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1. Introduction

In this paper, we focus on the following logarithmic Schrédinger problem:

—div(a(x)Vu)+V (x)u=ulogu?® + k(x)|u|q1_2 u+ h(x)|u|qz_2 u xeR", (2

. 2N
here <Q,<2<0,<2, =max-<1,
w Qo <G a, o { N+2p

. a(x)el(R"), a(x)>0, k(x),h(x)e}(R"),

}, the constant p >0,

2" = 2_N
N-2
k(x),h(x)eL” (RN ) » k(x)<0, h(x)>0, the potential function
\ (X) :R" - R isa continuous function.
Problem (2) is closely related to the following time-dependent logarithmic

Schrédinger equation:
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iaa_l::—div(a(x)Vu)+V (x)u—ulogluf ~k (x)ul* “u

(3)
_ h(X)|u|Qz—2 u, (t, X) cR* xRN ,
and the nonlinear Klein-Gordon equation:
2
Zsz ~div(a(x)Vu)+V (x)u—ulog|ul* —k (x)Ju[**u .

- h(x)|u|q2_2 u, (t,x)eR" xR

Problem (3) and (4) admit plenty of applications related to quantum optics,
effective quantum gravity, Bose-Einstein condensation, and the modeling of
several nonlinear phenomena including geophysical applications of magma
transport [1] and nuclear physics [2].

In 1975, Bialynicki-Birula and Mycielski introduced a special type of nonli-
near wave mechanics in the paper [3] [4]. The aim is to obtain an isolated wave
that is stable in a sense and at the same time maintains the optimal properties of
the linear wave equation. They consider the following nonlinear logarithmic
Schrédinger equation:
iaat—u+Au +V (x)u+ Kulog|u|Z =0, (t,x)eR" xR",

and the nonlinear Klein-Gordon equation:

2
gt—g—Au -Ku Iog|u|2 =0, (t,x)eR"xR",
it is also obtained that the existence and uniqueness of solutions for this problem
under appropriate assumptions of X, 1 and initial conditions. Please see [5]-[9]
and the references therein.

Recently, sufficient interest has been developed on the logarithmic Schrodinger
equation by many scholars, see [10]-[15] and the references therein. As is known
to all, contrast to the usual nonlinearity F(u)= f; f (t)dt, the logarithmic non-
linearity may cause some new difficulties. The main reason for this difficulty is
that the logarithm is singular at the origin, so the corresponding functional fails
to be finite and fails to be C' smooth on Hl(]RN ) . Thus, the classical critical
point theory cannot be applied due to the loss of smoothness. However, in order
to overcome this difficulty, several methods have been developed for this issue.

It is pointed out in [16], when a(x)=1, k(x)=0, h(x)=0 in Equation
(2), the author investigated the following logarithmic Schrédinger equation:

~Au+V (x)u=ulogu®, xeR". (5)

By using direction derivative and constrained minimization method, the au-
thor proved the existence of positive and sign-changing solutions in Hl(RN)
under different types of potential. Moreover, the existence of infinitely many
nodal solutions is also obtained in some radially symmetric space. Besides, Shuai

in [17] studied the following logarithmic Schrédinger equation:
—Au+V (x)u=Q(x)ulogu®, xeR", (6)

with the sign-changing potential function, and showed that the corresponding
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functional is well defined in a subspace of Hl(RN ) by imposing some condi-
tion on V (x). The existence and multiplicity of solutions are also obtained in
[17] by using variational methods.

In [11], Cazenave considered an Orlicz space W endowed with Luxemburg
type norm in order to make the corresponding functional of logarithmic
Schrodinger equation be well defined and belong to C'. In [13], the authors
proposed a direct variational approach to investigate the existence of infinitely
many weak solutions for a class of semi-linear elliptic equations with logarithmic
nonlinearity. Furthermore, they proved that there exists a unique positive solu-
tion which is radially symmetric and nondegenerate. Cazenave and Lions [18],
Cazenave [11], Ardila [19] proved the orbital stability for the ground state solu-
tion of the logarithmic Schrédinger equation with non-radial perturbations in
arbitrary dimensions.

