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Abstract 
In 3M continuum theories, micro deformations greatly influence macro de-
formation physics. Thus, in 3M theories we need a mechanism of micro de-
formation from which macro deformation can be derived. The one way to ac-
complish this is to assume that a material point contains a deformable direc-
tor, the deformation of the director is representation of the microconstituent 
deformation in the material point, thus in essence a material point is deform-
able in 3M theories as opposed to classical continuum mechanics, in which 
material points are rigid. The thermodynamic principles of classical contin-
uum mechanics are assumed to hold for micro deformation of the microcon-
stituents leading to ‘integral-average’ definitions for macro deformation that 
can be used in the thermodynamics of the matter at the macro level. The prin-
cipal element of this theory is to derive deformation/strain measures for a ma-
terial point based in a single deformable director representing the macro de-
formation physics in the material point. This derivation is the first paper in 
which nonlinear deformation/strain measures are established for the micro as 
well as macro deformation physics. It is shown in this paper that, in currently 
published works, only deformation measures are possible and not strain 
measures, which is also true in our derivation presented here. Reasons for this 
are explained in the paper. Only the rate of work conjugate pairs in entropy 
inequality establish whether any of these measures are strain measures or can 
be made strain measures by simple modifications. Second part of the paper is 
devoted to the evaluation of various linear micropolar theories in the pub-
lished literature based on the following considerations: 1) Are the linear form 
of the deformation measures derived in this paper utilized appropriately in the 
derivation of the theories? 2) Is the adequacy of conservation and balance laws 
of classical continuum mechanics and need for their modifications and per-
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haps the need for a new balance law, addressed satisfactorily? This is necessary 
due to presence of new micropolar physics over and beyond classical contin-
uum mechanics 3) Are the derivations of constitutive theories supported by 
the representation theorem? 4) Are the conservation and balance laws and 
constitutive theories thermodynamically and mathematically consistent? 5) 
Lastly, do the complete mathematical models have closure?  
 

Keywords 
Nonclassical, Micropolar, Dissipation, Ordered Rate, Conservation and Balance 
Laws, Representation Theorem, Microviscous Dissipation, Microdissipation, 
Finite Deformation Theories, Finite Strain  

 

1. Introduction 

It is commonly accepted that when microconstituents are present in an isotropic 
homogeneous solid matter, the thermodynamic framework of classical contin-
uum mechanics is inadequate to describe the deformation physics of such mate-
rials. Various nonclassical continuum theories have been developed and proposed 
over last six or seven decades to address this physics. The published nonclassical 
continuum theory addressing this physics differ in the basic concepts employed 
in the development of the theories as well as in the final structure of the mathe-
matical models in terms of conservation and balance laws and the constitutive 
theories. Eringen and Eringen et al. works [1]-[18] are by far the most prominent 
published works addressing the infrastructure of nonclassical continuum theories. 
This work is based on the fundamental assumption that the presence of micro-
constituents require derivation of new strain measure(s) (that address microme-
chanics of microconstituents) over and beyond the strain measures used in clas-
sical continuum mechanics. Eringen considered three possible deformation phys-
ics of microconstituents: inextensible or rigid microconstituents, extensible mi-
croconstituents and completely deformable microconstituents. The resulting 
nonclassical continuum theories based on these three assumptions are referred to 
as: micropolar, microstretch and micromorphic theories. Eringen [7] presented a 
new derivation of strain measure to address all three types of deformation physics 
of the microconstituents. Linear micropolar nonclassical continuum theory based 
on Eringen’s strain measure are being calibrated and used by many researchers 
and appear in many published works. 

This paper consists of two parts, the first part presents the derivation of non-
linear deformation/strain measures for finite strain, finite deformation physics in 
3M continua. The second part of the paper uses linearized form of these measures 
in various published linear micropolar theories to establish which of these are 
thermodynamically and mathematically consistent, and hence are valid linear 
micropolar theories. Thus, it is only fitting that we cite some published works on 
nonlinear strain measures (referred so as the deformation measures in this paper) 

https://doi.org/10.4236/jamp.2025.133049


K. Surana, S. S. C. Mathi 
 

 

DOI: 10.4236/jamp.2025.133049 935 Journal of Applied Mathematics and Physics 
 

first. To our knowledge, Eringen, Eringen et al., and Kafadar et al. [2] [4] [17]-
[21] were the first to introduce and present details of nonlinear strain measures  
for 3M nonclassical continuum theories. The measures are derived for a micro-

constituent using ( )( ) ( )( )2 2
ds dsα α−  where ( )ds α  and ( )ds α  are the elemental  

deformed and undeformed lengths for a microconstituent α  (deformable di-
rector). Derivations of strain measures using different approaches are also found 
in reference [22]. At this stage, we only remark that measures derived from  

( )( ) ( )( )2 2
ds dsα α−  cannot be strain measures as this is not a dimensionless quan-

tity. Secondly, it is only after examining the rate of work conjugate pairs in entropy  
inequality, we realize which one of these derived measures are strain measures or 
can be made strain measures with some modifications. In the derivation presented 
in this paper, we refer to the measures derived using the nondimensionless  

expression ( )( ) ( )( )2 2
ds dsα α−  as the deformation measures or more appropriately  

the quantities from which the deformation measures can be extracted. The deri-
vation in this paper is presented using matrix and vector notations, hence provid-
ing perhaps more clarity in the details of the derivation and the resulting expres-
sions. Secondly, at this stage we do not have entropy inequality, choice of what 
measures must be retained and which ones can be described is not possible. Our 
derivations shows more measures than those in references [2] [4] [17]-[20]. 

In the following, we present a review of some published works that are related 
to the work presented in this paper on linear micropolar theories. Perhaps the 
earliest account of nonclassical continuum theories is due to Voigt in 1887. The 
derivation of the basic equations from the assumption of molecules with polarity 
was presented at the ‘Session of the Royal Society of Science on July 2, 1887’ and 
was published in reference [23] in German. This work was translated by D.H. Del-
phenich under the tile ‘Theoretical studies in the elastic behavior of crystals’. A 
couple stress theory using macrorotation was formally presented by Mindlin and 
Tiersten [24] in 1962. The authors initiate the work with the assumption of the 
couple per unit area acting across a surface within a material volume or on its 
boundary. This was taken into account in addition to usual force per unit area in 
the derivations. Similar theory based on same concepts was also presented by 
Toupin [25] in 1962 and by Koiter [26] also in 1964. A linear theory of micropolar 
viscoleasticity based on similar concepts was presented by Eringen [5] in 1967. 
Works by Eringen et al. [1]-[18] present various aspects of micropolar theories. 
In these works, often classical ( cΘ ) as well as microconstituent rotations ( α Θ ) 
are considered but in many instances during the derivations of the constitutive 
theories, the influence of classical rotations is neglected. Eringen [7] presents 
comprehensive treatment of nonclassical theory due to presence of microconstit-
uents for solid continua. A detailed discussion of the works in references [1]-[18] 
and comparison of these works with the other works published on micropolar 
theories can be found in [27] [28]. For a detailed literature review, readers are 
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encouraged to see reference [27] [28]. 
In majority of the published works, the common theme is, “Is it possible to have 

a nonclassical continuum theory in which oblique plane of the tetrahedron can 
also have a moment (per unit area) acting on it in addition to stress per unit area, 
where moment is independent of the forces”. Many theories have appeared ad-
dressing this hypothesis. The thermodynamic and mathematical consistency of 
these theories are of course of utmost interest and importance but are never ad-
dressed in the published works. Surana et al. [29]-[34] considered additive decom-
position of deformation gradient tensor (or displacement gradient tensor) into 
symmetric and skew symmetric tensors. Symmetric part being measure of strain 
in small deformation, small strain theory while the skew symmetric part is a meas-
ure of rotations at the material point about the axes of a triad (axes being parallel 
to fixed x-frame). Surana et al. [29] [30] referred to these rotations as internal 
rotations or classical rotations arising naturally in all deformations due to defor-
mation gradient tensor. Based on Surana et al. [27]-[49], in classical continuum 
theories, these rotations classical or internal rotations constitute a free field that is 
always present in all deformations, but its presence does not affect classical con-
tinuum mechanics, as it is a free field. In the presence of microconstituents, the 
rotation field cΘ  is no longer a free field. The rotation field cΘ  in the presence 
of microconstituents represents the rotations of the microconstituents (see section 
6.1 for detailed explanation). Surana et al. [27]-[49] have presented linear mi-
cropolar theory for solids and fluent, based on classical rotations cΘ  for solids 
and classical rotation rates for fluids. Yang et al. [50] and Surana et al. [41] [42] 
have shown that in all nonclassical continuum theories in addition to modifica-
tions of conservation and balance laws of classical continuum mechanics, a new 
balance law ‘balance of moment of moments’ is needed. Surana et al. [27] [28] 
presented derivation of this balance law in Lagrangian and Eulerian description 
using rate considerations. They showed [41] [42] that in the absence of this bal-
ance law, the constitutive theories, and hence the mathematical model of mi-
cropolar theory is in violation of thermodynamic and mathematical consistency. 
Later, Surana et al. [27] [28] showed that in the case of solids and fluids, only the 
linear micropolar theory based on classical rotations cΘ  that use balance of mo-
ment of moments as a balance law and strictly adhere to the representation theo-
rem for constitutive theories are thermodynamically and mathematically con-
sistent. They also showed that the mathematical model resulting from this ap-
proach has closure without conservation of microinertia conservation law advo-
cated by Eringen [17] [18]. 

At present, there are two basic approaches to linear micropolar theories. The 
first approach does not require a new strain measure and derivations are based on 
potentials, principle of virtual work. But, there is no general consensus on what 
constitutes a plausible and valid micropolar theory. Only Surana et al. [27] [28] 
have shown and advocated that thermodynamic and mathematical consistency of 
a micropolar theory are essential in establishing validity of a micropolar theory. 
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Based on their work [27]-[49], a micropolar theory only needs to consider internal 
rotations or classical rotations (or internal or classical rotation rates for fluids), 
must include balance of moment of moments as additional balance law, and all 
constitutive theories must be strictly based on the entropy inequality and the rep-
resentation theorem. Almost all published linear micropolar theories are in viola-
tion of thermodynamic and/or mathematical consistency and the final mathemat-
ical models suffer from lack of closure. 

In the micropolar theories that are widely used, Eringen’s strain measures are 
used. The balance of moment of moments balance law is never used, resulting in 
a nonsymmetric Cauchy moment tensor. The constitutive theories for the non-
symmetric stress and moment constitutive tensors are derived using nonsymmet-
ric argument tensors based on approaches other than representation theorem. It is 
evident that in these micropolar theories, Eringen’s strain measures play a critical 
role, as the constitutive theories and balance laws are all influenced by introduction 
of the strain measure in the development of the nonclassical continuum theory. 

The following is an outline of the work presented in this paper: 
(1) Scope of work  

(a) Derivation of deformation/strain measures; 
(b) Linear micropolar theories and their thermodynamic and mathematical 

consistency. 
(2) General considerations in deriving deformation/strain measures 
(3) Derivation of finite deformation, finite strain measures for 3M continua 

(a) Nonlinear deformation measures for micromorphic theory; 
(b) Deformation measures for linear 3M theories. 

(4) Linear micropolar theories for solid continua and their thermodynamic and 
mathematical consistency  

(a) Thermodynamic consistency of a micropolar theory (Def.); 
(b) Mathematical consistency of a micropolar theory (Def.); 
(c) Necessity of a new balance law in micropolar theories: balance of moment 

of moments balance law; 
(d) Derivation of balance of moment of moments balance law; 
(e) Micropolar theory based on classical rotations ( cΘ ); 
(f) Micropolar theory based on rotations t c α= +Θ Θ Θ ; 
(g) Micropolar theory based on rotations α Θ ; 
(h) Currently used concepts and methodologies in micropolar theories and 

their consequences; 
(i) Summary and conclusions. 

2. Scope of Work 

The work presented in the first part of the paper considers derivation of nonlinear 
deformation/strain measures applicable to 3M nonclassical continuum theories. 
The second part of the paper uses linearized form of these deformation measures 
in the conservation and the balance laws and the constitutive theories to investi-
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gate thermodynamic and mathematical consistency of currently published linear 
micropolar nonclassical continuum theories. 

2.1. Derivation of Deformation/Strain Measures 

In 3M continua micro deformation of the microconstituents has significant influ-
ence on the macro deformation of the entire volume of matter. Thus, in 3M the-
ories we must have a mechanism that permits us to incorporate micro defor-
mation physics at the macro level. We assume that a material point has microcon-
stituents and their aggregate deformation physics for the material point can be 
represented by a deformable director, more than one deformation directors can 
be considered too, but such theories have many issues and essentially become too 
complicated. In 3M theories, micropolar, microstretch and micromorphic theo-
ries correspond to three different deformation physics of the director in the ma-
terial point. Thus, in 3M theories, a material point is deformable as opposed to 
classical continuum mechanics in which material points are non-deformable. 
Thus, the first part of the paper is devoted to the derivation of micro and macro 
deformation/strain measures for finite deformation, finite strain physics using a 
deformable director in the material point. It is shown and established that these 
derived measures are nonlinear deformation measures and not strain measures as 
believed in published works, which of these are strain measures or can be made 
strain measures by simple modifications is all dependent on rate of work conju-
gate pairs in the entropy inequality. When these measures are linearized, they in-
deed yield the same measures as used in linear microcontinuum theories. We con-
sider the following: 

(1) Rationale for using the approach considered in this paper for deriving finite 
deformation deformation/strain measures for nonclassical solids containing mi-
croconstituents or microelements is discussed first. 

(2) Using the methodology chosen in (1), the derivation of deformation/strain 
measures for finite deformation physics of compressible nonclassical solid con-
tinua with deformable director (in a material point) is presented for 3M continua 
and are compared with those derived by Eringen [7] to point out similarities and 
differences. 

(3) It is shown that linear measures, which are useful for infinitesimal defor-
mation physics of nonclassical solid continua, are a complete subset (i.e., are em-
bedded in) of the deformation/strain measures for finite deformation physics. 

(4) At this stage, all deformation/strain measures derived are valid measures. 
Determining which deformation/strain measures are useful in which nonclassical 
theories cannot be done without choosing a specific nonclassical theory in which 
the derivation of first law of thermodynamics and second law of thermodynamics 
establish the rate work conjugate pairs that identify the needed strain measures 
and their conjugate constitutive tensors. It is entirely possible that if we choose a 
simple nonclassical continuum theory, then only a few of the measures will play a 
role in the theory; i.e., the choice of deformation physics in the nonclassical con-
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tinuum theory dictates which of the derived measures are useful. The undeformed 
length associated with the measures also indicate the physics for which they are 
valid measures from the list of all measures derived here. 

2.2. Linear Micropolar Theories and Their Thermodynamic and 
Mathematical Consistency 

In this section, we consider details of the derivation of commonly used micropolar 
theories with the purpose of validating their thermodynamic and mathematical 
consistency also determining if the complete mathematical model has closure. We 
consider the following: 

(a) Identification of deformation/strain measures derived in this paper that 
must be linearized for use in linear micropolar theories. 

(b) In the published work on micropolar theories, many different approached 
are used, each resulting in a different mathematical model consisting of the con-
servation and balance laws and constitutive theories, surprisingly for the same 
unique deformation physics. This raises an important question regarding which 
micropolar theory is a valid theory. Our view is that a valid nonclassical contin-
uum theory in general must be thermodynamically and mathematically consistent 
i.e., the theory should not violate any of the well established principles and laws 
of thermodynamics and mathematics and the mathematical model must have clo-
sure. 

(c) In this paper we require that we evaluate all commonly used micropolar 
theories for thermodynamic and mathematical consistency and choose only the 
one that satisfies these criteria. Details are presented in the paper. 

(d) It is shown that those linear micropolar theories that do not consider bal-
ance of moment of moments as an additional balance law cannot be thermody-
namically and mathematically consistent. In the absence of this balance law, inva-
lid conjugate pairs appear in the entropy inequality, leading to nonphysical con-
stitutive theories. 

(e) Strict adherence to the representation theorem in the derivation of consti-
tutive theories in the published linear micropolar theory is examined. Those that 
are in violation are shown to be nonphysical linear micropolar theory. 

(f) Finally, each published linear micropolar theory is examined to ensure if the 
complete mathematical model has closure. 

