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Abstract 
In this paper, we deal with isommetric immersions of globally null warped 
product manifolds into Lorentzian manifolds with constant curvature c in 
codimension 3k ≥ . Under the assumptions that the globally null warped 
product manifold has no points with the same constant sectional curvature c 
as the Lorentzian ambient, we show that such isometric immersion splits into 
warped product of isometric immersions. 
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1. Introduction 

The theory of warped product manifolds is very important in geometry. For 
example, in Riemannian geometry, warped product manifolds in their generic 
forms have been used to construct new examples with interesting curvature 
properties [1]-[3]. Some solutions to Einstein’s field equations can be expressed 
in terms of warped product in Lorentzian geometry [4] [5]. These solutions pro-
vide many clues and in-sights into astrophysical and cosmological questions. 
Submanifolds theory is a very active research field and plays an important role in 
the development of modern differential geometry. Its application to a variety of 
subjects in mathematics and physics has attracted the interest of considerable 
group of researchers. 

A basic problem in theory of submanifolds is to provide conditions which 
imply that an isometric immersion of a warped product manifold must be a 
warped product of isometric immersions. In [6] under purely intrinsinc assump-
tions, Moore showed that an isometric immersion of a product of Riemannian 
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manifolds in euclidean space must be a product of hypersurfaces if the codimen-
sion equals the number of factors and no factor has an open subset at which all 
sectional curvatures vanish. In [7] Nölker proved that isometric immersion of 
warped product of connected Riemannian manifolds whose second fundamental 
form satisfies a certain condition splits in warped product of isometric immer-
sions. Marcos Dajczer and Ruy Tojeiro provided a local classification of isome-
tric immersions in codimension 1 and 2 of warped products of Riemannian ma-
nifolds into space forms under assumption that the warped product has no 
points with the same constant sectional curvature as the ambient space form. 

In differential geometry, some factorisation results such as the de Rham de-
composition theorem [8], the Moore’s theorem [6] about the decomposition of 
isometric immersion into Riemannian product of isometric immersions are es-
sential tools in handling certain important aspects of the geometry of Rieman-
nian manifolds. 

Let M be a connected, simply connected and complete Riemannian manifold. 
Assume that M is reducible. Let x x xT M T M T M′ ′′= +  ( x M∈ ) be a decomposi-
tion into subspaces invariant by the linear holonomy group Hol∇  and let T ′  
and T ′′  be the parallel distributions defined by xT M′  and xT M′′  respectively. 
We fix a point 0 M∈  and let M ′  and M ′′  be the maximal integral mani-
folds of T ′  and T ′′  trough 0 respectively. Both M ′  and M ′′  are complete, 
totally geodesic submanifolds of M. 

Theorem 1.1 [8] M is isometric to the direct product M M′ ′′× .  
Theorem 1.2 (G. de Rham) [8] A connected, simply connected and complete 

Riemannian manifold M is isometric to the direct product 0 1 2 lM M M M× × × ×  
where M0 is a euclidean space (possibly of dimension 0) and 1 2, , , lM M M  are 
all simply connected, complete, irreducible Riemannian manifolds. Such a de-
composition is unique up to an order.  

The main goal of this paper is to study isometric immersibility of globally null 
warped product manifolds into pseudo-Riemannian manifold. Taking into ac-
count that a globally null manifold is of lightlikeity degree 1r = , it can be iso-
metrically immersed in semi-Riemannian manifold with index 1q ≥  [9]. The 
important results provided by K. L. Duggal on Globally null manifolds and the 
physical applications known in lorentzian geometry motivated us to consider, in 
our study, isometric immersion of globally null warped product manifolds in lo-
rentzian ambient with constant sectional curvature c. Let M1 be a globally null 
manifold and M2 a complete Riemannian manifold. Considering a positive func-
tion ρ on M1, 1 2M Mρ×  is a globally null warped product manifold. We show 
that ( )1 2: cf M M Qρ× →  is an isometric immersion which splits into warped 
product of isometric immersions whenever ( )cQ  is simply connected and com-
plete reducible with respect to its holonomy group. 

2. Preliminaries 
2.1. Warped Product Structure 

Let 1 2,M M  be Riemannian manifolds, f a positive smooth function on M1. On 

https://doi.org/10.4236/jamp.2024.127149


D. Ndayirukiye et al. 
 

 

DOI: 10.4236/jamp.2024.127149 2492 Journal of Applied Mathematics and Physics 
 

the product manifold 1 2M M M= × , let 1π  and 2π  denote the natural pro-
jections onto the factors M1 and M2, respectively. Given a vector field X (resp. V) 
on M1 (resp. on M2), a vector field X  (resp. V ) on M is said to be the lift of X 
(resp. V) if 1 X Xπ ∗ =  (resp. 2 V Vπ ∗ = ). The lift of 1X TM∈  to M is called 
horizontal lift and the lift of 2V TM∈  to M is called vertical. We will denote by 
  the horizontal bundle and   the vertical bundle.   and   are sub-
bundle of TM as TM = ⊕   and we will omit tilde on the elements of   
and  . The lift of a function ( )1h C M∞∈  to M is a function 1h h π=  . 

Lemma 2.1 [10] If ( )1h C M∞∈ , then the gradient of the lift 1h h π=   of h 
to M is the lift to M of the gradient of h on M1.  

Thus we will simplify the notation by writing h for 1h π  and grad f for grad 
( 1h π ). 

