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Abstract

In this paper, we investigate an SIS model with treatment and immigration.
Firstly, the two-dimensional model is simplified by using the stochastic aver-
aging method. Then, we derive the local stability of the stochastic system by
computing the Lyapunov exponent of the linearized system. Further, the
global stability of the stochastic model is analyzed based on the singular
boundary theory. Moreover, we prove that the model undergoes a Hopf bi-
furcation and a pitchfork bifurcation. Finally, several numerical examples are
provided to illustrate the theoretical results.
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1. Introduction

The study of infectious disease models plays a significant role in understanding
and managing public health, socioeconomic factors, and maintaining social or-
der. Researchers can perform mathematical analysis of epidemics based on clas-
sical models of infectious diseases by incorporating new factors and variables,
providing a powerful tool for disease monitoring, prevention and control. The
SIS epidemic model is one of the fundamental and critical dynamical models
used to describe the spread of certain diseases, such as flu, the common cold,
some venereal diseases, etc. It divides the total population into susceptible indi-
viduals S, and infected individuals I, for modeling. It suggests that individuals
who have been infected and cured may still remain susceptible to the disease
without gaining lifelong immunity. In other words, cured individuals can be-

come reinfected with the same disease.

DOI: 10.4236/jamp.2024.126135

Jun. 28, 2024

2254 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2024.126135
https://www.scirp.org/
https://doi.org/10.4236/jamp.2024.126135
http://creativecommons.org/licenses/by/4.0/

W. P. Zhang, D. Gu

The transmission of infectious diseases is closely related to population immi-
gration. The movement of population between different regions within a coun-
try has a significant impact on the spread of infectious diseases. Therefore, it is
of crucial importance to incorporate the factor of immigration into epidemic
models and investigate their influence on disease transmission. For instance, the
authors have taken into account the factor of immigration in their study on epi-
demic models [1] [2] [3].

As medical technology advances, many diseases now have corresponding treat-
ments. Flu, for example, can be treated with medication. Thus, in addition to im-
migration factors, treatment also affects the spread of the disease. To better re-
flect real-world situations, many researchers have incorporated treatment into
epidemiological models [4] [5] [6]. For example, Buonomo ef al [4] considered
an epidemiological model with treatment and vaccination, assuming that the
cure rate of an infectious disease is proportional to the number of infected indi-
viduals. However, healthcare resources are actually limited, and it is important
for each city to have appropriate treatment capacity to avoid unnecessary costs
and the risk of disease outbreaks. If the treatment capacity is too large, the city
will afford unnecessary expenses. Conversely, if the capacity is too small, it may
not be able to effectively control disease outbreaks. Therefore, it is crucial to de-
termine the treatment capacity for a specific disease in order to achieve rational
allocation and efficient utilization of resources. Further, in [5] [6], researchers
use

T(I): pl, o<1 <,
K=pl, 1>1,

as the treatment rate for infectious diseases. Specifically, when the population of
infected individuals is high, the treatment rate remains constant. In turn, when
the number of infected individuals is small, the treatment rate is proportional to
the number of infected individuals.

Saikh et al [7] considered the following SIS model with immigration and

treatment
dS(t)=(R—ASI—dS +(1-r)A+T(1))dt,
dl (t)=(ASI —(d +u) I +rA=T(1))dt,

where S(t) and I(t) denote the susceptible and infectious individuals at time
t, respectively. T(I) represents a segmented treatment function, A is a con-
stant flow of immigrants in unit time and r denotes the proportion of infected
individuals among the immigrants.

In epidemiological models, the bilinear incidence rate ASI is commonly
used to simulate disease transmission. However, epidemiological models with
nonlinear incidence rates exhibit more complex dynamical behavior. Liu ef al
[8] [9] investigated the dynamics of SEIRS and SIRS models with a general form
of nonlinear incidence rate SB1°S%. Based on this, Liu [10] studied a model with

nonlinear incidence rate 4SI” and analyzed its dynamical behavior. Motivated
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by the above literature and [11], we consider an SIS model with immigration and
treatment and assume that the population recruitment rate is related to the total

population size. Therefore, we obtain that when 0< 1<, ,
dS(t)=(b(S+1)-ASI” —dS+(1-r)A+ pl )dt,

(1)
di (t) = (4817 =(d + )1 +TA = pl ),

and when | >1,,
dS(t)=(b(S+1)-28I1* —dS +(1-r) A+ K)dt,

(2)
di (t) =(A81° —(d +u) 1 +rA-K)dt.