3. General Considerations in Deriving Deformation/Strain 
Measures 

In this first part of the paper, we consider the derivation of what Eringen refers as 
strain measures, we prefer to call them the deformation measures until we have 
established based on rate of work conjugate pairs in the entropy inequality that 
these are indeed strain measures for finite deformation, finite strain nonlinear 3M 
nonclassical continuum theories for compressible solid medium. We must use 
some guidelines and ensure that well-known physical and mathematical concepts 
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and principles are not violated in the process of deriving these deformation/strain 
measures. In the derivation, we continue to refer to them as strain measures by 
Eringen. 

(1) We begin by considering the derivation of strain measures. Since strain 
measures are dimensionless, we must always begin their derivation using dimen-
sionless expression(s) from which we eventually extract the strain measure(s). 

(2) We must ensure that expressions used in (1) can be reduced to well-known 
expression for strains in simple 1D deformation physics in linear elasticity i.e., 
change in length per unit length. A failure of expression used in (1) to yield this is 
a sure indication that the expressed used in (1) cannot yield valid strain measures. 

(3) In deriving strain measures, reference lengths and the angles between the 
reference lengths and how they change upon deformation are important as the 
strain measures are relative to the lengths and the angles between them in the 
reference configuration. 

(4) We keep in mind that strains are measures of elongations of the material 
lines and change in the angles between them i.e., strain measures must be related 
to deformation physics of the material lines. A pure rotation field cannot possibly 
be used as a strain measure. For example, in classical continuum mechanics  

deformation gradient tensor 
{ }
{ }
x
x

 ∂
 
∂  

 is a fundamental measure of deformation. 

For infinitesimal theory (linear elasticity), we consider 
{ }
{ }

d u
J

x
 ∂

  =    ∂  
, displace-

ment gradient tensor. d J    contains deformation as well as pure rotations. By 

using additive decomposition of d J    in to symmetric d
s J    and skew sym-

metric tensors d
a J   , we have 

 d d d
s aJ J J     = +       (1) 

 ( ) [ ]T1
2

d d d
s J J J ε     = + =       (2) 

 
T1

2
d d d
a J J J      = −       

 (3) 

in which 
 ( ) ( ) ( )1 1 2 2 3 3.c c c× = Θ + Θ + Θu e e e∇  (4) 

 3 32 1 2 1
1 2 3

2 3 3 1 1 2
c c c

u uu u u u
x x x x x x

     ∂ ∂∂ ∂ ∂ ∂
Θ = − Θ = − Θ = −     ∂ ∂ ∂ ∂ ∂ ∂    

 (5) 

d
a J    contains classical rotations cΘ  or internal rotations about the orthog-

onal axes parallel to x-frame but located at a material point. Thus, we see that 
d
a J    is not a strain measure because it contains rigid rotations of the material 

lines. It is only after separating rigid rotation through additive decomposition (1) 
that we obtain strain tensor [ ]ε , free of rigid rotations. The purpose of this well 
known and well recognized decomposition is to bring attention to the fact that 
rotations in whatever form and from whichever source cannot constitute a strain 
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measure. This is a rather elementary but extremely important point to keep in mind 
when we examine Eringen’s new strain measures [7] for micropolar elasticity. 

(5) We consider Green’s strain measure in classical continuum mechanics and 
its derivation using two approaches to illustrate their important features that play 
significant role in the derivation of nonlinear deformation/strain measures for 3M 
theories. 

(a) Approach I: Since Green’s strain ( [ ]0ε ) is a measure of finite strain, if ds  
and ds  are undeformed and deformed lengths of a material line, then 

 
2 2

22
ds ds

ds
 −
 
 

 (6) 

represents change in squares of the deformed and undeformed length as a fraction 
of the square of the undeformed length (factor of 2 will be clear shortly). Expres-
sion (6) is also dimensionless, a requirement for deriving strain measure. The 
change 2 2ds ds−  in (6) is a fraction of 2ds , used as reference length square. 
Thus, presence of 2ds  in the denominator of (6) is necessary to make (6) dimen-
sionless. We also note that when deformation is small and is considered one di-
mensional, then (6) reduces to (9). 

 ( )( )2 2

2 22 2
ds ds ds dsds ds

ds ds
+ −−

=  (7) 

 and 2ds ds ds+ ≈  (8) 

using (8) in (7), we obtain 

 
2 2

22
ds ds ds ds

dsds
− −

=  (9) 

For 1D case, (9) represents change in length per unit length, which is a correct 
measure of linear strain in 1D. We note that use of 2 in the denominator of (7) is 
necessary for (6) to yield correct measure in (9). Thus, we confirm that (6) reduces 
to well known and well accepted measure of small strain in linear elasticity. At this 
stage, choice of (6) in initiating a strain measure is consistent on all accounts. 
Continuing with (6), we have: 

 { } { } { } { }T T2 2;ds dx dx ds dx dx= =  

 { } [ ]{ } [ ] { }
{ }

;
x

dx J dx J
x

 ∂
= =  

∂  
 (10) 

Using (10), we could derive the following [51] [52]: 

 
{ } [ ] [ ] [ ]( ) { }

{ } { }

TT
2 2

2 T

1
2

2

dx J J I dx
ds ds

ds dx dx

 − −  =  (11) 

From (11), we note that, for reference lengths { }dx , all of the deformation 
measure is contained in 

 [ ] [ ] [ ] [ ]( )T
0

1
2

J J Iε  = −   (12) 

https://doi.org/10.4236/jamp.2025.133049


K. Surana, S. S. C. Mathi 
 

 

DOI: 10.4236/jamp.2025.133049 942 Journal of Applied Mathematics and Physics 
 

This deformation measure is indeed Green’s strain measure and it does reduce 
to linear strain measure [ ]ε  for infinitesimal case [51] [52] as defined by (2). 
This confirms that when the derivation of a deformation/strain measure is initi-
ated with a dimensionless expression like (6), the resulting deformation measure 
is indeed a strain measure. 

(b) Approach II: In this approach, we begin with (as done in reference [7]) 

 2 2ds ds−  (13) 

instead of (6). First, we note that (13) is not dimensionless. Secondly, for small 
deformation 1D case, (13) reduces to 

 ( )2ds ds ds−  (14) 

in which the deformation is contained in ( )ds ds− ; this is a measure of defor-
mation and not a measure of strain. These two aspects of (13) should perhaps be 
sufficient to discourage from using (13) in deriving the strain measures for non-
linear 3M micropolar theories. The absence of 22ds  in the denominator of (13) 
indicates that (13) does not tell us what reference quantity the change in 2 2ds ds−  
is related to (such as 22ds  in (6)). Nonetheless, we proceed further with (13). 
Using (10) in (13), we obtain 

 { } { } { } { } { } [ ] [ ] [ ]( ){ }TT T T2 2ds ds dx dx dx dx dx J J I dx− = − = −  (15) 

From (15), we note that all the deformation is contained in [ ] [ ] [ ]TJ J I− . 
Since, we initiated this derivation using (13) which is not dimensionless, 

[ ] [ ] [ ]TJ J I−  cannot be a strain measure, but instead is simply a deformation 

measure. In this case, it is possible to make [ ] [ ] [ ]( )TJ J I−  a strain measure by 

a simple change, multiplication by 
1
2

. Then [ ] [ ] [ ]( )T1
2

J J I−  becomes the 

Green’s strain measure. 

 [ ] ( )0
1 deformation measure
2

ε  =   (16) 

 or [ ] [ ] [ ] [ ]( )T
0

1
2

J J Iε  = −   (17) 

Remarks 
(a) When strain measure derivations are initiated using dimensionless expres-

sions that yield valid strain measure for simple 1D deformation in classical con-
tinuum mechanics, the resulting measures from the derivation are always strain 
measures (approach I). 

(b) When the strain measures are initiated using expressions that are not di-
mensionless, the resulting measures are not strain measures, but deformation 
measures. It may be possible to obtain strain measures from these by a simple  

change, like multiplication by 
1
2

 in the derivation using approach II. 

(c) If approach II is used in deriving deformation measures, then the conjugate 
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pairs in the entropy inequality are helpful in possibly identifying the strain 
measures and thus converting these deformation measures into strain measures. 

(d) Approach I is obviously preferred as in this case we directly have strain 
measures that should be same as those appearing in the conjugate pairs in the 
entropy inequality. 

(e) Approach I may not always be possible. In the present work, we shall note 
this from the derivation that follows. 

(f) When approach I cannot be used, there is no alternative but to use approach 
II. While using approach II, we must keep in mind that derived measures are de-
formation measures and not strain measures. 

4. Derivation of Finite Deformation, Finite Strain Measures 
for 3M Nonlinear Continua 

We consider finite deformation, finite strain physics as in [7] in the derivation of 
nonlinear deformation/strain measures for 3M compressible continua. 

4.1. Nonlinear Deformation/Strain Measures for 3M Continua 

Consider a volume of matter V enclosed by surface V∂  in the reference config-
uration. Upon deformation, V  and V∂  change to V  and V∂  at time 

0t > . Let the volume V V+ ∂  contain microconstituents uniformly dispersed in 
the volume. Consider a material particle P  in V  and its map P  in V . Let 
dV  be the infinitesimal volume of material particle P  and dV  be corre-
sponding deformed volume. Let ( )dV∂  and ( )dV∂  be the closed surfaces 
containing volume dV  and dV , respectively. Let the volume dV  of material 
particle P  contain N microconstituents. Let ( )dV α  and ( )( )dV α∂  be volume 
and its closure for the thα  microconstituent with mass density ( )αρ . 

The center of mass of dV  has position coordinate x  in ( )dV dV+ ∂ . Let 
( )αx


 be the location of the microconstituent α  with respect to the center of 
mass of ( )dV dV+ ∂  and let ( )αx  be its position coordinate in the x -frame. 
Upon deformation, in the current configuration, x  changes to x , ( )αx  to 

( )αx  and ( )αx


 to ( )αx


 (see Figure 1). 
At this stage, we can possibly entertain two different methodologies in deriving 

the deformation/strain measures. 
(I) In the first case, we assume that each microconstituent located at a different 

position in dV  has its own deformation physics, implying that there are N dif-
ferent deformation physics within the volume dV  of the material point P . We 
can assume that the material point P  only sees the homogenized response of N 
microconstituents. Since the homogenization yields surrogate behavior, homogeni-
zation must include boundary conditions and the load so that the homogenized 
model with surrogate material properties is representative of the true physics. It is 
obvious that homogenization is not practical for volume dV  of the material point. 

(II) In the second approach, we assume that the material point P  only sees 
statistically averaged deformation physics of N microconstituents. This is more 
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practical viewpoint of considering complex physics within the volume dV . To 
simplify the consideration of varied deformation physics of microconstituents in 
this approach, we assume that there is a surrogate configuration of microconstit-
uents in dV  in which each of the N microconstituents has identical deformation 
physics. Thus, the average of the N microconstituent deformation physics in this 
case is same as the deformation physics of one microconstituent, which is assumed 
to be same as the statistically averaged deformation physics due to the original 
configuration of microconstituents in volume dV . Thus referring to Figure 1, 

( )αx


 is the director in the undeformed configuration and ( )αx


 is the director in 
the deformed configuration dV . The deformation of xα



 is assumed to repre-
sent the micro deformation of the microconstituents within the volume 

( )( )dV dV+ ∂  of the material point of the director ( )αx


. We proceed with the 
details of the derivations of deformation measures in the following. Referring to 
Figure 1, the following relations hold: 

 ( ) ( ) ( ) ( );α α α α= + = +x x x x x x
 

 (18) 

If we consider Lagrangian description, then ( )αx  depends upon x  and ( )αx


 
and we can write: 

 

 
Figure 1. Undeformed and deformed configurations of material point volume. 

 
And we can write: 

 ( ) ( ) ( )( ), , tα α α=x x x x
 

 (19) 

We note that ( )αx


 and ( )αx


 are undeformed and deformed coordinates. 
Hence, 

 ( ){ } ( ) ( ){ } ( )
( ){ }
( ){ }

;
x

x J x J
x

α

α α α α

α

 ∂
    = =     ∂ 



 



 (20) 

Substituting (20) into (18) 

 ( ){ } { } ( ) ( ){ }x x J xα α α = +  


 (21) 
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Therefore, 

 ( ){ } { }
( )

{ } { } ( ){ } ( ) ( ){ }
Jxdx dx dx x J dx

x x

α

α α α α
   ∂∂       = + +     ∂ ∂     

 

 (22) 

 or ( ){ } [ ]{ }
( )

{ } { } ( ){ } ( ) ( ){ }
J

dx J dx dx x J dx
x

α

α α α α
   ∂      = + +    ∂   

 

 (23) 

 ( )( ) ( ){ } ( ){ }2 T
ds dx dxα α α=  (24) 

Using (23) in (24), we can write the following for ( )( )2
ds α . 

 

( )( ) { } [ ] { } ( ){ }
( )

{ }
( ){ } ( )

[ ]{ }
( )

{ } { } ( ){ } ( ) ( ){ }

T

2 T T TTT T J
ds dx J dx x dx J

x

J
J dx dx x J dx

x

α

α α α α

α

α α α

   ∂     = + +   ∂   
    ∂      + +    ∂     

 

 

 (25) 

or 

( )( ) { } [ ] [ ] [ ]
( )

{ }
( ){ } ( ){ }

( )

{ } [ ]

( ){ }
( ) ( )

{ }
( ){ } { }

{ } [ ] ( ) ( ){ }
( )

{ }
( ) ( ){ }

( ){ } ( ) [ ] ( )
( )

{ }

T

2 TT TT

T

T

T

TTT

T T T

J J
ds dx J J J x x J

x x

J J
x x dx

x x

J
dx J J x J dx

x

J
dx J J J

x

α α

α α α

α α

α α

α

α α α α

α

α α α

       ∂ ∂       = + +    ∂ ∂    
      ∂ ∂       +    ∂ ∂     

   ∂      + +     ∂   

  ∂     + +    ∂

 

 

 



( ){ } { }

( ){ } ( ) ( ) ( ){ }T T

x dx

dx J J dx

α

α α α α 

 
 

 
   


     
 +  
 



 

 (26) 

and 

 

( )( ) ( ){ } ( ){ }
{ } ( ){ }( ) { } ( ){ }( )
{ } [ ]{ } { } [ ] ( ){ }

( ){ } [ ]{ } ( ){ } [ ] ( ){ }
{ } [ ]{ } ( ){ } [ ]{ } ( ){ } [ ] ( ){ }

2 T

T

T T

T T

T TT 2

ds dx dx

dx dx dx dx

dx I dx dx I dx

dx I dx dx I dx

dx I dx dx I dx dx I dx

α α α

α α

α

α α α

α α α

=

= + +

= +

+ +

= + +

 



  

  

 (27) 
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Therefore, 

 

( )( ) ( )( ) { } [ ]{ } { } ( ){ }
( ){ } { } ( ){ } ( ){ }

2 2 T T

T T

xx xx

x x x x

ds ds dx C dx dx C dx

dx C dx dx C dx

α

α α α

α α α

α α α

   − = +    

   + +   



  



  

 (28) 

in which 

 

[ ] [ ] [ ] [ ]( ) [ ]
( )

{ }
( ){ }

( ){ }
( )

{ } [ ] ( ){ }
( )

{ }

( )

{ }
( ){ }

T T

T T

T T

xx

J
x

x x

C J J I J
x

J
x x

x
J J J

x

α

α

α α α

α α α

   ∂    = − +  ∂  
          ∂ ∂ ∂           + +      ∂ ∂ ∂       



  

 (29) 

 [ ] ( ) [ ]( ) ( ){ }
( )

{ }
( )

T

TT

xx

J
C J J I x J

xα

α

α α α
  ∂        = − +      ∂
 





 (30) 

 ( ) [ ] [ ] ( )
( )

{ }
( ){ }T T

x x

J
C J J I J x

xα

α

α α α
  ∂          = − +       ∂ 
 





 (31) 

 ( ) ( ) [ ]
T

x x
C J J Iα α

α α      = −       
 

 (32) 

We can simplify (28)-(32) if we note the following: 

 

{ } ( ){ } ( ){ } { }

( ){ }
( )

{ }
( ) ( )

( )

