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Abstract 
Because homology on compact homogeneous nilpotent manifolds is closely 
related to homology on Lie algebras, studying homology on Lie algebras is 
helpful for further studying homology on compact homogeneous nilpotent 
manifolds. So we start with the differential sequence of Lie algebras. The Lie 
algebra g has the differential sequence 0 1, , , sE E E  , which leads to the 

chain complex ( )
0 1 1

10
i i

s s s si ss
s s sE E E

+∆ ∆ ∆ ∆
+→ → → →   of sE  by discussing the chain 

complex 
0 1 1
1 1 1 10 1

1 1 1

r r
rE E E

−∆ ∆ ∆ ∆

→ → → →   of 1E  and proves that  

( ) 1
1 Δ Δi i i i

s s s sE H E Ker Im+
+ ≅ =  and therefore ( )1s sE H E+ ≅  by the chain 

complex of sE  (see Theorem 2). 
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1. Introduction 

In 1951, Matsushima [1] showed that if the homogeneous space M of a con-
nected nilpotent Lie group is compact, then M is homeomorphic to G/D (where 
G is a simply connected nilpotent Lie group and D is a discrete subgroup of G). 
In 1954, Nomizu [2] defined 1 1

r
rS S= ∑  (see Definition 4) by the differential 

graded algebra p
pC C=∑  

of an abelian Lie algebra, and thus 1 1
r

rE E= ∑  
(see Definition 5). Since the edge operator 1∆  exists on the chain complex of 1E ,  

the chain complex 
0 1 1
1 1 1 10 1

1 1 1

r r
rE E E

−∆ ∆ ∆ ∆

→ → → →   can be obtained, and then it is  

proved that the De Rham cohomology of the compact homogeneous nilpotent 
connected manifold M G D=  is isomorphic to the homology of the Lie alge-

How to cite this paper: Kang, L.L., Wang, 
Y. and Du, C.Y. (2024) Discussion on the 
Homology Theory of Lie Algebras. Journal 
of Applied Mathematics and Physics, 12, 
2367-2376. 
https://doi.org/10.4236/jamp.2024.127141 
 
Received: June 10, 2024 
Accepted: July 9, 2024 
Published: July 12, 2024 
 
Copyright © 2024 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2024.127141
https://www.scirp.org/
https://doi.org/10.4236/jamp.2024.127141
http://creativecommons.org/licenses/by/4.0/


L. L. Kang et al. 
 

 

DOI: 10.4236/jamp.2024.127141 2368 Journal of Applied Mathematics and Physics 
 

bra g LieG= , i.e., ( ) ( )* *H M H G= . In 2000, although Cordero [3] and oth-
ers studied Dolbeault homology on compact nilpotent manifolds with nilpotent 
complex structure by differential bi-graded algebra, Dolbeault homology on 
compact nilpotent manifolds in general is still an unsolved problem, so it is 
meaningful to study differential sequences. Therefore, the chain complex  

0 1 1
1 1 1 10 1

1 1 1

r r
rE E E

−∆ ∆ ∆ ∆

→ → → →   of 1E  in reference [2] is discussed in this paper, and 

then the chain complex ( )
0 1 1

10
i i

s s s si ss
s s sE E E

+∆ ∆ ∆ ∆
+→ → → →   of sE  is obtained, and 

the conclusion ( )1
i i
s sE H E+ ≅  is obtained, then there is ( )1s sE H E+ ≅ . 

This paper will be divided into two parts, the first part is the preparatory 
knowledge: introduces the basic knowledge and properties of pC , C, pB , B, 

p
rS , rS , r

sD , r
sZ , r

sE  and sE ; the second part gives a proof of  
( ) ( ) ( )( )1 ,H E Hom A g H B≅  (see Theorem 1) and proves ( )1s sE H E+ ≅  (see 

Theorem 2). 
Previous studies only focused on the chain complex of 1E  and did not draw 

conclusions on the chain complex of sE . The difficulty in the research lies in 
constructing the chain complex of sE . 

2. Preparatory Knowledge 

Let g be a Lie algebra, where *g  is the dual space of g, { }|1ie i n≤ ≤  is the 
basis of *g , and p

pC C= ∑  is the differential graded algebra of g, where 

( )*p pC g= ∧ , { }1
1|1pii

pe e i i n∧ ∧ ≤ < < ≤   is the basis of ( )*p g∧  (cf. [4] 
[5]). 