It is worth mentioning that when a(x)=1, k(x)=4, h(x)=v, problem (2)

becomes:
~Au+V (x)u= A" ut vl ue Hl(RN )

There is a lot of work related to this Schrédinger equation with concave and
convex terms. In [20], Liu and Wang proved that there exist multiple nodal solu-
tions by the variational method when 1<q<2<p<2", A,4,v is the parame-
ter, the potential function V (x)eC (]RN ,R), V(x)=1 and J.]RN (v (x))7l < +00.
Please see the relevant research in [21]-[26].

Inspired by the above results, we study the existence of solution for problem
(2) in this paper by applying the constraint minimisation method, which can
avoid using Luxemburg type norm, penalization and non-smooth critical point
theory. The main idea is to prove the minimum value on the Nehari set A or
the sign-changing Nehari set M, which is the value when the directional deriv-
ative is 0 and is also the solution of the problem (2).

Next, in order to make the statement complete, we give some notations and
definitions first.

Let H. (RN ) = {u € Hl(RN ) ; J‘]RNV (x)u? < +oo} , we first give the definition
of weak solution as follows.

Definition 1.1. We say that ueH. (]RN ) is a weak solution of problem (2)
if it satisties that.

[.na(x)Vuve+V (x)updx
= (u logu? +k (x)[ul®* u+h(x)Ju|™ u)godx, for all p e C7 (RY).
Remark 1.1. Apparently, if v is a weak solution of the following problem:
~div(a(x)Vv)+(V (x)-log 2 )v
=vlogVv? + k(x)|v|qr2 v+ h(x)|v|q2*2 v, xeRN,

for 1#0, then we have that u=Av is a weak solution of problem (2). Since
V(x) is bounded by below, we can choose A>0 small enough to satisfy
V (x)—log A? >0, therefore, we always naturally assume that infV (x)>0.

RN
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Then, we provide some assumptions on the weight function a(x) and the
potential function V (x) as follows:

(H) inf .V (x)>0;

(H,) A= liminf, . |

(H,) |nfRNa(x)>O;

x|72pV(x)>0,where p>0;

2N(p-q)
(H) a(x)=4,|X p‘;q , where 4,>0, qe(qo,Z*) and gq<p<2.

Under the assumptions above, we define the new inner product in H, (RN)

as follows:

(u,v)=J'RN [a(x)Vqu+V(x)uv]dx
the norm ||u||:(u,u)% in HJ (R"). Moreover, L”(R") is the usual Lebes-

gue space, defined with the norm ||u||Lp(RN) = (IRN |u|p dX)l/p, where 1< p<oo,

||u||L°°(RN) =supy |u , p=o.From (H,)-(H,) we know that ||u||H\1l (M) is equiv-

alent to the standard norm in ||u||H1(RN) .

The energy functional 1:H, (RN ) — R related to problem (2) is defined as
follows:
H(u)= . Fa(x)|Vu|2 +1(V (x)+1)u? e logu?
RTL2 2 2
—ik(x)|u|ql—ih(x)|u|G|2 dx v
4 0,
and u’logu® e Ll(]RN).
Definition 1.2. (Gateaux derivative, [27]) Given ue X and ¢eC§O(RN),
the derivative of I in the direction ¢ at u denoted by <I '(u),¢> , Is defined as
(I'(u).g)=lim_ [1(u+tg)—1(u)]/t. It is easy to check that

(1'(u),¢)=[ v a(x)Vuvg+V (x)ugdx
—f (u logu? +k (x)[u|® * u+h(x)ju[®” u)¢dx,

RN

(8)

forall geCy(R").
Obviously, if Ie Cl(Hé (RN )R) , then its critical point is a solution to
problem (2). For ueH. (RN ) , we define

I(u)=]. a(x)|vu[* +v (x)udx— [ u*logu?® +k(x)[ul* +h(x)[u* dx, (9)
and
NZ{UG Hy (RN)\{O}U(U):O}, Mz{Uele eN,u” eN}.
One can easily verify that A/ and M are also nonempty, then we denote
c=inf I (u), m=inf I (u),
ueN ueM

where u” =max{u,0} and u” =-min{u,0}.
The main conclusions of this paper are as follows.
Theorem 1.1. If ue N' with |(u)=c, (H,)-(H,) holds, then u is a positive
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solution of problem (2). If ue M with |(u)=m, (H,)-(H,) holds, then u is a
sign-changing solution of problem (2) with exactly two nodal domains.

Theorem 1.2. Let N >2, if(H,)-(H,) holds, then ¢ and m is achieved.