{ }
( ){ }

TT

T

T

T T

x x

x x

x x

x x

x x

x

dx C d d C dx

C C

J J
J J

x x
x

α α

α α

α α

α α

αα α α

   =   

   =   

      ∂ ∂        =    ∂ ∂


 




  

 

 

 

 

 (33) 

using (33) in (28) and (29), we can obtain the following: 

 
( )( ) ( )( ) { } [ ]{ } ( ){ } { }

( ){ } ( ){ }

2 2 TT

T

2xx xx

x x

ds ds dx C dx dx C dx

dx C dx

α

α α

α α α

α α

 − = +  

 +  





 

 (34) 

in which 

 

[ ] [ ] [ ] [ ]( ) [ ]
( )

{ }
( ){ }

( ){ }
( )

{ }

( )

{ }
( ){ }

T T

T

T

2xx

J
C J J I J x

x

J J
x x

x x

α

α

α α

α α

  ∂   = − +
 ∂
 

      ∂ ∂      +
   ∂ ∂
   



 

 (35) 

 [ ] ( ) [ ]( ) ( ){ }
( )

{ }
( )

T

TT

xx

J
C J J I x J

xα

α

α α α
  ∂        = − +      ∂
 





 (36) 
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and 

 ( ) ( ) [ ]
T

x x
C J J Iα α

α α      = −       
 

 (37) 

The strain measures must be derived using (based on (a) approach I) the fol-
lowing: 

 

( )( ) ( )( )
( )( )

{ } [ ]{ } { } ( ){ } ( ){ } ( ){ }
{ } [ ]{ } { } [ ] ( ){ } ( ){ } [ ] ( ){ }

2 2

2

TT T

TT T

2

2

2 2

xx xx x x

ds ds

ds

dx C dx dx C dx dx C dx

dx I dx dx I dx dx I dx

α α α

α α

α

α α α

α α α

−

    + +     =
 + + 
 

  

  

  

 (38) 

To extract strain measures from (38), we need to express (38) as follows (based 
on approach I from (a) and ref [51] [52]) i.e., the reference lengths corresponding 
to the numerator of each term must also appear in their denominators (as shown 
below) i.e., we must be able to write (38) as follows: 

 

( )( ) ( )( )
( )( )

{ } [ ]{ }
{ } { }

{ } ( ){ }
{ } ( ){ }

{ } ( ){ }
( ){ } ( ){ }

2 2 TT

2 T T

T

T

2 22

2

xxxx

x x

dx C dxds ds dx C dx

dx dx dx dxds

dx C dx

dx dx

α

α α

αα α

αα

α

α α

 −  = +

 
 +



 







 

 (39) 

This is not possible as the denominator in (38) does not permit (39) from (38). 
Thus, we conclude that when initiating the strain measure derivation using valid 
dimensionless expression (left hand side of (39)), it is not possible to derive strain 
measures for nonlinear 3M theories. This necessitates that we consider approach  

II i.e., we consider ( )( ) ( )( )2 2
ds dsα α− 

 
 

 and extract deformation measures or 

extract quantities that contain deformation measures from it for nonlinear 3M 
theories instead of strain measures. 

 
( )( ) ( )( ) { } [ ]{ } ( ){ } { }

( ){ } { }

TT2 2

T

2xx xx

x x

dx C dx dx C dx

dx C dx

ds ds α

α α

α α

α

α  = +  

 + 

−





 





 (40) 

From (40), we note that either [ ],xx xx
C C α

 
 



 and 
x x

C α α
 
 

 

 are the defor-

mation measurements or the deformation measures are contained in them. An  
important point to note is that the deformation measures leading to possible strain 
measures must only contain gradients of the appropriate kinematic quantities or 
of the quantities based on kinematic quantities. 

Using this as a guide, from [ ]xxC  in (35), we have the following deformation 

measures for reference length { }dx : 
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[ ] [ ] [ ]

[ ]
( )

{ }

( )

{ }

( )

{ }

T

T

T

2

.

J J I

J
J

x

J J

x x

α

α α

 − 
  ∂   
 ∂
 

      ∂ ∂      
   ∂ ∂
   

 (41) 

From 
xx

C α
 
 



 in (36), we have the following deformation measures for refer-

ence lengths { }dx  and ( ){ }dx α



: 

 

[ ] ( ) [ ]( )
( )

{ }
( )

T

T

J J I

J
J

x

α

α

α

  − 

  ∂     
  ∂

 

 (42) 

From 
x x

C α α
 
 

 

 in (37), we have the following deformation measures for refer-

ence length ( ){ }dx α



: 

 ( ) ( ) [ ]J J Iα α    −     (43) 

Remarks 
(1) The deformation measures in (41)-(43) hold for finite strain, finite defor-

mation physics. 
(2) The undeformed reference lengths associated with these measures indicate 

the deformation physics for which they are valid. For example, the three measures 
in (41) are related to reference lengths { }dx , hence they are valid for the finite 
deformation of the solid medium. 

(3) The deformation measures in (42) utilize reference lengths { }dx  and 
( ){ }dx α



, hence this measure represents interaction physics between the microcon-

stituents and the medium. 

(4) The last deformation measure in (43) uses reference length ( ){ }dx α



, hence 

it is related to micro deformation. 
(5) Which of these deformation measures get modified to become strain 

measures and then get used in the derivation of constitutive theories is all con-
trolled by the rate of work conjugate pairs in the energy equation and entropy 
inequality. At this stage, all we can say is that these are the possible valid defor-
mation measures in nonlinear 3M theories. 

(6) However, we can consider special form of these for nonlinear and linear 3M 
theories. 

4.2. Nonlinear Deformation Measures for Micropolar Theory 

In this micropolar theory, the microconstituents are non deformable and can only 
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have rigid rotations. Using 

 ( ) ( ) ( ) ( )
s a aJ J J Jα α α α       = + =         (44) 

we can write (41)-(43) as follows: 
For reference length { }dx : 

 [ ] [ ] [ ] [ ]
( )

{ }

( )

{ }

( )

{ }

T

T ; 2 ;
a a aJ J J

J J I J
x x x

α α α     
  

     ∂ ∂ ∂
     −
     ∂ ∂ ∂
  

  

  

 (45) 

For reference length { } ( ){ },dx dx α



: 

 [ ] ( ) [ ]
( )

{ }
( )T ;

a
a a

J
J J I J

x

α

α α
  ∂

 −
 ∂
 

    
     (46) 

For reference length ( ){ }dx α



: 

 ( ) ( ) [ ]
T

a aJ J Iα α   
   −  (47) 

4.3. Nonlinear Deformation Measures for Microstretch Theory 

In this NCCT, microelement can stretch and experience rigid rotations. 

 ( ) ( ) ( )
as

J J Jα α α     = +       (48) 

in which ( )
s

J α 
   represents pure stretch deformation of the microconstituent 

α  (this is modified s Jα   ). Thus, in this case (41)-(43) hold with ( )J α 
   de-

fined by (48). 

4.4. Nonlinear Deformation Measures for Micromorphic Theory 

In this case, the microconstituent is completely deformable, thus the deformation 
measures are (41)-(43). 

4.5. Deformation Measures for Linear 3M Theories 

In case of linear 3M continua, we have: 
 [ ] [ ] ; 1J I J≈ ≈  (49) 

 ( ) [ ] ( ); 1J I Jα α  ≈ ≈   (50) 

Thus, the measures (41)-(43) can be modified for linear micromorphic, mi-
cropolar and microstretch theories. 

4.5.1. Deformation Measures for Micromorphic Theory 
For reference length { }dx : 

 ( )

{ }

T

2

d d

d

J J

J

x

α

   +   
  ∂   
 ∂
 

 (51) 
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For reference length { }dx  and ( ){ }dx α



: 

 

( )

( )

{ }

TT

2

d d

d

J J

J

x

α

α

   +   
  ∂   
 ∂
 

 (52) 

For reference length ( ){ }dx α



: 

 ( ) ( )Td dJ Jα α   +     (53) 

4.5.2. Deformation Measure for Linear Micropolar Theory 
In this theory, the microconstituents are rigid, therefore 

 ( ) ( )
aJ Jα α   =     (54) 

Hence, we have: 
For reference length { }dx : 

 
( )

{ } [ ]T
; 2 ;

d
ad d

J
J J I

x

α  ∂      +     ∂
 

 (55) 

For reference length { }dx  and ( ){ }dx α



; 

 
( )

( ) [ ]
[ ] [ ] ;

{ }
d T d a

a
J

J J
x

α
α  ∂

+  ∂ 
 (56) 

For reference length ( ){ }dx α



: 

 ( ) ( )T
0d d

s sJ Jα α   + =     (57) 

as the microconstituent is nondeformable. 

4.5.3. Deformation Measures for Linear Microstretch Theory 

 ( ) ( ) ( )
as

J J Jα α α     = +       (58) 

in which ( )
s

J α 
   represents pure stretch deformation of a microconstituent ‘α ’ 

(modified s Jα   ). In this case (55)-(57) hold, but ( )J α  must be replaced by 
( )J α  defined in (58). We make some remarks in the following: 
(1) Using ( )( ) ( )( )2 2

ds dsα α− 
 
 

, we have derived various deformation 
measures in which reference lengths are { }dx ; { } ( ){ },dx dx α



 and ( ){ }dx α



. 
(2) Clearly, these are not strain measures. 
(3) We have also presented their specific forms for nonlinear micromorphic, 

microstretch and micropolar theories as well as for linear 3M continua. 
(4) If we derive conservation and balance laws, in particular energy equation 

and entropy inequality in which deformation of the medium, microconstituent 
and the interaction of the microconstituent with the medium are considered in 
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the derivation, then all of the deformation measures derived here should be re-
quired in the development of the corresponding 3M theories. 

(5) The rate of work conjugate pairs in the entropy inequality confirm which 
deformation measures are strain measures and which measures can be made 
strain measures by their simple modification. 

5. Linear Micropolar Theories for Solid Continua and Their 
Thermodynamic and Mathematical Consistency 

At present, there are many linear micropolar theories for solid matter in the pub-
lished works derived based on different considerations, but surprisingly for the 
same deformation physics. Since the deformation physics is fixed, there can only 
be one valid theory due to uniqueness requirement. This, in fact, is the main mo-
tivation for the investigations presented in this section. We have seen from the 
derivations of the deformation measures, that a valid linear micropolar theory 
must incorporate the following measures: 

 ( )
( )

{ }
( ) ( ) ( )TT T

, 2 , , 0
ad d d d d d

s s

J
J J J J J J

x

α

α α α
 ∂
            + + + =            ∂


 




  (59) 

We note the following: 
(1) We note that first two measures use reference length { }dx , the third meas-

ure uses reference lengths { }dx  and ( ){ }dx α



 and the reference length ( ){ }dx α



 

is used in the last measure. 
(2) None of these at first glance appear to be strain measures. However, if we 

multiply the first measure by 
1
2

, then we have 

 [ ] ( )T1
2

d dJ Jε    = +     (60) 

linear strain measure for the solid medium. Thus, we see that modification of de-
formation measure is required to obtain strain measure. We can confirm from the 
entropy inequality that [ ]ε  is indeed the linear strain measure for the solid me-
dium. 

(3) The usefulness of the second measure can only be realized after deriving 
entropy inequality. 

(4) The third measure uses reference length { }dx  and ( ){ }dx α



. Thus, it rep-

resents interaction of the solid medium and the microconstituents. 

(5) The last measure uses reference length ( ){ }dx α



, hence it is related to the 

microconstituents only. In case of micromorphic theory, this measure would be 
( ) ( ) Td d

s sJ Jα α 
 

   +   
. We can modify this deformation measure to obtain linear 

strain measure for microconstituent α : 

 ( ) ( ) ( ) T1 .
2

d d
s sJ Jα α αε  = +     

   
  

  (61) 
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When microconstituents are rigid as in micropolar theory, ( ) 0αε 
  =  as we 

see from the last term in (59). 
(6) These deformation measures in (59) are valid measures for micropolar the-

ories; however, which measures get utilized in the derivation of the theory de-
pends upon the energy equation and the entropy inequality. 

(7) We also note that in this micropolar theory: 

 ( ) ( ) ( ) ( )d d d d
s a aJ J J Jα α α α   
   

   = + =     (62) 

in which ( )d
a J α 
   contains rigid rotations of the microconstituents, implying 

that in this micropolar theory, only rigid rotations of the microconstituents must 
be considered. 

At present there are three commonly published and advocated micropolar the-
ories. 

I. Micropolar nonclassical continuum theory 1 (MPNCCT1) 
This micropolar theory is strictly based on classical or internal rotations cΘ  

due to ×u∇  or due to the skew-symmetric part of deformation or displacement 
gradient tensor d

a J   . In this micropolar theory, the rotations cΘ  describe the 
rotations of the microconstituents (see section 6.1). A material point in this theory 
has only three degrees of freedom u  as in classical continuum mechanics be-
cause cΘ  are defined by the gradients of displacements, hence are not unknown 
degrees of freedom (dofs). 

II. Micropolar nonclassical continuum theory 2 (MPNCCT2) 
This micropolar theory assumes that consideration of α Θ  as unknown rota-

tions at a material point is essential in the development of the theory. Since cΘ  
are already present as the rotations of microconstituents (see section 6.1), this the-
ory considers t c α= +Θ Θ Θ  as the total rotations at a material point about the 
axes of the triad, the axes being parallel to x - frame. A material point in this 
theory has six degrees of freedom: u  and tΘ . 

III. Micropolar nonclassical continuum theory 3 (MPNCCT3) 
In this micropolar theory, the classical rotations cΘ  are assumed to be small 

compared to the unknown rotations of the microelement ( α Θ ), hence cΘ  are 
neglected. Thus, in this micropolar theory, α Θ  are the only rotations about the 
axes of a triad at each material point, axes of the triad being parallel to x -frame. 
In this micropolar theory, a material point also has six degrees of freedom: u  
and α Θ . Classical rotations cΘ  are assumed to be zero. 

5.1. Criteria for Determining Which Linear Micropolar Theories 
are Valid Theories 

We must apply a set of rules, laws and principles that are undisputable to the three 
micropolar theories to determine which theory satisfy them and which ones do 
not. This is a fair way to determine which micropolar theory is a valid micropolar 
theory. We consider the following two criteria. 
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5.1.1. Thermodynamic Consistency of a Micropolar Theory (Def.) 
A micropolar theory must not violate the basic laws and principles of thermody-
namics. The valid laws and principles of thermodynamics are well defined and 
well known in case of classical continuum mechanics, but this is not the case for 
nonclassical continuum mechanics. The additional new physics in micropolar 
medium due to presence of microconstituents, compared to classical continuum 
mechanics, suggests that we can use conservation and balance laws of classical 
continuum mechanics but modify them so that modified laws address the new 
physics in their derivation. This notion of modifying the conservation and balance 
laws of classical continuum mechanics for micropolar theories is well accepted, 
and the manner in which they are modified is also uniformly accepted in the pub-
lished literature. 

The question of whether these modifications of the conservation and balance 
laws of classical continuum mechanics are sufficient for micropolar theories to 
ensure thermodynamic equilibrium is only addressed, first by Yang et al. [50] and 
subsequently by Surana et al. [41] [42]. They showed that the presence of micro-
constituents in micropolar medium requires an additional balance law, the ‘bal-
ance of moment of moments’ for the thermodynamic equilibrium of the deform-
ing micropolar solid medium. Surana et al. [41] [42] presented inductive reason-
ing to demonstrate the necessity of this balance law in micropolar theories. In the 
absence of this balance law: 

(i) The deforming micropolar solid medium violates thermodynamic equilib-
rium. 

(ii) The derivation of constitutive theories become erroneous and nonphysical. 
The lack of thermodynamic equilibrium in the absence of the new balance law 

is obviously difficult to quantify in terms of equations, but can be demonstrated 
with sound inductive reasoning as in references [41] [42]. The real visible impact 
of this new balance law, or due to the lack of it appears in the entropy inequality, 
in which false conjugate pairs may appear, requiring nonphysical constitutive the-
ories. We establish in this paper that the micropolar theories that do not use this 
balance law are always in violation of some aspect of thermodynamics in addition 
to thermodynamic equilibrium. We evaluate each micropolar theory for thermo-
dynamic consistency with and without the new balance law. This is necessary as 
most published micropolar theories do not use this new balance law. 

