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Abstract

In this paper, a spacecraft system is investigated. The system is formulated by
partial differential equations with the initial and the boundary conditions. The
spectral analysis and semigroup generation for the system are employed and
discussed in the appropriate Hilbert spaces, and some exponential stability-
type results are obtained. Finally, a significant optimal energy control is pro-
posed, and existence and uniqueness of the optimal energy control are demon-
strated. Eventually, an approximation theorem for minimum energy control
is proved in terms of semigroup approach and geometric method.
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1. Introduction

The problem of modeling and control of large flexible spacecraft has been a sub-
ject of considerable research in recent years. In general, a spacecraft system con-
sists of a rigid bus and several flexible appendages, such as long beams, solar pan-
els, antennae, etc. The flexibility of various components of the spacecraft intro-
duces many unforeseen complexities in the process of system modeling and con-
troller design. To ensure satisfactory performance, it is essential to take into ac-
count the distributed nature of the flexible members.

The most natural model for a flexible spacecraft could be given by a hybrid sys-
tem, Ze. a combination of a finite-dimensional model for the rigid parts, and an
infinite-dimensional model for the elastic parts. However, in the commonly used
approach of modeling the dynamics of the elastic parts are approximated by con-

sidering some finite number of modes. The mechanical system, such as spacecraft
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with flexible appendages, or robot arm with flexible links, can be modeled as cou-
pled elastic and rigid parts. Many future space applications, such as the space sta-
tion, rely on lightweight materials and high performance control systems for high
precision pointing, tracking, etc., and to achieve high precision demand for such
systems, one has to take the dynamic effect of flexible parts into account. Thus,
over the last decades there has been a growing interest in obtaining new models
for the design, analysis, and control of the research in this area. A wide list of
contributions in this area can be found in the literature [1]-[12].

Let us consider a spacecraft dynamic system descripted by partial differential

equations with the initial and free boundary conditions as follows:

T T8 Py

ot? otoxt ox? ox?
oy (x.t) 0 *y(x.t)
o |, "W e

ox?
oy (xt)
ot

=0 (1.1)

x=0,l

y(%.0) =, (x),

x=0,1

=y, (X)

t=0

It should be noted that the beam equations discussed in [1]-[5] are different
from the system (1.1) above, because system (1.1) stands for the typical beam
equation of a flexible spacecraft that has two free ends, where Y ( X, t) is the trans-
verse displacement of the point X and at the time t, | is the length of the
beam, p(X) isthebending rigidity at the point X, f(t,y) representsthe con-
trolled moment of the system.

Since the motion of elastic parts is usually described by a set of partial differen-
tial equations with appropriate boundary conditions, and the motion of the rigid
parts is described by a set of nonlinear ordinary differential equations. Hence, the
motion of the rigid parts coupled with the elastic parts is described generally by a
set of coupled nonlinear ordinary differential equations and partial differential
equations. We are going to investigate the hybrid spacecraft system later in other

articles.

2. Spectral Analysis and Semigroup Generation

Suppose that p(x)eC?[0,1],and 0< p, < p(X)<p, <+, where p, and P,
are constants. Now, we take L [O, I] as a state space, with the inner product and

norm as follows:
(f.9), =] f(x)a(x)dx, f,gel?[0,1]
[£[2 =[] £ (%) dx, £ e L2[0,1] (2.1)
Let H,=span{lx}, then L*[0,I]=H,®H,, where H, is the orthogonal
complement of H; in L?[0,1]. Suppose P, is the projection operator on H,

and | —PF is the projection operator on H,, and so the system (1.1) can be re-

written as follows
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*y(x.t)
6.t2 = Plf (t' y)

2.2
ay(xt) (2.2)

y(x,0) =P, o =Py,

t=0

It is clear that the solution of (2.2) can be described as

y@ (x,t) = &, +a,x+agt +a,tx (2.3)

where @&, &,, 8 and @, aredeterminedby Pg,, Ry,,and Rf(t,y).

Consider the system (1.1) in H,, we have

Oy(xt) 5SY(X’t)+8_2[p(X)M]:(|_a)f(t,y)

a7 oo ok ox2

) 2y L)

v =0 (2.4)
y(x0)=(1-P)p,,

x=0,1

-0

If we denote the solution of (2.4) by y(z) (x,t) , then the solution of system (1.1)
can be described as

y(x,t)=y? (x,t)@y® (x,t) (2.5)

It should be noted that the form of y® (x,t) is ready from (2.3), and

y? (x,t) will play a key role in order to investigate the solution of the system

(1.1).

