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Abstract

In previous papers, we proposed the important Z transformations and ob-
tained general solutions to a large number of linear and quasi-linear partial
differential equations for the first time. In this paper, we will use the Z,
transformation to get the general solutions of some nonlinear partial differen-
tial equations for the first time, and use the general solutions to obtain the
exact solutions of some typical definite solution problems.
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1. Introduction

The general solution of nonlinear ordinary differential equations (ODE:s) is a field
which has been studied in depth [1], and many research results have been acquired,
such as Abel equation [2]-[5], Riccati equation [6] and so on.

Since the birth of the discipline of partial differential equations (PDEs), there
are very few cases that general solutions of linear PDEs can be obtained [7] [8],
and the general solution of nonlinear PDEs is one of the most mysterious areas of
mathematics in which few mathematicians have studied [8] [9]. Current research
directions for nonlinear PDEs are mainly:

1) Use diversified analysis methods to get exact solutions [10]-[14], such as tanh-
coth expansion method [15], exp-function method [16]-[18], tanh-expansion
method [19], homogeneous balance method [20]-[22] and so on. Among them,
the study of solitary wave solutions is one of the most concerned focuses.

2) Use various numerical methods to study the definite solution problems [23]-
[27].
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3) Using qualitative theory to analyze the problem of definite solutions, such as
the existence [28]-[30], uniqueness [31] [32], asymptotic behavior of solutions [33]
[34] and so on.

4) Exact solutions and qualitative theory for some fractional nonlinear PDEs
[35].

In our previous paper [36]-[41], general solutions of many differential equation
were obtained using the newly proposed Z transformations and Z, method.
In this paper, we willuse Z, transformation to solve some typical non-linear PDEs,

and analyze some definite solution problems.

2. General Solutions of Some Nonlinear PDEs and Exact
Solutions of Some Definite Solution Problems

In the previous paper [36],

au, +a,u, +au, =0, (1)
we used to get the solution of Equation (1) in R® is

u=f [_azcz — a6 8,05 —8,C6
&

X, +C, X, + CyXg, — x1+csx2+c6x3]. )

In the following, we will use the Z, transformation to obtain analytical solu-
tions similar to Equation (2) for nonlinear partial differential equations. Theorem
1 is presented first.

Theorem 1. In R?, if
O (U’ +a,u? +a,u] +a,uu, +8u,U, +35U,U )+ A(au, + 3, +3U, ) =0, (3)

where @, are any known constants(1<i<9), ©= ®(t, X, y,u,ut,---,utxy,m) ,
A= A(t, X, YUy Upyeee Uy o ) , then the analytical solution of Equation (3) is

u=f(v,w), 4)
v=Kt+K,x+ky+k,, (5)
W=kt + KX+ K,y +Kg, (6)

where f Isan arbitrary smooth function, v and w are independent of each
other, and the constants K, K,,K;, ks, ks, K, need satisty

ak +a,k? +agk? +a,kk, +agk,k, +agkk, =0, (7)
akZ +akZ +ak’ +a,k.k, +aksk, +ak.k, =0, (8)
23,k ks + 28,k K + 285Kk, +a, (kK +K,ks)

9

+ a5 (KoK, +kgks ) +ag (ksks +kik; ) =0,
a7k1+aek2 +a9k3 =0, (10)
a,k + agks +agk, =0. (11)

Proof. Accordingto Z, transformation,set u= f(v,w),
V=Kt +k,x+ky+k,, w=kt+kx+k,y+k;. k;,Kk,,--,k; are undetermined

constants, v and w are independent of each other, so
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O(a,uf +a,ul +a,u; +a,uu, +au,u, +agu, U )+ A (U, +agu, +ag, |
=03, (k f, +kf,)" +0a,(k,f, +kf,) +0a,(k,f, +k,f,)’
+0a, (K T, +k £, ) (K F, +kq F, )+ ©ag (K, f, + ko £, ) (K f, +K; )
+0a, (ks f, +k, £, (k. f, +k £, )+ Aa, (k f, + ks f,)
+Aag(k, f, +ksf, )+ Aa (K f, +k, f,)
=0.
Namely
OF 2 (k] +a,k] +agk] +a,kk, +agk,ky +agkk;)
+OF 2 (ak? +a,k? +ak? +a,ksks +asksk, +agksk; )
+Of, f,, (2a,k ks + 2a,k,k, + 2akk, +a, (Kkg +Koks )
+ a5 (koK +Kgky )+ a5 (Kks +kik; )
+ Af, (ask, +agk, +agky )+ Af,, (a.ks +agks +agk; ) =0.
Set
a k] +a,kZ +ak? +a,kk, +ak,k, +akk, =0,
ak? +a,k? +agk? +a,kks +asksk, +agksk, =0,
23,k ks + 28,k K + 235Kk, +a, (ks +Koks)
+ a5 (K K; +kokg ) +ag (ksks +kik; ) =0,
a,k, +agk, +agk, =0,
a ks + agks +agk, =0.
Therefore, the analytical solution of Equation (3) is
u=f(v,w)

The theorem is proven. O
In Theorem 1, if all partial derivatives in ® and A are of first order, then
(4) is a general solution of (3). Next, we use Theorem 1 to analyze a definite solu-
tion problem.
Example 1. In R®, use Theorem 1 to obtain the analytical solution of
(u? +uy )(3u7 +3u? +3u; —10u,u, +6u,u, ~10u,u,)
(12)
—(uf +u; )(9ut +3u, + 3uy) =0,

in the condition of u(0,x,y)=g(X,y), g isan arbitrary known first differen-
tiable function.

Solution. According to Theorem 1, the general solution of (12) is
U(t,x,y)=f(t+kx+(3=k, )yt +ksx+(3=kg)y). (13)
So
u(0,%,y) = f (kx+(3=k,)y.kex+(3—ks ) ¥) =g (x,y).

Set
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ko x+(3—Kk,)y =B, kex+(3—ks )y =7. (14)
We obtain
:keﬂ_kz?/
3k, —3k, '
:ﬁ_,’_keﬂ_kz?/_keﬂ_kz?’l
k, 3k;—3k, Kk, —kZ
Namely
u(0,%,y) = f (kx+(3—k;)y,kex+(3-k;)y)
=g £+k6ﬂ_kz7_keﬁ_k27 keS —Kyr . (15)
k, 3k—3k, Kk, —kZ 3k, -3k,
Set
t+k,x+(3—k,)y =B, t+kex+(3—ks )y =7.
We get

£+k6,8—k2y_k6ﬁ—k27 _t+3x

k, 3k,—3k, kk,—k> 3

kf—K,y t+3y
3k, -3k, 3

Then the analytical solution of the definite solution problem is

u(t,x,y)=g(t+3x,t+3yj. (16)

3 3

According to Example 1, we can directly obtain the analytical solution of Equa-
tion (12) in various initial value conditions. If the initial value condition is
u(0,x,y)=sin(2x+y)+e"", the corresponding analytical solution is
u=sin(t+2x+y)+eH,

According to Theorem 1, set k. =k, =k, =k, =0, we can get Theorem 2.

Theorem 2. In R®, if

O (.U’ +a,u? +a,u] +a,uu, +8U,U, +35U,U )+ A8, + 3, +35U, ) =0,
where @, are any known constants(1<i<9), @ = @(t, X, YU, Uy, ooy u[xy,'--) ,
A= A(t, X, Y U Upyeeey utxy,---) , then the analytical solution of Equation (3) is

u=f(v), (17)
where T isan arbitrary smooth function, v =XKt+k,x+Kk,y+Kk,, and the con-
stants K ,K,,K; need satisty

ak? +a,k; +ask? +a,kk, +agk,k, +agk,k, =0,
a,k, +agk, +agk, =0.
The reason why we propose Theorem 2 is that there is no an analytical solution

in the form of u= f(v,w) of Equation (3), such as examples 2 and 3.
Example 2. Prove that auU’ +a,U} +asU; +a,uU, +agu, U, +agu,u, +a,u, =0
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does not have an analytical solution in the form of u=f(v,w), &

. are any
known constants (1<i<7), a, #0.

Proof. According to Theorem 1, if
a,u; +a,U +a,uj +a,u,U, +a;U,U, +aU U, +a,U, =0 has an analytical solution
in the form of u= f(v,w), and
v=Kt+kx+Ky+k,, w=Kst +Kksx+K,y+Kg,
ak? +a,k? +agk? +a,kk, +agk,k, +agkk, =0,
ak? +a,k? +ak? +a,kks +asksk, +agksk, =0,
23,k ks + 28,k K + 285Kk, +a, (ks +Kyks)
+ a5 (K K; +kokg ) +ag (ksks +kik; ) =0,

ak, =0,

aks =0.
For a, #0, we get

k, =k =0.

So
a,kZ +agk? +ak,k, =0,
a,kZ +ak? +asksk, =0,
28, KKy +28,K,K, + g (KoK, +kqkg ) = 0.

Since f isan arbitrary first differentiable function, we may set

k, =k, =1.
Then
a, +a;kZ +ak, =0,
a, +ak’ +ak, =0,
2a, + 2a;k;k, +ag (k, +ky)=0.
Set
% +,/aZ —4a,a,
3 2a3 y
k. = —8; — Vasz _4a2a3
7 .
2a,
So
aZ
2a, + 2a,k;k, + a5 (k; +k;) =2a, +2a, ——=0.
a;
Namely

a2 = 4a,a,.

We obtain k;=k;, v and w are not independent of each other. That is,
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a,u; +a,U; +a,U; +a,U,U, +a5U,U, +a U, +a,U, =0 does not have an analytical
solution similar to the u= f (v,w) form of Theorem 1.
Example 3. Prove that
a,U; +a,U; +a,U5 +a,U,U, +agU,U, +agU U +a,U —a,u, =0 does not have an an-
alytical solution similar to Theorem 1, &, are any known constants (1<i<7),
a,#0.
Proof. According to Theorem 1, if
a,U +a,U; +a,U5 +a,U,U, +agU,U, +agU U, +a,U —a,u, =0 has an analytical so-
lution in the form of u= f (v,w), and
v=Kt+kX+ky+k,, w=Kkt+Kkx+k,y+Kkg,
ak? +a,k? +agks +a,kik, +agk,k, +agkk, =0,
ak? +a,kg +agk? +a,ksks + asksk; +agksk; =0,
23,k ks + 28,k K + 285Kk, +a, (kK +Koks)
+ a (KK, +kgks ) +ag (ksks +kik; ) =0,
k, =k,,
ks =Kq.
Since f isan arbitrary first differentiable function, we may set
k =k, =k; =k, =1.
So
ak? +a,k? +ak: +a,k Kk, +ak.k, +agkk,
=a.k; +(a;+ag)k, +a, +a,+a, =0,

akZ +a,kl +ak? +a,k.k, +ak.k, +ak.k,
=ak’ +(as+ag )k, +a,+a,+a, =0.

Set

) _—as—a6+\/(a5+a6)2—4a3(al+a2+a4)
3 ’

28y

K = _as_ae_\/(as+a6)2_4a3(ai+a2+a4)
;= :

28,

Then
2a,k ks + 2@,k kg + 2a:k;K; +a, (K Kg + kK )
+ 8 (Kok; +Kgkg )+ g (Ksks + kK, )
=2a, +2a, + 28;K.k; + 28, + a5 (k; +k; ) +a, (ks +k;)
2
=4(a +a, +a4)—%:0.

Namely
2

4a,(a +a,+a,)=(a;+a)
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We obtain k;=k;, v and w are not independent of each other. That is,
a,u; +a,U; +a,u’ +a,U,U, +aU,U, +agU U, +a,U, —a,u, =0 does not have an an-
alytical solution similar to the u= f (v,w) form of Theorem 1.

Next, we use Theorem 2 to analyze a definite solution problem.

Example 4. In R®, use Theorem 2 to obtain the analytical solution of
(uf Jruxuy)(ut2 +UF—UZ —uu, +uu, —uyut)+(uf —utux)(ut ~u,)’=0, (18)

in the condition of u(0,y,z)=> ¢ (KXx—-Ky+4), ¢ are arbitrary known
first differentiable functions, x; and A, are any known constants.

Solution. According to Theorem 2, the general solution of (18) is

u=f(kt+kx+kyy+k,),

and
k2 +k2 —k2 —k.k, + K,k —kk, =0,
k =K,
Then
k2 + k2 —kZ —kk, +koky —kk; = kZ —kZ =0,
k, = +k;.
That is, the solution of (18) is
u=f(kt+kx+ky+k, )= (kt+kx+ky+k, ). (19)
Or
u=f(kt+kx—ky+k)= f (kt+kx—k y+k,). (20)

Since the initial value condition is

U(O,X,y):zi:goi(qu—lqy+/ii).

Then the corresponding general solution of (18) is (20), set

fi=g.k, =1k, =4.