Remark 1.2. The existence of the sign-changing solution u is proved by find-
ing a constraint on the subsets of all sign-changing functions in Nehari set. Fur-
ther, the sign-changing solution u has only two node domains u, and u,, that is,
w is equal to U, +U,, where U, 20 Iis the positive node domain and u, <0 is
the negative node domain.

Remark 1.3. Generally, Theorem 1.1 and Theorem 1.2 still hold if we replace

|fh—2 |QZ—2

the nonlinear term k(X |u u+h(x)uf*“u with

()l U+Zh (™,

of which k (x),h, (x) = Ll(]RN ) s k(%) h(x)el” (RN ) » ki(x)<0, h(x)>0
and y < <2<0,; <2 .

The paper is organized as follows. In Section 2, we introduce some lemmas
which will be used in the proof of main results. In Section 3, we prove Theorem
1.1 by direction derivative and Nehari method. In Section 4, we investigate

whether cor mis achieved under conditions (H,)-(H,).

2. Preliminaries

In this section, we present some important lemmas which play an essential role
in the subsequent proof.
Lemma 2.1. (Standard logarithmic Sobolev inequality, [28]).
[ u? logu?dx

0.’2 2 2 2 1 N (10)
< VUl + 100l ~ N (109 ) ey w e HE(RY),

where « >0 is a fixed positive constant.
Lemma 2.2. (Fatou’s Lemma, [29]). Assume the functions {fk }:;1 are non-
negative and measurable. Then

Jon liminf f,dx < liminf [ fdx.

Lemma 2.3. Let {u,} bea bounded sequence in H* (RN ) such that u, —>u
ae in R" and (uﬁ logu? )+} is a bounded sequence in Ll(RN ) . Then,
(u2 Ioguz)+ € LI(RN) and

fim [(uﬁ logu?)’ —(|un ~u[*log|u, —u|2)+}dx = [ou (V2 logu?)’ dx.

The proof of Lemma 2.3 can be easily proved similar to Theorem 2 in [30], so
we omit the proof here.

Lemma 2.4. (Dominated convergence theorem, [29]). Assume the functions
{f,},, areintegrable and

fi>f ae

Suppose also
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|fk|£g ae,

for some summable function g Then
Jon fidx— [, fdx
Now, we prove that the functional | e Cl(Hé (RN )R) Before that, we give

some compactness lemma.
Lemma 2.5. Assume that (H,)-(H,) holds, then the embedding H, (RN ) o

L (RN) Is continuous for any ( e(qO,Z*] and the embedding is compact
« 2N
whenever e(qO,Z ), where 0, = max{l,m}, p>0.

Proof. From the definition of H, (RN ) ,weget HJ (RN ) c Hl(RN ) For any
ge [2,2”} , Sobolev embedding H, (RN ) oL (RN) is continuous. According
to the proof of Lemma 3.1 in [31], we can get that for any qe [2,2*) , the Sobo-
lev embedding H, (]RN ) L (]RN ) is compact.

So we just need to prove that for any ge(q,,2), Sobolev embedding
Hy (RN ) o L (RN ) is continuous and compact.

Fixed qe(0qy,2),forany f>0,we have that,

[olul* dx = J'X‘<Ig|u|q dx + |u|q dx,

x>

Under the condition (H,), we have a( >/12|X| for any qe(q,,2),
g<p<2, when |X|£ f . According to the compactness of the embedding
whP (RN ) o L (RN ) is compact and Holder’s inequality, we have that,

1 N(p-a) 5
j Vu|pdx)p=CU dxj
X< x<p

2-p)

q q) a(
dxj (I |x | dx] ’
(11)

<6l
a(2-p)

gcl(IX<ﬂa<x>|wrdx)g[I e Q)"X] ’

<C|ﬂ

x'dx<C, (J‘\X\Sﬁ vul®|

By condition (H,), it means that, V (X)Z ﬂ,l|x|2p when |X| > f3, so we have
that,

J.‘x‘>ﬂ|u|q dx = I\Xbﬂ ul* x| ™ x| dx

<[ o UW
<c, j‘wv X)|uf ) I

ar (x)u

-q

2

| qu q dxj

7qp

(12)

q

LZ(RN)'