Definition 1 [4]. Let g be an n-dimensional Lie algebra, and let { }|1ie i n≤ ≤  
be a basis for g, and define a derivation ( )*: pg Aut gθ → ∧  on g, i.e., 

( ) ( ) [ ]( )1 1 1 11, , , , , , , , ,p i i i pi
px e e e e x e e eθ α α − +=

= ∑   , for , px g Cα∈ ∈ . (1) 

g acts on C by its derivative θ. 
Definition 2 [6]. Let g be an n-dimensional Lie algebra, *g  be the dual space 

of g, and { }|1ie i n≤ ≤  be the basis of *g . Define the skew derivation  
( ) ( ) ( )* 1 *: p px g gι −∧ → ∧  on g, as follows: for any ( )1 *p pe e g∧ ∧ ∈∧ , and 

x g∈ , we have 

 ( )( ) ( ) 11 1 1
1

ˆ1 ,jp j p
j
p j jx e e x e e e e eι + −
=

∧ ∧ = − ∧ ∧ ∧ ∧ ∧∑   ,  (2) 

where, as usual, a ⋅̂  over a symbol means deletion. 
Proposition 1 [4]. Let g be a Lie algebra that satisfies Definition 1 and Defini-

tion 2, then there is 

 [ ]( ) ( ) ( ), ,x y x yθ θ θ=    ; ( ) ( ) [ ]( ), ,x y x yθ ι ι=   ;  (3) 

 ( ) ( ) ( )x x d d xθ ι ι= + , ( )( )2
0xι =  for ,x y g∈ .   (4) 

Definition 3 [7]. Let g be a Lie algebra and *g  be the dual space of g. Define 
the connection mapping ( )*: pf g C∧ → , i.e., 

 ( )( ) ( ) ( )f x a x f aι ι= , ( )( ) ( ) ( )f x a x f aθ θ= , for ( )*pa g∈∧ , x g∈ .  (5) 
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If g is an abelian Lie algebra, it is easy to prove ( ) 0x cθ = , for x g∈ , c C∈  
by Definition 1. 

Definition 4 [8]. Let g be a Lie algebra and p
pC C=∑  be a differential 

graded algebra of g. Define the basic element subcomplex p
pB B=∑  and 

p
r rpS S=∑  of C, where  

 ( ){ }C | 0,p pB c x c x gι= ∈ = ∀ ∈ ,  (6) 

 ( ) ( ){ }1 1C | 0, , , ,p p
r k kS c x x c x x g k p rι ι= ∈ = ∀ ∈ > −  .  (7) 

Proposition 2. Let g be a Lie algebra. If p
r rpS S=∑  satisfies Definition 3, 

then 1
p p

r rS S+ ⊂ . 
Proof. Because of  

( ) ( ){ }1 1 1C | 0, , , , 1p p
r k kS c x x c x x g k p rι ι+ = ∈ = ∀ ∈ > − −  , so any 1

p
rc S +∈ ,  

there is ( ) ( )1 0kx x cι ι = , for 1, , kx x g∈ , 1k p r> − − , then  
( ) ( ) ( )1 0kx x x cι ι ι = , for x g∈ . 
Because of ( ) ( ){ }1 1C | 0, , , ,p p

r k kS c x x c x x g k p rι ι= ∈ = ∀ ∈ > − 
, so p

rc S∈ . 
Proposition 3 [9]. Let g be an n-dimensional Lie algebra. If p

pB B=∑  and 
p

r rpS S=∑  satisfy Definition 3, then 

 0 1 rS C S S= ⊃ ⊃ ⊃ ⊃  ; { }0rr
S =



; (8) 

 ( ) ( )1p p
r rx S S x gι −⊂ ∈ ; r r

rS B= .  (9) 

If g is an abelian Lie algebra, then 1 1
1

p p p
r r rdS S S+ +

+⊂ ⊂ . 
Proof. 1) Let us first prove that 0 1 rS C S S= ⊃ ⊃ ⊃ ⊃   is true. 
Property 2 tells us that 1

p p
r rS S+ ⊂ , so 1r rS S+ ⊂ . Since 0 0

p
pS S=∑ , and 

( ) ( ) ( ){ }0 1 1C | 0p p p
p pS c x x x c Cι ι ι += ∈ = = , 0

p
pS C C= =∑ .  

That is, 0 1 rS C S S= ⊃ ⊃ ⊃ ⊃  . 
2) The following is ( ) 1p p

r rx S Sι −⊂  for x g∈ . 
For any p

rc S∈ , you get ( ) ( )1 0kx x cι ι = , for 1, , kx x g∈ , k p r> − , 
pc C∈ , and because ( ) 1px c Cι −∈ , ( ) ( ) ( )( )1 1 0kx x x cι ι ι− = , and therefore 

( ) 1p p
r rx S Sι −⊂ . 

