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Abstract

Graph burning is a model for describing the spread of influence in social net-
works and the generalized burning number b, (G) of graph G isa param-

eter to measure the speed of information spread on network G . In this paper,
we determined the generalized burning number of gear graph, which is useful
model of social network. We also provided properties of the generalized burn-
ing number of sun graphs, including characterizations and bounds.
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1. Introduction

Graph burning is a discrete-time process on graphs, which is a model for describ-
ing the spread of influence in social networks. In [1], Bonato et a/ introduced the
burning number of graph G to measure the speed of contagion spread on G.
Research on graph burning see [2]. In [3], authors generalized the concept of burn-
ing number b(G) of graph G and proposed the generalized burning b, (G)
with b, (G)=b(G).

Foragiven graph G with the maximum degree A(G) anda positive integer
1<r<A(G), we defined a r -burning process on G: When t=0, all vertices
are unburned. At time t>1, an unburned vertex is chosen to burn (call it a fire
source) and a vertex v will be burned attime t ifand onlyif v hasatleast r
neighbor vertices have been burned before time t. They defined the generalized
burning number of G is the minimum number of time steps of r -burning pro-
cess of G.If graph G can be burned in k steps and the i -th fire source is
X (1<i<k), the sequence (X,X,,-:-,% ) call a r -burning sequence of G.
Clearly, the generalized burning number b, (G) is the length of the shortest -
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burning sequence of G, such sequence call an optimal r -burning sequence of
G.

The gear graph G, is obtained from the wheel graph W, by adding a vertex
between every pair of adjacent vertices of the n-cycle. A sun graph is a graph

obtained from a ¢ -cycle by attaching pendant edges to some vertices. We by

9
S = {Sgl"“'ag ‘n=g +Zai} denote the sun graph with g -cycle
=}

Cg = {vl,vz,---,vg} and v, has a, leaf vertices (see Figure 1).

ag

(b) sun graph Sg“"’

Figure 1. Gear graph G, and sun graph S;*""% .

In [4], Wei ef al. determined the Wiener index of gear graph. In [5], Prajapati
et al. discussed the product cordial labeling of gear graph. Ali et al studied the
radio number of generalized gear graph in [6]. Khan determined the L(1,1,1)-
chromatic number for sun graph in [7]. In this paper, we determined the general-
ized burning number of gear graph and sun graph.

All graphs considered in this paper are finite and simple. We use book [8] for
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notation and terminology not defined here. We by dg (u,V) denote the distance
between vertex U and v,by N,[v] denotethe k -th closed neighborhood of
V. Without causing confusion, dg (u,v) and N, [v] are simplified by d(u,v)
and N[v], respectively.

2. Preliminaries

Proposition 2.1. [3] Let C, bea cycle of order n. Then b,(C,)= [2—‘ +1.

A subgraph H of graph G is called an isometric subgraph if for every pair
ofnodes u and v in H,wehavethat dy(u,v)=dg(u,v).

Proposition 2.2. [1] For any isometric subgraph H of a graph G, we have
that b(H)<b(G).

Proposition 2.3. [9] A graph G satisies b(G)=2 ifand onlyif G has or-
der at least 2 and has maximum degree N—1 or n-2.

Proposition 2.4. [9] Fora cycle C,, we have b(C,)= ’V\/ﬁ-‘ .

Proposition 2.5. [9] If (Xv Xy ooy Xy ) is a sequence of nodes in a graph G, such
that N [X]JUN,,[%]u--UN[%]=V(G), then b(G)<k.

3. Main Results

In this section, we determined the generalized burning number of gear graph and
sun graphs and gave bound of the generalized burning number. By the definition
of the generalized burning number, we directly get the following Lemma.

Lemma 3.1. Let G be a connected graph of order n and 1<r<A(G). If
there are k vertices with degree more than r, then n—-k <b (G)<n.

Now we determined the generalized burning number of the gear graph G, .

Theorem 3.2. Let G, be a gear graph of order 2n+1 for n=3. Then

3, ifr=1
n .
—|+3, ifr=2;
0 (@) |L2)
n+2, ifr=3;
2n, if 4<r<n.

Proof. Suppose V (Gn ) = {v,vl,v2 vy Vi W Wy ey Wn} , we distinguish cases as
follow.

Casel. r=1

By Proposition 2.3, we know that b(G,)>3. On the other hand, let x =V,
X, =V, and X, =W, ;. Consider N,[x]UN,[x,]UN,[%]=V(G,), by Prop-
osition 2.5, thus b(G,)<3. Hence, we have b(G,)=3.