A subbundle E of TM is parallel if ( )XY E∇ ∈Γ  for all ( )X TM∈Γ , 
( )Y E∈Γ  with ∇  the Levi-civita connection of M. E is autoparallel if  

( )XY E∇ ∈Γ  for all ( ),X Y E∈Γ . E is totally umbilical if there exists  

( )H E⊥∈Γ  such that , , ,XY Z X Y H Z∇ =  for ( ),X Y E∈Γ  and  

( )Z E⊥∈Γ , in which case H is called the mean curvature normal of E. E is 
spherical if it is totally umbilical and its mean curvature satisfies , 0X H Z∇ =  
for all ( )X E∈Γ , ( )Z E⊥∈Γ . 

If E is autoparallel, totally umbilical or spherical, then it is involutive and all 
the leaves of the foliation of M induced by E are totally geodesic, totally umbili-
cal or spherical respectively. 

If we denote by 1 1: ,g =  and 2 2: ;g =  the pseudo-Riemannian metrics de-
fined on M1 and M2 respectively and 1 2,∇ ∇  their respective Levi-civita connec-
tions, f a positive differential function on M1; the warped product 1 2fM M M= ×  
is the manifold 1 2M M×  endowed with the warped metric  

 ( ) ( ) ( )2* *
1 1 1 2 2 .g g f gπ π π= +   (1) 

( ),M g  is also a pseudo-Riemannian manifold and the positive f is called the 
warping function. 

Let ( )0 0,M g  and ( ),i iM g  be pseudo-Riemannian manifolds and  
] [0: 0,if M → +∞  be positive smooth functions for 1,2, ,i m=  . The multiply 

warped product 
1 20 1 2 mf f f mM M M M M= × × × ×  is the product manifold  

0 1 2 mM M M M× × × ×  furnished with the metric tensor  

 ( ) ( ) ( )2* *
0 0 0

1

m

i i i
i

g g f gπ π π
=

= +∑   (2) 

where : , 0,1, ,i iM M i mπ → =   are the projection morphisms. The functions 

if  are called the warping functions and ( )0 0,M g  the base manifold of the 
multiply warped product. Each ( ), , 1, ,i iM g i m=   is called a fiber manifold. 

• If 1m =  then we obtain a singly warped product,  
• If ( )1, , 1if i m= =  then we have a product manifold.  
• If all ( ), , 0,1, ,i iM g i m=   are Riemanniann manifolds then ( ),M g  is 

also Riemannian manifold. ( ),M g  is Lorentzian multiply warped product if 
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( ), , 1, ,i iM g i m=   are all Riemannian and either ( )0 0,M g  is Lorentzian or 
else ( )0 0,M g  is one-dimensional manifold with a negative definite metric 

2dt− .  
• ( ),M g  is degenerate if ( )0 0,M g  is degenerate with ( )0Rad TM  of rank 

r. ( )Rad TM  still has rank r and all screen structure has dimension  
( )0 1dimm

iis M
=

+∑  where s0 is the dimension of any screen structure on M0.  
Proposition 2.1 [11] On ( ),M g , if ( ),X Y ∈Γ   and ( ),V W ∈Γ  , then  
1) ( )XY∇ ∈Γ   is the lift of 0

XY∇   

2) 
( )i

X V
i

X f
V X V

f
∇ =∇ =  iV TM∀ ∈  

3) ( )
0 if

,
ifV i

V i
i

i j
W g V W

W grad f i j
f

≠
∇ = ∇ − =


 ,i jV TM W TM∀ ∈ ∈ . 

Lemma 2.2 [7] Let p  be a point in a standard space ( )
n
cQ , let V be a vector 

subspace of ( )
n

p cT Q  with : dim 1m V= ≥ , and let ( )
n

p cz T Q∈  be a vector which is 
orthogonal to V. Then there is exactly one m-dimensional connected complete 
spherical submanifold Q of ( )

n
cQ  determined by ( ), ,p V z . The sphere Q is 

isometric to ( )
m
cQ , where 2:c c z= + . Furthermore, Q is totally geodesic in 

( )
n
cQ  if 0z = , in which case we call Q great. If :a cp z= −  and :W a V= ⊕ , 

the sphere Q is explicitly given by the following formulas: 
1) For ( )

n n
cQ =  , Q is the affine space Q p W= +  if 0c = , and Q is the 

euclidean sphere 21 1/Q p a p W p
c c

 = − + ∈ = 
 

, if 0c > . 

2) For ( ) ( )
n n
c cQ S= , Q is the euclidean sphere  

( ) ( ) 21 1/n
cQ S p W p a p W p

c c
 = ∩ + = − + ∈ = 
 

 

3) For ( ) ( )
n n
c cQ H= , N is given by ( ) ( )n

cQ H p W= ∩ + . 
If 0c >  (that is if a and hence W is spacelike); Q is euclidean sphere,  

21 1/Q p a p W p
c c

 = − + ∈ = 
 

. 

If 0c <  (that is if a and hence W is timelike), Q is the hyperbolic space  

21 1/ ; , 0Q p a p W p a p
c c

 = − + ∈ = > 
 

. 

If 0c =  (that is if a and hence W is lightlike), Q is the paraboloid  

21 |
2

Q p p a p p V = + − + ∈ 
 

. 