3) If g is an abelian Lie algebra, then 1 1
1

p p p
r r rdS S S+ +

+⊂ ⊂ . 
For any p

rc S∈ , you get pc C∈ , because d is the outer differential, so  
1: p pd C C +→ , so 1pdc C +∈ . And since g is an abelian Lie algebra, so ( ) 0x cθ = , 

for x g∈ , and by Property 1 we know ( ) ( ) ( )x x d d xθ ι ι= + , so ( ) ( )x d d xι ι= − , 
so ( ) ( ) ( ) ( ) ( )1 11 0k

k kx x dc d x x cι ι ι ι= − =  , for 1, , kx x g∈ , k p r> − .  
And because of ( ) ( ){ }1 1

1 1 1C | 0, , , ,p p
r k kS c x x c x x g k p rι ι+ +
+ = ∈ = ∀ ∈ > −  ,  

therefore 1
1

p
rdc S +
+∈ , therefore 1

1
p p

r rdS S +
+⊂ . 1 1

1
p p

r rS S+ +
+ ⊂  is known by Property 

2, which completes the proof. 
4) Let us see that r r

rS B= . 
( ) ( ){ }
( ){ }

1 1C | 0, , , , 0

C | 0,

r r
r k k

r

S c x x c x x g k

c x c x g

ι ι

ι

= ∈ = ∀ ∈ >

= ∈ = ∀ ∈

 

, is the proof. 

5) Let us prove { }0rr
S =



. 
Let { }|1ie i n≤ ≤  be the basis of *g .  

https://doi.org/10.4236/jamp.2024.127141


L. L. Kang et al. 
 

 

DOI: 10.4236/jamp.2024.127141 2370 Journal of Applied Mathematics and Physics 
 

From p n
n n npS S S= =∑ , ( ) ( ){ }1 1C | 0, , , , 0n n

k kc x x c x x g k Bι ι∈ = ∀ ∈ > =  , 
we know that any nc B∈ , ( ) 0x cι = , for any x g∈ . And by Definition 2 we 
know that ( ) ( ) ( ) 11 1 1

1
ˆ1 ,n jn j j j n

jx e e x e e e e eι + −
=

∧ ∧ = − ∧ ∧ ∧ ∧ ∧∑   , and 

je g∈  is the dual element of je , so , 0j
je e ≠ , , 0i

je e ≠ , for i j≠ , then  
0c =  if and only if ( ) 0je cι = , so { }0nB = , then { }0rr

S =


. 
Definition 5 [10]. Let g be a Lie algebra and p

pC C=∑  the differential frac-
tional algebra of g. Let’s define 

 { }|r
s r r sZ c S dc S += ∈ ∈ ; (10) 

 { }|r r s
s sD dc c Z −= ∈ ;  (11) 

 ( )1
1 1

r r r r
s s s sE Z Z D+

− −= + ;  (12) 

 r
s srE E=∑ ;  (13) 

where 0 1, , , ,sE E E   is the differential sequence. 
Lemma 1 [11]. If 0 1, , , ,sE E E   is a differential sequence of an abelian Lie 

algebra g, it is true that 0 1 1r rrE E S S += =∑  is true. 
Proof. Let’s first prove that 0 1r rrE S S += ∑ . 
We know by Definition 5 that { }0 |r

r rZ c S dc S= ∈ ∈ , { }1
1 1 |r

r rZ c S dc S+
− += ∈ ∈ , 

and { }1
1 1 1| ,r r

r rD dZ dc c S dc S+
− − += = ∈ ∈ . 

Because of 1
1 1

p p
r r r r rp pdS dS S S S+

+ += ⊂ = ⊂∑ ∑ , for 1p > , so 0
r

rZ S= , and 
because of 1 1r r rdS S S+ +⊂ ⊂ , so 1

1 1
r rD Z +
− −⊂ . Because of  

( )1
0 0 0 1 1

r r r r
r rE E Z Z D+

− −= = +∑ ∑ , so 0 1r rrE S S += ∑ . 
Let me prove that 1 1r rrE S S += ∑ . 
We know { }1 1|r

r sZ c S dc S += ∈ ∈  and { }1
0 1 1|r

r sZ c S dc S+
+ += ∈ ∈  from Eq-

uation (10), so 1
r

rZ S=  and 1
0 1
r

rZ S+
+= . And because  

{ } { }0 0 1| |r r
r r rD dc c Z dc c S dS S += ∈ = ∈ = ⊂ , and because  

( )1
1 1 1 0 0  r r r r

r rE E Z Z D+= = +∑ ∑ , 1 1r rrE S S += ∑ , that is proof. 
Lemma 2. If the n-dimensional Lie algebra g satisfies Definition 5, then

1 1
p p p p
s s m mZ Z D D+ +⊃ ⊃ ⊃ ⊃ ⊃ ⊃    is true.  