Based on the biological significance, all the parameters of model (1) and (2)
are positive constants. Furthermore, the significance of parameters in model (1)
and (2) is shown in Table 1.

Table 1. The significance of parameters in model (1) and (2).

Parameter Significance

Birth rate

Force of infection or disease incidence
Natural death rate

Disease related death rate

Treatment rate

> X X QA o~

Constant flow of immigrants in unit time

By computation, we can obtain that if r=0 and d>b, model (1) has a
disease-free equilibrium E (A/ (d-b), ) If B =2,/AC,,
( l/Al—B/A)2 -d)/A>0 and p>b-d, system (1) has a positive equi-
librium point E ( Sl, l,), where
=A(b—d—u),B=2A,
A =2°A*-34(b-d-p)(b—d)(d+u+p),
=(b—d)*(d+u+p) +3iA%r(b—d),
(b+p)l+(1-1)A ,_B B
—b+d Tt A A

S, =

Similarly, if r=K/A and d >b, model (2) also has a disease-free equili-
brium point E,. If B, =2/AC,, (B,/A,~B/A)" >(b-d)/2>0, u>b-d
and r>K/A, then model (2) has a positive equilibrium point E,(S,.1,),
where

A, =2°A%=32(b—d - p)(b—d)(d + u),
=(b—d)*(d+u)" -32A(b—d)(K ~rA),
bl, +(1-r)A+K | _B

B
A2 —b+d A A

S, =
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Actually, many small independent random fluctuations, such as temperature,
humidity, etc., often affect population sizes through their small variations [12].
Therefore, it is necessary to take into account the effect of random factors in the

model. We introduce random perturbations to the parameters b and g, that is,

bdt — bdt + 0,dB, (t), — udt — —udt + 0,dB, (t),

where B, (t) (i=1,2) are independent one-dimensional Brownian motions,
and o; (i=1,2) are the noise intensities. Thus, system (1) takes the following

form

dS(t)=[b(S+1)-ASI” —dS+(1-r) A+ pl |dt+o;, [(S-S,)+(1-1,)]dB,(t),

3)
di (t)=[ 481> =(d + u+ p) 1 +TA Jdt+o, (1 - 1,)dB, (1),
and system (2) transforms into
dS(t)=[b(S+1)=ASI* —dS+(1-r)A+K |dt+o;[(S-S,)+(1-1,)]dB(t),
4)

di (t)=[A81° = (d+ u) 1 + TA=K ]dt + o, (1 - 1,)dB, ().

In recent decades, the problem of bifurcation and periodic oscillations of the
solutions of epidemic models has received special attention, as researchers have
found that the incidence of several infectious diseases such as rubella, mumps,
measles and influenza is periodic. As a result, many scholars have studied the
bifurcation of some deterministic systems [4] [5] [6] [13]. In real life, however,
environmental noise is also an important part of the ecosystem [14], which has a
profound impact on population and microbial studies. Deterministic models,
which do not take into account environmental fluctuations, are unable to accu-
rately reflect the actual situation. Since the transmission process of infectious
diseases is stochastic in nature, the stochastic differential equation is more suita-
ble to describe the spread of infectious diseases [15]. In previous studies, many
scholars have studied the stochastic bifurcation of Marchuk model, HAB mod-
el, Logistic model and chemostat model [16] [17] [18] [19] [20] [21]. Most of
them utilize stochastic averaging method to simplify stochastic models, ana-
lyze local stability by solving Lyapunov exponent, investigate global stability
based on singular boundary theory, and analyze stochastic D-bifurcation and
P-bifurcation of models. In addition, some scholars have studied pitchfork bi-
furcation and Hopf bifurcation of stochastic systems [17] [18]. To the best of our
knowledge, there is no literature considering the stochastic bifurcation of model
(3) and (4). Hence, this paper will focus on the bifurcation in stochastic system
(3) and (4).

The rest of the paper is organized as follows. Section 2 provides some prelim-
inaries for this paper. Section 3 simplifies model (3) and (4) by using stochastic
averaging method. Section 4 investigates the stochastic stability of model (3) and
(4). Section 5 obtains conditions for the occurrence of stochastic Hopf bifurcation
and stochastic pitchfork bifurcation. Section 6 presents numerical examples to ve-

rify the theoretical results. Finally, Section 7 ends the paper with a conclusion.
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2. Preliminaries

In this section, we present some preliminaries that will be used in the subsequent
sections to establish stochastic stability and stochastic bifurcation. Before prov-
ing the main theorem, we give some definitions.