In this case the canonical map 21: ,
2

I V Q p p p a p→ − +  is an isometry 

of the spacelike vector subspace V onto Q, the inverse map is given by  

( ),Q V p P p p Pp→ − = ,  

where 1
1: nP V+ →  denotes the orthogonal projection.  
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Let ( )
m
cQ  denote a complete and simply connected space form of sectionnal 

curvature c. If 0c ≠ , we always view ( )
m
cQ  as a totally umbilical hypersurface of 

euclidean space 1m+  with Riemannian or Lorentzian signature according to c 
is positive or negative. Fix a point ( )

m
cp Q∈  and let ( )

0 1
1

, , , ,l
l

m mm
jc ccQ Q Q m m=∑  

be submanifolds through p  such that the first one is totally geodesic and all 
the others are totally umbilical with mean curvature vectors 1, , lz z  at p  
and ,i jz z c= − , 

2
j jc c z= +  for i j≠ . The warped product representation  

 ( ) ( ) ( ) ( )
0 1

1 1
: l

l l

m mm m
cc c cQ Q Q Qσ σψ × × × →   

of ( )
m
cQ  is the map  

 ( ) ( )( )0 1 0 0
1

, , ,
l

l i i
i

p p p p p p pψ σ
=

= + −∑   

where the functions ( )
0: m

i cQσ +→  are defined as  

 ( )
1 , if 0

, if 0
i

i
i

p p a c
p

p a c
σ

 + − == 
≠

  

and satisfy ( ) 1i pσ =  with i ia cp z= − . It is well known in [7] that any isome-
try of a warped product with 1l +  factors onto an open dense subset of ( )

m
cQ  

arises as the restriction of a warped product representation as above.  
Let ( )10 1:

l

n n k
l cf M M M M Qρ ρ

+= × × × →  an isometric immersion of a 
warped product manifold nM  in a space form ( )

n k
cQ + . Given a warped product 

representation 

 ( ) ( ) ( ) ( )
0 1

1 1
: , withl

l l

m mm n k
jcc c cQ Q Q Q m n kσ σψ +× × × → = +∑  (3) 

and isometric immersions ( ): ,0i
i

m
i i cf M Q i l→ ≤ ≤  with 0c c= , the map 

 ( ) ( ) ( ) ( ) ( )( )0 1 0 1 0 0 0
1

: , , ,
l

l l i i i
i

f f f f q q q f q q f q pψ ρ
=

= × × × + −∑     (4) 

where ( )
10 1 0 1, , ,

l

n
l lq q q M M M Mρ ρ∈ = × × ×   and ( )

n k
cp Q +∈  is an isome-

tric immersion of warped product nM  in ( )
n k
cQ +  called warped product of 

isometric immersions 0 , , lf f  with warping functions 0i i fρ σ=   whose 
second fundamental form is adapted to the product structure of nM  i.e. 
( ), 0i jX Xα =  for all , ,i i j jX TM X TM i j∈ ∈ ≠ . 
It follows from [7]. 
Proposition 2.2 Let ( )10 1:

l

n n k
l cf M M M M Qρ ρ

+= × × × →  be an isometric 
immersion with adapted second fundamental form. Then, there is a warped 
product representation ψ  of ( )

n k
cQ +  and isometric immersions  

( ): ,0i
i

m
i i cf M Q i l→ ≤ ≤ , such that ( )0 lf f fψ= × ×   is a warped product of 

isometric immersions.  

2.2. Globally Null Warped Product Manifolds 

Definition 2.1 (Duggal [12]) A lightlike manifold ( ),M g  is said to be a 
globally null manifold if it admits a global null vector field and a complete Rie-
mannian hypersurface.  
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Let ( )1 1,M g  be a m1-dimensional lightlike with ( )1Rad TM  of rank r and 
( )2 2,M g  a Riemannian manifold of dimension m2. The product 1 2fM M M= ×  
endowed by the warped metric 

 ( ) ( ) ( ) ( )2
1 1 1 1 2 2 2, , ,g g X Y f g X Y X Y TMπ π π π π∗ ∗ ∗ ∗= + ∀ ∈Γ  (5) 

is a lightlike warped product with RadTM of rank r where f is a warping function, 

1π  and 2π  the projection morphisms. Any screen structure of M is of rank 

1 2m m r+ − . 
Theorem 2.1 [13] Let ( )1 2 ,fM M M g= ×  be a lightlike warped product 

manifold of globally null manifold ( )1 1,M g  and a complete Riemannian ma-
nifold ( )2 2,M g  of dimension m1 and m2 respectively. Then, the following as-
sertions are equivalent:  

1) M admits an integrable screen distribution ( )S TM ;  
2) M L M ′= ×  is a global null product manifold where L is one-dimensional 

integral manifold of a global null vector field in M and ( ),M g′ ′  is a complete 
Riemannian hypersurface of M and the later splits to a triple warped product 

2fM L B M= × × , ( )2 ,fM B M g′ ′= ×  where ( ), BB g  is a complete Rieman-
nian hypersurface of 1M L B= × .  

3) M admits a parallel screen distribution ( )S TM  with respect to the metric 
connection on M.  