<clg
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where the constant C; and G, in depends of £ . Since (11) and (12) are true for
any f >0, we choose

|
(e

|_2 RN

]RN

we obtain that,

; e 5
J'RN|u| dstH\/a(x)Vu N) ‘\/V(x)u e

LZ(JR

where C:=max{C,,C,}.
So, for any qe(q,,2), Sobolev embedding H, (RN ) oL (RN) is conti-
nuous and compact. [J
Lemma 2.6. Suppose that (H,)-(H,) hold, q,<q,<2<q,<2",
2N
0, = Max {1, N+2p
f(u):=ulogu? +k(x)|u|* *u+h(x)|u[" " u. Then there exists a sequence {u,},

} and p >0, we denote that

u, e H} (]RN) and f(u)e LS(RN> where S= , such that u, —u weak-

G, -1
Iyin H; (RN ) sand f(u,)— f(u), stronglyin L° (RN )
Proof Noting that u e H; (RN ) , it follows from Lemma 2.5 that u e L% (RN ) ,

N +2

ing to [32], we assume that |u log u2| satisfies the growth condition, that is,

where q,<q,<2<@,<2, ¢, =max {l, N } , p>0. Moreover, accord-
2,
|u|ogu2|scr(|u | +|u|1”), r€(0,0,-2), (13)
where the constant C_ depends only on 7 . Therefore,
|f(u)|= ‘u logu? +k (x)[u|®“u+h(x)[u[**u
( l+T)+C|u|qrl +C|u|qu
C(| " u|qr1 +|u|q271)

C(1+|u|qz )

+|u

where the constant C > 0. Hence,

f(U)f <C*(1+[u" ") € '(R"), we have

that f(u)el*(R"), s=—F_
qz_l

Suppose {u,} is a bounded sequence in H, (RN ), according to Lemma 2.5,
we have that, u, —u weakly converges on H, (RN), and u, > u strongly
converges on L% (RN ) for g, (2,2*), and there are subsequence (still labeled

U,) U, >Uu converges almost everywhere on R" . Consequently, there exists
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<271,

Uy, , Uy, o (s) <

a subsequence Uy, of u,, such that for any j=2>1,

Njs1

Obviously, U, —>U converges almost everywhere on R" as j—>o. Denote

X) =, (0] + Xy (%)=, ()

almost everywhere on R" and |u(x)| <z(x). Therefore,

[ (u,) = F () <2 (| (u

Owing to the Dominated convergence theorem (see Lemma 2.4), we obtain
%
0, -1 '

Based on the above lemmas and definitions, we show the following lemma
which gives a proof of the associated functional | eC! ( Hy (]RN ),]R) .

Lemma 2.7. If(H,)-(H,) hold, then the associated functional
I eC*(H; (R"),R).

Proof. In order to prove the functional | e Cl(Hé (RN ),R), it is only neces-

, we can get Unj (X)‘SZ(X) converges

u)|s)s ZSCS(1+|z|q24)S.

that u, ->u strongly in LS(RN) when n—oo,for s=

sary to show that the Gateaux derivative exists and is continuous according to
the reference [27].
Step 1 First, we prove the existence of the Gateaux derivative. Define

J f( dz:—u logu? ;u2+qi (X)|uf* +=h(x)u[*, where f(u)
1

2

is defined as that in Lemma 2.6. According to Lebesgue mean value theorem and
Young’s inequality with &, for any &eHy (RN ) and ueH, (]RN )\{—é} ,
there exists |t|,¢9 €(0,1) such that,

|F(u +t§)—F(u)| =|

t

e
2
<
<cfe

+C, [&" +eu+ §|q2

f(u+6té)-¢

iClu+org* +Clu+ m¢|qf1]|g|

Tt |u+ots
S T e T §|q271)|§|

T telur g

T u ottt ¢9t§|q2'1)|§|

|u+§

)

where the constant C_ depends onlyon 7, C>0. According to Lemma 2.5, we
have that |ul", |7, Ju[*, |&*, [u[®, |£* all belong to LI(RN). Moreover,

by Dominated convergence theorem (see Lemma 2.4), 0< |t| <1, we have that,
, 1
(I'(u),€) = Ill_rﬂf[l (u+te)—1(u)]
~lim! I {la(x)W(u +t§)|2 +£(V (X)+1)(u +t&)’
=2 2

t—0

—l(u +'[4‘)2 log(u +te:)2 —ik(x)|u +t(§|ql —ih(x)|u +t§|qz }dx
2 q1 q2
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1 1 1 .
- RN{ (x)|vuf* + ( (x )+1)u2—5uzlogu2—q—1k(x)|u|q

