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Abstract 
We implemented a two-step Asymmetric Perfectly Matched Layer (APML) 
model in High-Order Finite Difference Time Domain (FDTD) algorithm for 
solving two-dimensional Maxwell’s equations. Initially, we applied the APML 
method to the standard second-order FDTD algorithm to derive a two-step 
time-staggered APML (APML-2SS) and a two-step time-centered APML 
(APML-2SC) formulation for these equations, afterwards, we extended these 
formulations in high-order FDTD algorithm in order to derive a APML high-
order FDTD (APML-HOFDTD) formulation for our Maxwell’s equations. To 
examine the performance and check out the accuracy of APML model, we con-
ducted a numerical study using a 2D fluid where the three derived formulations 
were to analyze selected phenomena in terahertz radiation production by the 
filamentation of two femtosecond laser beams in air plasma. Numerical results 
illustrated that the two-step APML model is sufficiently accurate for solving our 
2D Maxwell’s equations in high-order FDTD discretization and it demonstrated 
a great performance in studying the THz radiation production. 
 

Keywords 
Perfectly Matched Layer, The Finite-Difference-Time-Domain, Terahertz 
Radiation Production, Filamentation of Femtosecond Laser, Maxwell’s 
Equations Solver 

 

1. Introduction 

The Perfectly Matched Layer (PML) [1] is an Absorption Boundary Condition 
(ABC) algorithm that is presented to shorten the unbounded spatial domain in 
the computational electrodynamics [2]. The PML idea [3] is to block the reflection 
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from the computational domain boundaries and at the same time, absorb the in-
cident waves using an absorbing layer that is installed to absorb the incident waves 
without reflection. The PML is derived [4] by splitting the problem fields before 
the lower terms that simulate the absorption are added. The standard PML was 
initially introduced to solve Maxwell’s equations and Helmholtz equation [5] to 
simulate the electromagnetic wave propagation in unbounded media using the 
Finite-Difference-Time-Domain (FDTD) method [6]. In actual fact, the PML for-
mulation is simple and its implementation is straightforward [3] in multi-dimen-
sional Cartesian and cylindrical space, and it has been proven to be extremely ef-
ficient [7] in comparison with the classical Mur absorption algorithms. The stand-
ard PML has been developed [3] to solve 3D Maxwell’s equations to study the 
time-dependent wave propagation in free and arbitrary space, later, it has been 
upgraded for the real and complex spatial coordinates (CPML). The upgraded 
CPML at stretching conditions [7] offers an absorption for the seismic waves [8] 
and a solution for its second-order wave equation [9]. At that moment, a CPML 
frequency-shift (CFS-PML) [10] was implemented by shifting the frequency depend-
ence off the real axis to improve the absorption of the EMW propagation at low 
grazing angles. 

As an essential procedure in the standard PML algorithms, the filed equations 
must be splitted and then separately solved. To avoid the field splitting, Wang et al. 
[11] proposed a non-splitted PML method (NPML), in this NPML method, the 
conventional integration is replaced with the explicit time-matching scheme based 
on the trapezoidal integration. Following that, Ramadan [7] proposed another un-
splitted field implementation for the standard PML by using auxiliary differential 
equation (ADE-PML) to update the auxiliary memory variables [12]. Thereupon, 
alternative unsplitted field PML formulations were reported for both loss and loss-
less media by the PML in Helmholtz scheme [13] [14], after which new unsplitted 
PML formulation was presented for absorbing seismic wave energy and a non-split-
ting split CPML for second order equation in elastic media [15]. It turns out that 
the unsplitted PML algorithms result in 25% memory saving [16] over the essential 
Berenger’s split field, as well, the Arbitrarily Wide-angle Wave Equation (AWWE) 
unsplitted CMPL requires less memory storage than the revised second-order AWWE 
with the split PML [12]. Over and above, the unsplitted CPML with a general CFS 
factor has proven to be more effective in absorbing the evanescent wave in media 
[9], beside it is highly absorbing for surface wave in elastic media. 

