q
1
p(ZnOJrl’ n0+2) (1+ p( n0+1' n0+2)q) ’ 0
+a ,q>0U;
C; (Zno+l’zno+l) = ! 1+ p( n0+1' n0+1)q q (8)

& a
p (Zn0+17 ln0+l) p (Zn0+l’ Zn0+2 )

a3 p(lnoﬂl n0+2)(1+ p( tng+1> ”0*2))
1+ p( n0+1' no+1)

ay

p(zn0+1!7’n0+2) 'q :0'

that is p(zn0+2,zn0+2)< p(zn0+2,zno+2), it is a contraction. So p(z l ):0.

g+ g2
Continuing this process, we can get Iim p(zn,zml) =0. Similarly, we can prove
lim P(th.1:2,)=0. Case 2. p(1,1,2.,)>0.
Let 1=1,,)=1,, in(4), then we have
E(@(tntns) P (Bt 1.3, B(CF (10110.0) CF (1110)) ) 2O,
that is
P(tnatni2) < (tnrt02) P (s tn.2) < B(CF (10,200 ) CF (101 100)) ©)

where

Cf? (ln ’ Zn+1)
1

— |:a1p(7’nlzn+l)q +a2 p(lnllm-l)q +a3p(ln+l’ n+2) +a4p( n+1’ n+2)qj|a’q >0; (10)
p(l ZnJrl) p(?, Zn+1) p(/Ln+1'Zn+2)a3 p(lmli n+2) q 0

2

p ln+' n+ 1
By (9), we have ﬁ < ﬁ(C,f (zn,zml)) <3 Then

%<1—|ImSUpM<“mSUpﬂ( (Z Zn+l))<

n—o rl ( n+1) n—oo

mIH

Then, we can get r|1I_rl10 C (2:2,.1) =0 by definition of A, and so
!m P(2,2,,)=0. By the same way, we can get !m P(2,1.2,)=0.
To sum up, we have
!ﬂl P(t:20.) =0,
lim P(ti1:1)=0.
Step 2. we suffice to prove that !m P(t,2,)=0.

Suppose on the contrary that there exist ¢ >0 and two sequences
{zn(k)} ,{zm(k)} such that
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p(zn(k),zm(k))ZE and p(zn(k),zm(k)71)<e, (11)

where m(k) > n(k). Then

p (ln(k) , Zm(k)) < 5[ p (Zn(k) . Zm(k)—l) +P (zm(k)—l’ Un() )}

(12)
<s [e +p (Zm(k)—l’ Ik )J
By the triangle inequality, we have
P (st ) < 8| P (tyar )+ P (1 g ) (13)
Taking the limits on both sides of (13), and combining it with (12), we can get
lim p( 2, +1,zm(k))s s, (14)
and
e< p(zn(k),zm(k)> s
15
< 3[ p (Zn(k) v Zn(k)+1) +p (Zn(k)+1’ Un(k) ﬂ
€
Then, 3 < [ p (Zn(k) , Zn(k)+1) +p (Zn(k)+1’ Um(i) )J and
€ ..
—<limsu 7 2 <s? 16
s n_mpp( k)i ()) & (16)

Let ©=1,4), J =1y in (4), where n(k)<m(k)-1 and by (6), it follows

that

0< éy( ( (k)1 tm )71) p(hln(k)’hlm(k)—l)’ﬂ(cf? (zn(k)’zm(k)—l))chq (Zn(k)’lm(k)—l))

(17)
< ﬂ(crf (ln(k)’zm(k)—l))cfg (ln(k)’zm(k)—l)_a(ln(k)’Zm(k)—l) p(mn(k)lmm(k)_l)-
Then, we have
(g Pty 1) = Pty )<ﬂ(Cq( )_1))(:;(@n(k),zm(k)_l), (18)
where
C;(Zn(k)’zm(k)—l): alp(Zn(k)’Zm(k)—l) +a2p( k+1) +a3p( (k))q
1
va, p(lm(k)—l’zm(k))(l_'_ p(zn(k)’zn(k)ﬂ)) i
1+ p(zn(k),zm(k)fl)
(19)
<| e’ +azp( k+1) +a3p( (k))q
1
+a, p(l -2 k) )(1+ p( k>+1)) q q,q>0;