5.1.2. Mathematical Consistency of a Micropolar Theory (Def.) 
The conjugate pairs in the entropy inequality in conjunction with axioms of con-
stitutive theory [51] [52], are helpful in the initial determination of the constitu-
tive tensors and their argument tensors. The argument tensors of the constitutive 
tensors can be augmented for additional physics that may not have been consid-
ered in deriving the energy equation and the entropy inequality. Once we know 
the constitutive tensors and their argument tensors, a mathematically consistent 
derivation of the constitutive theories is possible using the representation theo-
rem. Other approaches of deriving constitutive theories must confirm that the re-
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sulting constitutive theories from these approaches can also be derived using rep-
resentation theorem and the two approaches indeed yield the identical constitu-
tive theory. A failure in doing so confirms that the constitutive theories derived 
without using representation theorem are mathematically inconsistent, hence are 
not valid constitutive theories. 

A valid linear micropolar theory must be both thermodynamically as well as 
mathematically consistent. We examine MPNCCT1, 2 and 3 for thermodynamic 
as well as mathematical consistency in the presence as well as in the absence of the 
new balance of moment of moments balance law. 

5.1.3. Necessity of a New Balance Law in Micropolar Theories: Balance of 
Moment of Moments Balance Law 

Because of the new deformation physics in micropolar theories, modifications of 
the conservation and balance laws of classical continuum mechanics are natural 
to incorporate new deformation physics in them. There is almost unanimous 
agreement on this and on the types of modifications needed. Whether these mod-
ifications of the conservation and balance laws of classical continuum mechanics 
are sufficient to ensure thermodynamic equilibrium of micropolar solid matter is 
never addressed in the published works, except for solid media by Yang et al. [50] 
and for solid and fluent media by Surana et al. [41] [42]. The reasoning presented 
by Yang et al. [50] for the need of this balance law is based on static considerations. 
Later, Surana et al. [41] [42] presented inductive reasoning in support of this new 
balance law for micropolar theory and provided its derivation based on rate con-
siderations (necessary for it to be a balance law) for solid and fluent media. We 
present essential details in the following (more details can be found in references 
[27] [41] [42]). 

We consider inductive reasoning to demonstrate and establish why there is a 
need for an additional balance law in 3M continuum theories to ensure dynamic 
equilibrium of the deforming solid continua in the presence of rotations (regard-
less of the type) and their kinematically conjugate moments. In classical contin-
uum theories for solid continua that consider displacements as the only observa-
ble quantities at the material points and their conjugate forces (or stresses), it is 
well known that the balance of linear momenta and the balance of angular mo-
menta must hold for the dynamic equilibrium of the deforming solid continua. 
That is, the rate of change of linear momenta must be balanced by body forces and 
the average stress P  on the oblique plane of the tetrahedron for any arbitrary 
volume of matter (balance of linear momenta). The rate of change of the moment 
of linear momenta must be balanced by the moment of the body forces and the 
moment of average stress P  on the oblique plane of the tetrahedron (balance of 
angular momenta balance law) and moments of body forces. These two balance 
laws ensure stable dynamic equilibrium of the deforming volume of solid continua 
in classical continuum mechanics at any instant of time. Thus, we note that when 
the displacements and forces coexist as a kinematic pair, two balance laws are re-
quired. The first balance law is the dynamic balance of the quantities conjugate to 
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displacements, that are forces, the balance of linear momenta. The second balance 
law is the dynamic balance of the moments of the quantities conjugate to displace-
ments, i.e., moments of forces, the balance of angular momenta.We present some 
remarks, considerations and basic steps in the derivation of this new balance law 
followed by the derivation in the following. 

Remarks  
(1) We note that the balance laws of linear and angular momenta in CCM con-

tain physics purely related to the forces and the moments due to the forces. 
(2) When rotations and their conjugate moments are introduced, the balance 

of linear momenta (purely related to the forces) remains unchanged, as the non-
symmetry of the Cauchy stress tensor is also present in classical theories until the 
balance of angular momenta establishes it to be symmetric. 

(3) Additional moments introduced by the consideration of rotations (classical 
or otherwise) must now be considered in modifying the dynamic balance of mo-
ments, i.e., the balance of angular momenta used in classical theories. The end 
result is the relationship between additional conjugate quantities introduced due 
to nonclassical theories, i.e., the antisymmetric components of the Cauchy stress 
tensor and the Cauchy moment tensor. We note that neither of these exist in the 
classical continuum theory. Thus, due to the rotations of the microconstituents 
and moments caused by them, the balance of angular momenta needs to be mod-
ified. As this balance law already exists due to the classical continuum mechanics, 
it is modified to include the presence of additional moments due to rotations of 
the microconstituents and also due to the antisymmetric components of the Cau-
chy stress tensor. 

(4) A new balance law, the law of balance of moment of moments (parallel to 
the balance of angular momenta in classical theories), is required for dynamic 
equilibrium in the presence of rotations of the microconstituents, their rates, and 
conjugate moments. This balance law must be a rate law, just like all other balance 
laws and must only contain the physics related to the nonclassical part, i.e., possi-
bly rotations and their rates, the conjugate Cauchy moment tensor, and the anti-
symmetric part of the Cauchy stress tensor. Thus, in the derivation of this balance 
law, we must consider the rate of the moment of angular momenta only due to 
internal rotation rates to balance with: (i) the moment of moments of those com-
ponents associated with P  that are only related to nonclassical physics, i.e., the 
antisymmetric components of the Cauchy stress tensor, and (ii) the moment of 
M , which is only due to nonclassical physics. 

(5) We remark that consideration of the following as a balance law in the non-
classical theory considered here is invalid. 

 ( )
( )

( )
( )

( )
( ) .

V t

b b

V t V t V

D dV
Dt

d dV

ρ

ρ ρ
∂ ∂

× ×

= × × + + × × + ×

∫

∫ ∫ ∫

x x v

x x P M A x x F x m
 (63) 

(a) The left-hand side is purely due to the classical continuum physics, hence  
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cannot be part of this balance law. (b) 
( ) ( )V t

d
∂

× ×∫ x x P A  is invalid as it contains  

the symmetric part of the Cauchy stress tensor (after applying Cauchy principle) 
which is also part of the classical continuum theory. In this expression, only anti-
symmetric components of the Cauchy stress tensor should be considered as these 
are the only components related to nonclassical physics. (c)  

( ) ( )b
V t

dVρ× ×∫ x x F  is also purely due to classical continuum physics (forces), 

hence cannot be considered in this balance law. Presence of 
( ) ( )V t

d
∂

×∫ x M A  is 

valid as M  is purely due to classical or internal rotation physics. 
(6) The derivation using (63) leads to erroneous results as expected due to the 

fact that (63) mostly contains physics that is purely related to the classical contin-
uum mechanics (except M ). The terms related to classical continuum mechan-
ics should be eliminated from this balance law as this balance law is only necessi-
tated because of new physics due to microconstituents i.e., due to micropolar the-
ory. 

(7) We note that introduction of new kinematic pair in the consideration of a 
continuum theory requires two balance laws: (i) the first is related to the dynamic 
balance of the quantity conjugate to the kinematic variable in the kinematic pair 
and (ii) the second one is related to the dynamic balance of the moment of the 
quantities conjugate to the kinematic variable in the kinematic pair. Displace-
ments as kinematic variables need the balance of linear and angular momenta, 
which are dynamic balances of forces and their moments. Introduction of rota-
tions and their rates as kinematic variables require dynamic balance of moments 
(which already exists in the form of balance of angular momenta) and a dynamic 
balance of moment of moments, a new balance law. Thus, for each new kinematic 
variable, we need to consider (i) the dynamic balance of its conjugate quantity that 
already exists due to the previous kinematic variable, hence can be modified to 
accommodate the influence of new physics, and (ii) dynamic balance of the mo-
ment of its conjugate quantity related only to the physics associated with the new 
kinematic variable, which is a new balance law that needs to be derived using rate 
considerations. This reasoning presented here holds for the introduction of each 
new kinematic variable or a new kinematic pair in the development of a new con-
tinuum theory. 

5.1.4. Derivation of the Balance of Moment  
of Moments Balance Law 

In the derivation of this balance law, we must consider the rate of moment of 
angular momenta due to rotation rates to balance with the moment of moments 
of the antisymmetric components of the Cauchy stress tensor and the moments 
of M , all of these are only related to the nonclassical physics due to rotations and 
the associated conjugate moments. 

Let Iθ  be the rotational inertia per unit mass and iω  be angular velocities 
associated with the classical or the internal rotation rates (anti-symmetric part of 
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velocity gradient tensor in Eulerian description). Then, we can write: 

 
( )

( ) ( ) ( ) ( )
: .

iV

b
V t V t V t

D I dV
Dt

dV dA dV

θ ρ

ρ
∂

×

= × + × + ×

∫

∫ ∫ ∫

x

x x M x m

ω

σ
 (64) 

If we assume that the material particles have negligible rotational inertia Iθ , 
then the term on the left hand side of (64) can be assumed to be zero, and (64) 
reduces to: 

 
( ) ( ) ( ) ( )

: 0.b
V t V t V t

dV dA ρ
∂

× + × + × =∫ ∫ ∫x x M x m σ  (65) 

(1) Instead of (64), a rate statement, if we consider (65) directly, then we could 
mistakenly view (65) as equilibrium of moments, a static consideration. This is 
obviously incorrect. As stated by Yang, et al. [50], (65) indeed is a balance law, 
even though its derivation based on statement like (64) is not reported in Refer-
ence [50]. Due to the fact that the left-hand side of (64) is zero because of the 
assumption of zero rotational inertia, the balance law (64) results in (65), which 
unfortunately has the appearance of an equilibrium statement. 

(2) Henceforth, in this paper we refer to (64) or (65) as the balance of moment 
of moments balance law. 

We expand the second term in (65) and then convert the integral over V∂  to 
the integral over V  using the divergence theorem: 

 ( )

( )

( )

,

,

.

k ijk i j
V V

k ijk i mj m
V

k ijk i mj m
V

k ijk ij i mj m
V

k ijk ij
V V

dA x M dA

x m n dA

x m dV

m x m dV

m dV dV

∂ ∂

∂

× =

=

=

= +

= + × ⋅

∫ ∫

∫

∫

∫

∫ ∫

x M e

e

e

e

e x m









 ∇

 (66) 

Using Equation (66) in (65) and collecting terms: 

 ( ): 0.b
k ijk ij

V V

dV m dVρ× ⋅ + + + =∫ ∫x m m e ∇ σ  (67) 

The first term in (67) vanishes due to the balance of angular momenta, giving 
the following: 

 = 0.k ijk ij
V

m dV∫ e   (68) 

Using localization theorem [52], we obtain the following from (68): 

 0 and 0.ijk ij ijk ijm m= =   (69) 

Equation (69) implies that the Cauchy moment tensor m  is symmetric in 
nonclassical continuum theories considering rotations of the microconstituents 
when law of balance of moment of moments is used as an additional balance law. 
We make following remarks: 
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(1) We have explained the necessity of the balance of moment of moments in 
micropolar theory incorporating rigid rotations of the microconstituents. Modi-
fications of the conservation and balance laws of classical continuum mechanics 
are not sufficient due to the new physics due to rotations of microconstituents. 
The reasoning presented in the paper clearly establishes necessity of this new bal-
ance law in micropolar theories with classical or internal rotation physics. 

(2) The outcome based on this balance law is rather simple: symmetry of the 
Cauchy moment tensor m . But, the consequences of not considering this bal-
ance law are far more serious, especially in the derivation of the constitutive the-
ories. We discuss more on this in a later section. 

We determine the thermodynamic and mathematical consistencies of the three 
micropolar theories: (i) when balance of moment of moments is considered as an 
essential balance law (ii) when balance of moment of moments is not used as a 
balance law, as this is the case in most published works on micropolar theories. 

6. Thermodynamic and Mathematical Consistency of 
MPNCCT1, MPNCCT2 and MPNCCT3 

In this section, we present a detailed investigation of the thermodynamic and 
mathematical consistency of the three commonly used and published micropolar 
theories (listed in section 5). In the investigation of thermodynamic and mathe-
matical consistency of each micropolar theory, we present details when balance of 
moment of moments is a balance law as well as when it is not a balance law in the 
conservation and balance laws for the micropolar theory. 

6.1. MPNCCT1 Based on Classical or Internal Rotations: cΘ  

First, we recall that regardless of which micropolar theory we consider, it must 
incorporate the deformation/strain measures derived for linear micropolar the-
ory, Equations (55)-(57), listed here for convenience. 

 
( )

{ }
( ) ( ) ( ) TT T

, 2 , , 0
d
ad d d d d d

a s s

J
J J J J J J

x

α

α α α
  ∂              + + + =            ∂
 

 (70) 

Additionally, 

 ( ) ( )d
aJ Jα α   =     (71) 

containing rigid rotations of the microconstituent ‘α ’. 
Before we proceed further with the details of this micropolar theory, we recall 

that in classical continuum mechanics the rotation field due to cΘ  is a free field. 
In the presence of the microconstituents causing obstruction to the free field cΘ , 
the rotation field due to cΘ  is no longer a free field and in fact describes the 
rotations of the microconstituents. A simple example illustrates this quite well. 
Consider 1D axial deformation of an unconstrained rod subjected to a force at the 
right end. The rigid body translations of the rod is a free field that has no affect 
on the deformation of the rod as all points of the rod are moving in the same 

https://doi.org/10.4236/jamp.2025.133049


K. Surana, S. S. C. Mathi 
 

 

DOI: 10.4236/jamp.2025.133049 959 Journal of Applied Mathematics and Physics 
 

direction by the same amount. If we constrain the left end of the rod from moving, 
then the deformation field is no longer a free field and is in fact the actual defor-
mation field of the constrained rod with load on the right end. Thus, we see that 
the obstruction (constrained left end in this case) changes the free field to the ac-
tual deformation field of the constrained rod. Secondly, the free field has no in-
fluence on the actual deformation field of the constrained rod. Our situation of 

cΘ  as a free field and the microconstituents obstructing this free field is exactly 
similar to the axial rod. That is the free field cΘ  in the absence of microconstit-
uents becomes a rotation field cΘ  describing the rotations of the microconstit-
uents, meaning cΘ  are in fact the rotations of the microconstituents. Hence, in 
the deformation measures, α Θ  can be replaced by cΘ . We modify (70) in the 
following to reflect that α Θ  is in fact cΘ  in MPNCCT1. 

6.1.1. General Considerations 
We consider small strain, small deformation physics in Lagrangian description. 
Cauchy stress tensor σ  and Cauchy moment tensor m  are measures of stress 
and moment (per unit area). If we consider oblique plane of the tetrahedron on 
which P  and M  are average force and average moment per unit area, then 
based on Cauchy principle [51] [52], we have 

 T T;= ⋅ = ⋅P n M m nσ  (72) 

n  being outward normal to the oblique plane of the tetrahedron. We note that 

 ( ) ( ) ( )1 1 2 2 3 3.c c c× = Θ + Θ + Θu e e e∇  (73) 

cΘ  are classical rotations (or internal rotations iΘ , as used in references 

[27]-[49]). It is straightforward to see that [ ]a J  contains 
2

cΘ . Also, the gradi-

ent of cΘ  i.e., cΘ J  and its symmetric c
s
Θ

J  and skew symmetric c
a
Θ

J  com-
ponents are given by 

 
{ }
{ }

;cc c c c
s aJ J J J

x
Θ Θ Θ Θ ∂ Θ       = = +        ∂  

 (74) 

 
T T1 1;

2 2
c c c c c c
s aJ J J J J J
Θ Θ Θ Θ Θ Θ              = + = −                 

 (75) 

Thus, (70) is now modified to 

 
{ }
{ }

( ) ( ) TT T
, 2 , , 0cd d d d d d

a s sJ J J J J J
x

α α ∂ Θ         + + + =         





 ∂
 (76) 

In MPNCCT1, we consider deformation measures in (76). 

6.1.2. Conservation of Mass and Balance of Linear Momenta 
The conservation of mass and the balance of linear momenta remain the same as 
in classical continuum mechanics and are given by 
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 ( ) ( ) ( )0 ,0 , ,J t tρ ρ=x x x  (77) 

 and 0 0 0bD
Dt

ρ ρ− − ⋅ =
v F ∇ σ  (78) 

bF  represents body forces per unit mass. The Cauchy stress tensor σ  is non-
symmetric, as its symmetry has not been established. 