3. Isometric Immersions of Globally Null Warped Product  
Manifolds in Lorentzian Space Form 

Consider ( )1 2: m k
cf M M M Qρ
+= × →  an isometric immersion of lightlike 

warped product manifold M where M1 is ( 1 1 1m n= + )-dimensional globally null 
manifold, M2 is a (m2)-dimensional complete Riemanniann manifold and ( )

m k
cQ +  

is a space form of constant sectional curvature c endowed with a Lorentzian me-
tric, 1 2m m m= + . In [13] Duggal have shown that M splits as 2M L B Mρ= × ×  
where L is one-dimensional integral manifold of a global null vector field in M 
and B is (n1)-dimensional complete Riemannian hypersurface of M1. Since B and 
M2 are both complete Riemannian manifolds, the warped product 2M B Mρ′ = ×  
is a complete Riemannian manifold. Let i and j be the inclusion maps of L and 
M ′  in M respectively; then the isometric immersion f induces isometric im-
mersions f f i′ =   and f f j′′ =   of L and M ′  in ( )

m k
cQ +  respectively. 

Our objective is to understand the possible cases in which the isometric im-
mersion f is a product of isometric immersions f ′  and f ′′ . This situation 
supposes the splitting of ( )

m k
cQ +  into two factors such that f ′  is an isometric 

immersion of L in one part of the product and f ′′  is an isometric immersion 
of M ′  in the other one. Taking into account ( )

m k
cQ +  is a Lorentz manifold, if it 

is reducible, it splits into product of Lorentz manifold and Riemannians mani-
folds. It is obvious that L, being one-degenerate, it must be isometrically im-
mersed into the Lorentzian part and f ′′  is reduced to the isometric immersion 
of the complete Riemannian manifold M ′  in a Riemannian submanifold of 

( )
m k
cQ + . It is now important to study the reductibility of ( )

m k
cQ + . 
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Let N be a n-dimensional smooth manifold equipped with a Levi-civita con-
nexion ∇ , i.e. a connexion on the tangent bundle TN. If ( )X TN∈Γ  is a tan-
gent vector at a point x N∈ , ∇  allows us to parallel translate this vector along 
any given curve [ ]: 0,1 Mγ → . The holonomy group ( )xHol ∇  of ∇  at x is 
the group defined by parallel displacement along loops about this point that is 
subgroup of invertible linear transformations of xT N  i.e. ( ) ( ),xGL T N GL n  . 
The holonomy group ( )xHol ∇  acts as group of orthogonal mapping on the 
tangent space xT N . The holonomy representation ( ) ( ): ,x x xHol O T N gδ ∇ →  
is called reducible if there is proper holonomy invariant subspace xD  of xT N  
i.e. a subspace such that ( ) x xH D Dδ ⊂  ( )xH Hol∀ ∈ ∇ . If xD  is non dege-
nerate and holonomy invariant, then xD⊥  is also holonomy invariant and xT N  
is direct sum of these holonomy invariant subspaces: x x xT N D D⊥= ⊕ . If γ is a 
picewise smooth curve from x to y, then 

 ( ): :y x yD y M D P D T Mγ∈ = ⊂   

where Pγ  is a parallel displacement along γ is an involutive distribution on M, 
the holonomy distribution defined by Dx [14]. The maximal connected integral 
manifold N1 of D is a totally geodesic submanifold of N which is complete 
whenever ( ),N g  is. In the same sense, xD⊥  define an involutive distribution 
whose connected integral manifold N2 is also totally geodesic submanifold of N. 
If N is simply connected and complete, it is globally isometric to the product 

1 2N N× . 
Definition 3.1 Let N be a connected Riemannian manifold with metric g and 

( )xHol ∇  the linear holonomy group of the Riemannian connection ∇  with 
reference point x N∈ . Then N is said to be reducible or irreducible according 
as ( )xHol ∇  is reducible or irreducible as a linear group acting on xT N .  

The following decomposition theorem is the analogous of the de Rham de-
composition theorem 1.2 in case of semi-Riemannian manifold. 

Theorem 3.1 (Decomposition theorem of de Rham and Wu) [15] 
Any simply-connected, complete semi-Riemannian manifold ( ),M g  is iso-

metric to a product of simply-connected, complete semi-Riemannian manifolds 
one of which can be flat and the others have an indecomposably acting holono-
my group and the holonomy group of ( ),M g  is the product of these inde-
composably acting holonomy groups. 

In case of a n-dimensional Lorentzian manifold, its holonomy group is a sub-
group of ( )1, 1O n −  and it is known that the only subgroup of ( )1, 1O n −  that 
is invariant is ( )0 1, 1SO n − . The decomposition due to theorem 3.1 gives fol-
lowing result of Lorentzian manifolds. 

Corollary 3.1 [15] Any simply-connected, complete Lorentzian manifold is iso-
metric to the following product of simply-connected, complete semi-Riemannian 
manifolds  

 ( ) ( ) ( )1 1, , ,k kM h M g M g× × ×   

where ( ),i iM g  are either flat or irreducible Riemannian manifolds and ( ),M h  
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is either ( )2, dt−  or an indecomposable Lorentzian manifold, the holonomy 
of which is either ( )0 1, 1SO n −  or contained in the stabiliser of a lightlike line.  

If the Lorentzian factor is not flat, it is indecomposable in which case it can be 
irreducible or not. In the first case, it is well known in [16] that the only con-
nected lie subgroup of ( )1, 1O n −  which acts irreducibly is the connected 
component of the identity ( )0 1, 1SO n − . The latter case means that there exists 
a degenerate invariant subspace whose intersection with its orthogonal comple-
ment yields a lightlike line invariant by holonomy and the holonomy group of 
the Lorentzian part is contained in the stabiliser of this lightlike line. 