——h X)|u|® }dx}
q,

_I (X)VUVE+V (x)uédx
_IRN (u logu? +k (x)u[* *u+h(x)|u[* u)gdx.
Step 2 We now prove the continuity of the Gateaux derivative. Suppose there

exists a sequence {u } in H; (RN) and a function z such that u, »>u in
HY (RN ) when n—oo. Consequently, forany £eH, (RN ) , it yields that,

Ilm_.' (dIV vu,)+V (x)u, —div(a(x)Vu)—V(x)u)§dx
_I|m_[ X)Vu V§+V( Jué —a(x)Vuveé -V (x)uédx 14
_Ilmj' )(Vu, =Vu)VE+V (x)(u, —u)&dx

=0.

Define ®(u)= j F(u)dxf. By Lemma 2.5 and Holder’s inequality, it follows
that,

K(CD’(U ‘ U (f(u,)—f(u)) §dx‘

£C||f (u,)—f(u
)-f

LS RN ||§||qu RN)

)
(u)

<C|f (u,) - f(u)[, (&) €],
where S= a , the constant C >0. According to Lemma 2.6, it implies that,
) —
lim @' (u, )~ @' (u)] < im C|  (u,) -  (u) () =0 (15)

Hence, (14) and (15) lead to the conclusion:

I|m||l —I’(u)":O.

n—oo

3. Proof of Theorem 1.1

In this section, we mainly apply Nehari’s method to prove that the minimizer of
cor mis identified as the solution of the problem.

Proof of Theorem 1.1. Assume that ue M with 1(u)=m, we prove it by
contradiction. Select a function ¢eC; (RN ) that makes

(I'(u).¢)<-1
and choose &>0 small enough such that,
<I r(su+ +tu” + o-¢),¢> < —%, for all |s —ﬂ + |t —ﬂ + |o-| <e.
Let 7 be a cut-off function such that,

1 1
p(s.t)= 1, |s—]jsEg and |t—]jsEg,

0, |s—q25 or |t—]425.
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First, we estimate | (su+ +tu” + ary(s,t)qﬁ). Suppose |s —1| <¢ and |t —1| <g,
it follows that,

< sut +tu” + oen st)¢),gn(s,t)¢>da
=1 (su" +tu” +en(s,t)g)—1(su"+tu),
therefore,
L(su® +tu +en(s,t)g)
=1 (su+tu)+ [ (1 (su” 0 + ozn(s,t)g).en(s,t) ) do
Consequently, we have that,
I(su” +tu” +en(st)g)<I(su” +tu” )—%gn(s,t).

For (s,t)=(11),
|(su” +tu™+en(s,)g) < | (u)—%gn(l,l): | (u)—%g.
Besides, if |S—1|25 or |t—1|2.€, then n(s,t)zo, the above estimate is
trivial. Now we prove that I(Su++tu’)<l(u),when ueM,and (st)=(11).

In fact,

| (su* +tu’) = (su+ +tu’)

+1 (su+ +tu’)

xe{uzomRN} xe{u<OmRN}

=I(su+)+l(tu‘),

then,
+ Sz +|? +2 Sz 2]+
I(su ):?J'RNa X +(V(x)+1)ju == [ (s u )dx
il a2
S KOO[u[* S—_[ OO [ ™ dx
q °F q, °®
s? . s st | s? g% L%
:?J(u )+[?_Q_1JLRNI((X) dx+(?—EJJ‘RNh(x) dx
2 2
RN u*
s? g% s* % L%
_[?_q_ljjka(x) [?_q_szRNh(x) dx
SZ +? 2
+ ?(u )(1—Iogs )alx.
Similarly, we have that,
(Pt & t? % j%
Htu" )= ——— k d —_—— h d
(U ) [2 a, j.[m"‘ (X)|U | X+[2 a, JI]RN (X)|u X
t2 _12 2
+J.RN?(|U | )(1—Iogt )ex.
Therefore,
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I(su+ +tu’)

(o)1 o)
(S-S e[ S-S i
T ooty 5 -k
5 pool

Next, we consider 1 (u),

ut a2

dx

+

u

+

u

q
" dx

a2 tz _12
dx+j‘RNE(|u | )(1—Iogt2)dx.