So the analytical solution of the definite solution problem is
u(t,x,y)=> o (kst+cx—xKy+4). (21)
According to Theorem 2, we can obtain Theorem 3.
Theorem 3. In R?, if
©(au? +a,u’ +ayuu, )+ A (U, +au,) =0, (22)
where @, are known constants (1<1<5), ®=0(t,X,u,U,---,Uy,"-)>
A= A(t, X, U Uy, utx,u-) , then the analytical solution of Equation (22) is
u= f(il(zt+k2x+k3], (23)
a,

where T isan arbitrary smooth function, K, and K, are arbitrary constants,
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and @, need satisty
a,a’ +a,a’ —a,a,a, =0. (24)
Proof. According to Theorem 2, the analytical solution of (22) is
u=f(kt+kx+k;),
k.k, and Kk, satisfy
ak’ +a,k? +akk, =0,
a,k, +agk, =0.
So
k = —asK,
1 a, )
a 8,3k
ak? +a,k} +akk, =a = ki +ak; ——=2=0
a; a,
= aa’ +a,a’ —a,a,a; =0.
Therefore, the analytical solution of Equation (22) is
u=f (ikzt+k2x+k3],
a
4
and a; need satisfy
a,al +a,a; —a;a,a; = 0.
The theorem is proven. O

If the initial value condition of (22) is
u(0,x)=g(x).
Set k;=0,s0

u(t,x)= f(iskznkzxj:g[_—%wxj,

8 8

that is, the exact solution of the definite solution problem is U (t, X) =g [ﬁt + XJ .
a4
Next we propose Theorem 4.
Theorem 4. In R®, if

© (,u? +a,u? +au? +a,uu, +aU,U, +a,u,u, ) +A(au, +agu, +ag, )" =0, (25)

where @, are any known constants(1<i<9), ©= ®(t, X, y,u,ut,---,utxy,--') ,
A= A(t, X, Y, U, ut,---,ulxy,---) , N>1, m2>1, then the analytical solution of Equa-
tion (25) is
u=f(v,w),
V=Kt +K,X+Ky+k,, w=Kkt+KkeX+K,y+Kg,
where f isan arbitrary smooth function, v and W are independent of each
other, and the constants K, ,K,, K, Ks,Kq, K, need satisty
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a k] +a,k? +akZ +a,kk, +agkk, +akk, =0,
ak? +a,k? +ak? +a,k.k, +ak.k, +agk.k, =0,
28,k ks + 28,k K + 285Kk, +a, (kks +Koks)
+ a5 (K K; +kokg ) +ag (ksks +kik; ) =0,
a,k, +agk, +agk; =0,
a,ks +agks + a5k, =0.
Proof. Set
©' = O(auf +a,U; +a,u? +a,uu, +a5U,u, +agu, U, )’H :
A'=A(au, +agu, +a9uy)m71.
Then
@(aluf +a,u; +agul +a,uu, +au,u, +agu,u, )n + A(a7ut +ayU, +agU, )m
= ©'(,U7 +a,U] + 3, +a,UU, +au,U, + 3G, U )+ A’(a,U, +8gU, +3,u, ) =0.

Obviously ®’=®'(t,x, y,u,u,---,u ) A’=A’(t,x,y,u,ut,---,utxy,---), ac-

cording to Theorem 1, the analytical solution of the above equation is (4), so the

oyt

theorem is proved. O

Theorem 4 explains that the analytical solution of (25) is independent of O,
A, n and m, that is, analytical solutions of these infinitely many nonlinear
PDEs are the same. Theorems 2 and 3 also have similar laws, which we will not
elaborate here.

Next we propose Theorem 5.

Theorem 5. In R3, if

O (U7 +8,U7 +8ul +a,uu, +a5U,U, +agu, U, )+ A(a,U, +ag, +a,u, ) =B, (26)

where @, are any known constants(1<i<9), O= G)(t, X, Y, U, Uy, ey utxy,---) ,
A=A(t,x,y), B=B(t,X,y), then the analytical solution of Equation (26) is

u= f(p,q)+¢, (27)
a7k7 + a8k8 + a9k9
p=kt+k,x+kyy, g=Kkt+kx+kyy, r =k, t+ksx+kgy, (28)

where f s an arbitrary smooth function, and the constants K, K,,---,Kk; need
satisty

—gkky + Kok ok, + Kok kg — K keks — Kokykq + KoKy 0, (29)
a k] +a,kZ +ak? +a,kk, +agkk, +akk, =0, (30)
ak’ +a,k? +ak? +a,k,k, +aksks +agk,k, =0, (31)
ak? +a,k? +agk? +a,k, K +askgk, +agk k, =0, (32)

23,k k, +2a,k,Ks + 285Kk +a, (kK + KK, )

(33)
+ a (KK + sk ) +ag (Ksk, +kikg ) =0,
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2a,k,k; +2a,ksk, + 2a5ksk, +a, (KK +Ksk; )

+ ag (Ksky + gk ) +ag (Kgk; +k ke ) =0, Gy
23,k k, + 2a,k,K + 2a5K;k, +a, (kikg + Kk, ) 35)
+ 8 (KKg + kgks ) + a5 (kk; +kikg ) =0,
a,k, +agk, +agk, =0, (36)
a,k, +agk, +agk, =0. (37)

Proof. Accordingto Z, transformation,set u=u(p,q,r),
p=Kt+kx+Ky, g=Kt+kx+ksy, r=K;t+kx+kyy. k,k,,---,ky are un-
determined constants, p,q and r areindependent of each other, so
Kook, + KoKk + Kok ks — Kokok — Kok, kg + Kikcky #0,
and
O(a,uf +a,ul + a5 +a,uu, +agu,u, + 3., )+ A(a,u, +aU, +a., )
= al(a(klup +Kk,u, +ku, )2 + az(a(kzup + KUy + KU, )2
+ a3®(k3up +KeUy +KgU, )2 + a4®(k1up +k,u, +kou, )(kzup +kgU, + kgur)
+ a5®(k2up +kgUy + KU, )(ksup +KeUy + kgu,)
+ a6®(k3up + KUy + kU, )(klup +ku, + k7ur)
+ A(a7 (klup +k,u, + k7u,)+ ay (kzup +ksu, + ksur)+ a (k3up + kgl + KU, ))
=0 (k! +ak] +agks +a,kk, +agk,k; +agkk, Ju?
+© (ak + 8,k +ak? +a,k,k +agksks +agk,kq )u?
ak? +ak? +aks +a,k kg + asksKy +agk kg Ju?
Kk, +kiks ) U Ug

o )

+O( 28,k ,K, + 28,k ks + 28k ks +a, (Kiks + KK, )+ a5 (Kokg +K;Ks )+ a5 (

+O( 28,k K, + 28,Kskg + 285Kgkg + @, (KyKg + Kok, )+ ag (Ksky + KKy )+ a5 (Koky +K Ky ))Ugu
+0( )+a

+ A(

rup

qUr
23,k K, + 28,k K + 285Kk, +a, (KiKg + Kok, )+ a5 (KoKg +Kskg ) + g (Ksk; +kikg ))u
(ark, +agk, +agks Ju, +(ask, +agks +agks ), +(ask, +agkg +a9k9)ur)
=B(p.a.r).
Set
a k] +a,kZ +ak? +a,kk, +ak,k, +akk, =0,
ak? +a,kZ +ak? +a,k ks +akk, +agk,k, =0,
ak? +a,kZ +akZ +a,k K +askgk, +agk k, =0,
2a,k,k, + 2a,k,Ks + 2a5K;k; +a, (kK + KK, )
+ ag (Kkg + kgks ) + a5 (kok, +kiks ) =0,
2a,k,k; +2a,ksky + 2a5ksk, +a, (kK +Ksk; )
+ 8 (KoK + Kok ) +ag (Kek; +K,kg ) =0,
2a,k,k, + 2a,k, ks + 2a5K;k, +a, (Kkg + K k; )
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+ g KoKy + KyKg )+ a5 (KoK, + Kk ) =0,
a,k, +agk, +agk; =0,
a,k, +agk, +agk, =0.

We get

B(p.q.r)
a,k, +agk; +agky Ju, = ————. (38)

(arky +agks +agk Ju- =270

The analytical solution of (38) is
.[ B( p,q, I’) dr
A(p.q,r
u:f(Q®+—?l———l—ﬂ

a7 7 + a8k8 + a9k9

so the theorem is proved. O

Similar to the proof method of Theorem 5, we can obtain Theorem 6.
Theorem 6. In R®, if

A(,U7 +8,U7 + 357 +a,Uu, +8gU,u, +3gU, U, )+ O (U, +aU, +a,u, ) =B, (39)

where @, are any known constants (1<i<9), ©= ®(t, X, y,u,ut,---,utxy,---) ,
A=A(t,xy), B=B(t,x, y) , then the analytical solution of Equation (39) is

B(p.q.r) ’
A(p.q, r)(aikl2 +a k2 +ak? +a,kk, +ak,k, + aeklkg)

u:f(qJ)+j dp, (40)

P=Kt+K,X+K Y, q=Kt+KX+Ksy, r =Kt +Kkox+KgY,

where f s an arbitrary smooth function, and the constants K, K,,---,k,; need
satisty

—Kokok + kokeks + Kk kg — kiKks — Kok Ko + Kikskq # 0,
ak? +a,kZ +ak? +a,k ks +akk, +ak,k, =0,
ak? +a,kZ +akZ +a,k kg +askgk, +agk k, =0,

23,k k, +2a,k, ks + 285Kk +a, (kks + KK, )
+ 8 (Kkg + kgks ) +ag (Ksk, +kiks ) =0,
2a,k,k; +2a,ksky + 285Kk, +a, (KK +Ksk; )
+ ag (Ksky + Kok ) +ag (Kgk, +k kg ) =0,
23,k k, +2a,K,K + 2a3K;k, +a, (kikg + Kk, )
+ ag (KKg + kgkg ) + a5 (Kk; +kikg ) =0,

a,k;, +agk, +agk; =0,

a,k, +agk; +agk; =0,

a,k, +agky + a5k, =0.

Proof. Accordingto Z, transformation,set u=u(p,q,r), p=Kt+k,x+kyy,
g=kt+ksx+Ksy, r=K;t+kox+kyy. k,k,,---, Ky are undetermined constants,
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pP,g and r areindependent of each other, so
Kok, + KoKk, + Kok ks — Kokoky — Kok, kg + Kikeky # 0,
and
A(a,uf +a,ul +a,u? +a,uu, +agu,u, +agu,u )+ O (a,u, +agu, +agu, )
=Aq(hup+hum+&ujz+A%(@up+kwq+@uJ2+A%(@up+kwq+@uJ2
+Am(hup+Mu¢+&uJ<@up+kwq+@uJ
+A%(@up+kwq+k§hXKwp+kwq+@uJ
+A%(@%+kwq+@m)“pp+m%+kNJ
+®(%(hup+MUm+hm)+%(@up+@um+gm)+%(gup+kwq+&u»)
= Aak? +a,k] +ak? +a,kk, +agk,k; +agkik; )u?
+ A(ak] + ks +agks +akks +agksks +agk,kg Ju?
+A(a1k2+a2k2+a3k2+a4k Ky + Bgkgks +agk ks )u?
28, kK, + 28,K,ks + 285K + 8, (KiKs + KoK, ) +ag (KoKs +Kgks ) +ag (Kk, +kiks ) )u,u,
)
)

+A( a
+ A(2ak,k, + 28Kk, +2a5kskg +a, (Kokg + Kok )+ (Ksky + KoKy )+ a5 (Kgk; +K Ky ) )UgU,
(2a1kk +28,K,Kg + 285K, + 8, (KiKg + Kok, )+ (KoKy +Kgks ) + a5 (Kqk, +Kikg ) Ju,u

p

(pyq, r)-
Set
ak? +a,kZ +ak? +a,k ks +akk, +agk,k, =0,
ak? +a,k? +ak? +a,k; kg +askgky +agk k, =0,
2a,k,k, +2a,k,Ks + 285Kk +a, (kK + kK, )
+ 8 (KKg + kgks ) + a5 (kok, + Kk ) =0,
2a,k,k; +2a,k:ky + 2a5ksk, +a, (Kykg +kok; )
+ ag (KoK + Kok ) + a5 (Kek; +K,kg ) =0,
23,k k; +2a,K,K, + 2a;K,k, +a, (kikg + kK, )
+ ag (K Ky +kskg ) +ag (Ksk; +kikg ) =0,
a,k, +agk, +agk, =0,
a,k, +agk; +agk; =0,
a,k, +agky + a5k, =0.
We get
B(p.q.r
(ak? +ayk] +agk? +agkik, +ask,k; +agk;k, Ju? :AEE%ZJ;' (41)

The general solution of (41) is

DOI: 10.4236/jamp.2025.131008 177 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.131008

H. L. Zhu

1
B(p,a.,r 2
o= f(ar)] o) .
A(p.q, r)(a1k1 +a,k? +ak? +a,kk, +agk,k, +a6k1k3)
where f isan arbitrary smooth function, so the theorem is proved. O

Next, we use Theorem 5 to analyze a definite solution problem.