Definition 2.1. (D-bifurcation) [17] [22]. Dynamical bifurcation is concerned
with a family random dynamical systems which is differential and has invariant
measure U, . If there exist a constant O satistying in any neighborhood of
O , there exist another constant « and the corresponding invariant measure
v, * U, satistying v, — U, as A —> apy. Then, the constant o 1Is a point
of D-bifurcation.

Definition 2.2. (P-bifurcation) [17] [22]. Phenomenological bifurcation is
concerned with the change in the shape of stationary probability density of a
family random dynamical systems as the change of the parameter. If there exists
a constant o, satistying in any neighborhood of a,, there exist other two
constant o, @, and their corresponding invariant measures P, , P,, Ssatis-
fying p, and p, are not equivalent. Then the constant Qp 1is a point of
phenomenological bifurcation.

Definition 2.3. (Stochastic pitchfork bifurcation) [17].

In the viewpoint of dynamical bifurcation: If there exists a constant £, satis-
fies the following conditions:

(i) When u < ), the stochastic differential equation has only one invariant
measure V,, moreover V, is stable, ie, the maximum Lyapunov exponent is
negative.

(ii) When p = 44, the invariant measures Vv, loses its stability and becomes
unstable, ie., the maximum Lyapunov exponent is positive.

(iii) When 4> 4, the stochastic differential equation has three invariant
measures V,,V, and V,, both v, and v, are stable, ie, their maximum Lya-
punov exponents are both negative.

If the bifurcation of a stochastic differential equation has the above characte-
ristics, then the stochastic differential equation undergoes a stochastic pitchfork
bifurcation at 1= .

Definition 2.4. (Stochastic Hopf bifurcation) [17] In the viewpoint of pheno-
menological bifurcation: The stationary solution of the FPK equation which is
corresponded with the stochastic differential equation changes from peak to crater.

3. Model Transformation
3.1. Analysis of Model (3)

Let X =S-95,, ¥, =11, and substitute them into model (3),

dx, (1) =[ (b=d = 217)x, (t) + (b+ p=225,1;) s (t) - 221, (1) v (1)
—28,¥7 (t)= A% (t) ¥ (t) |dt+ oy (% (£)+ v, (1)) dB, (1),

dy, (t) =[ 417X, (t) + (28,0, =d = 1= p) y; (1) + 221, (t) v, (1)
+A8,YE (1) + A%, (1) 7 (t) ]dt+ oy, (t)dB, (),

(5)
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where

f (% ¥ot) = (b—d = A1) % (t) + (b + p = 2481, ) i (1) - 241, (1) y, (1)
= A8y (8) =A% (1) vz (1),
f, (%, Yo t) = A12% () + (2480, —d — = p) v, (1) + 221,%, (1) v, (1)
+ A8,y () + A% (1) vy (1),
6 (% ¥ t) =01 (% (1) + %1 (1)),
92 (X Yo t) =0y, (1)
Assume that the coefficient of X'y in f(x,y,,t) is &, and the coeffi-
cientof x'yy in g;(X,Y;,t) is 7y, . Introducing standard rescalings [23],
X=X, y=Y.t=T,&, = &y 1y = Vel
where & <1 is a sufficiently small, ie{1,2}, j,ke{0,1,2}. To simplify the
notation, we still use X, y,t, &, 7 instead of X,V,T, Eikr Ty » then
dx (t) = [ (b=d = 212)x (1) + (b+ p— 2251, ) y; (1) - 221 (1) v, (1)
= 28,Y1 (1) =A% (1) yy (t)]dt+\/gc71(xl(t)+ Y1 (t))dBl (t),
dy, (t) = e[ 1% (1) + (248,10, —d = 1= p) y, () + 221, (1) ¥, (t)
+ A8,y (1) +Ax (1) y? (t):ldt-i-\/;O'zyl (t)dB, (t).