Proof. Let us prove that 1
p p

s sZ Z +⊃ . 
If we take 1

p
sc Z +∈ , we know { }|p

s p p sZ c S dc S += ∈ ∈ ,  

{ }1 1|p
s p p sZ c S dc S+ + += ∈ ∈  according to Equation (10), so 1p s p sdc S S+ + +∈ ⊂ , 

then p
sc Z∈ , therefore 1

p p
s sZ Z +⊃ . 

Let’s prove that 1
p p

m mD D+ ⊃ . 
If we take p m

mc Z −∈ , we know { }|p p m
m mD dc c Z −= ∈  from Equation (11), so 

p
mdc D∈ . Since { }11 1|p p m

m mD dc c Z − −
+ += ∈ , we only need to prove 1

1
p m

mc Z − −
+∈ , that 

is, 1
p

mdc D +∈ . 
Because { }|p m

m p m pZ c S dc S−
−= ∈ ∈ , so 1p pdc S S −∈ ⊂ , then 1p mc S − −∈ , so 

1
1

p m
mc Z − −
+∈ , that is, 1

p p
m mD D+ ⊃ . 

It is shown that p
sZ  is minimum when p s n+ = . 

Because 
( ) ( ){ }1 1C | 0, , , , 0p n n n

n n n k kpS S S c x x c x x g k Bι ι= = = ∈ = ∀ ∈ > =∑    and 

{ }|p
s p p s nZ c S dc S S+= ∈ ∈ = , p

sZ  is minimum when p s n+ = . 
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It is shown below that p
mD  is the largest when p m= . 

Because 1 0
p

pS C S− ⊂ =∑ , and 1 1
p

pS S− −= ∑ , 1 0
p pS S− ⊂ . According to Prop-

erty 2, 0 1
p pS S−⊂ , then 1 0  p pS S− = , and therefore 1 0S S− = . According to the equ-

ation (11) know { }11 |p
m mD dc c Z −
+ = ∈  and  

{ } { }1 0
1 0| |m m m mZ c S dc S c S dc S Z−
−= ∈ ∈ = ∈ ∈ = , so 1

p p
m mD D += , namely when 

p m= , p
mD  is the largest and ( )p p

m rD D r m= ≥ . 
Let’s prove p p

m mD Z⊂ . 
If we take p

mc D∈ , we know from Equation (11) that { }|p p m
m mD dc c Z −= ∈ , so 

there exists p m
mx Z −∈ , such that dx c= . And according to Equation (10),  

{ }|p
m p p mZ c S dc S += ∈ ∈ , { }|p m

m p m pZ c S dc S−
−= ∈ ∈ , so pdx c S= ∈ , then 

( ) 0 p mdc d dx S += = ∈ , so p
mc Z∈ , that is, p p

m mD Z⊂ . 
That is 1 1

p p p p
s s m mZ Z D D+ +⊃ ⊃ ⊃ ⊃ ⊃ ⊃   . 

Definition 5 [12]. Let g be a Lie algebra over a field F, and V a vector space 
over F. Suppose there is a map from g V×  to ( ): ,V x v x v→ ⋅ , x g∈ , v V∈  
satisfying 

1) ( )1 1 2 2 1 1 2 2x k v k v k x v k x v⋅ + = ⋅ + ⋅ ,  
2) ( )1 1 2 2 1 1 2 2k x k x v k x v k x v+ ⋅ = ⋅ + ⋅ ,  
3) [ ] ( ) ( )1 2 1 2 2 1,x x v x x v x x v⋅ = ⋅ ⋅ − ⋅ ⋅ , 1 2 1 2 1 2, , , , , , ,k k F x x x g v v v V∀ ∈ ∈ ∈ . 
Then V is called a (left) g-module, also referred to as g acting on V. 
Definition 6. Let g be a Lie algebra, and V and W be g-modules. If a linear 

mapping :V WΦ →  satisfies ( ) ( )x v x vΦ ⋅ = ⋅Φ , x g∀ ∈ , v V∈ , then Φ is 
called a homomorphism or intertwining operator from the g-module V to the 
g-module W. The set of all linear maps from V to W, denoted by ( ),Hom V W , 
is a linear space. Meanwhile, the set of all modular isomorphisms (intertwining 
operators) from V to W, denoted by ( ),gHom V W , is a subspace of ( ),Hom V W . 