1+ p(zn(k)’zm(k)—l)
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Cf?(zn(k)'zm(k)—l): p(zn(k)’zm(k)—l)al p(Zn(k)'Zn(k)+l)az p(Zm(k)—l’Zm(k))aS

p(zm(k)—l’lm(k))(l_'_ p(ln(k)’zn(k)ﬂ)) X
1+ p(zn(k)’zm(k)—l)

(20)

yq=0'

Taking the upper limits in (19), we have

IimsupC;(zn(k),zm(k)fl)s ae<e. (21)

k—0

Now, we take the upper limits on the both sides of (18), that is

limsup p (zn(k)ﬂ, Zm(k)) <lim supﬂ(C,j‘ (Zn(k) , zm(k)fl))c,? (Zn(k)’lm(k)—l)'

k—o0 k—o0

By (16) and (21), thus it can be seen that

% <lim sup/J’(Chq (Zn(k)’lm(k)‘l)) =

k—

1
gl
and then

lim supﬂ(c,j (Zn(k)’lm(k)—l)) = %

k—0

By definition of [, we can get
1M G (1)t 1) = 0- (22)
Indeed, taking in (20), (22) hold. Taking the limits in (19), by (22), we can get
1M p ()2 1) = O (23)
By (o;),we have

e< lll_To p(zm(k) , zn(k)) < IEEEIOS[ p(zn(k),zm(k)_l) + p(zm(k)_l, zm(k))J =0.

This is a contradiction. Therefore, {2,} isa Cauchy sequence.
Step 3. We prove the existence of fixed points.
Since (N,o) is 7 complete, there exists 7 €N such that lim¢, =7 . And

n—o0

by (iv), we have

v =lima,,, = lim#u, =hlime, =h (24)
n—o n—o

N
The proof is completed. U
Theorem 8. When the condition (iv) is removed in Theorem 7, it can also be

proved that 7 has a fixed point 1 .

Proof. Since rllm P(2),2,)=0, for each &>0, there exists N, N such that

(2,2, ) <& forall nm>N,.As 4, —2 and p(z-) is lower semicontinu-
ous, we get

0< p(zn,z*)éliminf p(zn,zm)ﬁé‘. (25)

Taking the limits on both sides of (25), we obtain
lim p(z,,17)=0. (26)

n—o
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Next, we will prove that lim p (zn , hz*) =0. It can be divided into the following
n—o

two cases.

Case 1. p(zm, hz*) >0.
Suppose that there exists n, such that p (Znow z*) =0<J,and
hz*) <&, it says that

p( ot *) =8>0, by (c), we can conclude that d (z*,
v =h L If p(zn,z*)>0 forall neN,
0< é’(a(zn,z*) p(hzn,hz*),ﬁ(c,f' (zn,z*))Ch“’ (zn,z*)) o
B ) )l

(
hatis () o () <A(G (1)) 1) er

1
q

* q
i (100)= aip(zn,z*>q+azp(zn,hzn)q+a3p(f,hf)+a4[p( h1%+)|(01(:PZEZ)n'th))J .(28)

Then, we can conclude that

I|m p( (N ):0.

Then, p(zn,hz*) P (21201 ) + p( Uy 1 ), that is rlmjo p(zn,hz*)zo. By (i) of

Lemma 5, we have
N .

1 =h .

Case 2. p( Ty 11 ): 0.
This is easy to prove the above results. The proof is completed. U

Example 2 Let X =[0,1) be endowed with the usual metric (1, ) :TJ ,

andlet p(e,7)=20(z,7) for 1,7eN. 7 isa mapping defined as follows:

, if ZG[O,EJ;
4

otherwise.

h(z)=

Alw o

Take (1) and «(zy) asfollows:
1 .
ﬁ(l): 2—+Z, if ’LE(O,].);

0, otherwise.

and
1+, if Z,j€|:0,§J;
al(vg)= 4
0, otherwise.