Example 5. In R, use Theorem 5 to obtain the analytical solution of

u? (9U12 +4u? +uj —12u,u, —4u,u, +6u, U, ) +3u, —2u, +U, (42)
— 4et+x+y +16e2t+2x+2y’

in the condition of u(0,y,z)=g(x,y), § isan arbitrary known first differen-

tiable function.

Solution. According to Theorem 5, the general solution of (42) is

U= f(t+kX+(2k, -3)y,t+kex+(2k; —3) y)+ 2.

So
u(0,%,y) = f (kx+(2k, =3)y, kex+(2k; =3) y)+2e* = g(x, ).
Namely
f (kX + (2K, =3) Y, ksX+(2ks =3) y) = g (X, y) - 2¢*".
Set
k,x+(2k, —3)y = B, ksx+(2ks —3) y = 7.
We obtain
:(2k2_3)7+(3_2ks)ﬁ _ ksﬂ_kﬂ/_
3(k, —ks) " 3(k,—ks)
That is
f (kyx+(2k, —3) y, ksX+(2ks =3) y)
ky—3)y+(3—ks
:g(@kz—s)ms—zks)ﬂ ksﬂ—kzy]_zg e
3(k, —ks) 3(k, —ks)
Set
t+k,x+(2k, —3)y = B, t+ksx+(2k; —3) y = 7.
Then
(2k,—3)7+(3-2k;) B _2
3(k, —k;) 3
ksB—K,y _t
3(k—ks) 3
(k2_3)7+(3_k5)'8=t+x+y.
3(k2—k5)
So
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U(t,x,y) = (t+kx+(2k, —1) y, t+kex+(2ks —1) y)+ 26"

=g (E x Ly y]
3 3 )
According to Example 5, we can directly obtain the analytical solution of Equa-

tion (42) in various initial value conditions. If the initial value condition is
u(0,x,y)=(x+ y)2 +sin(x—y)+2e™”, the analytical solution is

u=(t+x+ y)2 +sin(%+x— yJ+2e””y.
For
©(a,uf +a,u’ +auu, )+ A(au, +au,) =B, (43)
A(aiuerazuf+a3ulux)+®(a4ut +agU, ) =B, (44)

where @, areanyknown constants (1<i<5), and readers can try to obtain their
analytical solutions by the method similar to Theorem 5.
Next we propose Theorem 7.
Theorem 7. In R, if
®(a1uf +8,U7 + 85U} +a,U,U, +agu,U, +agu, U, +a,uu, +aguu, + aguuy)
(45)
+ A(ayU, +a,U, +a,u, +a,u)=B,
where @, are any known constants (1<i<13), © = ®<t, X, y,u,ut,---,utxy,-u) ,
A=A(t,x,y), B=B(t,x,y), then the analytical solution of Equation (45) is

3l

J‘eamk#anks*aukg B( P.q r) dr
A(p.a.r)
oK, +8,,Kg + 83K,

—&3r

U = g0k +aukg+ake | £ (p q)+

, (46)

p=kt+k,x+kyy, =Kkt +kx+kyy, r=k,t+ksx+kyy,
where f isan arbitrary smooth function, and the constants
ki Ky, Ky need satisty
—Kakoky + Kook + Kok kg — oksks — Kok Ko + kokeky # 0,
ak +a,ks +agk? +a,kk, +agk,k, +agkk, =0,
ak? +a,kZ +ak? +a,k,k, +akk, +ak,k, =0,
ak? +a,kZ +akZ +a,k kg +askgk, +agk k, =0,
2a,k K, + 28,k Ks + 2a,k kg +a, (ks + Kk, )
+ 8 (KKg + kgks ) + a5 (kok, +kiks ) =0,
2a,k,k; +2a,ksky + 2a5ksk, +a, (kK +Ksk; )
+ 8 (Kskg + Kok ) +ag (Kek; +K,kg ) =0,
23,k k; +2a,K,K, + 2a;K;kq +a, (kikg + Kk, )
+ ag (K Ky + K3k ) +ag (Ksk; +kikg ) =0,
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a,k, +agk, +agk; =0,
a.k, +agk; +agk, =0

a,k, +agks +agky =0, (47)
aiokl + ailkz + a12k3 =0, (48)
a10k4 + anks + a12k6 =0. (49)

Proof. Accordingto Z, transformation, set u=u(p,q,r),
p=kt+kx+ky, q=Kt+kx+ksy, r=kt+kx+kyy. k,k,,---,ky are un-
determined constants, P,q and r areindependent of each other, so
—kgKsks + Kokek, + Kok kg — K Kokg — koK, Kg + K kokg # 0,
and

O} +8,U7 + ;U7 +a,UU, +8gU,U, +agU, Uy +a,UU, +aguu, +3,uu, )

+ Ayl +ayu, +ay,u, +au)

:q®(&up+MU¢+muJ2+agﬂkﬂp+kyq+Qu»2
+%®“Np+%%+ka2+%®(W%+qu+&W)“Np+%%+kNJ
+%®<@up+kwq+k§hXKwp+kwq+&uJ
+%®(@%+kwq+&m)@pp+kwq+&m)
+@Cm(&up+kwq+kﬂh)+%®u(@up+kwq+k§h}+%cm(@up+kwq+@uﬁ
-+A(qﬂ(mup+kﬂh+kﬂh)+an(@up+k§h+k§h)+aﬁ(&up+kwq+k§h)+aﬁu)

= 0(ak! +ak] +agks +a,kk, +agk,k, +agkk, Ju?
+ O (k] +ake +agk? +a,k,ks +agkoks +agk,ks Ju

2
q
2
r

28,k,K, + 28,K,Ks +285KKq +a, (KjKs + KoK, ) + a5 (KKg +Kgks ) + a5 (3K, +kkg ) Ju u

+®(a1k2+a2k2+a3k2+a4k Ky + gksKy + koK, )
( ) pq
+O( 28,k K, +28,Ksky + 2a5keky + @, (K,Kg + ksky )+ ag (Ksky + KoKy )+ a5 (Kok; + KK, ) )UgU,
+O(28kiK; + 28,k kg + 28Kk, +a, (KiKg + KoK, )+ a5 (Kkq +kakg ) +ag (Ksk; +Kikg ) Ju,u

+0(ak, +agk, +agks )uu, +0(ask, +agks +agks )uu, +©(ak; +agk, +agk, Juu,

+ A(ayk, +ay;K, +a,Ks ), + Aapk, +ay;Ks +ag,ke )ug + A8k, + 83K +ay,K, )u,

+a,Au

=B(p.a.r).

p

Set
ak +a,ks +agk? +a,kk, +agk,k, +agkk, =0,
ak? +a,kZ +ak? +a,k,k, +akk, +ak,k, =0,
ak? +a,kZ +akZ +a,k kg +askgk, +agk k, =0,

2a,k K, + 28,k ks + 2a,k kg +a, (ks + Kk, )
+ a (KoK + sk ) +ag (Ksk, +kiks ) =0,
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2a,k,k; +2a,ksk, + 2a5ksk, +a, (kK +Ksk; )
+ 8 (Kskg + Kok ) +ag (Kek; +K,kg ) =0,
2a,k,k, + 2a,k,k + 2a5K;kq +a, (kikg + Kk, )
+ ag (KKg + kgkg ) + a5 (Kk; +kikg ) =0,

a,k, +agk, +agk; =0,

a,k, +agks +agk; =0,

a;k, +agks +agky =0,

a,ok, +a,k, +a,k; =0,

ak, +a,k; +a,k, =0.

We get

B(p.q.r)

K, +ay,Kg +a,Kkg U, +85,u = .
(830K, +8y;Kg +2,kg ) U, +2y5 ACP.0.r)

(50)

The analytical solution of Equation (50) is

a3l

J'ealok7+311k8+alzk9 B( P.q, r) dr

-3l

U = eokr+aukg+aks | f ( P, q)+ A( p.q r)
a10k7 + a11k8 + a'12k9

so the theorem is proved. O

Similar to the proof method of Theorem 7, we can obtain Theorem 8.

Theorem 8. In R®, if
@(aluf +a,U7 +a,U] +a,U,U, +agU U, +agU, U, +a,ul, +aguu, + aguuy)
(51)
+ A(agl, +a,U, +a,u, +a,u) =0,

where @, are any known constants (1<i<13), © =®(t,x, y,u,ut,---,utxy,n-) ,
A= A(t, X, YU Upyee e Upy s ) , then the analytical solution of Equation (51) is

—ay3r

U = e ok +aukg+anks ¢ (p' Q), (52)
p=kt+k,x+ky, g=Kkt+kx+kyy, r=k,t+ksx+kgy,

where f s an arbitrary smooth function, and the constants k,K,,---,k,; need
satisty

—gkeky + Kok ok, + Kok kg — K keks — Kokykq + KoKy 0,
akl +a,ks +agk? +a,kk, +agk,k, +agkk, =0,
ak? +a,kZ +agk? +a,k ks +agksks +agk,k, =0,
ak? +a,k? +ak? +a,k; kg +askgky +agk,k, =0,

23,k k, +2a,K,Ks + 285K,k +a, (ks + kK, )
+ a5 (K K + sk ) +ag (Ksk, +kiks ) =0,
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2a,k,k; +2a,k.ky + 2a5ksk, +a, (Kykg +kok; )
+ ag (Kskg + Kok ) + a5 (Kek; +K,kg ) =0,
23,k k, +2a,K K, + 2a;K,kq +a, (kikg + Kk, )
+ a5 (K Ky +kskg ) +ag (Ksk; +kikg ) =0,
a,k, +agk, +agk, =0,
a/k, +agk; +agks =0,
a,k, +agks +agky =0,
a0k, +ay,k, +a,k; =0,
a,k, +ay,ks +a,ks =0.
Next, we use Theorem 8 to analyze a definite solution problem.
Example 6. In R?, use Theorem 8 to obtain the analytical solution of
2u¢ +U5 +uj +3u,U, +3uU, +2u,u, +u(ut +U, +uy)+2ut +U, +U, +U=0, (53)

in the condition of u(0,x,y)=g(X,y), g isan arbitrary known first differen-
tiable function.

Solution. According to Theorem 8, the general solution of (53) is

,t . _ . _
u:ezf[%+qx+c2y,w+c3x+c4yj, (54)

or

U=e? f((=C,—C,)t+CX+C,Y,(—C;—C,)t+CX+C,Y), (55)
where ¢,C,,C; and ¢, are arbitrary constants. If the solution is (54), so

u(0,%y,2)=u(0,x,y) = f(cx+c,y,c;x+¢,y)=g(x,y).

Set
CX+C,Y=/0,CX+Cy=7.
We obtain
X = C4ﬂ—02)/7 _ ¢y —GpB _
C,Cy —CyC5 C,C4 —CyCy
Namely
f (clx+c2y,c3x+c4y)= g[ CB-Cy , Cy—Cp J
C,Cy —C,Cy GGy —CyC5
Set
—C, —C, )t —C,—C, )t
%+clx+czy=ﬂ,¥+c3x+04y=7.
Then

CB—Cr _ t

+X,
C,C, —C,C, 2
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Gy —Cp __t

+Y.
C,C, —C,C, 2

So the analytical solution of the definite solution problem is

u(t, x, y):g(—%+x,—%+ yj. (56)

If the solution is (55), in a similar way, we can get
u(t,x,y)=g(—t+x,—t+y). (57)

That is, if the general solution of a PDE is not unique, the analytical solution of
its definite solution problem may not be unique either. Such as
u(0,%y)=g(xy)=e*?, then

—§+x+2y

u(t,x,y)=g(—%+x,—%+yj:e 2 ,

u (t, X, y) =g (_t +X,—t+ y) — e—3t+x+2y’

and

7§+2y
u(t,0,y)=e 2 -,

u(t,x,0)=e""

So two definite solution conditions are needed to make the analytical solutions
of the definite solution problem unique.
Next we propose Theorem 9.
Theorem 9. In R*, if
@(aiuf +a,U7 +a,Uj +a,u’ +agU,U, +agU,u, +a,Uu, +au,u,
(58)
+ aguxuz + aiouyuz ) + A(ailut + aizux + alsuy + a‘14uz ) = 0’
where a, areanyknown constants(1<i<14), ©= @(t, X, Y,Z,U, ut,'--,utxyz,---) ,
A= A(t, X, Y, 2,0, Uy Uy ) , then the analytical solution of Equation (58) is

u=f(p,a,r), (59)
p=kt+k,x+ky+Kk,z, (60)
q=Kt+kx+k y+ksz, (61)
r=kot+kox+k,y+k,z, (62)

where f is an arbitrary smooth function; P,( and r are independent of

each other, and the constants K K,,---, K, need satisty

ak? +ak? +ak? +a,k’ +agkk, +akk, +akk,

(63)
+ agk2k3 + a9k2k4 + a10k3k4 =0,
akS +aks +ak? +aks +agksks +agksk, +aksk, (64)
+ 8gKqk; +agkgky +ayk kg =0,
auky + gk +agkis +a,ks, + Agkokio + Bgkoky; +arksky, (65)