3. Homology Theory on Differential Sequences 

In this section we first introduce ( ) ( ) ( )( )1 ,H E Hom A g H B≅  and then give the 
proof for ( )1s sE H E+ ≅ . Next, we first give the edge operators r∆  and δ. 

Let g be an n-dimensional Lie algebra and p
pC C=∑  be a differential 

graded algebra of g. Define the homomorphic map :p p p
r r rZ Eη → , satisfying 

 ( )( ) ( )p p p q
r r ra b a bη η η += ∧ , for p

ra Z∈ , q
rb Z∈ . (14) 

By mapping p
rη , we can define the edge operator 

 p p r
r r r dη η +∆ =  (15) 

of rE , meaning that any p rda S +∈ , for p
r ra Z S∈ ⊂ , with  

 p p r
r r ra daη η +∆ = . (16) 

In particular, p p r
r r ra daη η +∆ =  for p

ra Z∈ , p rda S +∈ , there is p p
r ra Eη ∈ , 

p r p r
r rda Eη + +∈ , i.e., : p p r

r r rE E +∆ → . And because  

( ) ( ) ( )2 0p p r p r
r r r r r ra da d daη η η+ +∆ ∆ = ∆ = = , and ( )2 0r∆ = , we conclude that 

r∆  is the edge operator on rE . 
Let ι be the skew derivative on C. Let ( )*: p r p rf g C− −∧ →  be the concatena-
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tion map, define the map 

 ( )( )*: ,p p r r
rS Hom g Bϕ −→ ∧ , (17) 

that is, ( ) ( ) ( ) ( ) ( ) ( )1 11 p p r
p r p rc x x x x cϕ ι ι−
− −∧ ∧ = −  , where 1, , p rx x g− ∈ , 

p
rc S∈ . Additionally, when k p r≠ − , ( ) ( ) 0kc gϕ ∧ = . 

Remark 1. Since p
rc S∈ , then ( ) ( ) ( )( )1 0p rx x x cι ι ι − =  for x g∈ , which 

implies ( ) ( )1
r

p rx x c Cι ι − ∈ , hence ( ) ( )1
r

p rx x c Bι ι − ∈ . This indicates that 
the mapping ϕ  is meaningful. 

Define the mapping 

 ( )( ) ( )*: ,p r r r p r p
rHom g B B g Sψ − −∧ = ⊗∧ → , (18) 

that is, ( ) ( )a b bf aψ ⋅ =  and ( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )( )1 rx bf a x b f a b x f aι ι ι= + − , 
for rb B∈ , ( )*p ra g−∈∧ , x g∈ . 

Remark 2. Since  
( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )1 1r rx bf a x b f a b x f a bf x aι ι ι ι= + − = −  and 
( ) 0x bι = , therefore ( ) ( )( ) ( ) ( ) ( )( )1 rx bf a b x f aι ι= − , then for k p r> − , 

there is ( ) ( ) ( )( ) ( ) ( ) ( )( )1 11 0kr
k kx x bf a bf x x aι ι ι ι= − =  , where 1, , kx x g∈ , 

therefore ( ) p
rbf a S∈ . Thus, it makes sense to define the mapping ψ . 

When g is an abelian Lie algebra, let p
rc S∈ , such that  

( ) ( ) ( ) ( ) ( ) ( )1 11 p p r
p r p rdc x x x x dcϕ ι ι−
− −∧ ∧ = −  , where 1

1
p
rdc S +
+∈ , and be-

cause ( ) ( )x d d xι ι= −  for x g∈ , 

 

( )( ) ( )( )( ) ( ) ( ) ( )( )
( )( )( ) ( ) ( ) ( )( )( )

( )( )

1
1 1

2
1

1

1 1

1 1

,

p p r p r
p r p r

p p r p p r
p r

p r

dc x x d x x c

d c x x

d c x x

ϕ ι ι

ϕ

ϕ

+ − −
− −

+ − −
−

−

∧ ∧ = − −

= − − ∧ ∧

= ∧ ∧

 





 (19) 

which implies ( ) ( ) ( )( )dc u d c uϕ ϕ=  for ( )u A g∈ . Thus, upper edge operator 
can be defined in ( )( ),Hom A g B . 