We already saw that in the study of the isometric immersion f as product of 
isometric immersions, the totally degenerate manifold L must be isometrically 
immersed in a Lorentzian submanifold of ( )

m k
cQ +  with dimension > 1. We have 

thus to define conditions under which a Lorentzian manifold admits a global 
decomposition into two factors such that the Lorentzian factor is of dimen-
sion > 1. We explore the preceding paragraph on holonomy group to give the 
following 

Lemma 3.1 Let N be a n-dimensional simply-connected, complete Lorentzian 
manifold and let ( )xHol ∇  its holonomy group at x N∈ . If xT N  admits a 
( 1 2n ≥ )-dimensional proper non-degenerate subspace Ex invariant by ( )xHol ∇  
such that the involutive holonomy distribution defined by Ex is of index 1, then 
N is isometric to the product 1 2N N×  where N1 is a maximal integral Lorent-
zian manifold with respect to the distribution defined by Ex and N2 is the max-
imal integral Riemannian manifold with respect to the distribution defined by 

xE⊥ ; both N1 and N2 are totally geodesic simply-connected complete submani-
folds of N.  

Definition 3.2 Let  

( )
0 1 2

1 20 1 2 0: ,l
l

lm mm m m k
l ic if M M M M M Q m mρ ρ ρ

+
=

= × × × × → =∑  be an isometric 
immersion of a lightlike warped product M in a semi-Riemannian space form 

( )cQ . If there exist an isometry ( ) ( ) ( )
0

10 0: ,l
l l

ln n m k
icc c iQ Q Q m k nσ σ

+
=

Θ × × × → + =∑  
and isometric immersions ( ): i i

i

m n
i i cf M Q→  such that ( )0 1 lf f f f= Θ × × ×  , 

then f is called a lightlike warped product of isometric immersion if .  
In the following, we suppose that the Lorentzian space form ( )

m k
cQ +  admits 

the global decomposition ( ) ( )
2 2m k m k

c cQ H Nω
+ + −×  which means ( )

m k
cQ +  is reduci-

ble where 2H  is an indecomposable Lorentzian plane and ( )
2m k

cN + −  is an irre-
ducible complete Riemannian mannifold. 

Lemma 3.2 Each h-level set { }h Nω×  of ( )
2 2m k

cH Nω
+ −×  is a Riemannian 

space form with constant sectional curvature 
2gradc c ω

ω
= + .  

Proof. { }h Nω×  being submanifol of 2 2m kH Nω
+ −× , ( ), , ,U V W U ′∀ ∈Γ  , 

if R  and R are the Riemannian curvature of 2 2m kH Nω
+ −×  and { }h Nω×  

respectively, the Gauss equation is given by  

 
( ) ( ) ( ) ( )

( ) ( )
, , , , , , ,

, , ,

R U V W U R U V W U U W V U

V W U U

α α

α α

′ ′ ′= +

′−
 (6) 
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where  

 ( ), , gradU V U V ωα
ω

= −  (7) 

and  

 ( ) { }, , , .R U V W c V W U U W V= −  (8) 

Put (7) and (8) in (6) we have  

 ( )

, , , ,

, , , , ,

, , ,

c V W U U c U W V U

grad gradR U V W U U W V U

grad gradV W U U

ω ω
ω ω

ω ω
ω ω

′ ′−

′ ′= +

′−

  

 

( ) ( )

( )

2

2

, , , ,

, ,

gradR U V W U c V W U U

gradc U W V U

ω
ω

ω
ω

 
′ ′⇔ = +  

 
 

′− +  
 

  

 ( ) { }
2

, , , .gradR U V W c V W U U W Vω
ω

 
⇔ = + −  

 
 (9) 

Since { }h Nω
×

 is constant, we conclude. ■ 
For ( )

m k
cQ + , to admit the global decomposition ( ) ( )

2 2m k m k
c cQ H Nω
+ + −×  means 

that there exists a global isometry ( ) ( )
2 2: m k m k

c cH N Qω
+ − +Θ × →  and we give the 

following: 
Theorem 3.2 Let ( )

1 2
2: n m m k

cf M L B M Qρ
+= × × →  be an isometric immersion 

of a global null warped product manifold in a simply-connected, complete Lo-
rentzian manifold ( )

m k
cQ +  reductive to ( )

2 2m k
cH Nω
+ −× , f ′  and f ′′  the isome-

tric immersions induced by f on L and 1 2
2

n mM B Mρ′ = ×  in ( )
m k
cQ +  respectively. 

Assume that fα  the second fundamental form of M satisfy  

( ) ( ) ( )
* * *

, , , .N f f M MX Y X Y X Y TMπ α α π π′′ ′ ′  = ∀ ∈Γ   

Then there exists a global isometry ( ) ( )
2 2: m k m k

c cH N Qω
+ − +Θ × →  and a warped 

product representation ( ) ( )
1 1 2 2 2: n k m k m k

ccV N Nσψ + + + −× → , 1 2 1k k k+ = −  such that 
f is a null warped product of isometric immersions f ′  and f ′′  i.e. 
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 ( ){ }1 2 .f f f fψ′ ′′ ′′= Θ × ×     (10) 

Proof. The complete Riemannian hypersurface 1 2
2

n mM B Mρ′ = ×  of M is ( )1k +  
codimensional Riemannian submanifold of ( )

m k
cQ + . Since L is one-dimensional 

totally lightlike; taking into account ( )
m k
cQ +  splits ( )

2 2m k
cH Nω
+ −×  where 2H  is 

Lorentzian; L is isometrically immersed in 2H . Recall that f ′′  is also an iso-
metric immersion of M ′  in ( )

m k
cQ + . 

