X4

Journal of Applied Mathematics and Physics, 2024, 12, 2367-2376

X/

"‘: gg'seg;;gﬁ https://www.scirp.org/iourna|/iamp
94% Publishing ISSN Online: 2327-4379

@,

ISSN Print: 2327-4352

Discussion on the Homology Theory of Lie
Algebras

Lilong Kang, Yu Wang, Caiyu Du

College of Mathematics and Statistics, Sichuan University of Science and Engineering, Zigong, China

Email: m18266192317@163.com

How to cite this paper: Kang, L.L., Wang,
Y. and Du, C.Y. (2024) Discussion on the
Homology Theory of Lie Algebras. Journal
of Applied Mathematics and Physics, 12,
2367-2376.
https://doi.org/10.4236/jamp.2024.127141

Received: June 10, 2024
Accepted: July 9, 2024
Published: July 12, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

(ORORN o s

Abstract

Because homology on compact homogeneous nilpotent manifolds is closely
related to homology on Lie algebras, studying homology on Lie algebras is
helpful for further studying homology on compact homogeneous nilpotent
manifolds. So we start with the differential sequence of Lie algebras. The Lie
algebra g has the differential sequence Ej,E, - E---, which leads to the
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of E, by discussing the chain
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=H' (E)= KerAi;l/ImAiS and therefore E,,; =H(E;) by the chain

complex of E, (see Theorem 2).

of E, and proves that
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1. Introduction

In 1951, Matsushima [1] showed that if the homogeneous space M of a con-
nected nilpotent Lie group is compact, then M is homeomorphic to G/ D (where
G is a simply connected nilpotent Lie group and D is a discrete subgroup of G).
In 1954, Nomizu [2] defined S, = Erslf (see Definition 4) by the differential
graded algebra C =ZPC” of an abelian Lie algebra, and thus E; :ZrElr

(see Definition 5). Since the edge operator A, exists on the chain complex of E,,
0

S S S
the chain complex E; —E;

—---— E] >+ can be obtained, and then it is
proved that the De Rham cohomology of the compact homogeneous nilpotent

connected manifold M =G/D is isomorphic to the homology of the Lie alge-
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*

bra g=LieG, ie, H(M)=H"(G). In 2000, although Cordero [3] and oth-
ers studied Dolbeault homology on compact nilpotent manifolds with nilpotent
complex structure by differential bi-graded algebra, Dolbeault homology on
compact nilpotent manifolds in general is still an unsolved problem, so it is

meaningful to study differential sequences. Therefore, the chain complex
A9 A AT A
E)>E >+ —E - of E, in reference [2] is discussed in this paper, and
AO Aé i i+1

S S A AS
then the chain complex EJ}—ES—--— ES('H)S — -+ of E; is obtained, and

the conclusion E.,, =H'(E,) is obtained, then thereis E,=H(E).

s+l 541

This paper will be divided into two parts, the first part is the preparatory
knowledge: introduces the basic knowledge and properties of C”, G, B”, B
SY, S,, D, Z{, E; and E_;the second part gives a proof of
H(E,;)=Hom(A(g),H(B)) (see Theorem 1) and proves E, =H(E,) (see
Theorem 2).

Previous studies only focused on the chain complex of E, and did not draw
conclusions on the chain complex of E,. The difficulty in the research lies in

constructing the chain complex of E.

2. Preparatory Knowledge

Let g be a Lie algebra, where @ is the dual space of g {e‘ [1<i< n} is the
basis of g°, and C = ZpC P is the differential graded algebra of g where
CP=AP (g*), {eil Aeeng® 1< <o <y < n} is the basis of /\p(g*) (cf. [4]
(5]).

Definition 1 [4]. Let g be an n-dimensional Lie algebra, and let {ei |1<i< n}
be a basis for g and define a derivation 6:g — Aut A° (g*) on g Le,

O(x)a(e, e, )= " (e, 8 p.[xe]e.¢,) for xeg,aeC’. (1)

gacts on Cby its derivative 6.

