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Abstract

We examined the fractional second-order singular Lagrangian systems. We
wrote the action principal function and equations of motion as fractional total
differential equations. Also, we constructed the set of Hamilton-Jacobi partial
differential equations (HJPDEs) within fractional calculus. We formulated the
fractional path integral quantization for these systems. A mathematical exam-
ple is examined with first- and second-class constraints.
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1. Introduction

The quantization of singular Lagrangian systems has been studied with increasing
interest and treated first by Dirac [1] [2], for quantizing physical systems. Follow-
ing Dirac’s, researchers have developed a theory for investigating these systems us-
ing the canonical formalism [3]. The set of HJPDEs is constructed, and they wrote
equations of motion as total differential equations. Then, the WKB approximation
and path integral technique are quantized by using this formalism [4]-[8].
Fractional calculus with singular systems has been treated with more interest and
importance [9]-[18]. Recently, the Euler-Lagrange formalism is analyzed for second-
order Lagrangian systems within fractional calculus and the fractional Hamilton-
Jacobi formalism for these systems is discussed [15] [16]. More recently, authors
have constructed a formalism using the canonical method for quantizing singular
systems for first-order derivatives [17] [18]. In this paper, we would like to extend

our work for Lagrangians having second-order derivatives.
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The most important definitions of fractional calculus [9] are:
1) The left Riemann-Liouville fractional derivative

D f(t)zﬁ(%}ni(t—r)"“ £(r)de. 0

2) The right Riemann-Liouville fractional derivative

0 :ﬁ[‘%j ]j(r—t)"_a_] £()dr. @

where I' isthe Euler gamma function, ne N, n—-1<a<n, « isaninteger

and these derivatives can be defined as follows:

D002 0 o025 10, ®

Definition: Given a function f:[0,0) > %R . Then, forall />0, a«<(0,1),
let

D“(f)(t)=limf(t+gt7 )=/ (4)

&0 P

where D” is called the conformal fractional derivative of f of orderof « [17].
In this work, we aim to construct the formalism for quantizing singular Lagran-

gian systems with second-order derivatives in fractional form.

2. Fractional Path Integral Quantization and Fractional
Second-Order Singular Lagrangian

Following Hasan [19], we will use a formalism for second-order fractional singu-
lar Lagrangian systems to be applicable for quantizing these systems using the path
integral approach. The Lagrangian formalism of second-order derivatives in frac-

tional form is given by [19]:

L=L(D*"q,,D"q,.D*q,.t). (5)

where D”g, are the conformal fractional derivatives of the coordinates ¢, [17].
The Lagrangian and Hamiltonian formalism for second-order derivatives have
been studied by Ostrogradski [20] and these derivatives have been treated as co-
ordinates. Therefore, we can treat these derivatives D“"'q, and D%g, as coordi-
nates. Thus, the Poisson brackets can be defined as:
0A OB 04 OB 0A OB 04 0B

{AB} =
oD“"q, op, Op, 0D“"q, ©D"q, éx, O, OD"q,

(6)

where, the functions 4 and B are described in term of the canonical variables
—1 .
D*"q,, D%, p, and =,.Thus, the generalized momenta p, and 7z, are
conjugated to the generalized coordinates D“"'q, and D%g, respectively.
Now, the fractional of the Hessian matrix is defined as [19]:
o’L

' T apgapg, TN )
i J
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The fractional Lagrangian is called regular if it’s rank is N otherwise the La-
grangian is singular N—-R, R <N . Dirac showed in his formalism for investi-
gating Lagrangians having singular nature that the number of degrees of freedom
canbereduced from N to N —R due to the constraints [1] [2]. Thus, we can de-

fine the momenta 7, conjugated to the coordinates D“g, as[19]:

L
ﬂ'a:%, a=12,,N-R (8)
oD™q,
oL
r,=———, u=N-R+1,---,N. 9
H aDZaqﬂ H ( )
Also, the momenta p, conjugated to the coordinates D“”'g, can be defined
as [19]:
oL d oL
P~ T3, P ; (10)
oD%q, dt\oD™q,
oL d oL
p/l = a T, 2a 4 (11)
oD%q, dt|\ oD™q,,
where
x,=-H;(D"'q,D,p,7,) (12)
and
p,=-H!(D""q.Dq..p,.7,) (13)
Thus, Equations (12) and (13) represent primary constraints [1] [2] and can be
written as:
H}? (D*'q,,D"q;, p ;) = p, + H. =0 (14)
H (Da_lqi,D”qi,pi,ﬂi):ﬂﬂ+HZ =0. (15)

We can calculate the Hamiltonian H_ in fractional form as:

o

H,=-1(D*"q,D*q,,D"q,D*q,)+ p,D*q, +7,D*q, 6
16
-Dq,H}; -D*q,H, p=l-R; a=R+l-N.
A natural of singular Lagrangian indicates that the momenta p, and 7z, are

notindependentof p, and x,.Thus, we can write the set of fractional (HJPDEs)

as:

H =p.+H| DD, —2 B |_o, (172)

oD*"q, 0D“q,

, - . oS oS
Hﬂl’:p#+H;’ [D 1611-,D qwm,mJ=0; (17b)

oS oS

71 4 a-1 a

H=r,+H] [D q.,D qi’aD“_'q ’8D“q JzO. (17¢)

where §=S (D“ilqa,Daflqﬂ,Daqa,Daq ﬂ,t) is the fractional Hamilton’s principal
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function. Considering the definitions of the generalized momenta as

oS oS oS

oS oS

E >

pa = aDa—lqa pll = aDa—Iqﬂ =

= ’ﬂ' =
‘“ oD%q, " oD“q,

and p, 25.