From lemma 12 in [7], the assumption ( ) ( )* * *
, ,N f f M MX Y X Yπ α α π π′′ ′ ′  =   

shows that f ′′  is an isometric immersion of M ′  in the space form ( )
2m k

cN + −  such 
that ( ), 0f Y Zα =  ( ) ( ),Y TL Z TM ′∀ ∈Γ ∈Γ . Thus ( )

2 2: m k
cf L M H Nω
+ −′× → ×  

is a product of f ′  and f ′′ . Since f ′′  is an isometric immersion of a com-
plete Riemannian warped product M ′  in a simply connected complete space 
form ( )

2m k
cN + − , with respect to proposition 2.2 it is a warped product of isometric 

immersions 1f ′′  and 2f ′′  with respect to a warped product representation ψ  
of ( )

2m k
cN + − . Then f is a composition of the global isomentry Θ and the product 

f f′ ′′×  such that (10) holds. ■ 
As stated at the beginning, the smallest possible codimension is 3k =  in 

which case 1 2 1k k= = . Hence f ′  and f ′′  are both hypersurfaces. 
For more details, we can study possible cases in which the isometric immer-

sion f ′′  is a warped product of isometric immersions of 1 2
2

n mM B Mρ′ = ×  in 

( )
2m k

cN + − . Such isometric immersions has been stood by Nölker in [7] for warped 
product of arbitrarily many factors that we apply in our case of two factors 
whenever fα ′′  satisfies  

( ) ( ) ( )1 2, 0 , .f X Y X TB Y TMα ′′ = ∀ ∈Γ ∈Γ  

Observe that in higher codimension, with respect to (3), there are many poss-
ible cases of construction of warped product representation, by consequence the 
warped product of isometric immersion f as in (4). The following results are es-
tablished in case 3k = . 

Theorem 3.3 Let ( )
1 2 3

2: n m m
cf M L B M Qρ
+= × × →  be an isometric immersion 

of a global null warped product manifold in a simply-connected, complete Lo-
rentzian manifold ( )

3m
cQ +  reductive to ( )

2 1m
cH Nω
+× , f ′  and f ′′  the isometric 

immersions induced by f on L and 1 2
2

n mM B Mρ′ = ×  in ( )
3m

cQ +  respectively. 
Assume that fα  the second fundamental form of M satisfy  

( ) ( )* * *
, ,N f f M MX Y X Yπ α α π π′′ ′ ′  =   ( ),X Y TM∀ ∈Γ , 1 2

2
n mB Mρ×  is free of 

points with constant sectional curvature and 2 3m ≥ . Then there exists an 
open subset of 1 2

2
n mB Mρ×  each of whose points lies in an open product 

neighborhood 1 2 1 2
00 22

n m n mU B M B Mρ ρ= × ⊂ ×  such that the following possibil-
ities hold  

1) f is a composition of isometric immersions ( )Uf f f′ ′′= Θ ×  where Θ is 
an isometry of ( )

2 1m
cH Nω
+×  in ( )

3m
cQ + , f ′  is an isometric immersion of L in 

2H  and 
Uf ′′  is a warped product of isometric immersions with respect to a 

warped product representation ( ) ( )
1 1 2 2 1: n k m k m

ccV N Nσψ + + +× → , 1 2 2k k+ = . 
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2) f is a composition of isometric immersions ( )f τ η′Θ ×     where Θ and 
f ′  are defined as in 1) and ( )1 2h hη ψ= ×  is a warped product of isometric 

immersions with respect to a warped product representation  

( ) ( )
1 1 2 2 1 2 1: n k m k n m

c cV N Nσψ + + + +× →


, 1 2 1k k+ =  and ( )
1 2 1: n m
cW Nτ + +→  is an isome-

tric immersions of an open subset ( )W Uη⊃  of ( )
1 2 1n m
cN + + . 

 

 
 

3) There exist open intervals ,I J ⊂   such that 
00 2, ,B M U  split as  

1 1 2 2
1 20 0

1 1
0 0 2 2,n n m mB B I M J Mρ ρ

− −= × = ×  

and ( )( )1 2
1 3

1 1
0 0
n mU B I J Mρ ρ ρ− −= × × × ,  

where  

( ) ( ) ( )1 1
1 0 2 3, ,nC B C J C Iρ ρ ρ−∞ ∞ ∞∈ ∈ ∈  and ( )C I Jρ ∞∈ ×  satisfy 

( )( )11
0

1 3n IB
ρ ρ π ρ π−=    and ( )( )3 2I Jρ ρ π ρ π=   ,  

there exist warped product representations  

( ) ( )
1 2 1 2

1

1 3 2
1 : n m n m

c cV N Nσψ − + + +× →


 and ( )
2

2

14
2 : m

cW N Nσψ −× →


, 

an isometric immersion 
3

4:g I J Wρ× →  and isometries  

( )
1 1 1 11 1 1 1

1 0: n n n n
ci B W V N− − − −→ ⊂ ⊂


 and ( )
2 2 2

0

1 1 1
2 2: m m m

ci M W N− − −
′→ ⊂   

onto open subsets such that ( )( )( ){ }1 1 2 2f f i g iψ ψ ′= Θ × × ×    , 2 gρ σ=   
and 1 1 1iρ σ=  . 