6.1.3. Balance of Angular Momenta 
Based on the principle of balance of angular momenta, the rate of change of mo-
ments of momenta must be equal to the vector sum of the moments of the external 
force and the moments. Thus, due to surface force per unit area P , surface mo-
ments per unit area M , body forces per unit area bF , body moments per unit 
mass bm  and the linear momentum dVρv  for an element volume V∂  in the 
current configuration, we can write the following for the deformed volume V  
bounded by V∂ . 

 ( ) ( ) ( )b b
V V V V

D dV dA dV dV
Dt

ρ ρ ρ
∂

× = × + + × +∫ ∫ ∫ ∫x v x P M x F m  (79) 

Using (79) and following the derivation presented in reference [27], we can ob-
tain the following differential form for BAM balance law based on the localization 
theorem [52]. 

 , 0 0b
ijk ij mk m km mσ ρ+ + =  (80) 

We make the following remarks: 
(a) In this balance law, the rate of change of angular momenta is balanced by 

the vector sum of the moments of the forces and body moments. Thus, this bal-
ance law naturally contains moments due to components of the stress tensor act-
ing on the faces of the deformed tetrahedron. Normal stress components do not 
contribute to this. Hence, the moments due to stresses contained in this balance 
law are only caused by shear stresses due to the skew symmetric part of the Cauchy 
stress tensor. 

(b) In the case of classical continuum theory, the balance of angular momenta 
is a statement of self-equilibrating moments due to the symmetry of shear forces: 

 : 0=ε σ  (81) 

(c) In the case of nonclassical continua, the Cauchy moment tensor m  (which 
exists due to the resistance offered by the microconstituents) results in shear stress 
couples from the antisymmetric part of the Cauchy stress tensor. These shear 
stress couples are balanced by the gradients of the Cauchy moment tensor and 
body moments. 

(d) Both the nonclassical and classical continuum theories use stress couples 
due to shear stresses in the balance of angular momenta. 

(e) From (80), it is clear that gradients of m  equilibrate only with the anti-
symmetric (shear) components of the stress tensor σ . 
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(f) Cauchy moment tensor exists within the deforming volume of matter when 
the classical rotations cΘ  of the microconstituents are resisted by the medium. 

6.1.4. Balance of Moment of Moments Balance Law 
In section 5.1.3, necessity, rationale and derivation of balance of moment of mo-
ments balance law in micropolar theory has been presented. This new balance law 
is essential in 3M continuum theories. Based on this balance law, the Cauchy mo-
ment tensor is symmetric. 

 0ijk ijm =  (82) 

In the absence of this balance law, Cauchy moment tensor is not symmetric. In 
evaluating thermodynamic and mathematical consistencies of MPNCCT1, 
MPNCCT2 and MPNCCT3, we consider both cases i.e., symmetric m  as well as 
nonsymmetric m . 

6.1.5. First Law of Thermodynamics 
The sum of work and heat added to a deforming volume of matter must result in 
increase of the energy of the system. This can be expressed as a rate equation in 
the Eulerian description as: 

 tDE DQ DW
Dt Dt Dt

= +  (83) 

where tE , Q  and W  are total energy, heat added, and work done. We have 

 
( )

1 ,
2

b bt
c

V t

DE D e dV
Dt Dt

ρ  = + ⋅ − ⋅ − ⋅ 
 ∫ v v F u m Θ  (84) 

 
( )

,
V t

DQ dA
Dt ∂

= − ⋅∫ q n  (85) 

 
( )
( ) .r

c
V t

DW dA
Dt ∂

= ⋅ + ⋅∫ P v M Θ  (86) 

Here, e  is specific internal energy, bF  is body force vector per unit mass, 
q  is rate of heat and r

cΘ  are internal rotation rates. Note that the additional 

term r
c⋅M Θ  in DW

Dt
 contributes additional rate of work due to rates of  

classical rotations. Following the derivation presented in reference [27], we can 
derive the following differential form of the first law of thermodynamics based on 
localization theorem. 

 ( )( )0 0: : 0.c b
c c

De
Dt

ρ ρΘ+ ⋅ − − + ⋅ ⋅ + ⋅ =q J m J m m   ∇ Θ ∇ Θσ  (87) 

6.1.6. Second Law of Thermodynamics 
If η  is the entropy density in volume ( )V t , h  is the entropy flux between 

( )V t  and the volume of matter surrounding it, and s  is the source of entropy 

in ( )V t  due to non contacting bodies, then the rate of increase of entropy in vol-
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ume ( )V t  is at least equal to that supplied to ( )V t  from all contacting and 
non contacting sources [51]. Thus, 

 
( ) ( ) ( )

.
V t V t V t

D dV h dA s dV
Dt

η ρ ρ
∂

≥ +∫ ∫ ∫  (88) 

Using Cauchy’s principle for h  and divergence theorem to convert integral 
over dV  to integral over V , and finally applying the localization theorem and 
expressing it in Lagrangian description, we can obtain the most fundamental form 
(differential form) of the second law of thermodynamics called Clausius Duhem 
inequality. 

 0 0 0.D s
Dt
ηρ ρ+ ⋅ − ≥∇ ψ  (89) 

Using 

 , rs
θ θ

= =
qψ  (90) 

and energy equation (87) in (89) we can derive the following differential form of 
second law of thermodynamics or entropy inequality (following ref [27]) based 
on representation theorem [52]. 

 ( )( )0 0: : 0.c b
c c

D D
Dt Dt
φ θρ η ρ

θ
Θ⋅ + + − − + ⋅ ⋅ + ⋅ ≤ 

 

q g J m J m m   Θ ∇ Θσ  (91) 

c ΘJ  is the rate of internal rotation gradient tensor. 
Following is a summary of the conservation and balance laws for MPNCCT1 

(MPNCCT1) based on classical rotations cΘ . 

 ( ) ( ) ( )0 , , ,J t tρ ρ=x x x  (92) 

 0 0 0,bD
Dt

ρ ρ− − ⋅ =
v F ∇ σ  (93) 

 0: 0,bρ⋅ + + =m m∇ σ  (94) 

 0ijk ijm = , (when balance of moment of moments is a balance law) (95) 

 ( )( )0 0: : 0,c b
c c

De
Dt

ρ ρΘ+∇ ⋅ − − + ⋅ ⋅ + ⋅ =q J m J m m   Θ ∇ Θσ  (96) 

 ( )( )0 0: : 0.c b
c c

D D
Dt Dt
φ θρ η ρ

θ
Θ⋅ + + − − + ⋅ ⋅ + ⋅ ≤ 

 

q g J m J m m   Θ ∇ Θσ  (97) 

This mathematical model contains: ( )3u , ( )9σ , ( )6m  (if balance of mo-
ment of moments is used as a balance law), ( )3q , ( )1θ , a total of 22 dependent 
variables, but has only balance of linear momenta (3), balance of angular momenta 
(3), first law of thermodynamics (1), seven partial differential equations in total. 
Thus, an additional 15 equations are needed for closure. These are obtained from 
the constitutive theories for ( )6σ , ( )6m  (using balance of moment of mo-
ments balance law), ( )3q , to provide closure to the mathematical model. 
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6.1.7. Constitutive Theories 
The constitutive theories must be thermodynamically and mathematically con-
sistent [27] [52]. In order to ensure this, we must begin with conjugate pairs in 
second law of thermodynamics when deciding constitutive variables and their ar-
gument tensors, augmented by additional physics if required. If the conjugate 
pairs represent the rate of work, then we must ensure that it is positive. The re-
strictions on other constitutive theory considerations must likewise be satisfied to 
ensure that the entropy inequality is satisfied. These considerations are necessary 
for thermodynamic consistency of a constitutive theory. Once we have deter-
mined the constitutive tensors and their argument tensors, we must adhere to rep-
resentation theorem in the derivation of the constitutive theory [53]-[64] so that 
the resulting constitutive theory is mathematically consistent. The constitutive 
tensor must be expressed as a linear combination of the basis of the space of con-
stitutive tensor. This necessitates that the constitutive tensor (of rank two) can be 
a symmetric or an antisymmetric tensor with symmetric and skew symmetric ten-
sors as argument tensors, but a constitutive tensor cannot be a nonsymmetric ten-
sor with nonsymmetric tensors as its argument tensors. This restriction requires 
that we additively decomposite nonsymmetric tensors in entropy inequality con-
jugate pairs into symmetric and skew symmetric tensors. Another important as-
pect is to realize that volumetric and distortional deformation physics are mutu-
ally exclusive; hence, they cannot be described by a single constitutive theory for 
a stress tensor. Furthermore, in all micropolar theories, the stress tensor is non-
symmetric. The appearance of the antisymmetric stress tensor in the balance of 
angular momenta and the fact that if we have constitutive theories for the moment 
tensor, then antisymmetric stress tensor is completely defined by the gradients of 
moment tensor suggests that there cannot be a constitutive theory for antisym-
metric stress tensor. Thus, we must decompose σ  into sσ  and aσ  (sym-
metric and skew symmetric) tensors and consider constitutive theory for sσ  
only. Furthermore, additive decomposition of s a= +σ σ σ  into equilibrium 
( eσ ) and deviatoric ( dσ ) stress tensor is essential to address volumetric and dis-
tortional deformation physics through the constitutive tensors for eσ  and dσ . 
Likewise, additive decomposition of m  into symmetric s m  and skew symmet-
ric a m  is necessary when balance of moment of moments is not considered as a 
balance law, but there is no need for decomposing m  or s m  into equilibrium 
( e

s m ) and deviatoric ( d
s m ) moment tensors as only distortional deformation 

physics is influenced by m . We consider 

 { }
{ }

;
;

;

; ;

c c c

s a s e d

s a s a a

cc
s a

d d d d d d d d
s a s a a

J
x

Θ Θ Θ Θ

= + = +

= + = + = +

 ∂ Θ  = = +   ∂  
= + = + = + = +

m m m J J J J

J J J

J J I J J J J J J J   



σ σ σ σ σ σ
ε

ε

 (98) 

From (62), we note that the first deformation measure in (76) can be considered 
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as strain measure if we multiply it by a factor of half i.e., [ ] ( )T1
2

d dJ Jε    = +     

and it has been modified in the development of the theory. 
We substitute (98) into (97): 

 
( ) ( )

( ) ( ) ( )
0

0

:

: 0.c c

e d d
s s a a

b
s a s a c

D D
Dt Dt

θρ η
θ

ρΘ Θ

Φ ⋅ + + − + + + 
 

− + + − ⋅ + ⋅ ≤

q g J

m m J J m m





  ∇ Θ

σ σ σ ε
 (99) 

Since: 

 
: 0 ; : 0 ; : 0

: 0 ; : 0

c c

c c

e d
s a s a a

s a a s

Θ Θ

Θ Θ

= = =

= =

J J

m J m J

 



 

σ σ σ ε
 (100) 

and from BLM: 

 0 :bρ⋅ + = −m m∇ σ  (101) 

Using (100) and (101) in (99), we obtain: 

 
( )

0 : : :

: : : 0.

c

c c

e d a a

s s a a c

D D
Dt Dt

θρ η
θ

Θ

Θ Θ

Φ ⋅ + + − − − 
 

− − + ⋅ ≤

q g J

m J m J



 

  Θ

σ ε σ ε σ

σ
 (102) 

A simple calculation shows 

 ( ): :c
a a c

Θ = ⋅J Θσ σ  (103) 

using (103) in (102): 

 ( )0 : : : 0c ce d
s s s s a a

D D
Dt Dt

θρ η
θ

Θ ΘΦ ⋅ + + − ⋅ − − − ≤ 
 

q g m J m J 

 σ ε σ ε  (104) 

Energy Equation (102) can be modified accordingly. 

Constitutive Theory for Equilibrium Stress e
sσ  

In Lagrangian description, density ( ), tρ x  is deterministic from conservation 

of mass ( ( ) 0, t
ρ

ρ =x
J

) once the deformation gradient tensor J  is known.  

Hence, density ( ), tρ x  cannot be a dependent variable in the mathematical 
model. Thus, it cannot be used as an argument tensor of the constitutive variables. 
However, compressibility and incompressibility physics are related to ( ), tρ x  
and ( ), tθ x . Thus, the constitutive theory for e

sσ  cannot be derived using the 
second law of thermodynamics (104) in Lagrangian description [51] [52]. Since 
the volumetric deformation only depends on density and temperature, other mat-
ter specific constitution does not influence the constitutive theory for e

sσ . 
We must derive constitutive theory for compressibility (or incompressibility) 

physics using second law of thermodynamics in Eulerian description in which 
density is a variable. We consider (104) in Eulerian description for compressi-
ble/incompressible thermoviscous fluent continua [51]. We can write (104) as: 

 ( ) ( )0: : : 0
r
ce d

s s s
D D
Dt Dt

θρ η
θ

Θ Φ ⋅
+ + − − − ≤ 

 

q g D D m Jσ σ  (105) 
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in which ( )0σ  and ( )0m  are contravariant Cauchy stress and moment tensors 
(same as covariant, if deformation is small), D  is symmetric part of velocity gra-
dient tensor and 

r
c

s
ΘJ  is the gradient tensor of the internal rotation rates (from 

×v∇  or due to skew symmetric part of velocity gradient tensor L ). 
Using (105) and following the derivation in reference [27] [51] [52] we can de-

rive the following constitutive theories for e
sσ . 

( ) ( ) ( ) ( )

( ) ( ) ( )

2 2, , ; , Compressible

incompressible

e
s

e
s

p p

p

ρ θ ρ ρ θ ρ θ ρ
ρ ρ

θ θ

∂Φ ∂Φ
= − = = −

∂ ∂

=

σ δ δ

σ δ
 (106) 

in which ( ),p ρ θ  is the thermodynamic pressure, equation of state and ( )p ρ  
is the mechanical pressure (Lagrange multiplier). 

The reduced form of (105) becomes 

 : : : 0.
r r
c cd

s s s a aθ
Θ Θ⋅

− − − ≤
q g D m J m Jσ  (107) 

In Lagrangian description, the constitutive theories for e
sσ  can be obtained 

directly using (106) 

 ( ) ( ) ( )2, ; , ; Compressiblee
s p pρ θ ρ θ ρ

ρ
∂Φ

= = −
∂

σ δ  (108) 

 ( ) ( ); incompressible .e
s p θ=σ δ  (109) 

Reduced form of (105) follows directly from (107) by removing overbar and 
replacing D  by 

.
ε  and 

r
c

s
ΘJ  by c

s
ΘJ  and 

r
c

a
ΘJ  by c

a
ΘJ  

 ( ) ( ): : : 0.c cd
s s s a aθ

Θ Θ⋅
− − − ≤

q g m J m Jσ ε  (110) 

Constitutive Theory for d
s s am m, ,σ  and q  

For simplicity, we consider MPNCCT1 for thermoelastic solid matter. Conclu-
sions drawn from this derivation are applicable to more comprehensive 
MPNCCT1 (such as those with dissipation, memory etc). Conjugate pairs in the 
reduced form of entropy inequality (110), in conjunction with axioms of consti-
tutive theory, can be used to identify their argument tensors. The argument ten-
sors can be further modified if consideration of additional physics requires so. 
From the conjugate pairs in (110), we can write: 

 

( )
( )
( )

( )

,

,

,

,

c

c

d d
s s

s s s

a a a

θ

θ

θ

θ

Θ

Θ

=

=

=

=

m m J

m m J

q q g

σ σ ε

 (111) 

If , ; 1, 2, , , 1, 2, ,i jI i N j Mσ σ σ σ= =G  



;  

, ; 1, 2, , ; 1, 2, ,s s sm m mm i jI i N j M= =G  



;  

, ; 1, 2, , ; 1, 2, ,a a a am m m mi jI i N j M= =G  



 and  
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, ; 1, 2, , ; 1, 2, ,q i q j q qI i N j M= =g  





 are pairs of combined generator and in-

variants of the argument tensors of the constitutive variables in (111), then using 
representation theorem, we can write the following in the current configuration 
for each constitutive tensor in (111). 