Next, by applying a polar coordinate transformation to X, (t), vy, (t), Ze,
X, =acosd, Yy, =asiné, and combining it with the It6 formula, we have

da:e{[(b—d — 417 )cos® 0+ (b+ p—228,1, + A} )cosOsin 0
+(248,1, —d — .~ p)sin? (9-4—%(0‘12 +03 )sin’ Ocos’ 0+ o} sin® O cos O
+%af sin* H}a + [—2/1llsin gcos’ 0+ (241, - 1S, )sin® Ocos @
+AS;sin’ 9]a2 + ﬂ[sin3 0cos @ —sin® #cos? 9]a3}dt
++/e0,a(cos” 0 +sinOcos0)dB, (t) +vzo,asin® 6dB, (t),
d9=g{[(2xlslll—b—p)sin29+ﬁlfcosz6’+(/1If +248,l, b - u~ p)sindcosd
+07 5in0cos® 0+ 207 sin’ Ocos’ 0 + (o7 - o )sin® 6’00549}
[ 48,sin® 0+ 2(21, +$,)sin* Ocos O+ 21, sin @ cos’ 6 |a

+/1(sin2 @ cos? ¢9+sin3¢9005.9)a2}dt

—Jeo, (singcosd +sin” 0)dB, (t) +ea, sin G cos OB, (t).

Based on Khasminskii limiting theorem [24], the response process {a(t) \ H(t)}
of system (3) weakly converges to a two-dimensional Markov diffusion process.
Thus, by stochastic averaging method [24], we have the It6 stochastic differential

equation as follows.
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{da= m, (a)dt+x; (a)dB, (1), )

do=m,(a)dt+x«,(a)dB,(t),

where B, (t) and B,(t) areindependent standard Brownian motions, the
drift coefficient m; (a)(i =1,2) and the square of diffusion coefficient
x7(a)(i=12) are respectively

ml(a):gK/l(Slll -5l J+E(b—2d —,u—p)+E(200'1 +1107 )ja—gﬂa }
1 1 1

mz(ax):‘{—z(sll1 +Elfj—z(o-12 —2b—2p)—§/1a2},

x; (a)=

()=

8(40‘12 +307 )az,

g(4af+c722).

|~ ]|

For convenience, we can rewrite system (7) as

1
da=||v,+22 la+2a® |dt+| 2 a? dea(t),
16 8 8

a0= (v, +v6a2)dt+(%7jz B, (1),

(8)

where

1 1
Vv, :Ag(slll —Elfj—ze(/ﬁp),

v, =£(200] +1103 +80-16d),
v, =—A&,

vV, = 8(40'12 +30'22),

Vs :—/15(Sll1 +%Ifj—%g(of —2b—2p),

Obviously, the two equations of system (8) are not coupled. Hence, to analyze
the stability and bifurcation of the stochastic system (8), we only focus on the

following equation
1
da=||v,+22|a+2a® |dt+| a2 2dBa(t). ©)
16 8 8

3.2. Analysis of Model (4)

Let X,=5-S5,, ¥, =1-1, and substitute them into (4), we can obtain the fol-

lowing stochastic differential equation

DOI: 10.4236/jamp.2024.126135

2260 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.126135

W. P. Zhang, D. Gu

dx, (1) =[ (b=d = 212) %, () + (b= 228,1,) v, (t) - 21,5, (1) Y, (1)
—28,Y; (1)~ 4% (t)y; (t)]dt—i—al(xz (O)+Y, (t))dBl (),

dy, (£) =[ 213%, () +(24S,1, —d = 1) y, (1) + 221, %, (1) , (t) 1o
+ 28,3 (1) + A%, (1) Y2 (1) Jdt + 5y, (t)dB, ().
After introducing standard rescalings [23], we have
dx, (1) =2 (b=d =21 )x, (t) +(b=228,1,) v, (t) - 221,% (1) v, (1)
= 28,¥; (t)= 2% (1) y; (1) Jdt + Ve (x, (£) + v, (1)) dBy (¢), an

dy, (1) = [ 213%, (1) +(24S,1, —d = 1) y, (1) + 221, %, (1) y, (1)
+28,9; (1) 2% (1) 3 (t) [dt +Vea, , (t)dB, (t).