https://doi.org/10.4236/jamp.2024.127149


D. Ndayirukiye et al. 
 

 

DOI: 10.4236/jamp.2024.127149 2501 Journal of Applied Mathematics and Physics 
 

 
 

Proof. We construct a warped product representation ψ of ( )
1 2 2n m
cN + +  as follow: 

Let p be a point in ( )
1 2 2n m
cN + + , V a l-dimensional vector subspace of ( )

1 2 2n m
p cT N + +  and 

w a vector of ( )
1 2 2n m

p cT N + +  which is orthogonal to V. There is one l-dimensional 
connected complete spherical submanifol ( )

l
cN


 which contains p such that 

( )
l

p cT N V=


 whose mean curvature normal at p is w where 2c c w= + . Thus we 
have ( )

( )
( )( ) ( ) ( )

1 2 1 2 1 22 2 2: n m l n m l n ml
cc cV N N Nσψ + + − + + − + +⊂ × →


 where ( )1 2 2n m lV + + −  is an 
open subset of the unique totally geodesic submanifold ( )

( )1 2 2n m l
cN + + −  whose tan-

gent space at p is the orthogonal complement of the tangent space of ( )
l
cN


 at p. 
With respect to the warped representation ψ, locally, we have ( )1 2f g gψ′′ = ×  
where 1 2g g×  is a product of isometric immersions of an open product neigh-
borhood 1 2

00 2
n mU B M= ×  of 1 2

2
n mB M×  where ( )1 21 2

1 0: n m lng B V + + −→  and 

( )
2

02 2: m l
cg M N→


. Consider integers k1 and k2 such that 1 2 2k k+ =  and  

2 12l m k= + − , from (10), we have ( ){ }1 2f f g gψ′= Θ × ×     which proves 1). 
For 2), one can consider as in 1) an isometry η determined by a warped prod-

uct representation ψ of ( )
1 2 1n m
cN + +


 with considering 1 2 1k k+ =  and an isometry 
τ of a subset W of ( )Uη  in ( )

( )1 2 2n m l
cN + + −  such that f τ η′′ =  . 

For 3) we can transform the neighborhood U in a triple warped product 

( )( )1 2
1 3 0

1 1
0 2
n mU B I J Mρ ρ ρ
− −= × × × ×  where I and J are intervals of   defined by 

1 1
1

1
0 0
n nB B Iρ

−= × ; 2 2
20

1
02

m mM J Mρ
−= ×  and we consider a warped product repre-

sentation 1ψ  of ( )
1 2 2n m
cN + +  such that ( )1 1f i jψ′′ = ×  where 1i  is an isome-

try of 1 1
0
nB −  into a subset 1 1nW −  of ( )

1 11 1n n
cV N− −⊂  and j is an isometric immer-

sion determined by a warped product representation 2ψ  of ( )
2 3m

cN +


 such that 
( )2 2j g iψ= ×  where g is an isometric immersion of 

3
I Jρ×  in a subset 4W  

of ( )
4
cN


 and 2i  is an isometry of 2
0

1
2
mM −  in subset 2 1mW −  of a spherical sub-

manifol ( )
2 1m

cN −
′  of ( )

2 3m
cN +


 where 2c c r′ = +  and r is the mean curvature 
normal of 2ψ . ■ 

In case of global null product i.e. the warping function 1ρ = , we derive from 
theorem 3.3 the following result which explore theorem 1 in [6] in case of non 
degenerate Riemannian product with two factors. We still consider Lorentzian 
ambient manifold reducible with respective to his holonomy group. Isometric 
immersion of Riemannian products into euclidean space splits as a product of 
isometric immersions under the assumptions that no factor has an open subset 
of flat points and that the codimension equals the numbers of factors. In this 
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case, the dimension of one of the factors of the product M ′  must be 3≥ . 
Theorem 3.4 Let ( )

1 2 3
2: n m m

cf M L B M Q += × × →  an isometric immersion of a 
globally null product in a simply-connected, complete Lorentzian manifold 

( )
3m

cQ +  with constant sectional curvature c reducible to ( )
2 1m

cH Nω
+× , f ′  and 

f ′′  the induced isometric immersions on L and 1 2
2

n mM B M′ = ×  in ( )
3m

cQ +  
respectively. Assume that fα  the second fundamental form of f satisfies 

( ) ( )* * *
, ,N f f M MX Y X Yπ α α π π′′ ′ ′  =   ( ),X Y TM∀ ∈Γ . If 0c =  assume that 

1 2n mM B M′ = ×  is free of flat points. If 0c ≠  assume that either 1 3n ≥  or 

2 3m ≥ . Then there exists an open dense subset of 1 2
2

n mB M×  each of whose 
points lie in an open product neighborhood 1 2 1 2

00 22
n m n mU B M B M= × ⊂ ×  such 

that the following possibilities hold  
Case 0c =   
1) There exist an orthogonal decomposition 1 1 2 23 2

1 1
n k m km + ++ = × ×    , 

1 2 2k k+ = , and isometric immersions 2
1:f L′ → , 1 1 1

1 0: n n kf B +′′ →  and  
2 2 2

02 2: m m kf M +′′ →  such that 1 2f f f f′ ′′ ′′= × ×  where 1 2 Uf f f′′ ′′ ′′× =  is an iso-
metric immersion of 1 2

00 2
n mB M×  in 1 2 2n m+ + . 