Hu)=1{u - =1 )+ 1 (-ur) =1 (u)+ 1 (u)
Actually,
[ (u+):%_[RN a(x)|Vu*|2 +(V (x)+1)|u+|2 dx—%j}RN u+|2 log|u*|” dx
1

|92

N 1
ol k(x)|u |Ud dx_q_ZIRN h(x)

ut| dx
1., (1 1 L
EJ(U )+[§—q—ljJRNk(x)u dx

1 1 e 1oL
+(E_q_2]IRNh(X)U dX+EJmN u*| dx

u+

92

dx

(3o :

1
+E..-]RN

Similarly, it follows that,

qldx{%—i]fwwx)u

2
u*| dx.

- 1 1 -
1 .[RN k(X)|u % dx+[5_¥j'[RN h(x)|u ® 4x
+%J'RN u’|2dx.
Inductively, we can infer that,
I(u):l(u+)+ I (u‘)
:(%_qiljj.ﬂm k(X) u* & dX+[£— q12 ]J.RN h(X) u* * dx
+% Jut dx+[%—qilijN k(x)|u‘ ® dix

3L ool

Considering (s,t)=#(11), sz(l—logsz)<1, t2<1—logt2)<1 and
11
2 q

92 1
dx+EIRN

2
u’| dx.

2 o 2 [v]
Sost1 1 vt
2

G2 9 2 g
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Then, I(su+ +tu’)< I'(u) isvalid. Hence,
I (su +tu” +gn(s,t)¢) <I(su+tu”)<I(u), forall(s,t)=(11).
Consequently, we always have that | (su+ +tu” +gn(s,t)¢) <I(u)=m. In
particular, for 0< & <1-¢, we can deduce that,

sup | (su+ +tu” +gn(s,t)¢) =m<m.

£<s,t<2-¢

Set V=su"+tu”+en(s,t)¢ and

F(s.t)=(R(s,t), R (s:))=((1'(v).v'),(1'(v),v'))» F(s,t)=0 is equivalent

to Ve M. By a direct computation, we obtain that,
<I’(su+ +tu’),su*>
= IJRN a(x)V(su+ +tu’)V(su*)+V (x)(su+ thu’)su+
—(su” +tu”)su” log(su* +tu’)2 dx
[, (k(x)|su* +tu‘|ql_2 su* +tu‘)su*)
+(h(x)|su* +tu’| (su +tu” ) )

( )( ) ~(u )Iog(su +tu )zdx

2

=s*[ ,a(x
—_[]RNk (x)
=523 (u")-s’log SZIRN (u*)2 dx+ (57— %) [k (x)|ur[* dx

92

+(52—SQZ)JRNh(x) 17 dx.
When s=¢,te(e,2—¢), wehave 7(s,t)=0 and s<t,so that,
Fl(g,t):<l'(v),v*>5: :<I'(su*+tu’),su*>
When s=2-¢,te(e,2—¢),wehave n(s,t)=0 and s>t,so that,
Fl(2—g,t):<l’(v),v*>s:27 :<I’(su*+tu’),su*> <0.

Similarly, so that,
F,(s,&)>0,F,(s,2-¢)<0,Vse(e,2-¢).

> 0.

S=¢

s=2-¢

Obviously, there exists (b,,b,)e(&,2—¢)x(&,2—¢) such that,
=bu’ +bu” +en(b,b,)¢eM and 1(0)<m, which contradicts with the
definition of m. So ue M with | ( )— m, u is the solution to problem (2).
Moreover, the claim on the number of nodal domains follows from the arguments

in [33]. If u has more than two nodal domains, which means that, D,,D, are
positive nodal domains, and D, is a negative nodal domain. Then u|D1 o, €M,
B3

and u|Dz e N, thus 1(u)>m+c . This would contradict the starting assumption
ueM with I(u)=m, so when ueM with I(u)=m and m>0, then uis
a sign-changing solution of problem (2) with exactly two nodal domains.

Finally, suppose that ue M satisfies |(u)=m,wehave u" e N, J (u*) =0
and | (u*) =c,or U eN, J (u’):O and | (u’):c , so u is unchanged, ei-
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ther u>0 or u<0. Without loss of generality, we assume uU>0 and
ueN satisfies I(u)=c. Actually, we deduce that u>0 by the maximum

principle, so there exists a positive ground state solution to problem (2).