In this article, we implemented a two-step Asymmetric Perfectly Matched Layer 
(APML) model [17] in the High-order FDTD algorithm in order to solve 2D Max-
well’s equations for terahertz radiation production by the filamentation of two 
femtosecond laser beams in air plasma. First of all, we imposed the APML bound-
ary conditions in our basic equations, and then we applied the two-step APML 
method to derive two-step time-staggered APML (APML-2SS) and two-step time-
centered APML (APML-2SC) formulation in the standard second-order FDTD 
algorithm. Subsequently, we extended these formulations for the high-order FDTD 
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to derive the high-order finite-difference time-domain APML (APML-HOFDTD) 
formulation of our Maxwell’s equations. The article is organized as follows: In 
Section 2, we present our Maxwell’s equations with their assumptions and derivation 
conditions. In Section 3, we conduct numerical procedures to derive the APML-
2SS and the APML-2SC formulation in the standard second-order FDTD algo-
rithm, and the APML-HOFDTD formulation in the high-order FDTD discretiza-
tion. In Section 4, we carried out a numerical study for fundamental phenomena 
in THz radiation production where the three formulations are applied in order 
to examine the performance and check out the accuracy of the two-step APML 
model. 

2. Basic Maxwell’s Equations 

The production of terahertz radiation by the filamentation of two femtosecond 
laser beams in air plasma is our main research interest [18]. Two theories govern 
the THz production in this medium, namely the Four-Wave Mixing rectification 
(FWM) [19] and the transient photocurrent model (PC) [18]. To carry out this 
research, a 2D fluid code that is referred to the PC theory is employed. The mo-
ment equation and the ionization equation coupled with a 2D Maxwell’s equations 
are the basic equations of this code. The moment equation is the standard equation 
of motion [20] for non-relativistic electrons dynamics in collisional cold plasma, 
while the ionization equation is the classical ADK tunneling ionization rate formula 
[21] that maintains the time-dependent ionization process after the threshold ion-
ization. With respect to our central equations; the Maxwell’s equations where the 
two-step APML model is applied, it 2D equations that maintain the filamentation 
of a fundamental First Harmonic (FH) laser pulse ( 0ω ) and its corresponding 
Second Harmonic (SH) pulse ( 02ω ) in dielectric, dispersive, lossless, and isotropic 
media that is unchanged during this filamentation. 

It is worthy noted that in our code Maxwell’s equations are derived [22] by tak-
ing the divergence of Gauss’s laws in combination with Faraday and Ampere-Max-
well’s laws to obtain these field equations:  

 = BE
t

∂
∇× −

∂
, Faraday’s Law  

 = EB
t

µ ∂
∇×

∂
 , Ampere’s Law  

where E  and B  are the electric and magnetic filed, and ,µ  are the dielec-
tric permittivity and the magnetic susceptibility, receptively. Concerning the air 
plasma, in our code it is an anisotropic plasma that is filed in a bounded 2D slab; 
along x and y-direction, where the electric and magnetic in this slab are lossy filed with 
standard boundary that fulfilled the Perfectly Matched Layer (PML) conditions. 

As a main physical consideration in our study, the incident beam is a Trans-
verse Electric (TE) polarized plane wave with field components ( , ,x y zE E B ). The 
magnetic field zB  of this beam is along the direction of the propagation (z-di-
rection) and it is normal to the slab interfaces (x and y). Inside this slab the electric 
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fields ( ),x yE E  are calculated, while the magnetic field zB  is derived. However, 
this magnetic filed is assumed to have anisotropic dependence on the inter-
sections along these interfaces, thus this magnetic field can be re-presented as 

( ),z zx zyB B B→ . Therefore, under this consideration and assumption, our Max-
well’s equations can be re-written as:  

 ,x zE B
t y

µ∂ ∂
=

∂ ∂
  (2.1) 

 .y zE B
t x

µ
∂ ∂

= −
∂ ∂

  (2.2) 

 yzx EB
t x

∂∂
= −

∂ ∂
 (2.3) 

 zy xB E
t y

∂ ∂
=

∂ ∂
 (2.4) 

Equations (2.1)-(2.4) are our basic Maxwell’s equations where the APML model 
is going to be applied. 