We now define the differential operators A and T as follows:
Ap=(p(x)¢"(x)) .o <D(A),

D<A>={¢|coeHz,co”<o>=<o"<l>=o,(p(x)w")’ :o,(p<x)w"(x>>"eHz},
Te=n¢"(x),9eD(T),D(T)=D(A).

It can be seen from the definitions of A and T that H; =span {1, X} is the

null space of A,andboth A and T are positively defined self-adjoint opera-

torsin H,, and there is the greatest positive number A such that

(Ap.0), 2 Aol = D(A). (2.6)
It is easy to show that
Porcpcby 2.7)
n n

Integrating by parts with the definitionsof A and T aswell as the boundary

conditions, we have

DOI: 10.4236/jamp.2025.135100 1791 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.135100

G. Hou, X. Z. Hou

It follows from the inequalities 0< p, < p (X) <p, <o that
| — |
o, " ()9 (X)dx <(Ap,0), < B[ 0" (x) o (x)dx

That is,
polle’lls < (Av.0), < bl -

Similarly, we have
(To.o), =(ng™ o), =(ne". @), =(n0".0"), = n|¢'|,

and
1
. = {Te.0),

Hence,

0

<£T(p, ¢7> <(Ap,p), < <&T¢, ¢7>
n . n

and therefore,

Porcachy
n n

We can rewrite in terms of the operators A and T the system (2.4) as fol-
lows:
d? d
8V E1y)+ay=(1-R) f (Ly)

dt?  dt
y(0)=(1-R) g, dyf;t('t)

(2.8)
:(I - Pl)l//o

t=0

Let us now introduce a Hilbert space H =H, xH, equipped with general in-

ner product. Set

2 3 dy
= Ly, =A%y y =2
y { } Y1 Y, Y2 at
1
A? :
a=| ° ,D(A):D(N]xD(A),

F(t,y){(._a)of(t,y)}’ Yo = {yl((?)))} [Af(l I)D)%]

Then the evolution Equation (2.8), or original system (1.1) is equivalent to the

following first order evolution equation

d
):i(t -4y F (L) (29)
y(0)= Yo

and the corresponding equation if given by
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0
y(O) =Y

Theorem 2.1 The linear operator A in the system (9) is the infinitesimal gen-

(2.10)

eratorofa C, semigroup T(t) satistying
[T (t)|<Me (t=0)

where M and 6 are the positive constants.

To prove the Theorem 2.1, we shall first prove the following lemmas.

Lemma 2.1 If A is a complex number with ReA>0, then (12 +AT + A)f1
exists and is bounded.

Proof. It is obviously true for A=0.1If A#0, for any XxeD(A), let

A=oc+ir, 0>0.Wehave
1
<(/1+T +—ij,x>
A

H(/HT +£ij
A

ol + (7% ()i e~ ()|

=

> (Tx, x) > a)||x||2 ,

where @ >0 is the smallest eigenvalue of T .
Since Xe D(A) , it can be seen that

<(/1 +T +%Aj X, x> = o-||x||2 +(Tx, X) + 20 - AX, X)
o

+7

+i[f||x||2 T <Ax,x>]

2 2
o +7

and
Re<—(/1 +T +%Aj X, x> < —(Tx, x) < —a)||x||2 )

It follows that the numerical range of —[}L +T +% A)
1
V[—(/1+T+—AD
A
1 1
=a- /1+T+EA X X):[x|=1xeD /1+T+EA

g{MRe/’LS—a)}.

This implies that Oe p(—(l +T +%AD (see [9]), and so

-1

Oe p(ﬂz +AT + A) . Thus, (/7.2 +AT + A) exists and is bounded.
Lemma 2.2 If A is complex number with Re1 >0, 1#0.

1

1 -1
(% + AT+ A 2TA 2 j exists and is bounded.
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1
Proof. First, it should be noted that A 2TA 2 can be extended to a bounded

linear operator on H,, forevery xeH,, A=c+ir, 20. Since

1 1
X = LiaAt e AITAE [x X
A

1 1
g . ||x||2 + a<A’1x, x> +<A2TA2x, x> +i [Gz_frz ||x||2 +7 <A’lx, x>}

1 o1
[E+AA‘1+A 2TA ij

o’ +r

v

1
_ﬁ"x”2 +o-<A‘1x,x>+<A 2TA 2x,x>2%||X||2,

1 N
Z+AA71 + A 2TA 2 is invertible. We also see that its image is dense in H,. In

fact,if y,eH,,and

1 1
<(%+1A‘1+A 2TA 2Jx,y0>=0, xeH,.