Let ( ) ( )p
pA g g= ∧∑  and p

pB B= ∑ , then, the upper edge operator 

 ( ) ( ) ( )F u d Fuδ = , for ( )u A g∈ , ( )( ),F Hom A g B∈  (20) 

is defined in ( )( ),Hom A g B . 
Taking ( ) ( )( ), rc Hom A g Bϕ ∈  and ( )1

p r
p ru x x g−
−= ∧ ∧ ∈∧ , we have  

( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )

1

1

1

1 1

p p r
p r

p p r p r
p r

dc u d c u d x x c

x x dc

δϕ ϕ ι ι

ι ι

−
−

− −
−

= = −

= − −





, for p
rc S∈ . 

Since 1 1 1
1

p p p
r rdc S S C+ + +
+∈ ⊂ ⊂ , and ( ) ( ) ( )( ) 0x c uι δϕ = ,  

( ) ( )( )1, rc Hom A g Bδϕ +∈ , the upper edge operator δ  becomes meaningful 
(ref. [2] pp. 533-534). 

Nomizu [2] briefly introduces ( ) ( ) ( )( )1 ,H E Hom A g H B≅ , and then presents 
the proof of ( ) ( ) ( )( )1 ,H E Hom A g H B≅  based on Nomizu’s introduction. 

Theorem 1 [2]. If g is a commutative Lie algebra and ( )H B  is the cohomolo-
gy of a subcomplex B, then ( ) ( ) ( )( )1 ,H E Hom A g H B≅ . 

Proof. Since ( )( ) ( )*, r rHom A g B B A g= ⊗  it is straightforward to show that 
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( ) ( ) ( )( )1 ,H E Hom A g H B≅  is equivalent to proving  
( ) ( )( )( )1 1, , ,E Hom A g B δ∆ ≅ , where 1∆  and δ  are the upper edge operators 
of 1E  and ( )( ),Hom A g B , respectively. 

1) First, let’s prove that ( )( )1 1 ,r rrE S S Hom A g B+= ≅∑ . 
From Lemma 1 we know that 1 1r rrE S S += ∑ . 
Mapping ( )( ): ,p p r r

rS Hom g Bϕ −→ ∧ , and extending ϕ  to rS , i.e.,  
( )( )1: , r

r rS S Hom A g Bϕ + → , we have 1rS Kerϕ+ ⊂  . Take p
rc S∈  such that  

( ) 0cϕ = , i.e., ( ) ( ) ( ) ( ) ( ) ( )1 11 0p p r
p r p rc x x x x cϕ ι ι−
− −∧ ∧ = − =  , for  

1, , p rx x g− ∈ .  
When k p r= − , take p

rc S∈ , so c can only be in 1
p
rS + , so 1rKer Sϕ +⊂ . 

From the above proof we get 1rKer Sϕ += , then  
( ) ( )( )1 , r

r r r rS S S Ker S Hom A g Bϕ ϕ+ = ≅ ⊂  . 
Now, let’s prove ( )( )1 , r

r rS S Hom A g B+ ≅ . 
The mapping ( )( ) ( )*: ,p r r r p r p

rHom g B B g Sψ − −∧ = ⊗∧ →  is extended to 
( )( ): , r

rHom A g B Sψ →  and satisfies Iψϕ =  , that is, ϕ  is an isomorphic 
mapping of ( )( )1 , r

r rS S Hom A g B+ → . 
According to ( )( ) ( )( ) ( )( ), , ,r r

r rHom A g B Hom A g B Hom A g B= =∑ ∑ , we 
have ( )( )1 1 ,r rrE S S Hom A g B+= ≅∑ . 

2) It follows that 1 1
i

i i ic cϕ δ ϕ+ ∆ =  for ic E∈  is true. 
From the previous conclusions and 1

i∆  and iδ  definitions, 1
1 1 1:i i iE E +∆ → ; 

( )( ) ( )( )1, ,: i i
i Hom A g B Hom A g Bδ +→ ;  

( )( )1 1
1 1: ,i i

i i iE S S Hom A g Bϕ − −
−= →

 
is known to be isomorphic. 