3. The Asymmetric Perfectly Matched Layer (APML) Model 

The Asymmetric Perfect Matched Layer model (APML) is the standard PML bound-
ary conditions [2] method with a particular constrains that are imposed on Max-
well’s equations that are then modified by extra added coefficients and more ex-
tracted terms. To apply the APML in our Maxwell’s equations, the field solutions 
in our problem are assumed to be explicit and linear [23]. Herein, these solutions; 
the electric field as an example, can be written as:  

 

1 2 1 2 1 2
1 2 1 2 2

1 2 1 2 1 2
1 2 1

1
1 11 12 1

1
2 21 22 22 2

3 2 3 2 3 2
1 2

1
1 21 2 2

i i i i i
j j j j n j

i i i i

n

j j j n j

i m i m i m i m
m j m j m j mn nj

n

E E B B B

E B B B

E B B B

α β β β

α β β β

α β β β

+ + + +
+ − +

− − + −
+ − +

− + − + − + − +
+ − +

= + − + +

+ + − + +

+

+ + − + +









 

where mα  and mnβ  are constants. Then, with a particular constrains that are 
added to the electric filed in order to make its solution minimal and symmetric, 
the above electric filed series can be expressed in the from  

 1 2 1 2
1 2

1
1 2.i i i i

j j py j my jE E B Bα β β+ + +
+ −= + −  (3.1) 

α , pyβ , and myβ  are three constants, where py my c t xβ β= = ∆ ∆ , and  

 
1 for forward traveling waves,
1 for backward traveling waves,

py my

py my

α β β
α β β
= + −
= − +

 

and pyβ , and myβ  are determined by particular ways described in [23] [24]. 
In another alternative, the electric field in Equation (3.1) can be also re-expressed 

as:  

 
1 2 1 2 1 2 1 2
1 2 1 2 1 2 1

1 1
2 ,

2 2y x y

i i i ii i i i
j j j jj j j j

E E B

B B B BE E E E
C

t x
σ σ

δ δ

+ + + ++ +
+ − + −− +− +

+ = +  (3.2) 
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where,  

 2 1 2, ,
1 1 1y x y

py my py my
E E B

yC
t t

β β β βα δσ σ
δ α δ α δ α

+ −−
= = =

+ + +
 

At the infinitesimal limit [23], the alternative electric filed solution in Equation 
(3.2) becomes  

 .
y x y

x z
E x E B z

E BE C B
t y

σ σ∂ ∂
+ = +

∂ ∂
 (3.3) 

Equation (3.3) is Equation (2.1) of our basic Maxwell’s equations where the APML 
boundary conditions are imposed. Similar procedures are carried out to the remain-
ing equations; Equations (2.2)-(2.4), which become  

 ,
x y x

y z
E y E B z

E BE C B
t x

σ σ
∂ ∂

+ = − +
∂ ∂

 (3.4) 

 ,
x x x

zx
B zx B E y

B EyB C E
t x

σ σ∂ ∂
+ = − +

∂ ∂
 (3.5) 

 ,
y y y

zy x
B zy B E x

B E
B C E

t y
σ σ

∂ ∂
+ = +

∂ ∂
 (3.6) 

where,  

 

2 1 2, ,
1 1 1

2 1 2, ,
1 1 1

2 1 2, ,
1 1 1

x x x

x x x

y y y

px mx px mx
E E B

px mx px mx
B B E

py my py my
B B E

xC
t t t

yC
t t t

yC
t t

β β β βα δσ σ
δ α δ α δ α

β β β βα δσ σ
δ α δ α δ α

β β β βα δσ σ
δ α δ α δ α

+ −−
= = =

+ + +
+ −−

= = =
+ + +

+ −−
= = =

+ + +

 

After all, Equations (3.3)-(3.6) are our fundamental equations where the APML 
boundary conditions are applied.  