AL
Noticing that %+ AAT+A 2TA 2 s self-adjoint, we have

1 1
<x,(%+/1A1+A 2TA 2Jyo>=0, xeH,

1 1
Since %+/1A’1+ A 2TA 2 is invertible, Yy, =0, and therefore the range of

R EE
(%+ AAT+ A 2TA ZJ is dense in H,. Thus, (%+ AAT + A 2TA ZJ exists
and is bounded.
Lemma 2.3 If A iscomplex number with ReA>0, A =0, then resolvent of
A can be expressed by
1oyt RS T
I—i2 i2+A’1+£A2TA2 1 i2+A’l+lA2TA2 A2
1 AT A A Al 4 A
R(A,A)=1
Al 1 i1 1 1oyt iy 1 toyt o
—=A? S+AT+ACTA 2 A2l S+AT+=ATAZ| A?
A A A A A
Proof. We know from Lemma 2 that R (/1, A) is a bounded linear operator on
H that expression of R(4,4) can be obtained by a direct calculation.
Lemma 2.4 If A iscomplex number with ReA 20 and A #0, the family of
the operators with the parameter A

1 1\1
F(ﬂ)=%£%+ A’1+%A 2TA 2}

1 N
=(Z+/1A1+A 2TA ZJ

is uniformly bounded.
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1 1\1
Proof. Let Z, :(%+/1A1+ A_ZTA_ZJ X, XxeH,, then {|Z,]} is bounded

forall A.Otherwise, thereisa A, such that

tim [z, =+

Considering the inner product of the sequence Y, = Zl/"Zi " with A=0o+ir,

1 B
[;+/1A1+A TA ZJyl,yA

EE
= 20- 2 +O'<A1y/1,y/1>+<A TA 2y4,y2> (2.11)

we have

o +7

+i[62_+:2 +r<A’lyﬂ, ylﬂ.

Obviously, the real part of the right hand side (2.11) is greater than 750,0n
Po

the other hand

A1
lim 1+/1A‘1+A 2TA 2 |y, = lim ——=0,
k| A Ao "2/1"
in which the contradiction occurs. Hence, {"Z a"} is uniformly bounded for
every Xe H,,and the result of this lemma turns out by means of the Principle of

Uniform Boundedness.
Lemma 2.5 If A iscomplex number with Re 120, A #0, thereisa ;>0

-1
such that it |/1| > Ay, then [% +TA Y+ 2 Alj is uniformly bounded.

Proof. For every Xe H,, it is easy to see that

2

(%+TA‘1 +1A‘1jx

= <(%+TA1 +1A1) x,(%+TA1 +1A1) x>

_ ﬁ"x"z At

(2.12)
2 A+ Z(TA N A+ A (A TA )

# (TR (T ) + [T

> () TA )+ Z(TA )+ [T

Since TA™ isbounded, thereisa A, >0, such that if |/1| > 4y, the right hand
side of the above inequality

2(xTA )+ (1A T 2 Ak 2 e
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where &, >0, and the last inequality is due to the invertibility of TA™. Tt follows

from

H(£+TA1 + iAlj X
A

=25, (2.14)

Hence, (% +TA  + ﬂAlj is invertible.
Next, we shall show by contradiction that the range of (%+TA1 +1A1j is

dense in H,. If the range of (/1 +TA + AA j is not dense in H,, thereis a

Yo€H,, Y, #0 such that

<(%+TA‘1+/1A‘ljx, y0>=0, xeH,

<(§+T +;t) Y, yo>=0| yeD(A)

This implies that,

where y=A"xX.

In view of the Lemma 2.1, (% A+T +/1j_l is a bounded linear operator, and
itrangeis densein H,.Itfollowsthat Y, =0, thiscontradictsthat Y, #0.Thus
the range of (%+TA1+2A1J is dense in H,. If |A|>4,, ReA=0, for a

fixed XeH,,let
1 -1
z, :(Z+AA1+TAIJ X, 4] = 4

then it can be shown that {"Z z"} is bounded. Otherwise, there is a sequence
{2,} with |4|24,,and Re, >0 such that

lim|z, | ==
and
[1 + A, AT H+TA jZ X 50, nsw. (2.15)
Z 2] Tl

Let y, = Z/1n /"Zjﬂ ” . It follows from (2.14) that

(1+TA +A4,A" J
ﬂ’n

which contradicts (2.15). Hence {"Z 2 ||} is bounded, for every X e H, . It follows