Take any 1
ic E∈ , and if 1

p p
i ic S S +∈ , then 1 1

1 2
p p

i idc S S+ +
+ +∈ , according to  

1
i

iZ S= , then 1 1 1:i i
i i iS E S Sη +→ =  is also subjective, so there exists p

ia S∈   
such that 1

ia cη =  and 1
1 1
i ida dZ D +∈ = . Because 1

1 1 1:i i iE E +∆ → , so  
1 1 1 1

1 1 2 2
i p p p p

i i i ic S S S S+ + + +
+ + +∆ ∈ ⊂ . We know from Equation (17) that 

( ) ( )( )( ) ( ) ( )( )
( )( )( ) ( ) ( )( )
( )( )( ) ( ) ( )( )

1
1 1 1 1 1

1
1 1 1

1 1
1 1

1

1

1

p p ii i
i p i p i

p p i i i
p i

p p i i
p i

c x x x x c

x x a

x x da

ϕ ι ι

ι ι η

ι ι η

+ −
+ − −

+ −
−

+ − +
−

∆ ∧ ∧ = − ∆

= − ∆

= −

 





, for  

1, , p ix x g− ∈ .  

We know from Equation (19) that  

( ) ( )( )
( ) ( )

( )( )( ) ( ) ( )( )
( )( )( ) ( ) ( )( )

1 1

1

1
1

1
1 1

1

1 .

i i p i i p i

i p i

p p i
p i

p p i i
p i

c x x d c x x

dc x x

x x dc

x x d c

σ ϕ ϕ

ϕ

ι ι

ι ι η

− −

−

+ −
−

+ −
−

∧ ∧ = ∧ ∧

= ∧ ∧

= −

= −

 







 

Thus, only 1
1 1
i id a daη η +=  is needed to prove 1 1

i
i i ic cϕ δ ϕ+ ∆ = , for ic E∈ . 

Let’s prove that 1
1 1
i id a daη η += . 

Since 1 1 1:i i
i i iS E S Sη +→ =  and 1 1

1 1 1 1 2:i i
i i iS E S Sη + +
+ + +→ =  know  

( ) { }1 1 0i
iSη + =  and ( ) { }1

1 2 0i
iSη +
+ = . If 1

p
ia S +∈ , then 2ida S +∈ , then 1 0id aη =  

and 1
1 0i daη + = , so 1

1 1
i id a daη η += . 
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If { }1,p p p
i i ia S a S a S += ∈ ∉′∈ , then 1 1:i p p p

i i iS S Sη +→′  is an isomorphic map-
ping. 

From the proof of (1) we know that there is a mapping  
( )( ): ,p i

i iS Hom A g Bϕ →′ ′  satisfying ( ) ( )1i ida d aϕ ϕ+′ = ′  and 1
i

i iϕ ϕη′ = , so iϕ′ , 

1iϕ +′  is an isomorphic mapping, so ( ) ( ) ( )1
1 1 1 1 1

i i i
i i ida d a d aϕ η ϕη ϕ η+
+ += = , there 

is 1
1 1
i id a daη η += . 

3) Let’s prove that ( ) ( )( )( )1 1, , ,E Hom A g B δ∆ ≅ . 
From the previous conclusion, knowing that  

0 1 2 1
1 1 1 1 10 1 2 1

1 1 1 1

i i
iE E E E

+∆ ∆ ∆ ∆ ∆
+→ → → → →  , 

( )( ) ( )( ) ( )( )0 110 1 1, , ,
i iiHom A g B Hom A g B Hom A g B

δ δ δδ +
+→ → → →  , 

and by (2) we obtain a commutative diagram(see Figure 1). 
 

 

Figure 1. Commutative diagram. 
 

So 1 1
i

i i iϕ δ ϕ+ ∆ = , and since iϕ  and 1iϕ +  are isomorphic mappings, ( )1 1,rE ∆  
and ( )( )( ), ,rHom A g B δ  are isomorphic. 

Nomizu gives the definition of the differential sequence 0 1, , , ,sE E E   of a 
Lie algebra and proves that ( )2 1E H E≅  [2]. Based on Nomizu’s proof for 

( )2 1E H E≅ , the proof for ( )1s sE H E+ ≅  is given. 
Theorem 2. Let g be a Lie algebra, 0 1, , , ,sE E E   be the differential se-

quence of g, and ( )sH E  be the cohomology of sE , then ( )1s sE H E+ ≅ . 
Proof. Let’s first prove that p

s sKer Imη∆ = . 
1) Let’s prove that p

s sIm Kerη ⊂ ∆ . 
According to Lemma 2 and the definitions of p

sη  and s∆ , 

1
p p
s sZ Z+ ⊂ ; :p p p

s s sZ Eη → ; : p p s
s s sE E +∆ → . 

So if you need proof p r
s sa Kerη + ∈ ∆ , for 1

p
sa Z +∈ , you need proof  

0p p s
s s sa daη η +∆ = = . Since ( )1

1 1:p s p s p s p s p s p s
s s s s s sZ E Z Z Dη + + + + + + +

− −→ = + , and  
1 1

1 1 1
p p s p s
s s sda dZ D Z+ + + +
+ + −∈ = ⊂ , 0p s

s daη + = , hence p
s sIm Kerη ⊂ ∆ . 