Definition 2 [6]. Let gbe an n-dimensional Lie algebra, g" be the dual space
of g and {e‘ |1<i<n! be thebasisof §".Define the skew derivation
((x):AP (g*) — /\p’l(g*) on g as follows: for any e' A---AeP e AP (g*) , and
X € g, we have

l(x)(e1 /\u-/\ep) :Z?:l(—l)j+1 X, elet A nel T A8 A neP, (2)

where, as usual,a * over a symbol means deletion.
Proposition 1 [4]. Let gbe a Lie algebra that satisfies Definition 1 and Defini-

tion 2, then there is
o([xy])=[0(x).0(y)]s [0(x).e(y)]=2([xY])s 3)
0(x)=1(x)d +di(x), (¢(x)) =0 for x,yeq. (4)

Definition 3 [7]. Let gbe a Lie algebra and g~ be the dual space of g. Define
the connection mapping f : A° (g*) —C, e,

f(«(x)a)=1(x)f(a), f(0(x)a)=0(x)f(a),for acA®(g"), xeg. (5)
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If gis an abelian Lie algebra, it is easy to prove 8(X)c=0,for xeg, ceC
by Definition 1.

Definition 4 [8]. Let g be a Lie algebra and C=)_ ,C P be a differential
graded algebra of g Define the basic element subcomplex B = Zp BP and
S, =, oS¢ of G where

Bp={CeCp|l(X)C:0,VXeg}, (6)
Srp :{Cecp |l(Xl)”'l(Xk)C:Olvxll”"xk eg,k> p_r}' )

Proposition 2. Let g be a Lie algebra. If S, :szr” satisfies Definition 3,
thenSP, = SP.

Proof. Because of
S, ={C€Cp l2(X,)-1(%)C=0,V%, -, X €9,k > p—r—l}, soany CeS’,
thereis 1(x)---1(x.)c=0,for X, X €9, k>p-r—1,then
((X)e(x,)---1(% )c=0,for xeg.

Because of SP :{CECp le(%)---1(%)c=0,Y%, -, % €9,k > p—r},so ceSP.

Proposition 3 [9]. Let g be an n-dimensional Lie algebra. If B= Zp BP and
S,=2.,S’ satisfy Definition 3, then

$=C>§ 228§ 25 )5 ={0}; (8)

((x)SP =S (xeqg); S/ =B". )

If gis an abelian Lie algebra, then dSP < SPi < SP*.
Proof. 1) Let us first prove that S, =C >S5, 5---5 5, D+ istrue.

Property 2 tells us that S”, =S/, so S,,,cS,. Since S, =Zp80p, and

r+l
8§ ={ceCPle(x)-1(x, )i(x,.)c=0}=C*, $,= cP=C.

Thatis, S;=C>§ 5---25,>---.

2) The following is (X)S? =S for xeg.

For any ceSP, you get (x)---1(%)c=0, for x,-,x €9, k>p-r,
ceC’, and because #(x)ceC”™, 1(x)-1(X_)(z(x)c)=0, and therefore
1((x)SP =S

3) If gis an abelian Lie algebra, then dSP < S”;' < SP*™.

Forany ceS”,youget ceCP”,because dis the outer differential, so
d:CP—>C",so dceCP™”. And since gis an abelian Lie algebra, so #(x)c=0,
for xe g ,and by Property 1 we know 6(x)=z(x)d +dz(x),so z(x)d =—ds(x),
$0 l(X1)~~l(Xk)dC=(—1)kdl(Xi)---l(Xk)CZO,fOl‘ X, % €9, k>p-r.
And because of SP3 :{CeC‘”l|1(X1)~-1(Xk)c=0,VX1,~-,Xk eg,k> p—l’},
therefore dceS”;', therefore dSP —SPi'. SPi' <= SP™ is known by Property
2, which completes the proof.

4) Let us see that S/ =B".

S/ ={ceC'[1(x)-1(X)c=0,9%,% €9,k >0

, is the proof.
:{CGC’ |l(X)C=0,VXeg}

5) Let us prove (] S, ={0}.

Let {e‘|1si3n} be the basis of ¢ .
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From S, =3 S’=S, {CeC" [(%)1(% )c=0,VxX, -, X €0,k >O} =
we know that any ceB", i(x)c=0, for any xeg. And by Definition 2 we
know that z(x)(elxxu-/\e”) ZT 1( 1)H1<X ej>el/\-~/\ej’1/\éj A---n€" and
e,eg isthedual element of e',s0 ¢, el £0, e;,e' #0,for i# j,then
c=0 ifand only if 1(ej)C=O,so B”—{O},then N,S. ={0}.