+ aeklokn + a9k10k12 + aioknklz =0,
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23,k ks + 2a,K,K + 2a5K,k; + 2a,K,Kg + a5 (K,kg + K K )+ ag (K K; +kqks)

+ 8y (KKg +Kks )+ g (KoK, +Kgkg ) +ag (Kokg +KyKg ) + a5 (Kskg + K4k, ) =0, (6
2a,k;Kq + 28,k Ky + 2a5ksky, + 28K,k + g (Kikyo +KoKg )+ g (Kokyy +Kgkq ) (67)
+ 8y (Kiky, + KKy )+ 8 (KoKyy +Kskyg ) +ag (Koki, + KoKy )+ (Kgky, +Kykyy ) =0,
2a,kskg + 28,KsK,o + 285K Kyy + 28,kgky, + a5 (Kskyg + Kekg ) +ag (Kskyy + KKy ) (68)
+ay (Kgkyy +Kgky ) + g (Kskyy +KoKyg ) +ag (Kokyy + Kgkyg ) + @y (KoKyp +Kgkyy ) =0,

a,k, +a,k, +a,k, +a,k, =0, (69)
a, K +a,Ks +a,k;, +a,ks =0, (70)
ay1Kg + 835Ky + 85Ky, +ay,k, =0. (71)

Proof. Accordingto Z, transformation,set u=f(p,q,r),
P=kt+kXx+Ky+k,z, q=Kkst+KkeX+k,y+Kksz, r=kt+kx+k,y+k,z;
k,K,, -k, areundetermined constants, P,q and r areindependent of each

other, so
O (U +8,U7 +a,U +a,U7 + AU, +agU,U, +8,UU, +BgU,U, +3GU,U, + U, U, )
+ A(ayu, +ag,u, +au, +a,u, )
2 2 2
=20k f, +Kksfo+ko ) +2,0 (K, + ks fy+ko f ) +2,0(ky f, 4k, f, +k,, F)
+a4®(k4fp+k8fq+k12fr)2+a5®(klfp+k5fq+k9fr)(k2fp+k6fq+k10fr)
ko fy ks fy ko ) (Ko fy ko B+ kg, F )

+a,0 (k
(ko f, ks by + ko ) (Ko f, ke fy + Koo F)
( )

)

©
+a,0
+850 (K, T, + ks Ty + koo ) (ks Fy K fy 4Ky, F )
(Ko, +Ks fy ki, T )
+ 8400 (Ky T+ K f kg £ ) (K, o+ kg ki f )+ apA (K + kg o+ )

+aA (K, ks fy Koo )+ @A (K Fy 4k fy kg, f )+, A (K 4k f kg, T )

r

+8,0 (K, f, +kg Ty + Ky, f

r

= OF 2 (ak +a,k] +a5k? +ak} +agkk, +agkiky + ki, + 35K,y +agkok, +ay0ksk, )
+OF (kS +8,kE +ak? +,k5 +agksks +Bgksk, +arkoky +Bgkgk, +agksky +a1oksks )
+0f 2ak? + Of *a,kl +Of “ak’ +0f a,k’ +Of 2ak.k,, + Of *ak.k,, +Of ’a k.k,,
+Of 2agkyoky, +OF 2agkok,, + Of 2aygky ky, + 20 fakiks +20f, f,ak,ks
+20f T aksk, +20f T akk, +Of, f,ag (kks +Koks ) +OF  fa (kK +ksks )
+Of T8, (kky + Kk ) +OF  fag (Kok, + Kok )+ OF  fag (kkg + Kok )
+Of T2, (Koky + Kok, ) +20f fakk, +20f, f,akky, +20f, faksk, +26f, fakk,
+Of T ag (kikyg +kokg )+ OF  Tag (kiky, + sk ) +OF f,a, (Kiky, +k.ks)
+Of T8y (Kokyy +kokyg )+ OF , T (Kkyy +Kykyg ) +OF  fay, (oky, +Kykyy )
+20f f,akky + 201, fa,ksky, + 20, f,azk;ky, +20F, fa,ksk, +OF, f,a5 (kkyg + Ksks )
+Of f,a5 (Ksky, +kokg )+ OF, T8, (Ksky, + Kok )+ OF, T, (Kokyy +kykyo )
+0f, fag (Keky, +kekyg ) +OF fLay (kky, +kgkyy )+ A (8y,k; +ay,k, + 8k, +a,k, )
+Af (ay ks +a,kg +ak, +ayky )+ Af, (a,k, +a,k, +ak;, +a,k, ) =0.

(72)
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Set
ak +a,k? +ak? +a,k? +akk, +agkk, +a kK, +agk,K, +agk,K, +a,,kk, =0,
ak? +a,k? +ak? +a,kd +agkk, + agkk, +a KKy +agkgk, +agksks +a0k,Ks =0,
aks +ak] +ak’ +a,k) +akok, +agksk,, +akoky,
+ agk,oky; +agkiok, + a0k, ki, =0,
23,k ks + 28,k K + 2a,K.k; +2a,K, K +ag (kikg + K K ) +ag (K Kk, +kgks)
+a; (kg + ks ) +ag (KoK, +keks ) +ag (Kokg + K,k ) +ay, (Kskg +K,k; ) =0,
23,k Ky + 28K,k + 2a5k;Ky, + 28,k Ky, +ag (Kikyo +Kokg )+ g (Kokyy + Kk )
+ 8y (Kky, + KKy )+ ag (KoK, +Kskog ) +ag (Ko, + K,k )+ @y, (Koky, +Kykyy ) =0,
2a,ksky + 28Kk, + 285K Ky, + 28,ksKy, + g (Kskyo + Kgkg ) + a5 (Kekyy + KKy )
+ 8y (Ksky, + Kgkg ) + g (Kokyy + KoKyg ) +ag (Ksky, + Kk ) + @y (KrKy, +kgkyy ) =0,
a,, K, +a,k, +a,k, +a,k, =0,
a, Ky +a,k, +a,k, +a,k, =0,
a,, kg +ay,k,, +ak; +a,k, =0.

Therefore, the analytical solution of Equation (58) is

u=f(p.qr)
The theorem is proven. O
In R*,if
2 2 2 2
®(a\1ut +a,U, +a,uy +a,u; +aguu, +aguu, +a;uu, +3au,u,
(73)
+a4u,U, +a10uyuz)+ A(aﬂut +ap,U, +auy, +a,u, + u) =B,
2 2 2 2
A(aiut +a,U5 + Uy +a,u; +a5u,U, +a5u,u, +3a,u,U, +3agu,u,
(74)

+agu,u, +amuyuz)+®(aﬂut +ay,U, +a,u, +a,U, +u) =B,

where @ areany known constants (1<i<14), ®=®(t,x,y,z,u,ut,---,utxyz,---),
A=A(t,xy,2), B=B(t,X,y,2),set

T =kt+k,x+ky+Kk,z, (75)
X =kt +kx+k,y +kqz, (76)
Y =kot + kox+ k¥ +k,z, (77)
Z =Kkt +k x+ky+kgz, (78)

%io. (79)

Similar to the calculation of Theorem 5, the analytical solutions of (73), (74)
can be obtained, and readers can try it by themselves.
Next, we use Theorem 9 to analyze a definite solution problem.

Example 7. In R*, use Theorem 9 to obtain the analytical solution of

2 3
2 2
(uI +U; —2U,U, +UU, +UU, —U,u, —uxuz) +(u, —u,) =0, (80)
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in the condition of u(0,x,y,z)=g(x,y,z), g is an arbitrary known first dif-

ferentiable function.
Solution. According to Theorem 9, the general solution of (80) is

u(xy,z)=f(t+x+kyy+Kk,z,t+x+k y+Kkgz, t +x+kyy+kp,z), (81)
where kj,Kk,,k;,kg,k;; and Kk, arearbitrary constants, so
u(0,x,y,z) = f(x+kyy+K,z, Xx+k, y+kz, x+ky,y +k;,2) =g (x,y,2).
Set
X+Ky+K,z=0a, Xx+k y+kiz= 8, x+k y+k,z=y.
We obtain
__ —7KaK; + 7Kske + BK Ky, — arkgky, — Bksky, + arkqky (82)
k4k7 - ksks - k4k11 + kskn + k3k12 - k7k12
yo- =Pk, + vk, + aky —yks —ak, + Pk, (83)
k4k7 - ksks - k4k11 + kskn + k3k12 - I(7k12
7o _ —PKs +yK; + ak; —yk; —aky, + Bk . (84)
=Kok + sk +Kykyy —kekyy —Ksky, +kok,
Namely

u(0,%,y,2)=f(x+kyy+k,z, x+k,y+kez,x+kyy+k;,2)
_ (_—yk4k7+---+ak7k12 Pkt Py, _‘ﬁka"'"""ﬂkn j

Kok == k7K, , I(4k7_"'_k7k12, KKy -+ Kok,

Set
t+Xx+ky+k,z=a, t+x+k y+kz=p6,t+x+k,y+k,z=7.

Then
_7KKe + yKeks + KK, —akgky — SRk, +akik, t+x
Ky —Kskg =K kyy +kgkyy +Koky, —koky,

_ PRt yk +aks— ks —ak, + K,
KoKy —kokg —Kgkyy +Kgkyy +Ksky, — KoKy,

=Pk +rks +ak, —yk; —aky + Bk, -7
_k4k7 + keks + k4k11 - kskn - k3k12 + k7k12

So the analytical solution of the definite solution problem is
u(t,x,y,z)=g(t+x,y,2)

According to Example 7, if the initial value condition is
u(0,xy,z)=(x+2y+ z)3 +C0S(X+Yy+2z)+1tan(2x—y—1z), the analytical solu-
tionis U=(t+Xx+2y+ z)3 +00S(t+X+y+2z)+tan(2t+2x-y—1z).

Theorem 10 is presented below.

Theorem 10. In R®, if

a,Uf +a,U5 +a,u’ +a,u’u, +a5u’u, +agu;u, +a,uz, 55)

2 2 _
+ agUyU, + 85U U, +ayoU,u Uy = 0,
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where @, areanyknown constants(1<1<9), then the general solution of Equa-
tion (85) is
u=f(v,w)
V=Kt + KX+ Ky +K,, W=Kt + KX+ K,y +Kg,
where f Isan arbitrary first differentiable function, v and w are independ-
ent of each other, and the constants K, K,,K;, ks, Kq, K, need satisty

3 3 3 2 2 2 2
ak;’ +ak; +ak; +a,kk, +akk; +agk k; +a,kk,

(86)
+ agk kZ + agk,k?Z +a, Kk Kk =0,
aks +akd +ak’ +a,kik, +akk, +agkkZ +a kK, &7
+ a8k5k72 + agkek72 +8y0ksksk, =0,
3a,kks + 33,k K, +3agk?k, +a, (kg + 2K, k,Ks )+ ag (KK, + 2k kqks )
+ g (k7Kg + 2K Kokg )+ @, (K3K; + 2K,koky ) + ag (K2ks + 2kksk; ) (88)
+ 8, (KokE + 2K Kok )+ By (KoKgks +Kkaks + K kok; ) =0,
3a,k,k +3a,k,ke +3akoky +a, (KokZ + 2kkoks )+ a (ko + 2k ko, )
8 (kg + 2K,Ksky )+ ay (Kake + 2K Kok )+ g (K7 +2Kksksk, ) (89)

+ 8 (KFkg + 2Kakoky )+ @ (Ksksks + Kksk, +kikgk, ) = 0.