Let x, =&cos@, y,=4asind and use the It6 formula for model (11). For

convenience, we still use 2and 6 instead of 8 and é,and obtain
da:g{[(b—d—/1I§)c052¢9+(b—21$2I2+M§)cos€sin6
+(248,1, —d - p)sin 9+%(af +03 )sin’ 6cos® 6+ o7 sin’ Ocos O
+%02 sin“6’}a+[—2/1lzsin¢90032¢9+(2/1I2—ﬂSz)sinzecose

+ A8, sin’ 9} a’ +/I[sin3 0 cos @ —sin®  cos’ 9] a3}dt
++/e0,a(cos’ 0 +sinOcos ) dB, (t) +za,asin® 0dB, (t), (12)
do = g{[(MSZI2 ~b)sin® 0+ 413 cos® 0+ (413 + 24,1, —b— u)sin 6 cos O
+07 sin0cos® 0+ 207 sin” O cos’ 0 +( o7 — o} )sin’ Hcose}
[ASZ sin® @+ (21, +$,)sin* @cos @ + 211, sin & cos’ eJa

Jr/l(sin2 0 cos’ @ +sin’ ecose)az}dt

—eo, (sin@cos @ +sin’ 0)dB, (t) ++/zc, sin O cos OB, (t).

Then according to the stochastic averaging method, we have

{da =m,(a)dt+x,(a)dB, (t),

d0=m, (a)dt+x, (a)dB, (1), (13

where B,(t) and B,(t) are independent standard Brownian motions. More-
over, drift coefficient m,(a)(i=3,4) and the square of diffusion coefficient
x7(a)(i=12) are respectively

m, (a) = g[(z(szlz —%I§j+%(b—2d —,u)+%(20012 +1105)Ja—%zaa}

1 1 1
m4(a):.{—/1(szlz +E'§)_Z(Uf —2b)—§/1a2},
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K7 (a) =%8(4O‘12 +30'22)a2,
K7 (a) =%8(4O‘12 +022).

For convenience, we can rewrite model (13) as follows

1
da=||5,+-2|a+2a’ dt+(v—“a2 2dBa(t),
16 8 8

1 (14)
d0 =(5, +vea” )t +(V—7jz dB, (1),
8
where
1 1
51 = ig[szlz —Elzzj—zglu,
1 1

52 = —ﬂg[Szlz +E|22j—28<0'12 —Zb),
the other parameters are defined the same as model (8). Similarly, we study the
stability and bifurcation of the stochastic model (14) and only need to discuss

the following equation
1
da=||6+22|a+2a® |dt+| a2 2dBa(t). (15)
16 8 8

4. Stochastic Stability

From the discussion in the previous section, we know that when o<I<lI,
(1> 1), the stochastic stability of system (3) (or system (4)) at the positive
equilibrium point E, (Sl, |1)( E, (32, 1, )) is equivalent to the stochastic stability
of system (9) (or system (15)) at the equilibrium point a=0.

4.1. Stochastic Local Stability

To describe the local stability of positive equilibrium points of system (3) (or
system (4)), we investigate the stability of the average amplitude Equation (9) (or
Equation (15)) at equilibrium point a=0 by computing the maximum Lya-
punov exponent of the linearized system.

Theorem 4.1. The following conclusions hold.

(i) When v, >16v, +v,, the trivial solution of system (9) is asymptotically
stable with probability one. Then the stochastic system (3) (or system (5)) is sta-
ble at the equilibrium point Z; (or (0, 0)).

(ii) When v, <16v, +v,, the trivial solution of system (9) is unstable with
probability one. Then the stochastic system (3) (or system (5)) is unstable at the
equilibrium point £ (or (0, 0)).

Proof. Firstly, the linearized equation of (9) at a=0 is as follows.

1

% v 2
da=|v, +-2 |adt+| —*a? | dB,(t). 16
(Vl 16) (8 j ) 1o
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Then it follows that the solution of system (16) is
1
t v, Vv tfv 2
a(t)=a(0)ex 424 lds+ (| —*a’ | dB,(s)|. 17
) =a)e0| [+ 222 s [ 2t o (5). )

Consequently, the maximum Lyapunov exponent of system (16) is

1
K:tlﬂlfln"am" =v, +:—é—:—g.

Further, we have

(i) When v, >16v, +v,, ie, k<0, utilizing the Oseledec’s multiplicative
ergodic theorem [25], the trivial solution of system (16) is asymptotically stable
with probability one. Since Equation (16) exhibits robustness, we conclude that
the stochastic system (9) is stableat a=0.

(ii) When v, <16v, +v,, ie, & >0, thus the trivial solution of the linear Itd
stochastic differential Equation (16) is unstable with probability one, ‘e, the
stochastic system (9) is unstableat a=0.

The proof is now complete.

Theorem 4.2. The following conclusions hold.

(i) When v, >160, +v,, the trivial solution of system (15) is asymptotically
stable with probability one. Then the stochastic system (4) (or system (10)) is
stable at the equilibrium point £ (or (0, 0)).