4. Proof of Theorem 1.2

The proof of Theorem 1.2 can be referred to [16] [17]. However, detailed proof
is expanded here for the convenience of readers.

Proof of Theorem 1.2. In this paper only the case for m is verified, and the
case for ¢>0 can be proved analogously. Let {u,}e M be a minimizing se-

quence of m>0, ie
. . 1
liml =lim| | —=(I' ,
fim 1 (uy) m[ (v) =3¢ (un>un>}

= lim FIRN a(x)|Vu, [ +(V (x) +1)uldx —%.[RN u?logu?dx

n—o

L KOOl [Fax = [ () dx
q, °® q, ’®

_% RN (a(x)|VUn|2 +V (X)Unz)dx +%IRN u? log uZdx

1 1
+EIRN K(%)]u,|* dX+§.[RN h(x)]u,|” dx}

Thus, {u,} isboundedin L? (]RN ) . Choosing a ~0" in (10), it yields that,
1
Jt* 09U < 2y + C  logulf o) +1lulfer) u=HE ("), @

where C>0. Taking {u }eM and the embedding Hy (RN)Q L (RN) is

compact whenever (e (qO,Z*) , where (, :=max41, N , p>0, according
, N+ 2p ,

to the interpolation inequality, we get that k L>a (RN) and hel’™® (RN ) ,
where q, <y <2, using the Hélder’s inequality and (2), we obtain that,

[ (a(x)|Vun|2 +V (x)uf)dx

= [ v ultoguidx+ [ k(x)[u,|* dx+ [ h(x)]u,|* dx

1
< 219 )+ € (100 e+l ®
+_[RN K (X)|u, " dx+ o h(x)|u, | dx
2-q

L
2

< C||un||i2(RN) +URN k (x)ﬁ dxj ’ (IRN Ju, | dx)
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+URN h(x)r- ' dxj (_[ |u, | dx)

< CJu ) + C ) + €,

"lJ ]RN

< Clunly e

this implies that ||u, [, ny 2 [Uy]eonys so {ul is bounded in H(RM).
Hj (=) Y (=)
Meanwhile we have that,

lua () 2C >0, (4)

By (3) and (4), which indicates that,

1 11 11 i
m:rl‘m|:z &N uﬁdx—i—[E_q_lJ‘[]RNk(XNunrh dX+[E—q—2]IRNh(X)|Un|q dX:|ZC>O

Next, we use the weak-lower semicontinuity of norm, Lemma 2.3 and Fatou’s

U+ 02)

Lemma (see Lemma 2.2), it follows that,

Joo| (200U v (1)

+

u+2)—(k(x)u *

+h(x)

+(u+ u* 2)}dx
<liminf [.[RN(a(x) (X)|uz 2)dx—(k(x) us [t +h(x)|ur qz)

+( Uy Uy 2)7 dx}
<liminf [ , ( u; u*2)+(un*zlog un*z)idx
<liminf | | ( u; un*z)+dx
:.[N(u+ u*2)+dx.
R
Therefore,
+? +|% +]d
J'RN(a(x) (X)|u )dx—IRNk(x)u —J'RNh(x) ? dx
2
SLRN(U* u* )dx.
Besides, we also have that,
.[RN(a(x)|Vu’|2+V(x)|u | )dx |u | dx — x)|u’0|2 dx

_ P
<[on ( u | )dx.
By direct calculation, we can get that U=

su* +tu” € M. We obtain that,

m<I(0)=1 (su*+tu‘)

u 2(l—logtz)dx

L lu 2(1—Iog sz)dx+t22 it
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5?2 g% @ 5?2 g% 4
S S kOt [t axe| =2 | h()|ut " d
+[2 qu'[RN (x)[u x+[2 QZJ'[RN (x)[u X
t? t% | st t® s
LI | dx+| >~ |[ ,h d
(2 ql JJ-RN (X)|u X+( 2 q2 jJ.RN (X)|u ”

L E YTV @ 11 2
32 U dx+(2 qlj_[RNk(x)|u| dX+(2 qZJfRNh(x)|u| dx

=m.

This implies s=t=1,ie. ue M satisfying |(u)=m.
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