Definition 5 [10]. Let gbe a Lie algebraand C=)_ ,C P the differential frac-
tional algebra of g. Let’s define

Z{={ceS, |dceS,, }; (10)
:{dc|CGZ§‘S}; (11)
=2!/(zi1+DL,) (12)
E.=D> El; (13)
where Ej,E,--- E,,--- is the differential sequence.
Lemma 1 [11]. If Ej,E,--- E;,--- is a differential sequence of an abelian Lie

algebra g it is true that E,=E =) S /S, istrue.
Proof. Let’s first prove that E;=)" S /S, .
We know by Definition 5 that Zj ={ceS |dceS,}, Z/{'={ceS,, |dceS,},
and D', =dz';"={dc|ceS,, dceS,}.
Because of dS, —z dsf < Z:pSp+1 S

r+l

, for p>1,s0 Z;=S,, and

because of dS,,, = S,,, =S, ,s0 D, cZ"*. Because of

E,=Y B =22 /(27" +D"),50 Eg=) S/S,;-
Let me prove that E; =) S /S .
We know Z/ ={ceS |dceS,,} and Z;"={ceS,, |dceS,,} from Eq-
uation (10),s0 Z/ =S, and Z;" =S, ,. And because
:{dC|CeZ£}:{dC|CeSr}:dSr cS,,; > and because
E, =) Ef =ZFZ{/(Z(§+1 + Dg) » E;=).S,/S,,; , that is proof.

Lemma 2. If the n-dimensional Lie algebra g satisfies Definition 5, then

r+1

~DZPoZf 52D}, oD o istrue.
Proof. Let us prove that Z” > Z?

s+l °

If we take ceZ?,, weknow Z] = {C €S, |dce SPH} ,
Zr = {C €S, |dce Sp+s+1} according to Equation (10), so dceS, ,cS
then ceZ?,therefore ZP >Z?

s+l °

Let’s prove that D}, > D/}.
If we take ceZ>™, we know D} —{dc|c e an'm} from Equation (11), so
dceD}. Since D}, = {dc [cezZr T l} we only need to prove ceZ? ", that

m+1 m+1
is, dceD/ .

Because Z™" :{CeSp_mldCeSp}, so dceS, S, ,, then ceS,  ,, so
cez” ", thatis, D?,>DP.

m+1

p+s?

It is shown that ZP is minimum when p+s=n.

Because
Sn:ZpSnp:S,:’:{CEC"|z(x1)---z(xk)c:O,Vxl,-~-,xkeg,k>0}:B” and
Zsp:{CeSpldCeSpH:Sn}, Z!? is minimum when p+S=n.
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It is shown below that D/} is the largest when p=m.

Because S, cC=3 S7,and S ;=% S&, S’ cS;. According to Prop-
erty 2, SJ —S%,then SF =S/, and therefore S, =S;. According to the equ-
ation (11) know D}, = {dc |ce Z;l} and
Z,'={ceS |dceS, }={ceS,|dceS, }=Z,, so D} =D}, namely when

p=m, D} isthelargestand D} =DP(r>m).

Let's prove D cZP.

If we take ce D), we know from Equation (11) that D} = {dc |ce Z,E'm} , SO
there exists xeZ"™, such that dx=cC. And according to Equation (10),
zp={ceS,|dceS,,,} , Zf"={ceS, ,|dceS,}, so dx=ceS
dc=d(dx)=0€S,,,,s0 ceZ},thatis, D} cZ}.

is - P P p P
Thatis ---2Z2’>7Z!, 52D}, oD, >--.

- then

Definition 5 [12]. Let g be a Lie algebra over a field £ and V a vector space
over F. Suppose there is a map from gxV to V:i(X,V)—>X-V, xeg, veV
satisfying

1) x- (kv + KoV, ) = kX vy + KXV,

2) (kg +ky%, ) v=kpx -v+kX, v,

3) [X %] v=x (% V) =X, - (% -v), VK, k, €F,XX,% €0,V,v,v, V.