( ) ( )

( ) ( )

( ) ( )

0

1

0

1

0

1

; , ; 0,1, 2, , ; 0,1, 2, ,

; , ; 0,1, 2, , ; 0,1, 2, ,

; , ; 0,1, 2, , ; 0,1, 2, ,

ms
s s s s s s s s

ma
a s s s a a a a

N
d i i i i j
s

i

N
m m m m m m m mi i i i j

s
i

N
m m m m m m mi i i i j

a
i

I i N j M

I i N j M

I i N j

σ
σ σ σ σ σ σ σ σα α α α θ

α α α α θ

α α α α θ

=

=

=

= + = = =

= + = = =

= + = = =

∑

∑

∑

I G

m I G

m I G

 



 



 



σ

( ) ( )
1 1

; , ; 0,1, 2, , ; 0,1, 2, , .
q q

m

N N
q i q i q i q i q j q q

i i

M

I i N j Mα α α θ
= =

= − = = =∑ ∑q g  

 



 (112) 

The α ’s in (112) are coefficients in the linear combination. These can be func-
tions of the respective invariants and the temperature. Material coefficients in 
(112) are derived by considering Taylor series expansion of α ’s in the corre-
sponding invariants and the temperature about a known configuration Ω . Gen-
erally, only up to linear terms in invariants and temperature are retained in the 
Taylor series expansion for simplicity of the resulting constitutive theory (see ref-
erences [27] [51] [52]). As an illustration, the constitutive theory for d

s σ  will 
have the form: 

 
( ) ( ) ( )( )

( )( ) ( ) ( )

0
1 1 1 1

1

N M NM
d d i j j i
s s i j ij

i j j i

N
i i

tm
j

a b I c I

d

σ σ σσ

σ

σ σ σ σ σ σ σ

σ σθ θ α θ θ

Ω
= = = =

Ω ΩΩ
=

= + + +

− − − −

∑ ∑ ∑∑

∑

G I G

G I

     

 

σ σ
 (113) 

in which, material coefficients , , , i
i j ija b c dσ σ σ σ

   

 and tmα
Ω

 are functions of 

the invariants ; 1, 2, ,j j Nσ σ=I 



 and θ  in the known configuration Ω  
and are defined by: 

 

( )
( ) ( ) ( )

( )
( )
( ) ( ) ( )

( )
( )

0
0 0

1 1

1

0

;

;

;

iM M
j i

jj j
j j

i iM
i j

i ijj j
j

i d

i tm

I a
I I

b I c
I I

d

σ σ
σ σ σ

σ σ

σ σ
σ σ

σ σ

σ
σ

α α
σ α α

α α
α

α α
α

θ θ

Ω Ω Ω Ω
= =

Ω Ω

Ω Ω
=

Ω Ω

Ω

Ω

 ∂ ∂ = − = − ∂ ∂ 
 

∂ ∂
= + − =

∂ ∂

∂ ∂
= − =

∂ ∂

∑ ∑

∑

 

 

 

 





 (114) 

Exactly similar forms of constitutive theory for ,s am m  and q  can be ob-
tained using (113) by using the corresponding combined generators and invari-
ants. In this case, based on (111) 

 
( ) ( ) ( )

2 2

2 31 2 3

2, 3 and ,

tr ; tr ; tr

iN M

I I I

σ σ σ σ

σ σ σ

= = = =

= = =

G G
 

  

ε ε

ε ε ε
 (115) 
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Similar derivations of the constitutive theories for ,s am m  and q  can be car-
ried out. For further discussion of the micropolar theories, we only need to con-
sider the simplest possible constitutive theories for , ,d

s s am mσ  and q . We 
consider constitutive theories that are linear in the components of the argument 
tensors of the constitutive tensors (neglecting initial stress and thermal effects as 
these are of no consequence in determining thermodynamic and mathematical 
consistency of MPNCCT1). 

 2 trd
s Iµ λ= +σ ε ε  (116) 

 ( ) ( )2 trc c
s s s s s Iη λΘ Θ= +m J J  (117) 

 ( ) ( )2 trc c
a a a a a Iη λΘ Θ= +m J J  (118) 

 κ= −q g  (119) 

We note that ( )tr 0c
s
Θ =J  and ( )tr 0c

a
Θ =J . Thus, (117) and (118) reduce to 

 ( )2 c
s sη

Θ=m J  (120) 

 ( )2 .c
a aη

Θ=m J  (121) 

The constitutive theories for e
sσ  and q  have the usual familiar terms in their 

expressions. At first glance, the constitutive theories for s m  and a m  also ap-
pear to have no issues. We examine (120) and (121) more carefully. Let us con-
sider MPNCCT1 in 2 , i.e., in two dimensions. We choose plane stress defor-
mation physics in 1 2,x x . In this case, 3u  and its gradients are zero, gradients of 

1u  and 2u  with respect to 3x  are also zero, and 11 22 12 21 13, , , , mσ σ σ σ  and 

23m  are the only nonzero components of the Cauchy stress tensor and the Cauchy 
moment tensor. Using (120) and (121), we can obtain: 

 ( ) ( )13 3,1 23 3,2;s s c s s cm mη η= Θ = Θ  (122) 

 ( ) ( )13 3,1 23 3,2;a a c a a cm mη η= − Θ = − Θ  (123) 

in which 

 2 1
3

1 2
c

u u
x x

∂ ∂
Θ = −

∂ ∂
 (124) 

Based on the constitutive theories for 13 23 13, ,s s am m m  and 23a m  in (122) and 
(123), we make the following remarks. 

(1) If a sη η= , then using (122) and (123), 13m  and 23m  are zero, which re-
sults in complete absence of micropolar physics. 

(2) If a sη η< , then defining s s aη η η= −  in fact would yield the constitutive 
theory for 13m  and 23m  which is same as that for 13s m  and 23s m  (in (122)), 
but with redefined material coefficients. 

(3) If a sη η< , then the constitutive theories (122) and (123) would cause a re-
duction in stiffness of the micropolar medium compared to classical continuum 
mechanics, which is contrary to the micropolar nonclassical physics. 

(4) (1)-(3) clearly illustrate that there cannot be a constitutive theory for a m , 
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but this is required in the absence of the balance of moment of moments balance 
law. This suggests that there must be an additional law in the micropolar theory 
that prevents this from happening. Thus, we see that in the absence of balance of 
moment of moments balance law, spurious conjugate pair : c

a a
Θm J  appears in 

the entropy inequality forcing derivation of spurious constitutive theory. 
(5) The complete mathematical model for linear micropolar theory based on 

rotations cΘ  and balance of moment of moments as a new balance law is given 
by: 

 ( ) ( ) ( )0 , tρ ρ=x J x x  (125) 

 0 0 0bD
Dt

ρ ρ− − ⋅ =
v F ∇ σ  (126) 

 0: 0bρ⋅ + + =m m∇ σ  (127) 

 0ijk ijm =  (128) 

 : : : 0ce d
s s s s

De
Dt

Θ+∇ ⋅ − − − =q m J σ ε σ ε  (129) 

: : 0cd
s s sθ

Θ⋅
− − ≤

q g m Jσ ε  (Reduced form of second law of thermodymamics)

  (130) 

Constitutive theories (simplified, linear) 

 ( ) ( ), compressiblee
s p ρ θ=σ δ  (131) 

 ( ) ( )incompressibled
s p θ=σ θ  (132) 

 2 trd
s µ λ= +σ ε ε  (133) 

 ( )2 c
s s sη Θ=m J  (134) 

 κ= −q g  (135) 

 D
Dt

=
uv  (136) 

 
The mathematical model (125)-(130) consists of: balance of linear momenta 

(3), balance of angular momenta (3), first law of thermodynamics (1), constitutive 
theories for ( ) ( ) ( )6 , 6 , 3d

s sm qσ , total of 22 equations in twenty two dependent 
variables: ( ) ( ) ( ) ( ) ( ) ( )3 , 6 , 3 , 6 , 3 , 1d

s a s θu m qσ σ . Thus, the mathematical  
model has closure. 

Due to the balance of moment of moments balance law, the spurious conjugate 
pair containing a m  does not appear in the entropy inequality. All constitutive 
tensors and their argument tensors are decided based on conjugate pairs in the 
entropy inequality, ensuring thermodynamic consistency. All constitutive tensors 
of rank two are symmetric tensors and their argument tensors of rank two are also 
symmetric tensors. This permits use of representation theorem in deriving the 
constitutive theories, hence ensuring mathematical consistency of MPNCCT1. 
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We have not used principle of equipresence in deriving constitutive theories (used 
by Eringen and Eringen et al. almost exclusively) as it introduces nonphysical cou-
pling between classical and nonclassical continuum mechanics, amongst other 
things. We note that conservation of inertia conservation law advocated by Er-
ingen is not needed here; whether this law has any plausible physical basis is dis-
cussed in another companion paper. 

(6) Thus, linear MPNCCT1 based on cΘ , using the balance of moment of mo-
ments balance law and the constitutive theories based on conjugate pairs in en-
tropy inequality and representation theorem, is a thermodynamically and mathe-
matically consistent linear micropolar theory for solid matter. Surana et al. [27] 
[41] have presented ample of model problem studies using this MPNCCT1. 

6.2. MPNCCT2 Based on Classical Rotations ( cΘ ) and  
Microconstituent Rotations ( αθ ) 

6.2.1. MPNCCT2 When Balance of Moment of Moments Is not a Balance 
Law 

In this micropolar theory also, same deformation measures that are considered in 
MPNCCT1 must be considered i.e., 

 
( )

{ }
( ) ( ) ( ) TT T

, 2 , , 0
ad d d d d d

a a a

J
J J J J J J

x

α

α α α
  ∂              + + + =            ∂
 

 (137) 

Additionally, 

 ( ) ( )d
aJ Jα α   =     (138) 

In this micropolar theory, cΘ  present at this material point are considered, 
but in addition, we assume that α Θ , the rotations of the microconstituents inde-
pendent of cΘ , are required in development of the theory. While cΘ  are 
known (due to d

a J ), α Θ  are unknown rigid rotations of the microconstituents 
at a material point about the axes of the same triad about which cΘ  exist. The 
only possibly way to address this requirement is to consider total rotations tΘ  
at a material point. Thus, α Θ  in (137) must be replaced with tΘ . 
 t c α= +Θ Θ Θ  (139) 

Consideration of (139) is nonphysical, but (139) is what is considered in pub-
lished works. We proceed further using (139) and examine if a thermodynamically 
and mathematically consistent micropolar theory is possible based on (139). The 
conservation and balance laws for MPNCCT2 can be derived using tΘ  instead 
of cΘ  and following the same procedure as used for MPNCCT1 in section 6.1. 
The end result would be exactly the same equations as (92)-(97) but replacing cΘ  
with tΘ . 
 ( ) ( ) ( )0 , , ,J t tρ ρ=x x x  (140) 

 0 0 0,bD
Dt

ρ ρ− − ⋅ =
v F ∇ σ  (141) 

 0: 0,bρ⋅ + + =m m∇ σ  (142) 
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 ( )( )0 0: : 0,t b
t t

De
Dt

ρ ρΘ+∇ ⋅ − − + ⋅ ⋅ + ⋅ =q J m J m m   Θ ∇ Θσ  (143) 

( )( )0 0: : 0.t b
t t

D D
Dt Dt
φ θρ η ρ

θ
Θ⋅ + + − − + ⋅ ⋅ + ⋅ ≤ 

 

q g J m J m m   Θ ∇ Θσ  (144) 

where 

 d d d d c c
s a s a a= = + = + = +J J J J J    

  γ ε γ  (145) 

The moment tensor m  is nonsymmetric as balance of moment of moments 

is not used as a balance law. In (145), we have used [ ] ( )T1
2

d dJ Jε    = +    . Con-

tains first deformation measure in (137). 
We define a

α
γ  exactly in the same manner as c

a γ , contains first deformation 
measure in (137). Except, cΘ  in c

a γ  is replaced by d
a γ , and we let 

 t c
a a a a a

α α= + = +J   γ γ γ γ  (146) 

and 

 
{ }
{ }

.t t tt
s ax

θ θ θ
 ∂

      = = +     ∂  
J J J



  

Θ
 (147) 

First, we consider the case in which balance of moment of moments is not a 
balance law, thus m  is non-symmetric. This is followed by the details in which 
balance of moment of moments is considered as a balance law. So far in the con-
servation and balance laws, in particular first law of thermodynamics and second 
law of thermodynamics there do not seem to be any glaring issue at first glance. 
Let us consider constitutive theories. The first step is to decompose σ : 

 ; e d
s a s s s= + = +σ σ σ σ σ σ  (148) 

Substituting (148) in (144): 

 
( )( )

0

0

: : :

: 0.t

e d
s s a

b
t t

D D
Dt Dt
φ θρ η

θ

ρΘ

⋅ + + − − − 
 

− + ⋅ ⋅ + ⋅ ≤

q g J J J

m J m m

  

  Θ ∇ Θ

σ σ σ
 (149) 

As shown in section 6.1, here also constitutive theory for e
sσ  is derived using 

entropy inequality in Eulerian description and we obtain the same constitutive 
theories for e

sσ  as in (108) and (109). Reduced form of entropy inequality (149) 
is given by 

 ( )( )0: : : 0.td b
s a t tρ

θ
Θ⋅

− − − + ⋅ ⋅ + ⋅ ≤
q g J J m J m m    Θ ∇ Θσ σ  (150) 

We note the following from balance of angular momenta: 

 ( )0: .bρ= − ⋅ +m m∇σ  (151) 

Thus, if we have a constitutive theory for m , then aσ  are defined by (151). 
Hence, there cannot be a constitutive theory for aσ . This suggests that the con-
jugate pair :a Jσ  in (150) must be eliminated through whatever substitutions 
that are possible. The second important point to note (based on MPNCCT1) is 
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that there cannot be constitutive theory for a m . This is because for the 2D case 
(as in MPNCCT1), the constitutive theories for 13 23,s sm m  and 13 23,a am m  will 
have exactly the same form in tΘ  as the constitutive theories for 13 23,s sm m  
and 13 23,a am m  in cΘ  for MPNCCT1, confirming that constitutive theory for 

a m  is not a valid constitutive theory. We consider details in the following using 
(145) in (150), s a= +m m m , (147) and (151): 

 ( ): : : : : 0t td c
s s s a a a a t

θ

θ
Θ⋅

− − − − + ⋅ ≤
q g m J m J  

  Θσ ε σ γ σ  (152) 

Using (146), the following two alternate forms of (152) can be derived 
First, we consider 

 c t
a a a

α= −  γ γ γ  (153) 

 ( ): : : : :c t t
a a a a a a a a

α
α− = − + = − + ⋅   σ γ σ γ σ γ σ γ θ σ  (154) 

Substituting in (152) 

 ( ) ( ): : : : : : 0t td t
s s s a a a a t

θ
αθ

Θ⋅
− − − − + + ≤

q g m J m J   

  Θ Θσ ε σ γ σ  (155) 

Next, we consider 

 c t
a a a

α= −  γ γ γ  (156) 

 
( )

: : :

: :

c t
a a a a a a

t a a a

α

α

− = − +

= − ⋅ +

  



Θ

σ γ σ γ σ γ

σ σ γ
 (157) 

Substituting from (157) in (152), we obtain: 

 : : : : 0t td
s s s a a a aJ α

θ
Θ Θ⋅

− − + − ≤
q g m m J σ ε σ γ  (158) 

Thus, (152), (155) and (158) are three different forms of entropy inequality that 
we can possibly consider for deriving constitutive theories. 

We note that the attempts to eliminate aσ  in (158), (155) and (152) have not 
been successful. The tensor conjugate to aσ  is different in (152), (155) and (158) 
raising further concern regarding their validity. 

From the first three conjugate pairs (same in (152), (155) and (158)), we can 
consider the following for simple thermoelastic solid matter. 

 ( ),θ=q q g  (159) 

 ( ),d d
s s θ=σ σ ε  (160) 

 ( ), .t
s s s

θ θ=m m J  (161) 

Valid and consistent constitutive theories for , d
sq σ  and s m  can be derived 

using (159) in conjunction with representation theorem [51] [52]. We examine 
(152), (155) and (158) individually for other terms in them. 