(ii)) When v, <160, +V,, the trivial solution of system (15) is unstable with
probability one. Then the stochastic system (4) (or system (10)) is unstable at the
equilibrium point £ (or (0, 0)).

Proof. Since the proof is similar to that of Theorem 4.1, we omit it. O

4.2. Stochastic Global Stability

In this subsection, we will apply the singular boundary theory to investigate the
global stability of the stochastic system (3) and (4).

Theorem 4.3. When 16v, +v, <v,, system (3) is globally stable at the equi-
librium point E,.

Proof. As g — (", we have

ml(a):(v1 +I—éja+o(a),
Kf(a)=%4a2.

When a=0, we can find & (a)=0. Meanwhile, it’s easy to notice that
m (a)=+ if a=+w. Based on the singular boundary theory, a=0 and
a=+oo are the first and second kind of singular boundaries of system (9), respec-
tively. Therefore, we can calculate the diffusion exponent ¢, drift exponent S

and character value C, of boundary a=0 and the results are as follows.

2 a-f
a|:2,ﬂ|=l,cl = lim ml(?)a :16V1+v2.
as0t k7 (a) v,
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Thus, we have that

(i) if 16v, +v, <v,, ie, C <1, the left boundary a=0 is attractively natu-
ral;

(i) if 16v, +v, =v,, ie, C =1, theleft boundary a=0 is strictly natural;

(iii) if 16v, +v, >v,, ie, C >1, the left boundary a=0 is repulsively nat-
ural.

As a—> -+, it implies that m (a) and «7(a) asymptotically converge to

Vs g3
m; (a)=2-a",

Vv
rcf(a)—?‘az,

respectively. We can also calculate the diffusion exponent «,, drift exponent
B, and character value C, of boundary &=+, and the results are as follows

i 2m. (a aar’ﬁr 2
2 p =30 = lim 2@ 2

2

@ a—+w Kl (a) V4 '

,

Due to v;=-A&<0, it follows that m,(+)=-00<0. Therefore, a=-+w
is an entrance boundary.

Hence, when the boundary a=0 is attractively natural boundary and the
boundary @=+% is an entrance boundary, all solution curves enter the inner
system from the right boundary and are subsequently attracted by the left boun-
dary, which suggests that the trivial solution a=0 of system (9) is globally sta-
ble [16]. Thus, the positive equilibrium point £ of system (3) is globally stable if
16v, +v, <v,. The proof is now complete. O

Theorem 4.4. When 166, +v, <v,, system (4) is globally stable at the equi-
librium point B,.

Proof. Since the proof is similar to that of Theorem 4.3, we omit it. O

5. Stochastic Bifurcation
5.1. Stochastic Hopf Bifurcation

Next, we will investigate the change of steady-state probability density function
to study the Hopf bifurcation of system (9) and (15).

Firstly, from Definition 2.4, we study the P-bifurcation of the stochastic sys-
tem (9). We get its Fokker-Planck equation

EEIENER W I E

And the stationary probability density p(a) satisfies the following degene-

rate equation

([ o2 ota) | L2 () o

Then we obtain
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5(a), v, 216v, +v,,

16v1+vy—2vy
- V.
a " exp (3 a’ j

Vy

16V +vy—vy

r 6vi+v,—v, |[ va| 24
2v, Vq

According to Namachchivaya’s theory [26], if P(@) reaches its maximum

p(a)=

(18)

, v, <16v, +v,.

value at point 3", the sample trajectory will tend to remain in the neighborhood
of g for alonger time with a bigger probability, which implies that g" is sta-
ble in terms of probability. If p(@) has a minimum value, the situation just be

the opposite. If we have

<0, (19)

. da’
=a
then p(a) has a maximum value at g°. To obtain the extreme value point of

the probability density P(a), we need to solve dp(a)/da=0, that is

161y +v, —3vy

(161/l +v,-2v, +2v3a2ja” exp(vsazJ

Vv, v, v,

16v) +v, —vy

r 16vi+v,—v, || va| 2=
2v, V,

Thus we have a=0 or

a=a = M,forv4<8vl+lv2. (21)
2v, 2

Through an analysis of the value range of Vv, , we get the following three cases.
(i) When 8v, +v,/2<v, <16v, +v,, the probability density function p(a)

tends to infinity as g — 0*. Then, the solution trajectories of the stochastic sys-

=0. (20)

tem (9) are concentrated in a neighborhood of point a=0.
(i) When (16v,+v,) / 3<v,<8v,+v,/2, the probability function p(a)

. ) “ 2v, =16v, —v, .
reaches a maximum value at point a = . and a minimum value
V.
3

at point a=0, but the derivative of p(a) does not exist at point a=0. In
this situation, the solution trajectories of the stochastic system (9) are concen-
trated in a neighborhood of point 3" .