Then Vs called a (left) g~-module, also referred to as gacting on V.

Definition 6. Let g be a Lie algebra, and V and W be g-modules. If a linear
mapping ®:V ->W satisfies ®(x-v)=x-®(v),Vxeg, veV, then @ is
called a homomorphism or intertwining operator from the g-module V to the
g-module W. The set of all linear maps from V'to W; denoted by Hom(V,W),
is a linear space. Meanwhile, the set of all modular isomorphisms (intertwining
operators) from Vto W, denoted by Hom, (V,W ), is a subspace of Hom(V,W).

3. Homology Theory on Differential Sequences

In this section we first introduce H (E,)=Hom(A(g),H (B)) and then give the

proof for E,; = H(E,). Next, we first give the edge operators A, and 6.

s+1

Let g be an n-dimensional Lie algebra and C=)’ ,C P be a differential
graded algebra of g: Define the homomorphic map 7f:Z" — E!, satisfying

(nrpa)(n,pb):nr’”q(a/\b),for aeZ’, beZz!. (14)

By mapping 7, we can define the edge operator
Ay =n7d (15)

of E,, meaningthatany daeS,, ,for aeZ? < S, ,with

p+r?

AnPa=nP'da. (16)

In particular, A,pfa=n""da for acZ?, daeS
ntdaeE", ie, A, :E” —>EP". And because
A, (A,?],"a) =A, (nr””da) =nP?*d(da)=0, and (A,)°=0, we conclude that
A, is the edge operatoron E,.

Let ¢ be the skew derivative on C. Let f :AP™" (g*) — CP"™" be the concatena-

there is n’aeckE],

p+r 2
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tion map, define the map
¢:Srp—>H0m(/\p’r(g*),Br), (17)

that is, ¢(c)(x, /\--~Axp7,):(—1)"(‘”)z(xl)--w(xpfr)c, where XX, €0,
ceS/. Additionally, when k= p-r, (o(c)(/\ g):0.

Remark 1. Since ceS”, then l(X)(l(Xl)---l(prr)C)ZO for xeg, which
implies l(Xl)'--l(Xp7r>C€Cr, hence l(Xl)'-'l(prr)CEBr. This indicates that
the mapping ¢ is meaningful.

Define the mapping
y/:Hom(/\”‘r(g) B' ) B' ®AP” r(g ) (18)
thatis, y(a-b)=bf (a) and z(x)(bf (a)):( b) f( ( (x) f (a))

for beB', aex\p_r(g*), Xeg.

Remark 2. Since
1(x)(bf (a))=(«(x)b) f (a)+(-1)"b(«(x) f (a)) =(-1)"bf («(x))a and
((x)b=0, therefore z(X)(bf (a)):(—) (z(x) (a)) , then for k>p-r,
thereis 1(x,)--2(x,)(bf (a)):(—) bf (1(x)--2(x,)a)=0, where Xx,---,X €9,
therefore bf (a) €SP . Thus, it makes sense to define the mapping v .

When gis an abelian Lie algebra, let ¢S, such that
¢(dc)(x1/\---/\xp7r)=( )p(p ) (%) ( ) , where dceSPi, and be-

r+1

cause ¢(x)d =—di(x) for xeg,
p(de) (% A ax,, )=(-1)" " (=) d(e(x)-1(,, )c)
:(_1)(p+z)(p—r)(_1)p(pfr)d(¢(c)(xl /\"'/\prr)) (19)

which implies ¢ (dc)(u)=(de(c))u for ueA(g). Thus, upper edge operator
can be defined in Hom(A(g), B) .
Let A(g)= Zp/\p (9) and B= Zp BP, then, the upper edge operator

(6F)(u)=d(Fu),for ueA(g), FeHom(A(g),B) (20)
is defined in Hom(A(g),B).
Taking ¢(c)eHom(A(g),B) and u=X A--AX,, €A""(g), we have
8p(de)u=(do(c))u=d (-1 " (%) -z(xp_r)c)
=(-1)"" (D) 1)1, )de

Since dceS” cSP* < CP*,and z(x)(égo(c)(u)):

r+1

,for ceSP.

dp(c)e Hom( (9), B”l) , the upper edge operator § becomes meaningful
(ref. [2] pp. 533-534).