2) Let’s prove that p
s sIm Kerη ⊃ ∆ . 

If you take p
s sKer Eα ∈ ∆ ⊂ , since :p p p

s s sZ Eη →  is subjective, there exists 
p
sa Z∈  such that p

s aα η= . 
Because 0p p s

s s s sa daα η η +∆ = ∆ = =  and ( )1
1 1

p s p s p s p s
s s s sda Z Z Dη + + + + +

− −∈ + ,  
1

1 1
p s p s
s sda Z D+ + +
− −∈ + . 

It is necessary to prove 1
p
sa Z +∈ , that is 1

p p p
s s sa Zη η +∈ . 

If 1
1

p s
sda Z + +
−∈ , and according to Equation (10) know 1

1 1
p s
s p sZ S+ +
− + +⊂ , so 

1p sda S + +∈ , and because p
s pa Z S∈ ⊂ , so { }1 1|p

s p p sa Z c S dc S+ + +∈ = ∈ ∈ . 
So we just need to prove that 1

1
p s
sda Z + +
−∈ . 
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Take 1
1 1

p s p
s sdb D dZ+ +
− −∈ = , then 1

1
p p
s sb Z Z+
−∈ ⊂ , such that 

( ) 1
1 1

p s
s p sd a b Z S+ +
− + ++ ∈ ⊂ , therefore 1

p
sa b Z ++ ∈ . Because  

( ) { }1 1 1
1 1 1 1 0p p p p p p

s s s s s sb Z Z Z Dη η + + +
− − − −∈ = + = , so ( ) 1

p p p p
s s s sa b a Zη η η ++ = ∈ . Therefore 

p
s sKer Imη∆ = . 

Let’s prove that ( )1p p p p s
s s s s sZ D Eη + −+ = ∆ . 

Because of ( ) { }1 1 1 1
1 1 1 1 0p p p p p p p

s s s s s s sZ Z Z Z Dη η+ + + +
− − − −⊂ = + = , take 1

p p
s sa Z D+∈ + , 

make ( )1p p p p p p p p s p s p s p s
s s s s s s s s s s s s sa Z D D dZ Z Eη η η η η+ − − − −∈ + = = = ∆ = ∆ , then  

( )1p p p p s
s s s s sZ D Eη + −+ ⊂ ∆ . 
Conversely, we have p s p s p s p p s p p

s s s s s s s s se E Z dZ Dη η η− − − −∈∆ = ∆ = = , so we have 

( )1
1

p p p
s s se Z Dη +

−∈ + , which is ( )1p p p p s
s s s s sZ D Eη + −+ = ∆ . 

Let’s prove ( )1
i i
s sE H E+ ≅ . 

Since s∆  is the upper edge operator of sE  and ( )1: i si is
s s sE E +∆ → , there is a 

chain complex  

( )
0 1 1

10
i i

s s s si ss
s s sE E E

+∆ ∆ ∆ ∆
+→ → → →  , 

then ( )1
1

i is is
s s sKer Zη+

+∆ =  and ( )1i is is is
s s s sIm Z Dη +∆ = + , and therefore  

( ) ( ) ( )1 1
1

i i i is is is is is
s s s s s s s sH E Ker Im Z Z Dη η+ +

+= ∆ ∆ = + . 
Let 1 1

i is
s sE E+ += . 

Since ( )1
1 1

is is is is
s s s sE Z Z D+
+ += +  and ( ) ( )1

1 1
is is is is is
s s s s sZ Z Z Dη +

+ += + , and there-
fore ( ) ( ) ( )1 1 1

1 1
is is is is is is is
s s s s s s sZ D Z D Z Dη + + +

− −+ = + + , there is ( )1
i i
s sE H E+ ≅ , and 

therefore ( )1s sE H E+ ≅ . 

4. Conclusion 

Let g be an abelian Lie algebra and p
pC C= ∑  a differential graded algebra of 

g, define 1 1
r

rS S= ∑ , and then define the differential sequence 0 1, , , ,sE E E  ,  
since the edge operator s∆  exists on the chain complex of sE , the chain com-

plex ( )
0 1 1

10
i i

s s s si ss
s s sE E E

+∆ ∆ ∆ ∆
+→ → → →   can be obtained, and through this chain 

complex ( )1
i i
s sE H E+ ≅  can be obtained, so ( )1s sE H E+ ≅ . 
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