3.1. Standard Second-Order FDTD Discretization 

After we have applied the APML boundary conditions on our basic Maxwell’s 
equations, in this section, we implement the two-step APML model in our funda-
mental equations. For this purpose, the discretization of Equations (3.3)-(3.6) is 
essential, in this regards, the “Yee” staggered-grid Finite-Difference Time Domain 
(FDTD) discretization in space-time domain is commonly used. Among various 
FDTD discretization orders, we started with the second-order FDTD discretiza-
tion. In this context, using the exponential time-stepping ( e ,e ,e ,eE BE By yx x

σ σσ σ− −− − ) 
for the electric and magnetic filed, with the assumption that the coefficients 

0
x y x yE E B Bσ σ σ σ= = = = , Equations (3.3)-(3.6) in the standard second-order 

FDTD discretization are written as:  

 ( )1 2 1 2

1 2 1 2 1 2 1 2 1 2 1

1 1

, , ,2, 1/2

1 ee ,
Bx

B xx

x

t
n nn nt B

zx zx y yi j i j i k j k
B

C
B B E E

x c

σ
σ

σ

− ∆
+ ++ −− ∆

+ + + + + + +

−
= − −

∆
 (3.7) 

 ( )1 1

,

1 2 1 2

1 2 1 21 2 1 1 ,, 2 1 1 2,2

1 ee ,
By

B yy

y

t
n nt B n n

zy zy x xi j i ji j i j
B

C
B B E E

y c

σ
σ

σ

− ∆
+ −− ∆ + +

+ + ++ + + +

−
= − −

∆
 (3.8) 
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 ( )1
, ,, ,

1 2 1 2
1 2 1 2 1 2 1 21 2 1 2

1 ee ,
Ey

E yy

y

t
t En n n n

x x z zi j i ji j i j
E

C
E E B B

y c

σ
σ

σ

− ∆
− ∆+ + +

+ + + −+ +

−
= + −

∆
 (3.9) 

 ( )1 2 1 2
1 2 1 2 1 2 1 21 2 1

1

,, , 2 ,

1 ee .
Ex

E xx

x

t
n nt n nE

y y z zi j i ji j i j
E

C
E E B B

y c

σ
σ

σ

− ∆
+ − ∆ + +

+ + − ++ +

−
= − −

∆
 (3.10) 

where, ,x y∆ ∆  are the spatial grid size along x  and y  direction, respectively, 
t∆  is the time step, ,i j  are the spatial notation at the center position of the rel-

evant cell, and n  is the time step. 
Equations (3.7)-(3.10) are the two-step APML formulation in the second-order 

FDTD algorithm for Equations (3.3)-(3.6). 
With the following special choices for the 

xBC  and 
yBC  coefficients:  

 e ,
1 e

B xx
x Bx

t B
B t

t
C c σ

σ

σ− ∆

− ∆

∆
=

−
 

 e .
1 e

B yy
y By

t B
B t

t
C c

σ

σ

σ− ∆

− ∆

∆
=

−
 

Equations (3.3)-(3.7) are re-written as:  

 ( )1 2 1 2

1 2 1 2 1, , 1,2 1 2 1 1 2,2
e ,Bx

n nn nt
zx zx y yi j i j i j j j

tB B E E
x

σ+ −− ∆

+ + + + + + +

∆ = − − ∆ 
 (3.11) 

 ( )1 2 1 2

1 2 1 21 , 1 ,,2 1 2 1 2 2, 1
e ,Byn nt n n

zy zy x xi j i ji j i j

tB B E E
y

σ+ −− ∆

+ + ++ + + +

 ∆
= + − ∆ 

 (3.12) 