 

 
 

2) There exist an orthogonal decomposition 1 1 2 22 2
1 1

n k m km + ++ = × ×    , 

1 2 1k k+ = , and isometric immersion 2
1:f L′ → , 1 1 1

1 0: n n kh B +→ ,  
2 2 2

02 2: m m kh M +→  and 1 2 2: n mWτ + +→  of an open subset ( )( )1 2W h h U⊃ ×  
of 1 2 1n m+ +  in 1 2 2n m+ +  such that ( )1 2f f h hτ′= × ×   . 

 

 
 

Case 0c ≠ . 
1) There exists an embedding ( ) ( ) ( )

1 1 2 2 1 2
1 2

2: n k m k n m
c c cN N Nθ + + + +× →  as an extrinsinc 

Riemannian product with 1 2 1k k+ =  and isometric immersions 2:f L H′ → , 
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( )
1 1 1

11 0: n n k
ch B N +→  and ( )

2 2 2
0 22 2: m m k

ch M N +→  such that ( ){ }1 2f f h hθ′= Θ × ×    . 
 

 
 

2) There exist an ambedding ( ) ( ) ( )
1 2 1 2
1 2

1: n m n m
c c cN N Nθ + +× →  as extrinsic Rieman-

nian product of local isometries ( )
1 1

11 0: n n
ci B N→  and ( )

2 2
0 22 2: m m

ci M N→  and iso-
metric immersions 2:f L H′ → , ( )

1 2 1: n m
cW Nτ + +→  of an open subset  

( )( )1 2W i i Uθ⊃ ×  of ( )
1 2 1n m
cN + +  such that ( ){ }1 2f f i iτ θ′= Θ × ×     . 

 

 
 

Proof. We use the same arguments as in the preceding theorem to show that f 
is a composition of the global isometry ( ) ( )

2 1 3: m m
c cH N Qω
+ +Θ × →  and product 

isomentry f f′ ′′×  where f ′  is an isometry of L in the Lorentzian plane 2H  
and f ′′  is an isometry of the Riemannian product 1 2

2
n mB M×  in the Rieman-

nian manifold ( )
1m

cN + . In case 0c = , 1 2 23 2
1 1

n mm + ++ = ×   . Since f ′′  is an 
2-codimensional isometric immersion of product of two factors in 1 2 2n m+ + , it 
splits into product of two hypersurfaces 1f ′′  and 2f ′′ . For 2), we still consider 
the isometric immersion f ′  in the Lorebtzian part of the ambient and we con-
sider f ′′  as composition of product of isometric immersions 1 2h h×  of U in 

1 2 1n m+ +  and an isometric immersion τ of a subset W of the image by 1 2h h×  in 
1 2 2n m+ + . 
In case 0c ≠  we consider two complete spherical submanifolds ( )

1 1
1

n k
cN +  and 

( )
2 2
2

m k
cN + ; 1 2 1k k+ =  through a fixed point 1 2 1n m

cx N + +∈  whose mean curvature 
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vectors 1r  and 2r  satisfy 1 2,r r c= − , where 2
1 1c c r= +  and 2

2 2c c r= + . 
f ′′  becomes a composition of an embedding θ of ( ) ( )

1 1 2 2
1 2

n k m k
c cN N+ +×  in ( )

1 2 1n m
cN + +  

which is product of isometric immersions 1 2g g×  of U in ( ) ( )
1 1 2 2
1 2

n k m k
c cN N+ +× . On 

an other hand we consider an embedding θ of the product of two complete spher-
ical submanifolds ( ) ( )

1 2
1 2

n m
c cN N×  in ( )

1 2 1n m
cN + +  as a product of local isometries 

1 2i i×  of 1 2
00 2

n mU B M= ×  in ( ) ( )
1 2
1 2

n m
c cN N×  and isometric immersion τ of a subset 

W of the image by ( )1 2i iθ ×  in ( )
1 2 1n m
cN + +  such that locally ( )1 2f i iτ θ′′ = ×  ; 

hence ( ){ }1 2f f i iτ θ′= Θ × ×     . ■ 
Remark 3.1 The construction of isometric immersion f is not canonique. One 

can consider the case where ( )
m k
cQ +  splits as a product of two factors such that 

the Lorentzian factor is of dimension 2k ′ > . We can explore same arguments as 
in preceding results to decompose f in product of isometric immersions where 
f ′  is an isometric immersion of L in a k’-dimensional Loretzian submanifol of 

( )
m k
cQ +  and f ′′  is a ( )1k k ′+ − -codimensional isometric immersion of M ′  in 

a complete Riemannian submanifold ( )
m k k
cN ′+ −  of ( )

m k
cQ + .  

4. Conclusion 

We considered in this paper isometric immersion of globally null warped prod-
uct manifolds. This subject has been motived by the important applications hig-
hlighted by K. L. Duggal works on globally null warped product geometry. The 
immersibility of such null manifolds has been explored. In the continuation of 
our research, we will be investigating physical applications of our results given 
that we have considered isometric immersions in Lorentzian ambient space form. 
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