Consideration of (152) can possibly lead to following: 

 ( ),c
a a a θ≠ σ σ γ  (162) 
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 ( ),t
a a a

θ θ≠m m J  (163) 

and the term ( ):t ⋅Θ σ  remains unresolved. First, there cannot be a constitutive 
theory for aσ , because aσ  is not a constitutive tensor. Secondly, aσ  also ap-
pears in the last term in (152), thus precluding aσ  as a constitutive tensor. There 
also cannot be constitutive theory for a m  regardless of its argument tensor, as 
it results in nonphysical results for 2D plane stress case, hence the reason for (163). 
Thus, valid constitutive theories using (152) are not possible. Therefore, based on 
(152), the entropy inequality, a valid MPNCCT2 that is thermodynamically and 
mathematically consistent is not possible. Next, if we consider (159), then we can 
conclude 

 ( ),t
a a aγ θ≠σ σ  (164) 

 ( ),t
a a a

θ θ≠m m J  (165) 

The term ( ) ( ): :tα + Θ Θ σ  remains unresolved. The conclusions are exactly 
similar to those for (152), except that in this case t

a γ  is conjugate to aσ , and 

aσ  also appears in the last term of (155). In this case, (165) is same as (163) when 
considering second law of thermodynamics (152). Therefore, based on (155) en-
tropy inequality, a valid MPNCCT2 that is thermodynamically and mathemati-
cally consistent is not possible. 

Lastly, if we consider (158), then 

 ( ),a a a
α θ= σ σ γ  (166) 

 ( ), .t
a a a

θ θ=m m J  (167) 

Unfortunately there cannot be constitutive theories for aσ  as well as for a m . 
Thus, based on entropy inequality (158), a valid MPNCCT2 that is thermodynam-
ically and mathematically consistent is not possible. 

The final conclusion is that if we do not use balance of moment of moments 
balance law, MPNCCT2 based on cΘ  and α Θ  is not a valid linear micropolar 
theory. It is thermodynamically as well as mathematically inconsistent. 

6.2.2. MPNCCT2 When Balance of Moment of Moments Is a Balance Law 
In this case, all of the details of section 6.2.1 hold, but additionally due to balance 
of moment of moments balance law, m  is symmetric, hence s=m m  and 

0a =m . Thus, for investigating the validity of MPNCCT2 in the presence of bal-
ance of moment of moments balance law, we only need to begin with reduced 
form of entropy inequality (152), (155) and (158) with 0a =m . 

 ( ) ( ): : : : 0td c
s s s a a t

θ

θ
⋅

− − − + ⋅ ≤
q g m J 

  Θσ ε σ γ σ  (168) 

 ( ) ( ): : : : : 0td t
s s s a a t

θ
αθ

⋅
− − − + + ≤

q g m J  

  Θ Θσ ε σ γ σ  (169) 

 : : : 0td t
s s s a a

θ

θ
⋅

− − − ≤
q g m J σ ε σ γ  (170) 
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All three forms of second law of thermodynamics (168)-(170) suggest a consti-
tutive theory for aσ  with different argument tensors, but there cannot be a con-
stitutive theory for aσ  in micropolar theory. In (168) and (169), the last term 
remains unresolved also. 

Thus, even in the presence of balance of moment of moments balance law, 
MPNCCT2 based on rotations cΘ  and α Θ  is not a valid thermodynamically 
and mathematically consistent micropolar theory. 

In sections 6.2.1 and 6.2.2, we have shown the lack of validity of MPNCCT2 
based on rotations cΘ  and α Θ . We make remarks in the following. 

(1) Regardless of whether we consider balance of moment of moments as a bal-
ance law or not, MPNCCT2 based on rotations cΘ  and α Θ  requires constitu-
tive theory for aσ , which is non physical as aσ  is defined by balance of angular 
momenta through gradients of Cauchy moment tensor when we consider consti-
tutive theory for m . 

(2) When balance of moment of moments is not considered as a balance law, 
an additional constitutive theory for a m  is required, which is nonphysical [27] 
[39] [41]. 

(3) Depending upon the form of second law of thermodynamics used, in some 
cases additional unresolved terms remain in the entropy inequality, leading to vi-
olation of thermodynamic consistency. 

(4) In final conclusion, micropolar theories based on rotations cΘ  and α Θ  
are thermodynamically and/or mathematically inconsistent, hence are not valid 
linear micropolar theories. 

6.3. MPNCCT3 Based on α Θ  

6.3.1. MPNCCT3 When Balance of Moment of Moments Is not a Balance 
Law 

In this micropolar theory, we consider rotations α Θ  of the microconstituents as 
unknown degrees of freedom at the material points but neglect rotations cΘ  
even though cΘ  exists in all deforming solid continua as these are due to a J  
or d

a J . Common arguments given in published works are that presence of un-
known rotations α Θ  at the material points is sufficient to account for all rota-
tions at the material points. Thus, in this micropolar theory: 
 ( )c is neglectedt α=Θ Θ Θ  (171) 

and 

 
{ }
{ }

.s aJ J J
x

α α ααΘ Θ Θ
 ∂ Θ

    = = +   ∂  



    (172) 

The conservation and balance laws for this physics can be easily obtained by 
using conservation and balance laws of MPNCCT1 and replacing cΘ  by α Θ , 
or by using conservation and balance laws of MPNCCT2 and replacing tΘ  by 

α Θ . Except first law of thermodynamics and second law of thermodynamics, 
other conservation and balance laws remain same in this case as those in 
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MPNCCT1 or MPNCCT2. Reduced form of first law of thermodynamics and sec-
ond law of thermodynamics (after deriving constitutive theory for e

sσ ) can be 
written as: 

 ( ) ( ) ( ) ( ): : : : : 0cd
s s s a a a a

α α
αθ

Θ Θ Θ⋅
− − − − + ⋅ ≤

q g m J m J J   

 Θσ ε σ σ  (173) 

We note that 

 
( ) ( )

( )

: 0 as 0 because 0

and : :

c c
a a a c

a a
α

α

Θ Θ= = =

 ⋅ =  

J J 





Θ

Θ

σ

σ σ γ
 (174) 

using (174) in (173) 

 ( ) ( ) ( ): : : : 0d
s s s a a a a

α α α

θ
Θ Θ⋅

− − − − ≤
q g m J m J 

 σ ε σ γ  (175) 

based on (175) 

 ( ),θ=q q g  (176) 

 ( )d d
s s s

α Θ= Jσ σ  (177) 

 ( ),s s s
α θΘ=m m J  (178) 

 ( ),a a a
α θΘ=m m J  (179) 

 ( ),a a a
α θ= σ σ γ  (180) 

Considering (176)-(180), thermodynamically and mathematically consistent 
constitutive theories can be derived for , d

sq σ  and m  by using representation 
theorem. Equations (179) and (180) necessitate that we derive constitutive theo-
ries for aσ  and a m , both of which are nonphysical, hence will lead to invalid 
MPNCCT3 utilizing rotations α Θ . Clearly, consequence of not using balance of 
moment of moments as a balance law results in necessity for constitutive theory 
for a m . 

6.3.2. MPNCCT3 When Balance of Moment of Moments Is a Balance Law 
In this case, Cauchy moment tensor is symmetric, hence 0a =m , then s =m m  
and (179) is eliminated; therefore, a constitutive theory for a m  is not required 
anymore. However, (180) still remains, thus necessitating a constitutive theory for 

aσ , resulting in an invalid MPNCCT3 based on rotations α Θ . We make some 
remarks in the following: 

(1) We have shown that only MPNCCT1 based on classical rotations cΘ  is 
thermodynamically and mathematically consistent when balance of moment of 
moments is used as balance law. In the absence of balance of moment of moments 
balance law, MPNCCT1 is also not a valid micropolar theory. The mathematical 
model consisting of conservation and balance laws and the constitutive theories 
has closure. 

(2) We have presented a detailed derivation to show that MPNCCT2, which 
considers classical rotations cΘ  and microconstituent rotations α Θ  at a ma-
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terial point is always thermodynamically and mathematically inconsistent regard-
less of whether BMM is considered a balance law or not. Hence, a valid micropolar 
theory based on rotations cΘ  and α Θ  is not possible. All published works on 
micropolar theories using these rotations cannot be justified thermodynamically 
and/or based on mathematical consistency. 

(3) Same conclusions as in case (2) are also true for MPNCCT3 based purely on 
rotations α Θ . Neglecting cΘ  is nonphysical as cΘ  always exist in any de-
forming solid matter. 

7. Currently Used Concepts and Methodologies in  
Micropolar Theories and Their Consequences 

There are many questionable techniques, concepts and procedures used in the 
derivations of the currently published micropolar theories, especially in the deri-
vations of the constitutive theories that lead to invalid micropolar theory which 
cannot be supported by thermodynamic principles and are in violation of well 
established mathematical principles. The material presented in the following con-
tains details of many commonly used approaches that must be avoided in order 
to achieve thermodynamic and mathematical consistency of a linear micropolar 
theory. 

Exhaustive work of Eringen [1]-[18] on 3M nonclassical continuum theories is 
foundational and has resulted in better understanding of the intricate physics of 
deformation in 3M continua, significantly impacting the advancement of theories 
incorporating 3M physics. However, there are many fundamental issues in these 
works that require further scrutiny and evaluation regarding their validity. We 
discuss some in the following: 

(1) We have shown in this paper that what Eringen [17] [18] refers to as strain 
measures are really deformation measures, as they are derived (out of necessity) 
using expressions that are not dimensionless. These measures in their original 
form as derived or in modified form, become strain measures if their rates are 
conjugate to the constitutive tensors in the entropy inequality. Strain measures, 
by definition, are related to the elongation of the material line and change of 90˚ 
angle between them. It is clear that c

aγ  and a
α γ  containing rotations cΘ  and 

α Θ  cannot be strain measures. In fact, the additive decomposition of 
d d d c

s a a= + = +J J J ε γ  is done to separate the strain measure ε  and rotation 
matrix c

aγ . Thus, c
a a

α+ −ε γ γ  as used by Eringen [7] cannot be a strain meas-
ure, and its use as a strain measure will lead to erroneous constitutive theory for 
stress tensor. 

(2) The nonsymmetric Cauchy stress tensor σ  cannot be a constitutive tensor 
for two reasons: (a)a nonsymmetric constitutive tensor is not supported by repre-
sentation theorem, hence for nonsymmetric σ  the constitutive theory cannot 
be derived using this theorem. This necessitates the additive decomposition 

s a= +σ σ σ . Now, a constitutive theory for sσ  is possible using representation 
theorem. There cannot be a constitutive theory for aσ  as it is defined by the 
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gradients of the moment tensor. (b) The second reason is that the constitutive 
theory for σ  must address volumetric and distortional deformation physics. 
Since the two are mutually exclusive, a single constitutive theory for sσ  cannot 
accommodate both. With additive decomposition of sσ , i.e., e d

s s s= +σ σ σ  in 
which e

sσ , the equilibrium Cauchy stress addresses volumetric deformation and 
distortional deformation is addressed by the constitutive theory for d

s σ . This is 
the only thermodynamically and mathematically consistent approach to address 
the constitutive theories for the nonsymmetric Cauchy stress tensor σ . We have 
already shown that there cannot be constitutive theory for aσ . Instead, in the 
published works [7] and many others following reference [7], the following ap-
proach is used. Define nonsymmetric tensor ε : 

 a c
s a a

α= + −Jε γ γ  (181) 

considered as strain tensor and consider nonsymmetric tensor σ  as constitutive 
tensor with ε  as its argument tensor, both σ  and ε  being nonsymmetric 
 ( ).=σ σ ε  (182) 

A polynomial ( )Ψ ε  is constructed in the argument tensor ε  (equation 
20,10 in ref [7]) and the constitutive theory for σ  is obtained using 

 ( )∂Ψ
=

∂
ε

σ
ε

 (183) 

This approach has no thermodynamic and mathematical basis and is not sup-
ported by representation theorem, hence leads to erroneous constitutive theory 
for σ . We remark again that (182) is not a strain measure and there cannot be 
constitutive theory for nonsymmetric σ . Thus, (181)-(183) are all erroneous. 

(3) Balance of moment of moments is not considered as a balance law in almost 
all published work on MPNCCT except Yang et al. [53] and Surana et al. [27]-
[49], hence Cauchy moment tensor is not symmetric. Reference [4] and many 
others consider 

 ( ) ( ) ( )or orc tαΘ Θ Θ= = =m m J m m J m m J  (184) 

in which , ,c αΘ Θm J J  and t Θ J  are all nonsymmetric tensor (similar to (181)). 
Constitutive theory for m  is derived using similar polynomial approach as de-
scribed for σ  in item (2), which obviously would yield erroneous constitutive 
theory. 

(4) The polynomial approach of deriving constitutive theories is purely phe-
nomenological. We further remark that in the polynomial approach, the consti-
tutive theory for a nonsymmetric constitutive tensor is a linear combination of 
nonsymmetric argument tensors and others dependent on the argument tensors, 
implying that the nonsymmetric constitutive tensor space has a basis. This is ob-
viously false based on [53]-[64]. 

(5) In reference [7] (equation 20.6) and other works by Eringen and others, the 
argument tensors of the constitutive tensors are established using principle of 
equipresence [7] [17] [19] [65]. This forces coupling between classical and non-
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classical physics that neither exists in the energy equation nor in the entropy ine-
quality. This is in violation of the conjugate pairs in the entropy inequality. Thus, 
the constitutive theories based on this approach are in violation of the thermody-
namic consistency. 

(6) It has been shown by Yang et al. [50] and Surana et al. [41] [42] that balance 
of moment of moments is an essential balance law in nonclassical continuum the-
ories that considers rotations (known or unknown or both) at the material points. 
Use of this balance law makes m  symmetric, which completely changes the con-
stitutive theories for m  and the resulting mathematical model from the conser-
vation and balance laws. In reference [41], model problem studies are also pre-
sented to demonstrate that in the absence of this balance law, the solutions are 
spurious. 

(7) In Eringen’s work [1]-[16] [19] [65], the issue of additional three equations 
needed for closure remains unresolved until he introduces law of conservation of 
inertia. Maybe this is a genuine conservation law, but our opinion is different. 
Introduction of a new conservation or a balance law is convenient when additional 
equations are needed, but must have thermodynamic foundation as the balance 
of moment of moments balance law (Yang et al. [50] and Surana et al. [41] [42]) 
does. 

We consider the works related to micropolar theories published in references 
[22] [66] [67]. The following details and discussion of published work has also 
been presented in ref [27], but is included here for the sake of completeness and 
for the convenience of the readers. 

In the recent book [66] by Eremeyev, Lebedev and Altenbach on ‘Foundations 
of micropolar mechanics’, the authors present strain measures, balance laws, con-
siderations in deriving constitutive theories, as well as derivations of constitutive 
theories based on strain energy density. We discuss this work in the following and 
offer our viewpoint on various aspects. In the derivation of deformation measure 
for micropolar theory, the deformation measure for the microconstituents is char-
acterized by three unknown rotations associated with the microconstituents about 
the axes of triad located at the material point, with its axes parallel to the fixed x-
frame. The derivation of the deformation measure for the microconstituents pre-
sented by Eringen [7] leads to exactly same rotations of the microconstituents for 
micropolar theory as presented in reference [66]. 

In Section 3.4 of [66], the authors consider singular value decomposition (SVD) 
of a nonsymmetric second rank tensor, as evident from Equations (3.26)-(3.28) in 
ref [66]. The issue of the basis of the space of a nonsymmetric tensor remains 
unresolved. The conservation and the balance laws presented in Section 3.5 con-
sist only of the balance of linear momenta and balance of angular momenta in 
Lagrangian description. First and second laws of thermodynamics are never con-
sidered. In Section 4.2.1, the authors present what they call strain measures by 
geometric approach (also see [22]). Our view is that the strains are measures of 
elongations of the material line and change in angle between them; thus once the 
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deformation physics is chosen, the measures must be unique. 
Considerations of constitutive theories in chapter 4 follow usual axioms of con-

stitutive theory [51] [52]. Treatment of constitutive theories begin in section 4.2.2 
with statement of principle of virtual work based on balance of linear momenta, 
balance of angular momenta, and boundary tractions. The strain energy density 
function kW  is constructed and used in deriving constitutive theories. The argu-
ment tensors of kW  (Equation (4.26)) are nonsymmetric tensors related to the 
kinematics of deformation. The constitutive theories for the nonsymmetric con-
stitutive tensors are derived by differentiating kW  with the non symmetric kine-
matic tensors. Since the invariants of nonsymmetric argument tensors of kW  are 
not known, frame invariant constitutive theories are not possible using kW . For 
illustration, we consider: 

 ( ), .k kW W= E K  (185) 

E  and K  being nonsymmetric kinematic tensors related to non symmetric 
constitutive tensors T  and M , then based on [66]: 

 and .k kW W∂ ∂
= =

∂ ∂
T M

E K
 (186) 

Since E  and K  are nonsymmetric tensors, their invariants are not known; 
thus (186) cannot yield frame invariant constitutive theory. Authors use the addi-
tive decomposition of E  and K  into symmetric ( ,s sE K ) and skew symmet-
ric ( ,a aE K ) tensors and use the following based on Kafadar and Eringen [21] 
(also [68] [69]): 

 , .s a s a= + = +E E E K K K  (187) 

and replace (185) by: 

 ( ), , , .k k s a s aW W= E E K K  (188) 

Now unique invariants of the argument tensors in (188) exist based on Smith 
[54] [55] and are used in ref [66] as arguments of kW  instead of those in (185). 
Remaining derivations follow using (186) and (188). 