 ( )1 2 1 2
1 2 1 2 1 2 1 21 2 1 2

1
, ,, ,e ,Ey tn n n n

x x z zi j i ji j i j

tE E B B
y

σ− ∆+ + +

+ + + −+ +

 ∆
= + − ∆ 

 (3.13) 

 ( )1 2 1 2
1 2 1 2 1 2

1

, ,, , 1 21 2 1 2
e .Ex

n nt n n
y y z zi j i ji j i j

tE E B B
x

σ+ − ∆ + +

+ + − ++ +

∆ = − − ∆ 
 (3.14) 

Equations (3.11)-(3.14) are a novel two-step APML formulation in the second-
order FDTD algorithm for Equations (3.3)-(3.6).  

3.2. Two-Step Time-Staggered APML (APML-2SS) 

When we push the electric and magnetic field into the vacuum and then reshaping 
the electric and magnetic field by the exponential coefficients e Eu tσ− ∆  and e bu tσ− ∆  
along u -direction, respectively, the following modified formulation of Equations 
(3.11)-(3.14) are explored:  

 ( )1 2 1 2

1 2 1 2 1 2 1 21 2 1 2 , 1, ,,
,

n n nn
zx zx y yi j i j i ji j

tB B E E
x

+ −

+ + + + ++ +

∆
= − −

∆
  (3.15) 

 ( )1 2 1 2

1 2 1 21 2 1 21 2 1 ,2 , 1 ,,
,

n n n n
zy zy x xi j i ji ji j

tB B E E
y

+ −

+ + ++ ++ +

∆
= + −

∆
  (3.16) 

 
1 21 2

1 2 1 2 1 2 1, 2, e ,Bx
nn t

zx zxi j i j
B Bσ ++ − ∆

+ + + +
=   (3.17) 

 
1 21 2

1 2 1 2 1 2 1, 2,
e ,By nn t

zy zyi j i j
B B

σ ++ − ∆

+ + + +
=   (3.18) 
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 ( )1 2 1 2

1

1

,21 ,2 1 2 1 2 1 2 1, , 2
,

n n nn
x x z zi ji j i j i j

tE E B B
y

+ + +

++ + + + −

∆
= + −

∆
    (3.19) 

 ( )1 2 1 2

1 21 2 1 2 1

1

,, , ,2 1 2 1 2
,

n n nn
y y z zi ji j i j i j

tE E B B
x

+ + +

++ + + − +

∆
= − −

∆
    (3.20) 

 1 2

11

, 1 ,2
e ,Ey ntn

x xi j i j
E E

σ +− ∆+

+ +
=   (3.21) 

 
1 2 1, 2

11

,
e .Ex

nn t
y yi j i j

E Eσ ++ − ∆

+ +
=   (3.22) 

Equations (3.15)-(3.22) are the two-step time-staggered APML (APML-2SS) for-
mulation in the second-order FDTD algorithm for Equations (3.3)-(3.6).  

3.3. Two-Step Time-Centered APML (APML-2SC) 

The two-step time-centered APML (APML-2SC) is an alternative formulation of 
the (APML-2SS), where the field components are time-centered pushing into the 
vacuum. In this formulation, Maxwell’s equations are solved in one-time step and 
the field components are updated by multiplying each of this component by its 
corresponding damping coefficient e n tσ− ∆ . Under these considerations, this alter-
native formulation becomes:  

 ( )1 2

1 2 1 2 1 2 1 21 2 1 , 1, ,, 2
0.5 ,

n n nn
zx zx y yi j i j i ji j

tB B E E
x

+

+ + + + ++ +

∆
= − −

∆
  (3.23) 

 ( )1 2

1 2 1 21 2 1 21 2 1 2 , 1 ,,,
0.5 ,

n n n n
zy zy x xi j i ji ji j

tB B E E
y

+

+ + ++ ++ +

∆
= − −

∆
  (3.24) 

 ( )1 2 1 2

1

1

,21 ,2 1 2 1 2 1 2 1, , 2
,

n n nn
x x z zi ji j i j i j

tE E B B
y

+ + +

++ + + + −

∆
= + −

∆
    (3.25) 