Proof. According to Z, transformation, set u= f(v,w),
V=Kt +k,x+ky+k,, w=kt+kx+k,y+k;. k;,K,,---,k; are undetermined

constants, v and w are independent of each other, so

S + a,Us +a,u’ +a,ulu, +agu’u, +aguzu, +a,uzu, + agU’u, +a,usu, +a,uuu,

a, (k f, +k f, ) +a, (K f, +k f,) +a, (k f, +k, £, )’

+a, (k f, +k ) (Ko f, + ko f, ) + a5 (K f, + K F, ) (Ko f, +K; £,

+ag (K f, + ko ) (ko f, +ks )+ 2, (K, f, + kg ) (Ko f, +K; F,)

+a (ke f, + ko ) (K, ks fy ) +ag (Ko f, +k £, (K, F, + K F )

+a (K f, +ko £ ) (Ko £, + K ) (Ko, + K, )

(alkf +a ks +agks +a,k’K, +agkK, +agk k2 +a,kZk, + agk kZ +agk,k; + amklkzkg) f?
(kS + ks +agk? +a,kZkg + akZk, + agkoks +akgk, + agksk? + agksk? +ayksksk, ) .
+317 f,ak ks + 312 f,a,kZk + 3 f,akdk, + 1,7 f,a, (kiks + 2K kok; )

+ 1.7 fag (k7K + 2K Kks )+ 1,7 85 (Koks + 2K Kok )+ £,2 5,8 (K2k; + 2kokoke )

1,7 8,8 (KFks + 2Kikoky )+ 1,7 F,8 (KokF + 2K, Kok, )+ 1,7, 80 (Kokgks + Kiksks +Kikok, )
+31, frakk? +31, frak ks +3f, flakk? + f, f2a, (kk? + 2k ksk,)

+ f, £2a5 (Kgk? + 2Kiksk, )+ , f.2ag (Kke + 2K koks )+ F, 72, (Kke + 2k kek; )

1, 123 (Kok? o+ 2y + 1, F23y (kg £.21,, + 2kgksk )

+ £, f.2a,, (Koksks + K Ksk; + kiksk, ) =0.
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Set
ak? +a,ks +akd +a,k’k, + ak’k, +akk: +a,kik,
+ agk kZ + agk,k?Z +a, k K,k =0,
a ks +akd +ak’ +a,kik, +akk, +agkk +akk,
+ a8k5k72 + a9k6k72 + a10k5k6k7 =0,
3a,k7ks +3a,k ks +3agk?k; +a, (k7K + 2k,Koks ) +ag (K7k; +2Kkks )
+ 8 (Kgks + 2kikoky ) + @, (2K, + 2K koky )+ ag (ks + 2k Kk, )
+ 8 (KoK + 2K Kok )+ By, (Kokgks + Kikaks + Kk k; ) =0,
3a,k,k? +3a,k,k? +3akoky +ay (kk? + 2kikgky ) +a (ko2 + 2Kk ksk, )
8 (ke + 2Kokeks )+ ay (Kkd + 2Kk, ) + 85 (KK + 2kgksk; )
+ 8 (Kikg + 2Kakoky )+ @y (Ksksks +Koksk, +kikgk, ) = 0.
Therefore, the analytical solution of Equation (85) is
u=f(v,w).

The theorem is proven. O
Next, we use Theorem 10 to analyze two definite solution problems.

Example 8. In R, use Theorem 10 to obtain the analytical solution of
3.3, 2 2 2 2 2 2
U, +Uy +U7U, +usu, —uu, +uu, +usu, +ugu, =0, (90)
in the condition of u(t,0,y)=g(t,y), g isan arbitrary known first differenti-

able function.

Solution. According to Theorem 10, the general solution of (90) is

u=f(t+x—yt—x+y). (91)
Then
u(t,0,y)=f(t—y,t+y)=g(t,y).
Set
t_y:ﬂlt"_y:}/'
We obtain
t=ﬂ+7,y=—ﬂ+7.
2 2
Namely
+y —p+
U(t,o,y)Zf(t—y’t.i-y):g(ﬂz}/’ 132 7)
Set
t+x—-y=4t—-x+y=y.
We get

Bry t+X—-y+t—Xx+y
2 2

tl
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Pty A-X+y+t-x+y
2 2

=—X+Y.

So the analytical solution of the definite solution problem is
u(t,x,y)=f(t+x—y,t—x+y)=g(t,—x+y).

Example 9. In R®, prove that the exact solution of

US + 205 + 25 +4ulu, +4u’u, +5U,UZ + 7uZu, +5U,U% +7uu; +11uu,u, =

in the condition of u(0,x,y)=g(x,y) is
u=g(-t+x-t+y),

or

u=g(-t+x-2t+y),

or

u=g(-2t+x,—t+y),

where ¢ isan arbitrary known first differentiable function

Proof. According to Theorem 10, the general solution of (93) is
U= f((=€ =€, ) t+CX+CY,(—C—C, ) t+Cox+c,Y),
or
U= f((=c,— 26, )t+CX+C,Y, (€, — 2¢, )t +C;X+C,Y),
or
U= f((—2¢,—C,)t+CX+C,Y, (26, —C, )t +CX+C,Y).
If U= f((=¢,—C,)t+CX+C,Y,(~C;—C,)t+CyX+C,Y), then
u(0,x,y)= f(cx+c,y,cx+c,y)=9g(x,Yy).

Set
CX+C,Y=/[,CX+Cy=7.
We obtain
x=PC=1% y= e —pes
C,C, —C,Cy C,C, —C,Cy
That is
u(0,%,y)=f(cX+C,y,cx+¢,y) = g(ﬁc4—yc2 , 76— S J
C,C, —C,C; C,C, —C,C,
Set
(€, =Co)t+CX+Cy =B, (—C3—Cy )L+ CoX+Cpy = 7.
Then
Be,-yc, ((-e—c)trex+cy)e, —((=¢ ¢, )t+cx+cy)e,
CC,—C\Cy TS

(92)

0, (93)

(94)

(95)

(96)

(97)

(98)

(99)

=—t+X,
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¢ -fc, _ (e —cy )t+cx+c,y) e —((—¢ —¢, ) t+ex+c,y)c,
C,C, —C,Cy CCy —CyCq

So the analytical solution of the definite solution problem is

Ut X, y) = (=6, = )t+ex+C,Y, (=6, —¢, )t+CX+¢,Y) = g (~t+Xx,~t+y).

=—t+y.

If U= f((—¢—2¢,)t+CX+C,Y,(~C; —2¢, )t+CX+C,Y), or
U= f((-2¢,—¢,)t+X+Cy,(—2¢, ¢, )t+CX+C,Y) , similar to the above

method, we can obtain

u(t,x,y)=f((—c,—¢, )t+eXx+C,Y,(~C—C, ) t+Cox+C,Y)

((
=g(-t+x,-2t+y),
((

u(t,x,y)=f((—c,—c, )t+eX+C,Y,(—C;—C, ) t+CoX+C,Y)
=g(-2t+x,-t+y).
That is, different exact solutions of the same definite solution problem may cor-
respond to different general solutions! Such as
u(0,x,y)=g(x,y)=sinxy.
Then
g(-t+x,—t+y)=sin(-t+x)(-t+y),
g(-t+x,-2t+y)=sin(-t+x)(-2t+y),
g(—2t+x,—t+y)=sin(-2t+x)(-t+y),
are the analytical solutions of (93) under u(0,x,y)=sinxy . For
u(t,0,y)=sin(-t)(-t+y)=sin(-t)(-2t+y)=sin(-2t)(-t+y),
u(t,x,0)=sin(—t+x)(-t)=sin(-t+x)(—2t) =sin (-2t + x)(-t).
Therefore, for this case and other more complex cases of first-order equations,
two definite solution conditions are generally required to specify the unique ana-

lytical solution.
Theorem 11. In R?, if
3 3 3 2 2 2 2
qu; +a,u, + a3Uy +a,u u, +asu; Uy +a,u,u, + a7Uny

5 ) (100)
+agUrU, +a,upu, +a,uuu, = A(t, X, y),

where a, are any known constants (1<i1<10), then the general solution of
Equation (100) is

(q,r) j L ’y (101)

B, =ak;’ +a,k; +ak; +a,k’k, + a5k12k3 +agk,k? +a,kZk, 102)
+3kiks +agkoks +akikoks,
where T Isan arbitrary first differentiable function, and

p=kt+k,x+ky, g=Kkt+kx+kyy, r=k,t+ksx+kgy,
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the constants K, k,, -+, K, need satisty
—kakok, + KoKk, + Kok kg — Ko Ksky — KoK, kg + K kckq 0,

3a,k7k, +3a,k7ks +3ak ks +a, (2kikok, + ks ) +ag (2kkak, +k’ky )

+ 8 k2K, + 2K,y )+ (2K,ksks + Kok )+ ag (k3k, + 2K koks ) (103)
+ 8 (k7Kg + 2KoKaks )+ @y (K Kok, +KiKaks +Kkokg ) =0,

Ba,kik} +3a,kok? +3agkok? +a, (K k; + 2Kk ks )+ g (kok + 2Kk k)

+ 8 (2K,K, ks +kik? )+ @, (Kkake + 2Kokoks )+ 2 ( 2Kk kg +kik? ) (104)
8 (2Kaksky +kok? ) + g (Kakoks +kokkg +kksks ) =0,

ak; +a,ks +aks +a,kik, +agk’k, +agk,kZ +a kK,

(105)
+ a8k4k62 + agkskez +ayk,keks =0,

3a,k7k, +38,k7ky + 3k, +a, (2K Kok, +k’ky ) +ag (2k Kok, + k7K, )

+ g (K7k, + 2kikoky )+ @, (2K;koky + K3k )+ 5 (KZk, + 2K koks ) (106)

8y K3k + 2Kokaky )+ ayg (K Ksky + kikgky + KoKy ) =0,

Bak Kk, +6ak,ksky +6agksksks +2a, (KoK, K, +kksk, + kKK, )

128, (Kgk K, +kiKok, +kik kg )+ 28 (Kokok, + Kok kg +kiksks )

+28; (KgksKg + KoKk + KoKsKq ) + 285 (Kokok, + Kok Kq + K KgKq ) (107)

+ 28 (Kgksks + Kgksky +Koksks )

+ ayg (Kakoky + KoKk + Kokoks + K gk + Kok kg + K kky ) = 0,
3a,krk, +38,kZK, +3a5kZk, +a, (2K Kek, + Kk )+ as (2K, kk, + ik )
+ 8 (kek; + 2K, Keky ) + @, (2kekoks + k2ky ) +ag (k2k; + 2k ksks ) (108)
8y (kgky + 2Kekok )+ By (Kskgky +Kyksks +kkoks ) =0,
3a,k,k +3a,k,k5 +3aksks +a, (KoK + 2kkoky )+ ag (Kak + 2kikyk )
+ 8 (2Kykokg + kg )+ ay Kok + 2K koky )+ 8y 2Kk kg + k3 ) (109)
+ 8 (2Kgkgks + Kok )+ 8yg (Kgkoky + kokoky +Kikoks ) =0,
3ak,k? +3akoks +3agksky +a, (Kk? + 2Kkokg )+ s (Keky + 2Kk, kyky )
+ 8 ( 2Kk Ky +Kk3 )+ @, (Koks + 2Kskgky ) +ag (2Kgk kg + K,k ) (110)
g (2Kgkaks + Kk )+ By (Kokoky + kskyky +Kykoks ) =0,

ak® +a,kd +aks +a,kik, +ak’k, +ak, kS +akik, a11)
+ agk k2 + agkskZ + a,k kgk, = 0.

Proof. Accordingto Z, transformation,set u=u(p,q,r),
p=Kt+Kkx+Ky, q=Kt+kXx+ksy,r=kt+kx+kyy. k.k,,--- ks are un-
determined constants, p,q and r areindependent of each other, so

—kakok, + Koksky + Kok, kg — Ko Kok — KoK, kg + K kckq 0,

and
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a,U’ +a,U; +a,U° +a,u’U, + agU’U, + agU’U, +a,Uu, +a,u’u, +agu’u, +a,u,u,u,

=q (klup +Kku, + k7u,)3 +a, (kzup + KUy + KU, )3 +a, (k3up +kgUy + KU, )3
+a, (klup +k,u, +k;u, )2 (kzup +ksu, + ksur)+ ag (klup +k,u, +kou, )2 (k3up +KeUg + kgur)
+a, (kzup + ks, +KgU, )2 (klup +k,u, +k;u, ) +a, (kzup + ks, +KgU, )2 (kaup +Kgl, + kgu,)
+a (k3up + kgl + KU, )2 (klup +KU, + k7ur)+ a, (k3up + kgl + KU, )2 (kzup +kgu, + ksur)
+a, (klup +k,u, +k;u, )(kzup + ksl +KgU, )<k3up +keUy + kgur)

= ik} + 2,k + gk +a kK, +ask7k, +agk k] +a ik, +Bgkik? +agk ks +ayok Kok, )u
+(3agk7k, +3a,k3ks +3agkTks )ulu, +a, (2K Kok, + krks )ulu, +a (2kikk, +kCkq )uZu,

+ag (KK, + 2kikoks Judug +a, (2K;koks +k3ks JuZu, + 8, (K3k, + 2k ks Julu,

+ ag (K2Ks + 2K;Ksky JUZug +ayq (Kokak, + Kksks +kikoks Jutug

+(3ak,kg +3a,kok? +3akok? Ju,ul +a, (Koki +2KkK,ks )u,u? +ag (Kgk? +2kik,kq Ju,u?

+ ag (2Kokyks + k2 Ju,uZ +a, (Kgk? + 2Kykoks )u,uZ +ag ( 2Kk kg +kk? Ju u?

+ag (2K5Keks +Koke Juu2 + g, (Kgk ks + Kok, kg +kikgks )u,u?