Nomizu [2] briefly introduces H (E,)= Hom(A(g), H (B)) , and then presents
the proofof H (E,)=Hom(A(g),H(B)) based on Nomizu’s introduction.

Theorem 1 [2]. If gis a commutative Lie algebra and H(B) is the cohomolo-
gy of a subcomplex B, then H (E,;)=Hom (A(g), H (B)) .

Proof. Since Hom(A(g ), B’ ) =B'® A(g*) it is straightforward to show that
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H (El) = Hom (A(g), H (B)) is equivalent to proving
(ELA) = (Hom(A(g), B),é), where A, and & are the upper edge operators
of E; and Hom (A(g), B) , respectively.

1) First, let’s prove that E, =" S,/S,,, =Hom(A(g),B).

From Lemma 1 we know that E, = Zr S, /S -

Mapping ¢:SP — Hom(/\"'r (9), Br) ,and extending ¢ toS,, ie,
?:S,/S,.1 > Hom(A(g), Br) ,wehave S, cKerg.Take ceSP such that
9(c)=0,ie, p(c)(% A AX,,)=(-1)"""1(x)1(x,.)c=0, for
X, X, €0
When k=p-r, take ceS/, so ¢ can only be in SP,, so KerpcS,
From the above proof we get Kerg =S, ,, then
S, /S =S, /Kerg = (S,) = Hom(A(g),B").

Now, let’s prove S,/S,,, = Hom(A(g), Br).

The mapping w: Hom(/\p"r (9), Br)z B'®@AP" (g*)—> S is extended to
7 Hom(A(g), Br) — S, and satisfies w@ =1, that is, ¢ is an isomorphic
mapping of S, /S,., - Hom(A(g),B").

According to Hom(A(g), B) = Hom(A(g),Z:r Br) = Zr Hom(A(g), Br) , we
have E, =3 S /S, =Hom(A(g),B).

2) It follows that ¢, ,Aic=5¢C for CeE; istrue.

From the previous conclusions and A} and &, definitions, A}:E, — E/*;
5'Hom(A(g) B')—> Hom(A(g),B") ;

B =S,/S > Hom(A(g) B' 1) is known to be isomorphic.

Take any ceE},andif ceS”/S/,,then dceSP:'/SPs, according to
Z,=S,,then 7,:S, > E, =S,/S,,, isalso subjective, so there exists a S
such that nla=c and daedZ =D/".Because A;:E, —E",so0
Alce SPit/SPst <SP /SPt . We know from Equation (17) that

i+1 i+2 i+2

Pt = (0 1) 1) )
(1) (1(x)-1(x,: ) Ainla) , for
( )(p+1)pl)((xl) (p—i)’]l”lda)

X X €0
We know from Equation (19) that
O'i(piC(Xl/\'--/\pri)=d( X, A AX ))
=g, (dc) (xlx\ AXp i)
=(-0) " 1), ) )
= (1) (u(x)--( x5 ) de).
Thus, only dnja=7"da is needed to prove ¢,,Aic=3d¢p_C,for CeE,.
Let’s prove that drnla=7"da.
Since 7/ :S, > E} =S,/S,, and 5":S,, —»>E™=S,,/S,., know

m(Si,.)=1{0} and 7" (S;,,)={0}.If aeS’,, then dae$,,, then dpa=0
and 7,"da=0,s0 drja=r7"da.
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If aeS/”= {a eSfag Siﬁl}, then 7;:5/° —SP/S/, is an isomorphic map-
ping.
From the proof of (1) we know that there is a mapping

’

@S/ —> Hom(A(g), Bi) satisfying ¢/,,(da)=dg/(a) and ¢/ =@mn,so ¢,
@/, is an isomorphic mapping, so ¢, (da)=dgpm (a)=¢,.dn (a), there

is dila=n"da.
3) Let’s prove that (E;,A;)= (Hom(A(g), B),d) )
From the previous conclusion, knowing that
A araf A A
E)>E 5E 5--5E" >,

Hom(A(g),BO)ﬁ Hom(A(g), Bl)i---i Hom(A(g), B‘*l)i;...

and by (2) we obtain a commutative diagram(see Figure 1).