 ( )1 2 1 2

1 21 2 1 2 1

1

,, , ,2 1 2 1 2
,

n n nn
y y z zi ji j i j i j

tE E B B
x

+ + +

++ + + − +

∆
= − −

∆
    (3.26) 

 ( )1 1

, ,

1 2

1 2 1 2 1 2 1 2 1 , ,2 1 2 1 2
0.5 ,

n n n n
zx zx y yi j i j i j i j

tB B E E
x

+ + +

+ + + + + + +

∆
= − −

∆
     (3.27) 

 ( )1 2 1 2

1 2 1 2 1 2 1 2 1 2, 1 ,2, , 1
0.5 ,

n n n n
zy zy x xi j i j i j i j

tB B E E
y

+ +

+ + + + + + +

∆
= + −

∆
     (3.28) 

 
11

,1 2 1 2 1 2 2, 1
e ,Bx

nn t
zx zxi j i j

B Bσ ++ − ∆

+ + + +
=   (3.29) 

 
11

,1 2 1 2 1 2 2, 1
e ,By nn t

zy zyi j i j
B B

σ ++ − ∆

+ + + +
=   (3.30) 

 1 2

11

, 1 ,2
e ,Ey ntn

x xi j i j
E E

σ +− ∆+

+ +
=   (3.31) 

 
1 2 1, 2

11

,
e .Ex

nn t
y yi j i j

E Eσ ++ − ∆

+ +
=   (3.32) 

Equations (3.23)-(3.32) are the two-step time-centered APML (APML-2SC) for-
mulation of the second-order FDTD algorithm for Equations (3.3)-(3.6).  

3.4. Two-Step High-Order Spatial FDTD (APML-HOFDTD) 

The two-step APML High-order Spatial FDTD (APML-HOFDTD) is an extension 
formulation for the APML-2SS and APML-2SC where the spatial derivatives of our 
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fundamental Maxwell’s equations are highly-order Finite-Difference Time Domain 
(FDTD) discretized in the “Yee” staggered spacial domain. Thus, the two-step 
APML formulation of the high-order FDTD algorithm (APML-HOFDTD) for 
Equations (3.3)-(3.6) are given by  

 
( )( ), , , 1 ,

1

2
1 2 1 2

1 2 1 2 1 2 1 2 1 2 1 2
,

n nn n p
zx zx l y yi j i j

l

p

i l j i l j

tB B c E E
x

+ −

+ + + + + + − − +
=

∆
= − −

∆ ∑  (3.33) 

 ( )( )
21 2 1 2

1 2 1 21 2 1 2 1 2 1 , 1 , 1, 2,
1

,
n n n np

zy zy l x xi j l i j li

p

j i j
l

tB B c E E
y

+ −

+ + + + − −+ + + +
=

∆
= + −

∆ ∑  (3.34) 

 ( )( )1
1 , 1/2 ,, ,

2
1 2 1 2
1 2 1 2 1 21 2

1
1 2 ,n n n np

x x l z zi

p

l j i l ji j i j
l

tE E c B B
y
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where , 1, 2, , 2pc p=


   are the Fornberg coefficients [25] for any arbitrary 
discretization order p  of the splited Maxwell’s equations in vacuum. These co-
efficients are calculated by the Taylor expansion-based closed-form formulas [26], 
and given on the staggered grid by [27]  
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4. Numerical Study 

After we derived three different two-step APML formulations for our Maxwell’s 
equations, it is necessary to examine the performance and check out the accuracy 
and the reliability of these formulations. Therefore, in this section, using a 2D 
fluid code; where these formulations are applied, we carried out a numerical study 
for selected fundamental phenomena in THz radiation production. In this study, 
the initial input TE fs beam profile is given by [28]  

 ( ) ( ) ( )
2 2

2 2
0 02

0 01 sin e sin 2 e .
t t

LE t E t tτ τζ ω ζ ω φ
− − 

 = − + +
 
 

 (4.1) 

where 0 02mE I c=   is the amplitude, 0I  is the initial input intensity, ζ  is 
the energy fraction factor of SH pulse, φ  is the relative phase between the FH 
and SH pulse, ( )0 02 cω λ= π  is the fundamental frequency, and 0τ  is the initial 
pulse duration. In addition, in this study the 2D air plasma slab has equal dimen-
sion 50 -100 mx y= = µ , and it is filled with plasma at initial electron density 

19 33.7 10 cmen −= × .  