(iii) When v, <(16v,+v, )/3 , the probability function p(a) reaches a

« |2v,=16v, -V
maximum value at point a = % and still has a minimum value
Vs
at point a=0. At the same time, the derivative of the probability function
p(a) exists at point a=0.
In summary, we obtain the following result.
Theorem 5.1. System (9) undergoes a stochastic P-bifurcation as the parame-

ter v, passes through the values of 8v,+Vv,/2 and (16v,+v,)/3.
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T

Next, by p(xYy)=|J|p(a,6) and p(a)=fﬁp(a,9)d9 [27], where the

2
determinant of the Jacobian matrix Jof the nonlinear transformation is given by

|J | =1/a and P isthe joint probability density to aand &, we have

16v+vo -3y v
(Xz+yz)‘ 2vg EXp(S(x2+y2)]
Va

p(x’ y) = 16vy+vy—vy

T 16vi+v,—v, [ vy | 2
2v, Vs

Let V denotes the gradient in R2. Computing Vo (X,y)=0 yields critical

point of ,O(X, y) . Therefore, we have the following results.

(i) When v, >(16v,+v,) / 3, the joint probability density p(X,y) ap-
proaches infinityas x—0 and Y—0.

(ii) When (16v, +v, )/5 <v, <(16v, +v, )/3 , a maximum value of p(Xy) is
reached at the points of cycle X*+y?=(3v, —16v, —v, ) / 2v, , and a minimum
value appears at point O(0,0). Meanwhile, it follows that the partial derivatives
of the joint probability density o(X,y) do not exist at point O(0,0).

(iii) When v, <(16v; +v,)/5, the joint probability density p(X,y) reachesa
maximum value at the points of cycle x°+y’ = (3v, —16v, —v, )/ 2v,, and a
minimum value at point O(0,0), where the partial derivatives of the joint
probability density p(X, y) exist.

Thus, we obtain the following conclusion.

Theorem 5.2. The stochastic system (9) exhibits a P-bifurcation as the para-
meter Vv, passes through the critical values of (16v,+v,)/3 and
(16v,+v,)/5.

Finally, we study P-bifurcation of the stochastic system (15). Similar to the

analysis of system (9), we can obtain its Fokker-Planck equation

Sl 15 o)

Then ¢(a) is governed by the following degenerate equation

_6_8&{((51 +I—éja+%a3)§(a)}+%%[%“a2§(a)):0.

Therefore, ¢ (a) can be written as

5(a), v, 2166, +v,,

1601 +vp—2vy

- V.

a " exp|=a’
Vv

4
166, +vyp—vy !

r 166, +v,—vy || vy | 2
2v, Vs

Computing d¢(a)/da=0 vyields that

¢(a)= (22)

v, <166, +v,.
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166 +vo-3vy
166, +v, —2v, 2v — 1%
-F1 T2 T4 + '3 az a Va exp 3 az
vy Vy Yy

166 +vp-vy =0. (23)

r[1651+v2—v4j V| P

2v, Vs

Then we have a=0 or

, 65 ~Y2 for v, <86, += L SV (24)

Hence, we have the following three cases.
(i) When 86, +v,/2<v, <166, +V,, the probability density function ¢ (a)
tends to infinity as g — 0" . This shows that the solution trajectories of system

(15) are concentrated in a neighborhood of point a=0.
(i) When (165, +v,)/3<v, <85 +v,/2, the probability function ¢(a)

/ 165 2
reaches a maximum value at a =4 "1 2 3nd a minimum value at

a=0, but the derivative of ¢ (a) does not exist at a=0. This indicates that
the solution trajectories of system (15) are concentrated in a neighborhood of
point 3°.

(iii) When v, <(166, +v, /3 the probability function ¢(@) has a maxi-

165 2v, 166, —v,
mum value at point & and still has a minimum value at

point a=0, but its derivative exists at pomt a=0.

Consequently, we obtain the following result.

Theorem 5.3 System (15) undergoes a stochastic P-bifurcation as the para-
meter V, passes through the values of 85, +Vv,[2 and (165, +v,)/3.