It is obvious that (N,o) is a complete b-metric-like space with s=2. Let

& :3, a,=0 and a +a, :2—7. Now we show that 7/ is an admissible hy-
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brid Geraghty contraction. Indeed,
(i)if ¢=7=0, p(7,hy)=0, then (4) holds clearly.

(ii) if z,je[o,%j with 1#7 or z,ye[O,%J with 1=,

a(v,9) p(he,hy) =(l+z)%g?4l

1 /27
L)
3i/;(z+)

< ,B(C: (z,j))i/g(zﬁyf +a2p(z, hz)3 +asp(j,hj)3
=B(C (1.2))C; (1.2).

(i) if ze{o,%] , ]e[o,%j or ye[O,%) , ze[O,%) , then a(s,7)=0,
that is (4) holds.
In all cases, (4) is satisfied. Thus, % is an S-{ contraction and it satisfies all

conditions of Theorem 7. So % has a fixed point 7 =0 such that 7(0)=0.
Theorem 9 Let (N,0) be a complete h-metric-like space with a w-distance

p,and 7:%—N beanadmissible hybrid Geraghty contraction. If the following
conditions hold:

(i) n istriangular a-orbital admissible;

(ii) there exists 2, € N such that o(z,72,)>1;

(ili') A? is continuous and a(h,1)>1 forany 1€ Fixh2 (&);

then 7 hasa fixed pointin .

Proof. Following the proof of Theorem 7, we attain {4} isa Cauchy sequence
and there exists 2 € X such that (24) holds. By (iii'), it deduces easily that

lims,,, = lima%, =#°limey, =h*7 =7

n—oo nN—o nN—o
If W #%.Let 1=h7r, =7 in (4), by (iii'), it follows that
0<¢(a(nz,7) p(n°T,17), B(C (hT,7))C3 (1T,T))

<p(C (n7,7)) G (n7,7) - e (h7,7) p(°T, 1T ) (29)

<G (nr,7)- p(W°7,17).
When q>0, then

Gl (e, 7)=p(7,h).
This is a contradiction. So %7 =7 , thatis, % has a fixed point.
When =0, the same result can be proved. The proof is completed. U
Theorem 10. Let (N,0) be a complete b-metric-like space with a w-distance
p,and 7:X—N beanadmissible hybrid Geraghty contraction. If the following
conditions hold:

(i) 7 istriangular a-orbital admissible;
(ii) there exists 2, € N such that o(z,72,)>1;
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(iii") (N,o) isregular,

then # has a fixed point.

Proof. Similar to Theorem 7, we can also get ¢ =72 . The proof is completed.

O

Remark* We can get the same result, if (iii") replaced by the following condition:

(iii"") N isregular with respectto « and a, <1.

We provide sufficient conditions for the existence of fixed points of 7 in The-
orem 7 (rep., Theorem 9, Theorem 10), but it can’t guarantee the uniqueness of
fixed point by Examples 2. Now in order to assure the uniqueness of fixed point,
consider the following condition:

(iv) for all +,5e F(h)= a(1,7) =1, where F(h) is the set of fixed points of
h.

(v) a =1,where a,=a,=a,=0.

Theorem 11. Adding (iv) and (v) to the conditions of Theorem 7 (rep., Theo-
rem 9, Theorem 10), we can obtain the uniqueness of the fixed point 7 of 7.

Proof. We prove the uniqueness of fixed points.

For 7,5 ,2 eV, let Z*,j*,Z*Ef(h) and " #7 #2 . Let 1=¢,3=3 in

Theorem 7 and then p(z*, ]*) <p (z*, ]*) , this is a contraction, so p(z*, ]*) =0,
take the same method, we have p(z* Z*) =0,then ;" =z . Furthermore,
R
The proof is completed. U

3.3. Application to Differential Equations

Consider the two-point boundary value problem of the second-order differential

equation:

(30)
1(0) = z(l) =1,

where f: [0,1] xR — R is continuous. The boundary value problems (30) is

equivalent to the following integral equation:

1(t)= j:ej(t, s) f (s,z(s))ds, forallte[0,1]. (31)

The Green function associated to (31) is defined by

®(t,s)= t(1-s), ifo<t<s<l;
7 s(1-1), ifo<s<t<l.