4.1. Optimizing the Incident Beam Parameters 

As clearly listed in the initial beam profile given in Equation (4.1), in whole, the 
fundamental frequency 0ω , the initial input intensity 0I , the initial pulse dura-
tion 0τ , the fractional energy factor ζ , and the relative phase φ  are the key 
parameters of this profile. For an efficient THz production, suitable initial values 
have to be given for these parameters. In this regards, 0 800 nmω =  value is 
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necessary given for best coupling between the FH and the SH pulse [29], and 
14 17 2

0 10 ~ 10 W cmI ≈  period is normally selected, since this period is above the 
threshold intensity of the air gases ionization and below the relativistic intensity 
to avoid the relativistic dynamics, and 0 40 fsτ =  is the pulse duration value where 
the yield and the efficiency of the produced THz radiation is enhancing [20] in 
the presence of the pulse chirping effects. With respect to ζ  and φ , in actual fact, 
the suitable values of these two parameters can’t be given, but it should be optimized 
in accordance with the conditions of the problem of our interest. In our previous 
studies [30] and other similar researches [31] [32], 0.5ζ =  value is acknowledged 
to avoid the energy exchange between the two fs beams and arrest the Modulation 
Instability (MI) effects [33], and 2φ = π  is identified for an efficient THz radi-
ation within the selected input intensity period. 

To examine the performance of the derived formulations, in this section, we re-
optimized the suitable fractional energy factor ζ  and the relative phase φ  value 
for an efficient THz production. In this respect, we simulated the excitation energy 

THzµ  of produced THz radiation as function of ζ  and φ , the possible energy 
fraction factor 0 -1ζ =  and relative phase 0 -φ = π  values are considered in 
this simulation, and an initial input intensity value withing the selected period 

15 2
0 10 W cmI =  is given, the result of this simulation is displayed in Figure 1.  

 

 

Figure 1. The excitation energy THzµ  of the generated THz radiation using the APML-2SS (left), the APML-2SC (middle), and the 
APML-HOFDTD formulation (right). 
 

As clearly noted in the THzµ  spectrum demonstrated in Figure 1, the maximum 
THz radiation is approximately obtained at 2ζ ≈ π  and 2φ ≈ π  for the three 
formulations. It should be emphasized that, although the same acknowledged ζ  
and identified φ  value are also obtained for the three formulations in this figure, 
the APML-HOFDTD spectrum around these values is more refined than APML-
2SS and APML-2SC formulation.  

4.2. The Conversion Efficiency of the Produce THz Radiation 

The optical-to-THz radiation conversion efficiency THzη  is the ratio between the 
intensity of the produced THz radiation 2

THzE  and the input beam intensity 
( ) 2

0 ,E r t  [34],  

 ( ) ( )2 2
00 0

d , d .
THz t

THz THzE E r t tη ω ω= ∫ ∫  
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For an efficient THz radiation production, a considerable conversion rate is 
crucially required. For this purpose, numerous researches have been carried out 
[29] [35] in order to calculate the conversion efficiency and analyze its behavior 
at different input beam parameters and air plasma structures. 3 410 -10THzη − −=  
conversion rate is achieved in these researches, which is recognized as standard 
conversion efficiency value in THz radiation production topic. 