In many other papers by Eremeyev and Altenbach (cited in [66]), this approach 
of micropolar theory, in particular, this approach of constitutive theories, is used. 
We make some remarks and comments in the following: 

(1) We have pointed out in this section that the strain measures derived by Er-
ingen in ref [7] are similar to those presented in ref [22] [66]-[68]. This measure 
consist of rotations α Θ  of microconstituents and their gradients. However, ro-
tations of microconstituents cannot be considered strain measures, as the strain 
measures are elongations of the material lines and change in the 90˚ angle between 
them. 

(2) Without the first and second laws of thermodynamics, the correct choice of 
rate of work conjugate pairs is phenomenological and maybe incorrect. 

(3) In our view, the constitutive theories can be derived using two approaches: 
(i) Strain energy density function: This approach can only be used when the 
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differential form of the mathematical model contain linear differential operators 
and the adjoint of operator is same as the operator itself (i.e., the self adjoint dif-
ferential operators). When the constitutive tensors and their argument tensors are 
nonsymmetric, the differential operators in the mathematical model may not be 
self-adjoint, in which case use of energy functional will yield erroneous constitu-
tive theories. Secondly, without the first and second law of thermodynamics, the 
rate of work conjugate pairs are not established. This may lead to erroneous 
choices of argument tensors of kW  and the constitutive variables. Lastly, in the 
case of initial value problems associated with nonclassical continuum theories, the 
space-time differential operators are not self-adjoint, thus completely precluding 
the possibility of the use of energy methods [70]. 

(ii) In the second approach, one derives the first law and second law of thermo-
dynamics, establishes valid rate of work conjugate pairs and then uses representa-
tion theorem. It has been shown by Spencer, Wang, Zheng and Smith [53]-[64] 
that in this approach, the constitutive tensors and their argument tensors must be 
symmetric and/or skew symmetric tensors when they are tensors of rank two. 
When the constitutive tensors and their argument tensors are nonsymmetric, the 
representation theorem cannot be used because in such cases, the basis of the 
space of nonsymmetric constitutive tensor cannot be established using the argu-
ment tensors of the constitutive tensor. 

(4) We point out that the approach advocated in ref [21] by Kafadar and Er-
ingen and used in ref [22] [66]-[68] in which equation (185) is replaced by (188) 
based on additive decomposition (187) is obviously flawed. Based on (187), (185) 
must read as: 
 ( ), .k k s a s aW W= + +E E K K  (189) 

With (189), we obviously cannot proceed any further. This clearly points out 
that perhaps the problem of nonsymmetric constitutive tensors with nonsymmet-
ric argument tensors in the entropy inequality must have been addressed long be-
fore we come to this stage. 

(5) Details presented in items (a)-(d) regarding constitutive theory for σ  are 
also applicable for the work on micropolar theory based on classical rotations, 
hence are not repeated here. 

(6) The question regarding the adequacy of modified balance of linear momenta 
and balance of angular momenta alone for micropolar nonclassical continuum 
theory, i.e., whether these are sufficient to ensure thermodynamic equilibrium in 
the presence of micropolar physics, regardless of whether its kinematics requires 
unknown rotations eΘ  (commonly called Cosserat rotations) or classical rota-
tions cΘ , is still debated in the published works. Most of the published works 
consider cΘ  [41] [50] to be sufficient to address this new physics. Yang et al. 
[50] and Surana et al. [41] [42] have shown the necessity of balance of moment of 
moments as additional balance law for nonclassical continuum theory addressing 
rotations at the material points. Surana et al. [41] [42] have presented sound in-
ductive reasoning in support of the need for the balance of moment of moments 
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balance law and have shown model problem studies to support this. We point out 
that the balance of moment of moments balance law is needed in nonclassical 
continuum theories with rotational physics and that in the presence of this balance 
law, constitutive considerations change significantly and become consistent with 
the representation theorem as shown in the work presented in this paper. 

8. Summary and Conclusions 

In the following, we present a summary of the work presented in this paper and 
draw some conclusions. 

(1) Derivations of the deformation/strain measures has been presented for fi-
nite deformation, finite strain 3M continua based on a single director in the ma-
terial point describing the micro deformation physics. The nonlinear measures 
derived here automatically reduce to linear deformation measures under the as-
sumption of small strain, small deformation physics. It is shown that these 
measures cannot be derived using dimensionless expression, as done in classical 
continuum mechanics (for example, Green’s strain measure), hence they cannot 
be termed as strain measures and are instead termed as deformation measures. It 
is only after deriving the energy equation and the entropy inequality, the rate of 
work conjugate pairs in them determine which of these are strain measures and 
which measures will become strain measures with some modifications. How many 
and which measures get used in the derivation of the nonclassical continuum the-
ories depends upon the physics under consideration. 

(2) We have presented investigations of thermodynamics and mathematical 
consistency of three micropolar theories for small deformation, small strain de-
formation physics: (i) MPNCCT1 based on classical rotations cΘ  that in fact are 
the rotations of the microconstituents (ii) MPNCCT2 based on classical rotations 

cΘ  and unknown rotations α Θ  of the microconstituents [7] (iii) MPNCCT3 
based purely on α Θ  in which cΘ  is neglected even though it always exists in 
any deforming solid medium. These investigations are presented using balance of 
moment of moments as a balance law as well in the absence of the balance of mo-
ment of moments balance law. 

(3) Yang et al [50] and Surana et al [41] [42] have established that balance of 
moment of moments is a necessary balance law in all nonclassical continuum the-
ories. This balance law establishes symmetry of the Cauchy moment tensor ( in 
the absence of rotational inertial physics [17] ), hence only requiring constitutive 
theory for the symmetric part of the Cauchy moment tensor. In the absence of 
balance of moment of moments balance law, Cauchy moment tensor is not sym-
metric, hence based on representation theorem, constitutive theories are required 
for s m  as well as a m . Surana et al. [41] [42] have shown that constitutive the-
ory for a m  can be shown to be spurious by considering simple plane stress de-
formation. Thus, if balance of moment of moments is not used as a balance law, 
all three MPNCCT1,2,3 are invalid theories as they are thermodynamically and/or 
mathematically inconsistent. This paper clearly establishes, as done in references 
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[27] [39] [41] [42], that all micropolar theories that do not use balance of moment 
of moments balance law are thermodynamically and/or mathematically incon-
sistent, hence are not valid micropolar theories. 

(4) It is shown that when balance of moment of moments is a balance law, only 
MPNCCT1 based on classical rotations cΘ  is thermodynamically and mathe-
matically consistent. MPNCCT2 and MPNCCT3 remain thermodynamically and 
mathematically inconsistent even when balance of moment of moments is used as 
a balance law. The consequence of using α Θ  as unknown degrees of freedom at 
material points is realized in the entropy inequality in MPNCCT2 and 
MPNCCT3, in which this consideration leads to the requirement of constitutive 
theory for aσ , which is not valid as aσ  is defined by balance of moment of 
moments through gradients of Cauchy moment tensor when we have constitutive 
theory for the Cauchy moment tensor, which we do. Hence, aσ  cannot be a 
constitutive tensor. Perhaps it is worth revisiting the problem associated with us-
ing α Θ  as unknown degrees of freedom at a material point. As we have dis-
cussed in detail, rotations cΘ  constitute a free field in classical continuum me-
chanics. They are always present at the material points and become rotations of 
the microconstituents when cΘ  is no longer a free field in micropolar theory. 
Derivation of deformation measures show that in case of micropolar theory, mi-
croconstituent can rotate. Since rotations cΘ  already exists at a material point 
as a free field, the presence of microconstituents causes cΘ  at the material point 
to become rotations of the microconstituents. Addition of cΘ  to α Θ  to get 

tΘ  or replacing cΘ  with α Θ  or discarding cΘ  and considering α Θ  only 
as in MPNCCT2 and MPNCCT3 is all nonphysical, and its consequence is re-
quirement of nonphysical constitutive theory for aσ  as seen in the entropy ine-
quality in MPNCCT2 and MPNCCT3. Thus, regardless of the whether balance of 
moment of moments is used or not used as balance law, use of α Θ  as unknown 
rotations at a material point is clearly nonphysical first, because rotations of mi-
croconstituents are already defined by cΘ  and secondly, it leads to requiring 
constitutive theory for aσ  that is nonphysical. 

(5) In section (7), we have pointed out some concerns regarding the currently 
used micropolar theories and have also discussed some in details. We summarize 
these in the following: 

(a) A nonsymmetric tensor cannot be a constitutive tensor (representation the-
orem) as we cannot determine the basis of the space of this tensor. Use of non-
symmetric tensors as constitutive tensors with nonsymmetric tensors as their ar-
gument tensors, as used in the published works, is not a valid approach for deriv-
ing constitutive theories as it leads to spurious constitutive theories. 

(b) Use of polynomials in argument tensors is also not supported by represen-
tation theorem. 

(c) Principle of equipresence provides nonphysical coupling between classical 
and nonclassical physics. This is in violation of conjugate pairs in the entropy in-
equality. 
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(d) Rigid rotations in whichever form are not strain measures.. Thus, defining 
a nonsymmetric tensor that is an addition of strain measures and rigid rotations, 
and its use as a argument tensor of the nonsymmetric Cauchy stress tensor as used 
in published works, cannot be justified by any means. 

(e) We remark that use of strain energy density function in deriving constitutive 
theories can only be justified for self adjoint differential operators, as only in this 
case the resulting constitutive theories will be same as those from representation 
theorem. In micropolar theories leading to IVPs, the operators are not self adjoint, 
hence this approach cannot be advocated as a general methodology for deriving 
constitutive theories. If we consider mmicropolar theory for thermoviscoelastic 
solids with and without memory, then clearly strain energy density approach can-
not be used. 

(f) We point out that for a nonsymmetric constitutive tensor with nonsymmet-
ric argument tensor, the additive decomposition of argument tensor in symmetric 
and skew symmetric tensors and using these as two as argument tensors is obvi-
ously incorrect. All approaches used in published works where a constitutive the-
ory is established for a nonsymmetric constitutive tensor with nonsymmetric ar-
gument tensor is essentially advocating that the space of the nonsymmetric con-
stitutive tensor has a basis, which is not true based on representation theorem 
[53]-[64]. 

In conclusion, we have shown that what Eringen refers to as strain measures 
are really deformation measures because these are derived using expressions that 
are not dimensionless, hence naturally do not reduce to linear strain measures in 
1D classical mechanics. It is only after deriving energy equation and entropy ine-
quality and identifying the rate of work conjugate pairs we can claim which 
measures are strain measures or which measures can be made strain measures 
after some modifications. We have presented more deformation measures than 
those in ref [7] [17] [19] [65]. Without entropy inequality for a nonclassical con-
tinuum theory with specific physics of interest and the conjugate pairs in the en-
tropy inequality, we do not know which of these measures are of use in the con-
stitutive theories. Only MPNCCT1 based on classical rotations cΘ  that are ro-
tations of the microconstituents is thermodynamically and mathematically con-
sistent when balance of moment of moments is used as a balance law and the con-
stitutive theories are derived using representation theorem. In the absence of bal-
ance of moment of moments balance law, all currently published micropolar the-
ories are either thermodynamically and/or mathematically inconsistent. The au-
thors’ earlier work and the work in this paper establishes that a valid micropolar 
theory is not possible without using balance of moment of moments balance law. 
In the absence of balance of moment of moments balance law, nonphysical con-
stitutive theories for m  (nonsymmetric), skew symmetric m  and aσ  (all or 
some) are necessitated based on conjugate pairs in the entropy inequality, result-
ing in invalid micropolar theory. The two major sources resulting in invalid mi-
cropolar theories are: absence of balance of moment of moments balance law in 
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the conservation and balance laws and insistence of using rotations α Θ  of mi-
croconstituents as unknowns at the material point. Our work shows that rigid ro-
tations of microconstituents are in fact rotations cΘ  at the material point that 
constitute a free field in the absence of microconstituents. Model problem studies 
have been presented in many of our papers, hence are not included here for the 
sake of brevity. 
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Appendix 

Nomenclature 

x , ix , { }x : deformed Coordinates 
x , ix , { }x : undeformed Coordinates 

0ρ : reference density 
ρ : density in Lagrangian description 
ρ : density in Eulerian description 
η : specific entropy in Lagrangian description 
η : specific entropy in Eulerian description 
e : specific internal energy in Lagrangian description 
e : specific internal energy in Eulerian description 

cΘ , c iΘ , { }cΘ : internal or classical rotations in Lagrangian description 

α Θ , iα Θ , { }aΘ : rigid rotations of the microconstituents 

tΘ , t iΘ , { }tΘ : total rotations in Lagrangian description 
J : deformation gradient tensor in Lagrangian description 

s J : symmetric part of deformation gradient tensor in Lagrangian description 

a J : skew-symmetric part of deformation gradient tensor in Lagrangian descrip-
tion 

d J : displacement gradient tensor in Lagrangian description 
d
s J : symmetric part of displacement gradient tensor in Lagrangian description 
d
a J : skew-symmetric part of displacement gradient tensor in Lagrangian descrip-

tion 
ΘJ : rotation gradient tensor in Lagrangian description 
c
s
ΘJ : symmetric part of classical rotation gradient tensor in Lagrangian descrip-

tion 
c
a
ΘJ : skew-symmetric part of classical rotation gradient tensor in Lagrangian de-

scription 
r
c

s
ΘJ : symmetric part of gradient of classical rotation rate tensor in Eulerian de-

scription 
c
s
ΘJ : rate of symmetric part of gradient of classical rotation tensor in Lagrangian 

description 
r
cΘ : classical rotation rate tensor in Eulerian description 

c
Θ : classical rotation rate tensor in Lagrangian description 

q , iq , { }q : heat vector in Lagrangian description 
q , iq , { }q : heat vector in Eulerian description 
v , iv , { }v : velocities in Lagrangian description 
v , iv , { }v : velocities in Eulerian description 
u , iu , { }u : displacements in Lagrangian description 
u , iu , { }u : displacements in Eulerian description 
P : average stress in Lagrangian description on the oblique plane of elementary 

tetrahedron 
P : average stress in Eulerian description on the oblique plane of elementary tet-
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rahedron 
M : average moment in Lagrangian description on the oblique plane of elemen-

tary tetrahedron 
M : average moment in Eulerian description on the oblique plane of elementary 

tetrahedron 
σ , ijσ , [ ]σ : Cauchy stress tensor in Lagrangian description 
σ , ijσ , [ ]σ : Cauchy stress tensor in Eulerian description 

( )0
sσ : symmetric part of Contravariant Cauchy stress tensor tensor 

( )0
aσ : anti-symmetric part of Contravariant Cauchy stress tensor tensor 

( )0d
s σ : deviatoric part of the symmetric Contravariant Cauchy stress tensor tensor 

( )0e
sσ : equilibrium part of the symmetric Contravariant Cauchy stress tensor ten-

sor 
θ : temperature in Lagrangian description 
θ : temperature in Eulerian description 
k : thermal conductivity in Lagrangian 
p : thermodynamic or Mechanical Pressure in Lagrangian description 
p : thermodynamic or Mechanical Pressure in Eulerian description 
g , ig , { }g : temperature gradient tensor in Lagrangian description 
g , ig , { }g : temperature gradient tensor in Eulerian description 
L : velocity gradient tensor in Eulerian description 
D : symmetric part of the velocity gradient tensor in Eulerian description 
W : Skew symmetric part of the velocity gradient tensor in Eulerian description 
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