Let o:C ([0,1],R)><C ([0,1],R) — R be a function defined by
OME tsg)lg](IZ(t)l b)), (32)

where C ([0,1],]R) is the set of all continuous real-valued functions defined on
[0,1] and p>1. It is easy to see that (C ([0,1],R),G) is a complete H-metric-
like space with s=2"".Let #:C ([0,1] , R) —-C ([0,1] , ]R) be a mapping defined
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by
f(t) :j;Qﬁ(t,s) f(s.2(s))ds, forallte[0,1]. (33)

Suppose that the following conditions hold:
(i) there exist a function {:RxR—>R and a €[0,1],i=12,34 with

4
> a =1, a;+a, <1 such that

i=1
1

| (t2(0))]+| £ (t,](t))|<8{M)2)1]p :

20t +‘ﬁ(z,] 2

for all Z,jEC([O,l]), t[0,1], with /,“(z(t),](t))>0,where

N(ng)=a,p(n1) +a,p(um) +a,p(s.5)° +a4( p(]'hljz(;a,pj()ll hl))J ;
(ii) there exists 1, (t)eC([O,l],]R) such that g’(zo (), 7z, (t))>0, for all

te [O,l];
(iii) for all te[0,1], if {zn} is a sequencein C ([O,l],]R) such that
limy, =2 and ¢ (23,2,,)>0,forall neN,then ¢(4,,2)>0,forall neN.
Now we prove that existence of a solution of the above mentioned second-order
differential equation.
Theorem 12. Under conditions (i)-(iv), (30) has a solution in C ([O,l],]R) .
Proof. It is well known that the solution of (30) is equivalent to the fixed point
of i in(33). Assumethat ¢,7eC ([0,1] , R) such that g(z(t) , j(t)) >0, forall
te[0,1], andlet p(z,7)=d (2 7). By (i), we get that

(|hz(t)|+|hj(t)|)p=( ' f(s,z s)) dS‘+UO1®(t,S)f(S,j(S))dS‘)p
(j &(t, s | | (s.a(s ))|)ds)p

s)ds —m(w)z
(J olto)e ) P+, ])1

o =
<sup('[ @ t,s ds)p%“])z1
te[0.1] 2p71+m(l,j)5

<i 8*"31(1,])5

- 1
g 27 4 N ()2

1
<)

2 4 ‘ﬂ(z,j)E

a@,j):{l’ ¢ ((t).0(1)) >0

0, otherwise.
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We can attain that
1 1
a(1,7)p(he,hy) < ,8(‘]1(2,])2)‘31(1,])2, forall 4,5 ¢ C([O,l],]R).

Thus, 7 isan f-¢-contraction. It is obvious that there exists 1, (t) such that
a(zo (t), 7, (t)) >1 by (ii), (iii) and the definition of « . In addition, by (iv), if
{1} isa sequence in C([0,1],R) such that lims, =2 and a(ty,,,) 21 for
all neN,then a(q,,2)>1,forall neN. 7 satisfies the all conditions of The-
orem 10, so (30) has a solution on C ([O,l],]R) . O

4. Conclusion

In this article, we firstly obtain some fixed circle result of a- ¢, -admissible map-
ping in b-metric-like spaces. Secondly, with the help of w-distance p, the new
fixed point results are obtained. Finally, we give some examples to show the va-
lidity of our main results and apply our main results to the second-order differ-
ential equation. In addition, on the one hand, fixed point theory is an important
component of nonlinear functional analysis theory, it is applied to multiple field,
especially in the problem of the existence and uniqueness of solutions to various
types of equations, for example, nonlinear functional differential equations, non-
linear Volterra integral equations. On the other hand, the fixed points of a neural
network were determined by the fixed points of the employed activation function.
So, in the future, we can use the fixed disc and f-{-contraction results obtained in

this paper to judge whether some activation functions have fixed points.
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