In order the check the accuracy of the three derived formulations, herein we 
carried out a numerical comparison between the conversion efficiency as function 
of the selected input intensity period obtained by theses formulations and the 
standard THzη  conversion [36] [37]. The optimum energy fraction factor 0.5η =  
and relative phase 2φ = π , in addition to the suitable initial pulse duration 

0 40 fsτ =  are considered in this comparison, the result of this comparison is shown 
in Figure 2. 

 

 

Figure 2. Comparison between the conversion efficiency of the produced THz radiation 

THzη  as function of the input intensity obtained using the APML-2SS, APML-2SC, and the 
APML-HOFDTD formulations, and the standrad conversion efficiency.  

 
As clearly seen in Figure 2, at low input intensity range, the three formulations 

have almost exact behavior to the standard conversion efficiency, moreover the 
maximum efficiency value obtained by APML-HOFDTD is approximately iden-
tical with the standard value, while the maximum values obtained by the APML-
2SS and APML-2SC are little lower. At the high input intensity range, a discrep-
ancy between the three formulations behavior and the standard one is emerged, 
although of that, the APML-HOFDTD has an insignificant discrepancy, while the 
APML-2SS and APML-2SC have a growing discrepancy with increasing the input 
intensity in this range. 

4.3. The Spectral Broadening of the Produced THz Radiation 

The Self-Phase Modulation (SPM) is the variation of the pulse phase as it is 
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propagating [38]. Due to this variation, an addition time-dependent phase is added 
( SPMφ∆ ). In nonlinear optical medium, the SPM is originated due to the Kerr-
nonlinearity effect [38] where intensity is temporarily varying by the own pulse 
and due to the plasma induced SPM effect [20] where time-varying electron den-
sity ( )n t  is evolved due the ionization. In both effects, and time dependent re-
fractive index ( ) ( )0,n r t n n t= + ∆  is established. The presence of the SPM leads 
to spectral broadening of the pulse due to the generation of extra frequencies ω∆  
that are added to the central frequency ( 0ω ) of the pulse ( ) ( )0t tω ω ω= + ∆ . In 
this part, we checked the reliability of the three applied formulations in monitor-
ing this broadening. In this context, we presented in Figure 3 a time-evolution for 
the produced THz radiation envelope where the three formulations are applied. 
Physical assumptions and considerations are assumed where a laser-envelope evo-
lution which has a linear phase modulation with a symmetric frequency variation 
from the central frequency of the pulse is proceeding. 

 

 

Figure 3. The time-evolution for the induced THz radiation envelope using the APML-2SS (left), the APML-2SC (middle), and the 
APML-HOFDTD formulation (right).  
 

As illustrated in Figure 3, in a comparison of the time-evolution among the three 
envelopes, it clearly noted a small spectral broadening is ongoing with the APML-
2SS and APML-2SC, while a clear spectral broadening is proceeding with the 
APML-HOFDTD formulation. 

5. Conclusion 

We successively implemented a two-step Asymmetric Perfect Matched Layer (APML) 
model with the High-order FDTD algorithm for solving 2D Maxwell’s equations. 
In the constrains of the APML boundary conditions, we derived three different 
formulations for these equations: namely, the two-step time-staggered APML 
(APML-2SS) and two-step time-centered APML (APML-2SC) formulation with 
the standard second-order FDTD algorithm, and the high-order FDTD APML 
(APML-HOFDTD) formulation with the high-order FDTD discretization. In the 
numerical study for selected fundamental phenomena in THz radiation produc-
tion by the filamentation of two fs laser beams in air plasma where the three for-
mulations are applied, the numerical results affirmed the validity of the two-step 
APML model for solving our Maxwell’s equations and the reliability in studying 
the THz radiation production. Although the three derived formulations were 

https://doi.org/10.4236/jamp.2025.132030


A. Mahdy 
 

 

DOI: 10.4236/jamp.2025.132030 564 Journal of Applied Mathematics and Physics 
 

equivalently presented a proper performance in this study, the APML-HOFDTD 
formulation demonstrated a better performance and a more refining behavior in 
these results in comparison with the APML-2SS and APML-2SC formulations. 
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