A} Al

A2
EY E} E? :

Wol ©1 P2
Hom(A(g), B®) —~> Hom(A(g), BY) —> Hom(A(g), B) —2> - .

Figure 1. Commutative diagram.

So ¢,A, =8¢ ,andsince ¢ and ¢, areisomorphic mappings, (Elr ,Al)
and (Hom(A(g),Br),é) are isomorphic.

Nomizu gives the definition of the differential sequence Ej,E;,---,E,,--- of a
Lie algebra and proves that E,=H(E,) [2]. Based on Nomizu’s proof for
E, =H(E,), the proof for E.,, =H (E,) isgiven.

Theorem 2. Let g be a Lie algebra, Ej,E,,---,E,,--- be the differential se-
quence of g, and H (E,) be the cohomology of E,then E,, =H (E,).

Proof. Let’s first prove that KerA, = Imz? .

1) Let’s prove that Imzy! < KerA,.

According to Lemma 2 and the definitions of 7’ and A,

p p. p.7p p. - EP p+s
ZP cZP; nPiZP S EP; A, EP > EP.

s+l
Anla=nP~da=0.Since pf*:Z2° 5> EM = Zsp”/(ZSpff*l + Dspfls) , and
daedz?, =DP* <« zPP*, pPda =0, hence Imy?  KerA,.
2) Let’s prove that Imz;” > KerA, .

So if you need proof 7 ""aeKerA,,for aeZ?,,youneed proof

If you take aeKerA,cE!, since nf:ZP — EP is subjective, there exists
aeZ? suchthat a=nla.

Because Aa=Anfa=nl"da=0 and n’"dae ZS'“S/(ZS"fls+1 +DPF ) ,
daeZzZf ™ +DPy.

It is necessary to prove aeZl ,thatis nfaenfz?,.

If daeZ/, and according to Equation (10) know Zy™ S .., so

daeS,,,, ,and because aeZ’ S, ,s0 aecZ} —{CeSpldCeSMﬂ}.

s+l

So we just need to prove that daeZ/".
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Take dbeD/®=dzZ?i', then beZf! cZP, such that
d(a+b)eZlP" S, ., therefore a+beZf, . Because
nPbenlzit = Zf_*ll/(Zsp_*ll + Ds”_l) ={0}, so 7! (a+b)=nfaenlZ},. Therefore
KerA, = Imzp? .

Let’s prove that 7? (Zsp+l + Dsp) =AEP™®.

Because of nPZP" cnpPzlilt= ZS”fll/(Zspfl1 + Ds‘il) ={0}, take aeZl, +D},
make 7faen? (Zsp+1 +D? ) =n>DP =nPdZ* =AnPoZ22° = AE"", then
n? (22" +DP)c AEX”.

Conversely, we have e AEP* =AnP 2P =nPdZ?™ =nPD?, so we have
een? (227 + D;f) , whichis 7] (227 +DP)=AEP™.

Let’s prove E.,=H'(E).

(i+1)s

s ,thereisa

Since A, is the upper edge operator of E, and Al:E’ —»E
chain complex
A2 Al oA L ALt
ECSE > EIM 5

then KerAl™ =pn (Zs'il) and ImAL =7° (Z;s+1 + D;s) , and therefore

H'(E,) = KerAl™ /ImAl = (2%,) /0 (22 + DF).

s+1 S

Let E,=EJ,.
Since EX, =25, (Z;S+1 + Dsis) and 7® (Z;‘il) =75, (ZSis+1 + Dsis) , and there-

fore 7 (Zsis+1+ D;s) (Z;5+1+ D;S)/(foll+ Dsiil) , there is E!, = H' (E), and

s = s+l
therefore E,,; =H (E).

s+1

4. Conclusion

Let gbe an abelian Lie algebra and C = zpC P a differential graded algebra of
& define S, = Zr S, , and then define the differential sequence Eg,,E,,---,E,--,
since the edge operator A, exists on the chain complex of E_, the chain com-

A AL AL Al

plex ES—S>E:—>—> E§i+l)s—s>--- can be obtained, and through this chain

complex El,,=H'(E,) canbe obtained,so E,,, =H (E,).

s+1 s+1
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