(k] +8kS +agky +a,kikg + gk kg + gk k2 +a,kCkg + gk ke +agkek? + a0k keks )us

+(3ak7k; +3a,k3k, +3a5kTk, )ulu, +a, (2kikok, +kiks JuZu, +ag (2K Kok, + K7k, )uly,

+ag (K3, + 2kikoky Julu, +a; (2K kgks +kZky Julu, +a, (K3k, + 2K,k sk, July,

+ag (K3ky + 2K;Ksky JUZU, + a0 (Koksky +kikoks + KoKy JuZu,

+(Bagkk k; +6a,K,ksky +B6akksky YU U U, + 28, (kok.k, +kiksk, + kik,kg )u,u u

pTq=r pTq=r

+ 28 (Kok ky +kokgk, +kik kg U ugu, + 22, (Koksk, + Kok kg +kiksky Jupugu,
+ 28, (kgksks + kokgks +Koksky ) ugu, + 285 (Kokok, +kak, K +kikgkg )u u u,
+ 28, (Kokeks +Kokeks +Koksko )U UL,

+a, (k3k5k7 + K, Kk, + Kok, kg + Kk KKg + K K, kg + klkskg)u u.u

pTa-r

+(3akk, +3a,k2k, +3agkzk, )ulu, +a (2K,ksk, + kiks )ulu,
(
(

+(3aykik? +3a,k,ks +3agkky )u,u? +a (kok? + 2kikoky )u,uf +ag (Koky + 2k Kok, Ju u?

+ag (2K kky + Kk )ulu, +ag (k2K + 2k koky JuZu, +a, (2ksksks +keky July,

2
q
o+ ag (keky + 2K,ksky Uz, + @ (keky + 2Kskoky )ulu, +ayy (Keksky + kkoky + K ksky Julu

r

o+ ag (2Kokoky + kikg U u? +ay (Kgkd + 2koksky Ju,u? +ag (2Kkgkok + kK3 Ju,u?
8 ( 2Kgkky + Kok Jupu? +ang (Kokoky + KooKy +kkgky u,u

)
(

o+ 8 (2KgkoKy +Kkd g7 + ag ( 2kokgky + Kok Jugu? +ayq (Kekoky +kokrky +Kyksky Juu?

2
p-r
+(3ak,k +3aykoky +3agkoks Jugu? +a, (Ksk? + 2K,k ky Ju,u? (112)

o+ (k3 + 2K koK )uqu? +ag (2Kskoks + Kkd )uqu? +a, (Keks + 2kskyks )ugu?

(B3 + 2,5 + agks + K7k +BgkKy + gk K + ak?Ky + agkskg + agksk? + aokoksky Ju?
=A(t,x,y).
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Set
3a,k7k, +3a,kks +3ak ks +a, (2kikok, + ks )+ ag (2kkak, + kg )
+ g k2K, + 2K,KoKs )+ (2K,ksks + Kok )+ ag (KK, + 2K koks )
+ g (k7Kg + 2KKaks )+ @y (K Kok, +KiKaks +Kkokg ) =0,
3a,k,k; +38,K,kE +3agksk? +a, (ki + 2Kk,ks )+ a5 (Kgki + 2Kk ks )
8 2Kk kg + ok )+ @, (Kake + 2KoKsky )+ ag ( 2Kk kg + Kk )
+ 8 2Kgkgks + Koke )+ ayg (Kgk ks + koKyks +Kiksks ) =0,
ak; +a,ks +aks +a,kZk, +agkZk, +agk k2 +a,kk,
+ agk, k2 +agk.kZ +ayok K-k, =0,
3a,k7k, +38,k5k, +3a5k?K, +a, (2K Kok + KKy )+ ag (2K kok; + Kk, )
+ 8 (K3k, + 2K,Kky ) + @, (2KoKky + k7Kg )+ ag (Kik, + 2k ksky )
+ g (k7Kg + 2K;ksky )+ 81g (Kokaky +kikaks + Kkoks ) =0,

Bak kK, +6ak,ksky +6agksksks +2a, (KoK K, +kksk, +kk,ks )

+ 285 (Kak Ky +kokoky + Kok kg )+ 28 (Kokok, +kok,kg + kokoks )

+ 28, (Kykskg + KoKk +Koksky )+ 285 (Kgksk, + Kok kg +kikgks )

+ 28 (Kgksks + Kgksky +Koksks )

+ ayg (Kakok, + KoKk + Kokokg + K Kok + Kok, kg + K kky ) = 0,
3a,k;k, +3a,keky +3a5keky +ay (2K kek, + K7k )+ as (2K, Kk, + ik )
+ 8 (2K, + 2K Ksky ) + @, (2ksksky +k2Ky )+ a5 (k2K + 2K, koks )

+ 8 (Keky + 2Keksks )+ By (Kskoky + Kikgky +Kykoks ) =0,
3a,k, K +3a,k,k5 +3aksks +a, (Kok? + 2kikoky ) +ag (Kak + 2kikyk )
8 (2Kokokg + Kok )+ ay (Kaky +2K,koky )+ 8y 2Kk Ky +kk? )
8 (2Kgkgky + Kok )+ ayq (Kgkoky + Kokoky +Kikoks ) =0,
3a,k, K +38,kskg +3a5ksks +a, (Ksk? + 2K,k kg )+ ag (Kok? + 2K, Kok )
+ 8 ( 2Kk Ky +Kk3 )+ @, (Koks + 2Kskgky )+ ag (2Kgk kg + K,k )
8 (2Kgkgks + Kgkd )+ By (Kokoky + kskyky +Kykaks ) =0,
ak® +aks +aks +a,kik, +agk’k, +agk ki +a kik,
+ 8gk kS +agkgke +ay ok, kgkg = 0.
We get
a,Uf +a,Us +a,us +a,u’u, +agu’u, +agu;u,
+ 8,UZU, +8gUZU, +8gU7U, + ay,UU, U,
= (agk? + 2,k + agks + a,k’k, +agkk, +agkik;
+a,k7 Kk, + agkik: +agkok? +ayokik ks Ju?
=A(tx,y).
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Namely

A tl 1
Up =3 —( X y),
B,
B, = ak’ +ak] +aks +a,k’k, +ak’k, + aeklkzzuf;
+a,kik, + askikguf, +agk,kZ +a, kK, Ks.

So the general solution of (100) is

At,x,y)
u=f(q,r)+|3z————=dp.
(@r)+ 3=
The theorem is proved. (]
Theorem 12. In R?, if
au; +a,u; +a,ulu, +a,ulu? +auul = A(t, x), (113)

where @, areanyknown constants(1<1<5), then the general solution of Equa-
tion (113) is

A 1
u=f (q)+f4\/ (p.0) =P, (114)
2

4 4 3 21,2
ak' +ak, +ak’k, +a,k 'k, +agk,

where f isan arbitrary first differentiable function, and

p=Kt+Kk,X, q=Kkt+K,Xx,

the constants K, K,,k;,K, need satisty

k,k, —kok, # 0,
Aa,k7k, + 4akok, +ay (3k7kok, + kK, ) +a, (2kk3ks + 2k Kok, ) s
+ a5 (K3, + 3k k3k, ) =0,
Ba,k7k? +6a,k ks +ay (3K, +3k7ksk, ) +ay (K3kS +4kjkokak, + k7k? ) w6
+ a5 (3KZksk, + 3k k,kf ) =0,
Aaykiks +4a,k,K; +ag (K ks + 3k k2K, ) +a, (2K;kik, + 2kkk? ) )
+ g (3K Kok + kK7 ) =0,
ak; +a,k; +akdk, +a,k’k? +ak,k} =0. (118)
Proof. By Z, transformation, set
u(t,x)=u(p.q),
p=kt+k,x,q=kt+k,x,
and
p= PRk o Ak pks
kk, —kky '~ ki, —kok,
k.k, —k,k, = 0.
Then
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au +a,u; +a,ulu, +a,ulu’ +aguul +agu’ +a,ud +agu’u, +aguu’

=q (klup +kyU, )4 +a, (kzup +k,U, )4 +a, (klup +kyU, )3 (kzup + k4uq)
+a, (klup +kyu, )2 (kzup + k4uq)2 +a. (klup +kyu, )(kzup +k,u, )3
+a, (klup +kyu, )3 +a, (kzup +k,u, )3 +a, (klup + kauq)2 (kzup + k4uq)
+ag (KU, + kg ) (Kpu, +K,u, )z

= (aiky' +a,k; +agkk, +a,k7k] +agk,k3 )us +(4aklk, +4a,kik, Jusu,
+ag (3K7k,Ky + Kk, Jusu, +a, (2kk3k, + 27Kk, Judy, (119)

kky +3k,k3k, )udu, +(6ak?ks +6akzk; JuZu?

+
uzu? +a, (k3kS + 4k, Kok, +k2k2)u;u§
2
q

(
+ag (k]
+ay (Bkikok? + 3Kk k,
(3k7kak, + 3Kk k;
(
(

\_/VC

+(4ak ks +4ak k] Ju,u

koks +3kkZk, Ju,u +a4(2kk k, + 2k k.k? )u T

+85
+a,
+ag (Bkokaky + ik Juus + (ks +ayky +agkdk, +a,kik; +agksk] )us
=A(p.q).
Set
A3,k + 43 k5K, +ag (k7K ks + K7k, )+ a (2kikk; + 27k k, )
+ a5 (K3, + 3k k3k, ) =0,
Ba,k k3 +6a,k7k; +ay (3k,,KS +3k(kok, ) +a, (K3kS + 4k kK kgk, + K7k )
+ g (3k3ksk, + 3k k k7 ) =0,
Aa,koks +4a,k,kj +ag (K ks +3kk2k, ) +a, (2K k7K, + 2k kK7 )
+ g (3K Kok + kG ) =0,

aky +a.k; +akk, +a,k’k’ +ak,k: =0

So
au; +a,u; +aulu, +a,ulu’ +auu’
= (auk; +ak; +agkrk, +a,k’k; +agkk3 )us = A(p,q). (120)
So the general solution of (113) is
u=1 (q)Jrji/alkl4 +a,k; + a3Ak1£IZj)<a\4kfk22 + asklkgdp'
The theorem is proved. (|

In the following, we use Z, transformation to study the general solutions of
some second-order nonlinear partial differential equations.
Theorem 13. In R?, if

QS +a,UZ, +aug +a,Uy Uy, + aglyUy + 35U, U, = A(t, ), (121)

where @, are any known constants (1<1<6), then the general solution of
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Equation (121) is

u=f(a)+ pg(q)+[[yB*A(p,q)dpdp,

where T and ( arearbitrary second differentiable functions, and
p=kt+k,x,q=kt+k,x,
k.k, —k,k, # 0,
B, = ak +a,k; +ak’k? +a,k’k? +ak’k, +agkks,
the constants K, K,,k;,K, need satisty
aky +a,k; +akik? +a,kZk; +akik, +agkk? =0
Aa,k7k? +4a,k3k; +ay (k2K + 2K KoKk, +k3KS )+ 4,k kKK,
+ 28k, K, (K K, + KoKy )+ 280k K, (KK, +kk;) =0,
2a,k’K3 +2a,k2K; + 2agk K kqk, +a, (k7k; +K7k3 )
+ g (Kkokd + kPkak, )+ ag (Kikok? +kZkok, ) =0,
A3,k +4a,k5K, + 2agkk, (KK, + KoKy ) +2a, (KPkok, +k3kiks )
o+ (2K7koky + k7 (Kk, +kokg )+ ag (2K, k7K, + K3 (kik, +koky )) =0,
Aa,k,ks +4a,k,k3 + 285Kk, (KK, + Kok )+ 28, (KFkok, +kZkks)
+ g (2k,k5k, + K3 (KoK, + KoKy ) )+ ag (2Kokak + K7 (KK, + KoKy )) = 0.

(122)

(123)

(124)

(125)

(126)

(127)

(128)

Proof. By Z, transformation, set u=f(p,q), p=kt+kx, g=kt+k,x,

and kk,—k,k;#0,so
au? +au’ +au’ +a,u.u, +au,u, +agu,u,

=ay (K, + 2Kk, fp +k f )+a2(kf +2kk, f +k2f )

1 "pp 173 "pg 3 qq 2 "pp 4" pg 4 'qq

+a3(kkf +(Kky +Koky ) Fog + Kok, Ty )

2 " pp 4 "qq

(sz +2kk, f o +k2f )(kf + 2Kk, f +kf)

1 'pp 173 " pg 3 'qq 2 pp 47 pq 4 "qq

ag (K7 Fp + 2K kg T + K3 By ) (Ko, Fp (KK, + KoKy ) Fog + Kok, i)

1 "pp 173 " pg 3 'qq 2 ' pp 4 7qq

8 (KF o + 2K,k T + K2 g ) (KiK, Fop (KK + KoKy ) Frq +kak, fg)

2 fon o o TKa Tq ) (KK, T o fog
= (k' +a,k; +ak’k] +a,klk? +agk’k, +agkks) £

+(agky + 2,k +agkikd +a,klks +agkik, +agksky ) f2

+(4a kK +4a,k3k] ) 12 +ay (K7K] + 2K Kokok, + k7K ) 12

+ 4,k Kokok, £ 2+ 2agkoks (Kik, +koky ) T2 + 286k K, (kik, +Koks ) T2

+(2a,k7k? + 22,3k} + 285k K kak, ) oy fo +a, (K7KZ +k2k: ) f f

oo Tag o Tag
+ag (ko3 + k7KK, ) Fp Toq + a5 (KikokZ +K3KsK, ) fp Tog
+(4a kK, +4akdk, ) f, o + 28k k, (K, + Kok ) F f
+2a, (k7kok, +kZkiks ) f

pp " pq Pp " pq
+ag (MK, +k3 (KK, +koky )) Ty o +(4arkkS +4ayk k] ) fog f

pp Pq pp Pq

+ag (2kKoks + K (K, + Kok )) f
pp " pq qq " pq

DOI: 10.4236/jamp.2025.131008

196 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.131008

H. L. Zhu

+ 285K K, (Kiky +KoKg) T Frg 28, (KIK K, + K7k ) fog f

qq " pq aq " pq

o+ ag (2K Kk, k3 (KK, +Kokg ) fog o +ag (2K Kok + K (iky + KoKy )) g Tpq (129)
=A(p.q).