Researchers in Reference [5] wrote the equations of motion and Hamilton’s

principal function as total differential equations, also we can write these equations

in fractional form as follows [5]:

o oHY oH"
dD“"'q, =%dt+ap%dD‘“qﬂ+ Gp# dD%q,, (18)
OH' OH'!? OH'"
dD%q, =—=dt+—*dD"*"'q, +—*dD%q,,
“~3 o, T o O (19)
' aHlp anr
_dpl 85{1 dt+ afl a_lqp + afl] dDaq‘ln (20)
oD" g, dD" g, oD*" g,
: oH'! oH'”
—d7ri=—aH° dt + —*—dD*"'q, +—*—dD%q,,
oD, oD“q, # oD%, # (21)
/ / oH!”  oH!
dS=|-H + %Mr —= |dt+| -H" + p, —~+ 71, —*“ |dD*'q
“op, ‘orm, LT op, ¢ orm, “
(22)

The set of Equations (18)-(22) are integrable if the total derivative of Equation

(17) is zero [3] [5],

dH!=0; dH =0; dH =0. (23)

Thus, the degrees of freedom are reduced from N to N —R,and the canon-

ical phase space coordinates have been reduced from {D“’lqi,pi,D“qi,ﬂi} to

{D”an, pa,Daqa,ﬂa} . Therefore, the path integral approach can be represented

in the fractional form as:

K(Da—lqa’Da—qu’Daqa’Daq”’t)

N-R
= [[1dp*"q,dD%q,dp,d7, expi
a=l1

OoH'? OH'?
+_[ -H +p,—*+7,—*~
“ op, or,

a

oH'" OoH'"
+J -H +p,—*+71,—~
M a ap a aﬂa

a

3. Example

J{—HQ +p, %+ﬂa %]dt
op or

a a

. (24)
dD“"q,

dDaqﬂ}.

We will discuss an example of second-order fractional singular Lagrangian has pri-

mary and secondary constraints:

L :%((thql )2 +(D2aq2)2)_l|:(Daql)2 +(Da‘12)2}

1
+ 5 D”’_lq3 + Do‘q3D2aq3 .

2 (25)
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The generalized momenta read:
p=-D"¢,-D*g;;

py=—D"q,—D*q,;

py=0=—H{;
T :Dza%;
7T, :Dza%;

7w, =D"q, =-H .
Here, Equations (26¢) and (26f) can be written as:
HY =p;=0;
H)=r,—-D%,=0.

and represent as primary constraints [1] [2].

We calculate the fractional Hamiltonian H,, as:

H, = p,D“q, + p,D“q, +%[(D“q1)2 +(Dg, )2}
D) 4 (7 )

The set of HJPDEs, are written as:

H!=p +H, =p, +pD+p,D, %[(D“ql )2 +(D"q, )2}
(D7) S (a4 2).
HY =p;=0;

H =n,-D%,=0.

Using the fundamental Poisson brackets {D“’lqi, pj} =6, and {D“qi T j}

{0740, ={D"4,, D, =0={D"q.. D" g, = {pism | where
i j=1--N.

us, ,H = q; = . It gives secondary constraint [1] [2]:
Thus, {H},H}=D""q,=H;".Itg dary [1] [2]

H}" =D""q,=0.

(26a)
(26b)
(26¢)
(26d)
(26e)

(261)

(27)

(28)

(29)

(30)

(31)
(32)
=0,

ij>

(33)

Following Dirac’s classification [1] [2], the constraint (32) is first-class and (31)

and (33) are second-class. There are no further constraints.

The equations of motion (18)-(22) can be calculated as:
dDa'lq1 =D%,dt,

dD””lq2 =D"g,dt,

dD%q, = m,dt,
dD%q, = m,dt,
dpl = 0’

(34)
(35)
(36)
(37)
(38)
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dp, =0, (39)

dp, =0, (40)

—dr, =(p, +D“q1)dt, (41)

—dr, = (p2 +D%, ) dt, (42)

dz, =dD"q,, (43)

ds = %([ﬁf +%ﬁ§}— [(D“q1 ) +(Dg, )QDdt +7,dD" ¢, (44)
Considering 7, =D%g,,

ds = %[[ﬁf +%ﬁ§} —[(D“ql ) +(Dg, )ZDdl‘ +Dq,dD"g,. (45)

Integrate Equation (45), the action function becomes:
_ 1 2 1 2 a 2 a 2 1 a &
s _jz([ﬂl +Eﬂ2}—[(D ¢) +(D°) Ddz+5(0 of . ue

Finally, by obtaining the fractional action function S, we can represent the path

integral approach in fractional form as:
K(Da_]%aDa_]qz’Da_]%sDa%’Da%’Daqzrt)
= .[dDa_l%dDa_]‘bdDa%dDa‘bdpldpzd”]d”z (47)

expi| [5([ + 221 (%) + (D) Jar+ 32 |

Taking into account, D*"'q, =0, z,=D%, thus, D%q, =0.
Thus, Equation (47) becomes:

K(Dml%aDail‘]zaDail%’Da‘hsDaqz’Daqpt)
= jdDail%dDail%dDa%dDaqzdpldpzd”ld”z (48)

expiB (T + ][ (%) +(Daqz)2}jdt}.

4. Conclusion

In this work, we constructed a formalism for quantizing singular systems using
fractional path integral technique. We wrote Hamilton’s principal function and equa-
tions of motion in fractional form as total differential equations. Calculating the frac-
tional Hamilton’s principal function enabled us to formulate the fractional path in-
tegral technique. Then, the quantization can be carried out. Finally, we discussed a

mathematical example to demonstrate our formalism.
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