Case2. r=2

If n isodd,let n=2k-1, X =V, X,,=W,, and X =W, , for
2<i<k+1. Clearly, (X,X,,"**,X,,) isa 2-burning sequence of G, and thus
b, (GrI ) <k +2. Now, suppose (Xl, Xyyteey Xb) is an optimal 2-burning sequence

of G, and b<k+1.Consider X, and X, canonlyburnthemselves. The total
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number vertices of G, can be burned at most
2+4(b—-2)=4b—6<4(k+1)—6=4k -2, a contradiction. Therefore,

b,(G,)=k+2 and bz(Gn)=k+2:EJ+3.

If n iseven,let N=2k, X =V, X,, =W, ,, X,3=W, and X, =W,_; for
2<i<k+1.Clearly, (X,X,,~**,%,;) isa 2-burning sequence of G, and thus
b, (G,) <k +3. Conversely, suppose (X,X,,~:,X,) is an optimal 2-burning se-
quenceof G, and b<k+2.Obviously, x, and x, canonlyburn themselves.
Consider X, and X, can affect at most two neighboring vertices. After b steps,
the vertices of G, can be burned at most
8+4(b—4)=4b-8<4(k+2)-8=4k, a contradiction. Thus b,(G,)>k+3

and bz(Gn):k+3=LgJ+3.

Case3. r=3

Let X, =V, X, =V and X =w, for 1<i<n. Clearly, (X,%,,"**,X;,,)

n
is a 3-burning sequence of G, and thus b;(G,)<n+2. Next, we show
by(G,)=n+2. Since d(w,)=2 and r=3 for 1<i<n, then w, and v
must be fire sources in any optimum 3-burning sequence of G, . Moreover, there
are at least one vertex of V; as fire source for 1<i<n. Therefore, b, (G,)>n+2
and by(G,)=n+2.

Case4. 4<r<n

In this case, 4<r<n,then d(v)>r,and by Lemma 3.1, we get that
b, (G,)>2n. Conversely,let x, =v, for 1<i<n and x;=v,_, for
n+1< j<2n. Obviously, (X,X,,=,X,,) be r-burning sequence of G, and
thus b, (G,)<2n.Hence,weget b, (G,)=2n.Thiscompletes the proof. O

Next, we determined the generalized burning number of Sg .

Theorem 3.3. Let S be a sun graph of order n. Then
w0 o(s)-[4s].

[%W+l, if a, =1;

(2) b,(s2)= EJH, if a, =2;

a1+{%—‘—1, if a, >3.

(3)For 3<r<a +2
a n, ifr=a +2andg=3,
br(Sg):{

n-1, otherwise.

Proof. Let C, =V,V,---V,V, and suppose the leaf vertices of v, are u; for
1<i<a,, we distinguish cases by r to complete the proof.

Casel. r=1

Let k= {\/E—‘ » =V, and X =V , for 0<i<k-2.Clearly,
(X, %+, %) is a burning sequence of Syt and thus b(Sgal)S k ={\/§-' On
the other hand, C, is an isometric subgraph of Sg. By Proposition 2.2 and
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Proposition 2.4, we directly get b(S;11 ) > b(Cg ) = {\/E—' . Hence, b(S;11 ) = ’V\/a—‘ .
Case2. r=2
First, consider the case for a =1,let x,,, =u, and X =V, for 1<i<k.
Clearly, (X,,X,,~*,X,,) isa2-burning sequence of S and thus

bZ(Sg‘i)sk+1:(%—l+l. Now, we show bz(Sgl)z{%—%l. Since a =1, by

burning U;, we know that Vv, is unburned. Thus, the vertices of C; at least

[%—l must be fire source. Because U, is leaf vertex, we get b, (S;l ) > {%—‘+l.

Then bz(Sg‘l):{%Wﬂ.

Then, consider the case a =2, If g is odd, suppose g =2k -1, otherwise,
g=2k. When g isodd,let x, =u,, X, =u, and x, =V, , for 2<i<Kk.
Clearly, (X,,X,,~*,X,,) isa2-burning sequence of S and thus

b, (S )<k+1=|2|+2. Next, we will show that b, (S%)>|2 |+1. Since
2 g 2 2 g 2

a =2,then Vv, canautomatically burn. Hence, the verticesof C; atleast {97_1—‘

must be fire source. The leaf vertices must be fire source, we have that
E g -1 _ g a) g
b, (Sg1 ) 2 [T}L 2= [EJ+ 2 . Therefore, b, (Sgl ) = LEJ +2.