°||yn||-—

-1
from Principle of Uniform Boundedness that (%+/1Al +TA1j is uniformly

bounded for |ﬂ| >/, and ReA120.
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Lemma 2.6 Under the condition of the Lemma 5, if |/1| >1,, ReA20, the
family of operators with A

21 1 L 1 o 1 1 -1
AZ[?'FA:L‘FzA ZTAZJ A2=[7A+ET+IJ

is uniformly bounded.
Proof. If |ﬂ| >/,, ReA2>0, we have from the Lemma 5 that

-1 -1
(%A+%T+I] :A‘l(%+%TA‘1+A‘1j .

Thus, the result of the Lemma 6 is concluded by virtue of the Lemma 5.
By virtue of Lemma 2.1 - Lemma 2.6, we can now prove Theorem 2.1.

Proof of Theorem 2.1. Since

~A2 T

where A and T are positively defined self-adjoint operators, we can easily ver-
ify that (i,A)* =iA. It follows from the celebrated Stone Theorem in [13] that
A is the infinitesimal generator of a C, semigroup T(t) on H . On the

other hand, we can see that O e p(A) by a simple computation gives us

R S|
L |-ATTAZ A
A7 = : .
A? 0

If ReA>0, A#0 we can show that the resolvent R (/1, A) of A satisfies

||R(/1,A)||s|'w7|, 1<M <o (2.16)

In fact, we have seen from Lemma 2.3 that R (/1, A) is an analytic function of
A on the right half complex plane. According to the analyticity of R(4,.A4), it
suffices to show that if |/1| >%,>0, ReA>0, then ||R(/1,A)|| < % However,
this can be easily obtained by Lemma 2.4 to Lemma 2.6.

Since p(A)>{A|ReA>0} and p(A) isanopen seton the complex plane,
there is a constant € >0 such that

o(A)c{A|Red<—¢}

and therefore we can conclude from the stability theorem of analytic semigroup
[14] and [15] that there is a constant 6 >0 such that

[T (t)|<Me™ (t=0).

The proof of Theorem 2.1 is complete.

3. An Optimal Energy Control

In this section, let us discuss an optimal control problem of the following system:
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Yy Bu((v(0).0)

Y(O) =Y

where both state space H and control space ) are Hilbert spaces, the state

(3.1)

function y(t) on [O,T] isvaluedin H, A is the infinitesimal generator of
a C,-semigroup S (t) , t>0. B isabounded linear operator from
L2 ([O,T] : y) to L2 ([O,T] : H) , u (y(t),t) is a control of the system.

In this section, we shall discuss a specific optimal control, that is, the minimum
energy control of the system (3.1). We know that the minimum energy control in
an abstract space is, in general, the minimum norm control. So, from mathematics
point of view, the existence and uniqueness of the optimal control are essential. If
these are true, then how to obtain the optimal control is a significant problem.
The main content of this paper is to solve these essential and significant issue.

From the theory of operator semigroup, we see that for every control element
u (y() ’ ) cl? ([O,T] : y) , the system (3.1) has an unique mild solution

y(1)=S(t)yo+ [ S(t-5)B(u(y(s).s))ds (3.2)
let ¢() bean arbitrary elementin C([0,T],%), and
o(t)-S ()Y, _j;s(t_s)zsu(y(s,s))dsu,
define the admissible control set of the system (3.1) as follows

U, :{u eL([T]Y):(0)-5(t)y, —j;s(t-s)zsu(y(s),s)usme} (3.3)

P= infueLz([O,T],y)

where ¢ is any positive number.
It can be seen from (3.2) that U, is not empty and contains infinitely many
elements relatedto ¢ and ¢.The minimum energy control problem is actually

to find the element U, satisfying

o] = min{Juf:u U, | (3.4)

where U, is said to be a minimum energy control element.

Lemma 3.1 The admissible control set U, defined by (2.2) is a closed convex
set in Hilbert space |* ([O T]: y) .

Proof. Convexity. For any U;, U, €U, and areal number 41, 0<A<1,it

is easy to see from (2.2) that

Hq;(t)-s(t)yo-j;s(t-s)zsui(y(s),s) <pte i=12 (3.5)
and hence
lo(1)-5(0)yo=[;5(t=5)B(2u(y(s) ) +(1-2)uy (¥(5).) o]
<2lp(t)-5(t)y,-[;(t-5)Bus(y(s) ) (3.6)

+(1—/1)Hgo(t)—8(t) Yo |1 S (t-s)Bu, (y(s),s)dsH.
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Since Au,+(1-A)u, e ([O,T];y) , it follows that AU, +(1-24)u, €U, , this
implies that U,, isa convex subset of L ([O,T ] y) .