Set

qq pq

aky +a,k; +akik? +a,kik? +aklk, +akk’ =0,
Aa,k7k? +4a,k3k; +ay (KZKF + 2K KoKk, +k2KS )+ 4a,kk Kk,
+ 2agk;kg (KoK, + Kokg )+ 286k K, (kik, + Kok, ) =0,

2a,k/k3 +2a,k2k; + 2ak kokqk, +a, (k7k; +k7K? )

+ g (Kkoks +kPkak, )+ ag (Kikok? +kZkok, ) =0,

Aakk, +4a,k3k, +2a5kk, (KK, +Koky ) + 28, (K2kok, +k2kpk,

\_/

+ g (2K Koky + k7 (KK, +koky ) +ag (2KkkZk, + K (kik, + KoKy )) =0,

\_/\_/

Aakk? +4akok: +28kK, (K, + Kok )+ 28, (K2kok, + 2Kk,

+ g (2KkkGk, + K (KoK, + KoKy ) )+ ag (2kkok] + K (Kik, +k;k;)) =0.

~——

Then
a:l.ut% + azufx + aSUti + a4uttuxx + aﬁuttutx + a6uxxutx ( )
130
= (k' +a,k; +agkk? +a,k’k; +agk’k, +agkk JuZ, = A(p,q).

Namely
Upp = Bl_lA(p'q)'
B, = ak; +ak; +ak’k? +a,k’k? +ak’k, +agkks.

So the general solution of (121) is

u="f(q)+pg(q ﬂ\/mdpdp

The theorem is proved. (|
A similar proof of Theorem 13 leads us to Theorem 14.
Theorem 14. In R?, if

2 2 2
alutt + azuxx + asutx + a4uttuxx + asuttutx + aeuxxutx = A(t’ X)’
the general solution of Equation (131) is

u=f( q)+[[/B,*A(p,q)dpda, (131)

where f and ( arearbitrary second differentiable functions, and
p =kt +K,X, q =Kt +k,Xx,
kk, —k,k; =0,
B, =4ak’k’ +4a,k’k; +a, (kfkf + 2k K kK, +kZkZ ) +4a,kk kK,
+2a5k,K; (KoK, +koks )+ 2agk,k, (kik, + kK, ),
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the constants K, K,,K,, Kk, need satisty
ak! +a.k; +ak’k? +a,k’k? +ak’k, +agkk’ =0
aky +a,k; +akik? +a,kik? +aklk, +agkk’ =0
28,k’k; +28,kZK; +2ak kokok, +a, (k7k; +kZk3 )
+ g (KoK +kPkak, )+ ag (Kikok? +kZkok, ) =0,

Ak ky +4a kik, + 2agkik, (KK, + Kok ) + 28, (kPkok, +kkiks )
+ 8 (2K Koky + k7 (KK, +koky )+ g (2kkZk, + K (kik, + KoKy )) =0,
Aakks +4a,k,k3 + 2akk, (Kik, +koks )+ 2a, (KTkok, + krkiks)
+ g (2K kGk, + K (kiky + KoKy ) )+ ag (2kkok? + K (Kik, +k;k;)) =0.

Next, we use Theorem 14 to analyze a definite solution problem.

Example 10. In R?, use Theorem 10 to obtain the analytical solution of
Ug +6uZ — TUyU,, +UgU, — U, Uy, =0, (132)

in the conditions of u(0,x)=®(x) and u,(0,x)=W¥(x). @ is an arbitrary
known second differentiable function, ¥ is an arbitrary known first differenti-

able function.

Solution. According to Theorem 14, the general solution of (132) is

u=f(t+x)+g(t—x), (133)

or
u=f(2t+x)+g(3t—x). (134)
If u=f(t+x)+g(t—x),then
u(0,x)=f(x)+g(-x)=d(x),
U (0,x)= f, (x)+9g,(-x)="¥(x).

When t=0, p=x,g=-X,s0

o (X) =g (=) = @' (x).
Therefore

21, (x) =W (x)+®'(x),
f(x>=§(®<x>+I;w(f>d¢),
9(-%) =0 (x)~ £ (x)=0(x)-Z(@(x)+ [ v (¢)8¢)

(o)~ [ v ()de),

Whereupon

f(tex) = (@(t+x)+ v (6)de),
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g(t-x)= (cb X)./,((g)dg)=%(q>(x—t)—j;"y/(§)d§),
=f(t+x)+g(t- x)
(

o(t+x)+ [y (&)de)+ ( (x=0)-] " w(£)d¢)

l\)ll—‘ - N

:%(@(t+x)+q> x—t)+ [y (&) dg).
So the analytical solution of the definite solution problem is
u =%((D(t+x)+(1>(x O+ v (£)dz) (135)
If u=f(2t+x)+g(3t—x),then
u(0,x)=f(x)+g(-x)=d(x),
ut(O,x)z2fp(x)+3gq(—x)=‘P(x).
When t=0, p=x,q=-X, then
f,(X)=g, (—x)=@'(x).

Thereupon

So
f (2t+x)=%(3q>(zt+x)+j;‘”y/(§)d§),

9(3t-x) =2 0(~(3-x) -2 [ " (¢)de

—2o(x-3t)-¢ ] (£
u:f(2t+x)+g(3t—x)
3 2t+x 2 1 x—3t
=gc1>(2t+x j w( )d.»§+gcb(x—3t)—gfx0 w(&)dé
3

2 1
:—cD(2t+x)+g<D(x—3t)+g ot

2t+x

y(£)dé.

Then the analytical solution of the definite solution problem is

2t+x

3 2 1
u:g®(2t+x)+g®(x—3t)+g.|;3ty/(§)d<§. (136)

Example 10 illustrates that the analytical solution to this definite solution
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problem is not unique. If one needs to determine exactly which analytical solution

is the case, more conditions are needed. For example, if
1
u (t, 0) = E(CD (t) +O (—t) + J:tt 7% (§) dcf) is also known, then the analytical solu-
tion of this definite solution problem can be determined as
1 t+Xx
u :E(CD(H X)+0(x-1)+ [y (£)ds).
Theorem 15. In R?, if
aiut%t + azufxx + a3ut%>< + a4utix + asutttuxxx + asumuttx + a7utttu

+ asuxxxuttx + aguxxxutxx + aiouttxutxx = A(t' X)'

txXx

(137)

where @, are any known constants (1<1<10), then the general solution of
Egquation (137) is

u=f(a)+pg(a)+p’h(a)+[[[ /B A(p.a)dp’, (138)

where f,9,h are arbitrary third differentiable functions, and
p =kt+Kk,x, q=Kkt+Kk,Xx,
kk, —k,k; =0,

B, = ak; +a,kS +a.k'k? +a,k’k; +ak’k? +ak’k,

(139)
+ak kg +agklk, +agkik; +a,k7ks,
the constants K, K,,k;,K, need satisty
aks +a,k; +ak kZ +a,kik; +ak’k? +akk, (140)

+ aKik? +agkZk; +agk ks +a,kk? =0,
Bakk, + 62,5k, +4ak kK, + 2a,k K.k, +2a,k k’k, +4a,k2k: +3akkCk,
+ 3a,k’kZk, + 58,k K K, + agk Kk, +4a,k Kk, + 2a,k 'k k, +2agk ks K, (141)
+4%QQM+%@@%Nﬁﬂﬁ%m@h+&%ﬁﬁg+&%@@m:Q

9ak/'k? +9a,k k7 +4ak’kZk?Z + 4ak Kk k.k, +ak 'k? +a,k, k;
+ 4,k kCkok, +4a,k2k2k? +9ackk2k Kk, +Bak’k,k2 +3agk kK,

(142)
+3a,k2k2k? + 63, K3k koK, + 6agk kKoK, +3ak kK2 + 3ak K.k,
+ 6k kK2 + 28,0k kK2 + 5ay k 2k 2k, + 28,0k K,k =0,
Bk k? +6ak k? + 2a,k2k2k? + dak K koK, +4ak k3K k, +2a,kkk?
+ 3.k kK2 +3akk,k? + dagkk, k2 + 2ak; Kok, +3a,kk2k? + 2a, k3K kK,
(143)

+m@ﬁ+%@@+2%@@@m+3%@@ﬁ+2%@@m%wmﬁ4%&@ﬁ
+ A,k Kok?Z +4a, k2kZkk, +ayk k,k: =0,
18ak3k? +18a,k3K? + dak k2k: +10a,k?k,k2k, +dagkik,K? +4a,k3kK,
+10a,k k2kok2 + 4a,k2k,kC +9ack k2k2K, +9ack?k,k.k? +9ack2k,k’
+9a,kk2k, +3a,k k2k? +12a,k2k,k2k, +3a,k’kok? + 3ak kK, (144)
+12ak k2k.k? +3ak 2k k? +9a k k k2 +9ak kk: +a, kok?
+8a,,k, K2k 2k, +8a, k2K, Kk k2 +a,kk: =0,
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2 2 2 2
aluttt + azuxxx + a3uttx + a4utxx + asutttuxxx + aﬁutttuttx + a7utttu

+ a8uxxxuttx + a9uxxxutxx + aiOu utxx

9a,k2k? +9a,k2k! +ak2k? +dak k,k3k, + 42,k kK2 + 4a,k k2K

+ da,kokokok? +a,kk? +9ack k,k2k2 +3agk ke +6akkk, +6a,k k,k3k,
+3a,k2k2K2 + 3ak kK2 + Bagk,k,kok? +Bagk2kok? + 3agk K.k’ +2a,,k k3K,
+ 58,0k, K,k 2K? + 28,0k kokS =

(145)

2a,k3kS +2a,k3k? + 2a,k2K,k2K, + 28,k k2k k? +akk? + ak’k? + agk 2k kS
+ agkok2K, +a, ko kK3 + a,kkk? + agk k2, + agk 2K,k + agkkok? + agk k2k? (146)
+ a10k1k22k32k4 + aiok12kzk3kj =0,

6a,k2k? +6a,k2k +4ak k k3K, +2a.k?k2k? + 2a,k2k2K2 +4a k K,k kS
+3a,k2k3K, +3a,kk,k2 + 2agk k! + dagk2kk, +a,k2k? +2a,k k k3K,
+3a,k kK2 + 38,k kK2 + 2ak K kok? + agk 2k + dagk2k,k2 + 2agk kK
+ ak2kk, + 43,k kk2k? +a, kkok? =0,

(147)

Bk kS + 6a,k,kE + 2a,k,kk, +4ak k3k? + da,k,kk? + 2a,k Kok
+ 38,k kK2 +3agk k2kS + agk,kS +5agk k’k, +2a,k,kik, +4akkk?  (148)
+ Aagk k2K + 285k Kok +Bagk, Kok +agk kS +3a,,k,kk? +3a,,k k 2k} =

Proof. By Z, transformation,set u=u(p,q),and p=Kkt+k,x,
g =kt +k,X, then

XX

3~ paq

2
ai( U o +kdu Uggq +3K; k2u +3k12k3uppq)

2
3 3 2 2
+a, (kzuppp +k,u - +3k2k4upqq +3k; k4uppq)

2
8, (K7 KoU gy + k3K Uggq + (oK + 2Kikok, Ju +(k12k4+2klk2k3)uppq)

pqq

4 ¥ qqq paq

(k2K + 2Kk, U )2

3 2 2 3 3 2 2
+a, k Upop + k;u - +3k,ksu - + 3k, k3uppq )(kzuppp + kduqqq +3k2k4upqq + 3k, k4uppq)

+a4(k 2y + Kok ZUggq + (KoK + 2K sk, u
(
(I

+8g K3 Uggq + 3K KU oo + 3K KU )