Now, when g iseven,let X, =u;, X,,=U, and X =V, , for 2<i<k+1.
Clearly, (X,,X,,",X,,) is a 2-burning sequence of S, thus b, (Ssl ) <k+2.
To the contrary, suppose (xl,xz,---,xb) is an optimal 2-burning sequence of
Sg¢ and b<k+1.Note that x, and X, only can burn themselves. Namely,
after b steps, the vertices of S are burned at most 2+2(b-2)=2b-2<2k,

a contradiction, we can conclude that b, (S;l ) >k + 2. Therefore,
a)_ _|9
b, (S; )_k+2_{5}2.

As for the general cases @, >3.Let X, =U;, X, =U,, X =V, 5 for 3<i<k+1
and X; =U; ., for k+2< j<a +k-1.Clearly, (Xl,xz,-~~,xal+kfl) is a 2-burn-

ing sequence of S and thus b, (S;11 ) <a+k-1=a + {%—‘ —1. Conversely, u;

must be fire source for 1<i<a,. Suppose x, is the last fire source. If a, >3, let
X, €U; and U; cause V, to burn automatically for 1<i<a,. Thus, the vertices

of C, atleast {%—‘ —1 must be fire source, we get b, (Sgai ) >a + {%—‘ —1.Then

b2(83)=q+(%1—1.

Case3. 3<r<a+2

When r=a +2 and g =3,bysimple checking, we directly get b, (S;11 ) =n.
When 3<r<a +2,since d(v,)>3,combine Lemma 3.1, we have
b, (S;11 ) >n-1.On the other hand, let X, =V,
for g<i<n-1.Clearly, (X,X,-,X,) isa r-burningsequenceof S and

iy for 1<i<g-1 and X;=u;

—g+1
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thus b, (S#)<n-1. O
Theorem 3.4. Let S = S:l"“'ag beasungraphwith a, =1 for 1<i<g. Then

Hﬂ]ﬂ, if r=21

br(S)z g+1 if r=2;
g .
=1, fr=3.
g+|72—‘ ITr

Proof. Let C; =VV,---V,V; and suppose U, are leaf neighbors of the v; for
1<i<g.

Casel. r=1

Let k =[\/ﬁ-'+1, we first show that b(S)<k.Let x =v,, X =V, and
Xi1=V ., for 0<i<k-2. Clearly, (¥,%, %) is a burning se-
quence of S andthus b(S)<k.

Now, we show that b(S) >k.If g< k?-2k+2, suppose (xl,xz,---,xk) be
an optimal burning sequence of S.Since Kk isthe minimum number satisfying
this inequality, we get (\/g_—l—‘+l£ b(S) for g<k®-2k+2.If g>k*-2k+2.
Assume (Xl,xz,---,xa) is a burning sequence of S,where o <k.For 1< j<«,
the fire source X; it can spread to the vertices of N, _; [Xj] .For 1< j<a-1,

N, [XJ can containatmost 2(a— j)—1 leafverticesof S and |NO [xa]| =1.

a-1
Therefore, leaf vertices are burned at most 1+ Z Z(a - j) -1=a%*-2a+2.Note
=

that |S \C,[=9g> k? -2k +2>a?-2a+2, thus b(S) >k . Therefore,
b(s)=k=[g-1]+1.

Case2. r=2

Let x, =v, and X, =u,, for 2<i<g+1l. Clearly, (X1vxzv"'nxg+1) is a 2-
burning sequence of S and thus b,(S)<g+1. Now, we only need to show
b,(S)=g+1. Consider d(u;)=1 and r=2 for 1<i<g, thus all U, must
be fire source. If all @ =1 for 1<i<g, then at least one vertex of C;, must
also be selected as fire source. Therefore, b, (S)>g+1.