Closedness. Suppose {un} cU,, and lim___|u, —u*||=0. It can be shown

that U €U, . In fact, from the definition of U_, we see that
H(p(t)—S(t)yo—ﬁS(t—s)Bun(y(s),s)ds”ﬁp+e, n=12,

Since S (t),t >0 isa C,-semigroup in Hilbert space H, there is a constant
M >0 such that sup ||S (t)" <M . On the other hand, since Y(S) is differenti-

0<t<T

able on [O,T] , it is continuous on [O,T] , and hence {y(s):SE[O,T]} is a
bounded set in L2 ([O,T] : y) . Thus there is a constant N >0 such that
||Bu(y(s),s)||s N (0<s<T) and

Hgo(t)-s(t)yo-j;s(t-s)gu*(y(s),s)dsu
g”(p(t)—s(t) yo—j;un(y(s),s)Bu(y(s),s)dsH
{35 (t=9)B[u, (v(s).5)-u (¥(s)5)]

-NT

(3.7)

u, —u

<p+e+M

Letting n— oo leads to
Hgo(t)—s(t)yo—J';S(t—s)Bu*(y(s),s)dsHSp+e.

Thus, U €U, ,and U, isa closed set. The proof is complete.

Theorem 3.1 There exists an unique minimum energy control element in the
admissible control set U, ofthe system (1.1).

Proof. Since L2 ([O,T] : y) is a Hilbert space, it is naturally a strict convex Ba-
nach Space. From the preceding Lemma, we have seen that U,; isa closed con-
vex set in L2 ([O,T]:y) , it follows from [13] that there is an unique element

Uy €U,, such that

o] = min {Juf:u €U }

According to the definition (3.3), U, isjust the desired minimum energy con-
trol element of the system (1.1). The proof is complete.

Finally, we shall show that the minimum energy control element can be ap-
proached.

Theorem 3.2 Suppose that U, is the minimum energy control element of the
system (1.1), then there exists a sequence {un} cU,, such that {Un} converges
strongly to U, in *([0,T]:Y), namely,

lim|ju, —u,[| =0

n—ow

Proof. Let {un} be a minimizing sequence in the admissible control set U,
then it follows that

ol < u]ls n=2.2,- -
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and

lim, .. u,||=inf {Ju]:ueU,} (3.9)

It is obvious that {Un} is a bounded sequence in L ([O,T];y), and so there
is a subsequence {unk} of {Un} such that {unk} weakly converges to an ele-
ment § in L2 ([O,T];y) (see [16]).

Since U, is a closed convex set in L ([O,T];y) (see Lemma 3.1), we see
from Mazur’s Theorem in [17] that U, isa weakly closed setin L* ([O,T] : y) ,
thus UeU,, . Combining (3.2) and employing the properties of limits of weakly

convergent sequence on norm yield

inf {Juf:ueU,,} <[d]< llTn; Uy | = lim Ju, | = lim u, || =inf {lul;ueu,y}.(3.10)
Thus, we have
lim, _,,, |u, | =[d] (3.11)
and
laf = inf {Ju]:ueU,q}. (3.12)

Since {unk } is weakly convergent to U, it follows from (3.4) that {unk } con-
verges to . Therefore, we see from Theorem 3.2 and (3.4) that U=uU,, namely,
U is the minimum energy control element. Thus, {unk} strongly converges to
the minimum energy control element in L? ([O,T] : y) . Without loss of general-
ity, we can rewrite {unk} by {Un} , then the conclusion of theorem is now ob-
tained.

The Theorem 3.2 points out that the minimum energy control element can be
approached by a weakly convergent sequence in the control space, which provides
the theoretical basis of approximate computation for finding the minimum energy

control element.

4. Conclusion

In this paper, a flexible spacecraft dynamic system formulated by partial differen-
tial equations with initial and boundary conditions is investigated in terms of
spectral analysis and semigroup of linear operators. Several significant results with
exponential stability-type are obtained. Based on the results derived from spectral
analysis, a significant optimal energy control strategy is proposed, and existence
and uniqueness of the optimal energy control are demonstrated. Eventually, an
approximation result for a minimum energy control is proved by semigroup ap-

proach and geometric method.
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