1™ ppp 3 qaq 3™ pag

x(k1 KoUppp + K3KUggq + (oS + 2kikgk, YU + (7K, +2k1k2k3)uppq)

+3kkZu

3
+ksu 3~ paq

3
+a7(k 3Ugqq

1™ ppp +3k12k3uPPCl)
X(klkzuppp o KsKgUggq + (Kk? + 2K Kok, YU + (K3, +2klk2k4)uppq)
+a8( U ope + K3l +3K kiU +3k22k4uppq)

4 paq

1 (Ko + K&Kyl + (oS + 2Kikoky U + (K7, + 2k ks U )

+ g (KU pp + K3 Uggq + 3K KZU g +3K7K U, )
% (Kk3U g+ ke Uggq +(Kik + 2Kkoky U + (k3K + 2Kk, YU )

8y (KU g+ KK Uggq + (kS + 2Kk, U + (KK, + 2kikoky Uy )

x(klkjuppp o KoKgUggq + (Kk? + 2K koK, YU + (K3, +2klk2k4)uppq)
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= (ak? +a ks +agkik] +a,k’k; +agkkS +agktk, +ak;'k} +agk7k; + agklki)uig
+ayokTkGu? +(aks +a,ky +agkyky +a,kZky +agksky +agksk, +aksk; +agkiky )u:3
+ (gksk? +ayokSky )u + (6a,krk, +6a,ksk, +dakikik, +2a5ki koK, +2a,kkk, Ju ,u

+ (4, k7K + Bagk7ksk, +3agkikik, +5agki koK, +agkk, +4a,kikrk; + 28,k koK, Ju su

+

(2a8klk;‘k3 +AaklkCk, +agkSkyu U, +5agkkik, +agkgk, +5a9k1k;k4)up3up2q
+(3ayoklk3k, +3a0kckik, Ju u

+(9aki'k] +9a,k; k] + dagkikik: +dagklkokok, +agki'k; +a,kik: +4a,kkikok, JuZ,
+(4a,k7k7k] +9agk kT ksk, +Bagklk ks +3agk;ksk, +3a,k’kZk: +6a,kikkok, |uZ,

+ (6K, kskgk, +3agk k7ky +3agksksk, +6agk koky + 28,0k k3k3 +5a,0k krksk, )uizq

+ 28k kokiuZ, +(Bakyks +6a,k;kz +2a5k7kk? +4agkrk Kok, +4a4klk23k3k4)up3upqz
+(2a,k’k7k?Z +3agk kIk? +3ask’k,k: +dagk’k,k?Z +2a.k kK, +3a7k12k22k§)up3upq2
+(2a,k’k, Kok, +a k'K +agk k? +2a.k koK k, +3a.k Kok + 2a9k;‘k3k4)up3upq2
+(dagk k3k?Z +a k k3kZ +4a, k7KK K, + ¢’:110k13k2kf)up3upqz +1831k13k33up2qupqz
+(18a,k k? + da k kZk? +10a.k’k,k2k, +dask’k.k? + 4a,k kK, +10a,k k2k,k: )Upzqupqz
+(4ak7k,kS +9agk kK, +9agk kokoky +9agk?kokS +9agkikik, +3akkikS Ju U,
+(12a,k’Kk kK, +3a,k’k.k: +3agkiklk, +12agk koK k? +3akk, K +9a9k23k3kf)up2qu'qu

+(9agk kIk3 +aksks +8a,,k kIk Tk, +8a,.k’k,k kS + amkfkj)upzqupqz +9ak’kiu’

(
(
(
(
(
(
(
+(9a,k7ky +agk ks +4agkk,kk, +4ak Kk +da,krkIk; +4a,kik,k k] +a4kfk;‘)u§q2
+(9agk ki ki +3agkik,ky +6agk?ksk, +6a,k k K3k, +3a,k kiky +3agk;krk? )uiqz
+(Bagkykokok; +6agkzkok; + 38k, Kk + 22,0k k3K, + 50k Kkik] + 2,0k Kok? U2,
+(2ak5KS +2a,k3k; + 28 k7K kT, + 2,k kikok? +agkiks +agkiky Ju o,
+(@gk?kokS +agkkTk, +akkoks +aklkok? +agkikik, +agklkok; Ju U,

+(agkikoks +agkik?k? +ayokikikik, +aoklKokok Ju U +(6akrks +6akzks u , u
+(4agk K kSk, + 2akk3k? +2a,k7K3k: + 42,k Kok K; +3agk ks, +3a5kfk3kf)up2quq3
+(2agkikok; + dagk?ksk, +a kik +2a,kkkik, +3a kKIS +3agkikik? Ju , U, (149)
+ 28k kokok; + agkik + gk kok? + 28k Kok +aiokikSk, + 4k kkik? Ju  u s

+ amkfkskjupzquc|3 + (6a1klk§ +6a,K K} +2a.k, ks k, +4ask kk? +4a,kkzk? ) U ls
+(2akikoky +3agk KTk +3agk kTk; + kK3 +5agk kyk, +2a7kkik, Ju U,

+(4arkikik; +dagk kTS + 2agk sk +5agkokoky +agkiky +3a,0k K3k Ju_ U g

+3a,kkZkSu U = A(p.9).

Set
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aks +a,ks +ak kl +a,kik; +agkik? +agksk,

+ aKik? +agkik; +agk ks +a,kek? =0,
Ba,kk, +6a,kok, + 4a,k kK, + 2.k Kok, + 28,k k’k, +4a,kk: +3agk2kCk,
+ 3a.kk2K, +5ak K k, +akk, +4a,kk2k, + 2ak*k,k, + 2ak krk,
+4agk ’k3k, + agkfk3up3u'qu +5agk,k;k, +3a,,k’kk, +3a,.k’k?k, =0,

9ak'k? +9a,k kZ +4ak’kZk?Z + 4ak Kk k.k, +ak 'kZ +a,k k?
+ dak kikok, +4a,k2k2k? +9ackk 2k k, +Bakk,k2 +3ak kK,
+3a,k2k2KZ + 62,k K kok, +6agk,kik,k, +3a,k2k2k? +3ak kK,
+ Bagk kK + 2a, k kK2 +5a,k2k2k,k, +2a,kik,k2 =0,
Ba,k'k? +Ba,k k2 + 2,k kK2 + dakk kok, +4a,k kikok, +2a,kkk2
1 3agk k3k? + 3akk k2 + 4a kK2 + 2a.k Kok, +3a, kKK + 2a k3K kK,
+a,k(KE + agkikE + 28,k KK, +3a,KCK? + 28kkk,U U, +4agkKEK:
+ aioklkgksz + 4a10k12k22k3k4 + aioklskzkf =0,
18a,k°k? +18a,k 3k + dak k2k? +10ak2k,k2k, +dak’k k2 + da,k3k2K,
1108,k kZk,KZ + 42 k2K k? + 9ack k2k2k, +9agkZk,k K2 + 9agk 2k k:
1 9a,kk2k, +3a,k k2k? +12a,k2k k2K, + 3a, k7K k2 +3a,kk2k,
+ 1Zask1k22k3kf + 3a8k12k2kf + 9agk23k3kf + 9a9klk22kf + alokz3k3?
+ 8amk1k22k32k4 +8a10k12k2k3kf + amkfkf =0,
9a,k2k? +9a,k2k? +akZk! + dak k koK, +4akkZk? + da,k2k2k?
T Ak kokoke +a k2K + 9ak k,k2K2 +3agk k,k? +6ak2kCK,
+ 63,k k,k3k, +38,k2kZk? + 3a,k2k2K? + Bagk K k. + 6agk2k k:
+ 3a9k1k2k;‘ + 2amk22k33k4 + 5a10k1k2k32kf + 2a10k12k3kf =0,
2akk + 2a,k3k? + 2a,k2k,k2k, + 28,k k2k,k2 + agkk? + ak’k?
+ aghk Kk ks +agk kZk, +a kkZks +ak’kok: +agkskik, +agk Kok}
+ agkzsk3kf + agklkzzkf + amklkzzk;k4 + a10k12k2k3kf =0,
Bak2k? +6a,k2k? +dak kK, + 2a,kk2K2 + 2a,k kK2 +4a,k K,k k:
+3ak2kCk, + 3agk2k,k? + 2ak k k! + dagk2kk, +ak2k? +2a kik,kk,
+3a,k2k2K2 + 38,k kK2 + 28,k kokok? + agk 2k’ + 4agk2k,k? + 2agk k,k
+ a10k§k§k4 + 4a10k1k2k32kf + aloklzkskf =0,
Bak kS +6a,k,kE + 2a,k,k?k, +4agkkik? + 4a,k k2K + 2a,k Kok
+ 3agk kK2 + 3agk,k2k? + agk,k? +5agk kK, +2a,k,k’k, + 4a,k kK2
+ Aagk k2K + 2a k kk +5agk,kok +agk kS + 3a,k,kik? + 3akk2k: = 0.
Thereupon
auZ +a,u’, +aul +a,ul +al, U, +agl,U,
+a,U Uy, + 85U, Uy, +agU, U,

= (ak +a,k; +agkkZ +a,k’k; +agkks +agklk,
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+ak k3 +agk’k, +agkk; +a10k13k23)uf,3

(150)
=A(p.q).
Namely
us =B A(p,a),
B, =ak; +a,k{ +ak,'k? +a,k’k, +ak’k’ +akk,
+a kS +agk’ky +agk,k: +a,kks.

So the general solution of (137) is

u=1f(q)+pg(q)+p°h(a)+ [[]/B.*A(p.q) dp’.
The theorem is proved. O

A similar proof of Theorem 15 leads to other general solutions of (137) as

u=f(p)+ag(p)+a*h(p)+][[yB,*A(p,q)dd’, (151)

B, = a kS +a,k{ +akikZ +a,kik; +ak’k? +agkk, 0
+a Kokl +agklky +agk,ky +akk?,

u=f(p)+ag(p)+h(a)+[[[/B;*A(p,q)dp’da, (153)

B, = 9a,k; 'k’ +9a,k k? +4a.k’k: k32 +dagk kK K, +agk'k: +a,kkZ
+ 42,k k3K, +4a,k2k2k? +9agkkZk k, + Bagkk,k? +3ak koK,
+3a,k2k2k? + 62,k 3K,k K, + Bak,k3kok, +3a.k?k2k? +3a,k kK,
+6ak,k3k? + 2a,k kK2 +5a, k k2K, +2a,0k kK2,

u="f(p)+g(a)+ph(q m./ B,"A(p,q)dpdg®, (155)

B, = 9a,k?k? +9a,k k;; +akke +dagk kokk, +4ak’k2k2 + 4a,k2k2k?
+ A,k kokokS +a,k2k? +9ack k,k2k2 + 3agk,k,k? + 6agk k3K,
+6a,k k,k3K, + 38,k kK2 + 38,k k2K + Bagk koK + Bagk 2k k:
+3ak ok + 28,0k 2k3K, +5ayk K k2k? +2a,, kKK,

(154)

(156)

3. Discussion and Summary

In this paper, we demonstrate through specific cases that Z, transformation is
an important method for obtaining analytical solutions and general solutions of
nonlinear partial differential equations, and that using such solutions to gain an-
alytical solutions of definite solution problems is also a very effective method. In
practical cases, we find that the analytical solutions of some definite solution prob-
lems of first- and second-order nonlinear partial differential equations may not
be unique, and more definite solution conditions are needed to make the analyti-
cal solutions of these definite solution problems unique.

The Z, transformation is a completely new method that we have proposed to
obtain general solutions to linear partial differential equations. Having success-

fully used it to obtain general solutions to a wide variety of linear partial
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differential equations, this paper is the first touse the Z, transformation to study
the current hot topic of nonlinear partial differential equations. A large number
of new laws have been discovered and a large number of new cases have been
solved, demonstrating the novelty and importance of this approach.

For methods capable of studying both linear and non-linear partial differential
equations, analytical solutions are not available for qualitative analysis, and nu-
merical methods are often only capable of studying local behaviour, and it is vir-
tually impossible to obtain solutions involving arbitrary functions. The analytical
solutions obtained by various existing analytical methods generally do not contain
arbitrary functions, which makes it difficult to study definite solution problems
and does not explain the infinitely variable physical phenomena in nature. The
ability of the Z, transformation to obtain analytical solutions containing arbi-
trary functions for many kinds of linear and nonlinear partial differential equa-
tions demonstrates its unique importance.

Now we all know that the universe is moving and changing. Physicists have
discovered that the physical laws behind many natural phenomena are differential
equations, especially infinitely variable physical phenomena such as light waves,
sound waves, water waves and so on. In mathematics, perhaps only arbitrary func-
tions can accurately describe physical phenomena with infinite variations, so pro-
posing correct differential equations and obtaining analytical solutions of these
equations containing arbitrary functions are of great theoretical and practical sig-
nificance for human beings to understand, use and transform nature. The unveil-
ing of the Z, transformation has opened this door, and we can expect even

greater progress and success to follow!
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