Case3. r=3

When ¢ isodd,let x =v, , for 1Si£{%—‘ and Xj=uj{gl for
2

[g—‘+1£ i<g +[g—‘ .When ¢ iseven,let X
2 2 af

sis{%} and ¥, =u_HH for {%—‘+lsj39+{%—‘—l.ﬂearly,

M2

9

=U,, X =V, for
d

[N

(Xl,le...,x MJ is a 3-burning sequence of S and thus b3(8)£g+[%—‘.
Q+E

Now, we show b3(S)Zg+[%—l.Since r=3 and d(u;) for 1<i<g, thus

9

all u; mustbe fire source. To burn all verticesof S , there are at least {——‘ vertices
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of C, as fire source, we get by(S)> g+[%—‘. Then b,(S)= g+(%—l. O

At the end of this section, we bounded of the generalized burning number of

a,...ag
St

Theorem 3.5. Let S=S""" beasungraphwithacycle C, =V\V,---v, and
order n, where a, 21 for 1<i<gq. Then

) [Ja-1]+1<b(s)<[g |+1;

(2) n—g<b,(S)<n-g+1;
D, [+D

r+l

2

(3) n—|Dr|Sbr(S)Sn—{ J for 3<r<A(S), where

D, ={v|d(v)>rl<i<g}.

Proof. First, when r =1. Consider S;’"”l
Proposition 2.2 and Theorem 3.4, we derive that («/g —l—‘ +1< b(S). Now, we
show b(S)< (\/a-‘—i-l. We set k= ’V\/a_‘+l, let X =ug, and X =V .

for 1<i<k-2. Also, if gz(k—l)z—k+3, we take Xizvg,(k ; other-

is an isometric subgraph of S, by

~1)?+(k-1)

wise X, =V,. Clearly, (X,X,,--+,% ) isaburning sequence of S.Hence,

b(s)<k=[g+1.

Now, for r=2.1f d(v,)>2 for 1<i<g,byLemma3.1,then b,(S)>n-g.
Now, we show b,(S)<n-g+1.Let u, beleafverticesof S for 1<i<n-g.
Without loss of generality, set a <a,, for 2<i<g.Let x, =v, and X =U,
for 1<i<n-g+1.Obviously, (Xl, Xz,'--,xnfgﬂ) isa2-burning sequence of S.
Therefore, we get b, (S)<n-g+1.

The general cases for 3<r<A(S).If veD,,Lemma 3.1, we gain that

D, [+|D

r+1

r

b, (S)=n—|D,|. Further, we will show that b (S;)<n —[ ‘ The leaf

vertices and {Vi ld(v;)<rl<i< g} must be fire sources in any r-burning
processof S.Let S =S;""* with a >a,>-->a,.Clearly, b, (S,)>b(S).
Further, by simple checking, we find that in any r -burning process of S,, there

D, |-|D
are at least |Dr+1| +L | | ™21 vertices would be burned by some fire sources.
Thus we have b (S;)<n —£| D,.. +%J <n- {%J . Hence,
b, (8) < n—| 12 1Prsl | g comp O
X e s completes the proof.

By Theorem 3.5, we immediately get Corollary 3.6.
Corollary 3.6. Let S=S}""" be a sun graph with a cycle C; =V,V, -V,
and order n, where t< Q. Then

M [Jo|<b(s)<[Ja-1]+1;

(2) n—|D,|sbr(S)sn{%

J for 2<r<A(S), where
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c={vld(v)=2ri<i<g}.

Proof Forthecase r=1,ifall a >1 andexist 3 =1 for 1<i<g,then S
is denoted by S, . First, we show that b(S,)> [\/ﬁ—‘ +1. Note that S;"”'l isan
isometric subgraph of S,. Combine Proposition 2.2 and Theorem 3.4, we get

Jlji b S1 <b( ,) - Now, we will show b(Sl)S’V\/ﬁ-hl and set
1|+1. Without loss of generality, let a, , =1 and w be leaf vertex
of v, .Choose X =W, X 3=V, X ,=V,, and X, =V for
1<i<k-2. Also, if g> (k —1)2 —k+3, we take x, = Vg—l—(k—1)2+(k—1) ; otherwise
let X, =Vv,.Clearly, (X,X,,---,% ) isaburningsequenceof S, then
b(S,)<k= lr\/ﬁ_l +1. Further, we know that S is an isometric subgraph of
S,, by Proposition 2.2, then b(S)<b(S,)= (\/ﬂ—‘ +1.

Next, we show b(S (\/7 -‘ Obviously, Sj' isan isometric subgraphof S,
by Proposition 2.2 and Theorem 3.3, we have b( )= b( ; ) = {\/E—' .

The general cases for 2<r <A(S), by Theorem 3.5, we directly get

n- | Dr| <b,(S)<n- {%J . This completes the proof. U
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