In the following, we still focus on the main features of the joint probability
density 7(u,v). Utilizing the relation z(u,v)=|J|5(a,6) and

éf(a)zfﬁﬁ(a,@)dﬁ, where p is the joint probability density to a and 6
2
[27], we have
160y +v,-3vy

(u2+v2)2wexp£‘/4(u o )J

166 +vo—vy

T 166, +v,—v | va | 24
2v, vV,

Through the analysis, we get the following results.

(i) If v, >(165, +v,)/3, the joint probability density 7(u,v) tends to infini-
tyas U—>0 and v—>0.

(ii) If (166, +v,)/5<v,<(165,+v,)/3, a maximum value of 7(U,V) is
reached at the points of cycle u®+V’ =(3v, 165, - v, / 2v, , and a minimum

r(u,v):

value appears at O(0,0). Meanwhile, it follows that the partial derivatives of
the joint probability density 7(U,V) do not exist at the original point O(0,0).
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(iii) If v, <(168,+v,)/5, the joint probability density 7(u,v) has a maxi-
mum value at the points of cycle u®+v?=(3v, -166,-v,)/2v;, and a mini-
mum value occurs at point O(0,0), where the partial derivatives of the joint
probability density 7(u,V) exist.

Thus, we obtain the following conclusion.

Theorem 5.4. The stochastic system (15) exhibits a P-bifurcation as the pa-
rameter Vv, passes through the values of (165, +v,)/3 and (165, +v,)/5.

5.2. Stochastic Pitchfork Bifurcation

Theorem 5.5. Let a =V, +V,[16—v,[16. If the following three conditions hold,
(i) for a eRR, the integrability conditions (IC) for 14, =&, is trivially satis-
fied and ﬂ(ﬂf)za;

(ii) for & >0, 45, = 5_d;( ) is 9, measurable, /1(#2“ ) =-2a<0;

(iii) for >0, H5,= 5d;(m) is 7° measurable, ﬂ(yé’ ) =-2a<0,

Then system (9) undergoes a stochastic pitchfork bifurcation.
1

Proof.Let p — (_ﬁjz a- Then system (9) can be translated into
8

1
1% v, \?
d77t :|:[Vl+é)’7t _77t3:|dt+(§4) ﬂtdBa (t):

which is equivalent to the following Stratonovich stochastic differential equation

1
dn, :Kvl+;—é—;/—gjm—nf}dt+(%jz 1, °dB, (t). (25)
Let a=v,+v,/16-v,/16 and :(v4/8)% . Then system (25) can be writ-
ten as
dn, :(0577t —77t3)dt+0'77t odB, (t). (26)
Then, a local random dynamical system is generated as follows.
0, (t.)n = 77exp(az'[+O'Ba (t)) _ 27)

(1+ 2772L; exp(2as +20B, (s))ds)E

where 71 is the initial value of 7,. The domain D, (t,®) and range R, (t @)
of ¢,(t,®):D,(t,®) >R, (t,®) can be determined as follows

D (t R, t>0,
ALO)=Ca, (to)d, (L), t<o, 28)
and
-, (to)r, (to))), t>0,
Ra(tyw)=Da(—tﬂ9(t)a>)={](R ()1 (t) <0 (29)
where 9(-) means a flow of Q and
DOI: 10.4236/jamp.2024.126135 2268 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.126135

W. P. Zhang, D. Gu

d, (tw)= L >0,

(Z‘J';exp(Zas +20B, (s))ds )E

and
t B. (t
r,(to)=d, (-t 9(t)o)= exp(at + 0B, (1)) .o
(ZUgexp(zas+2cha(s))dS )z
Define E, (@)= ﬂt 2 Po ), which is the collection of initial values 77

ensuring the non—explosmn of ¢, (t, a))n , Le,

-d, (t,w),d, (t,w)), 0,
e, (o) | Ce) (b)) > o)

{0}, a <0,

where
- 1
0<d; (t,w)= — <o,
(ZU:exp(ZaHZGBa(s))ds )z
The linearized stochastic dynamical system & = Dg, (t,®,7)9 satisfies

dg = (a 3(o, (t.o, 77)) )Stdt+0'3t(>dBa(t), (31)

then
Do, (t,@,n7)3= Bexp(at +0B,(t) _3_[;(% (S,a),n))2 ds).
If u',=0, (a,)( =1,2,3) isa ¢ -invariant measure, its Lyapunov exponent is
1
A(#i)=limin[De, (t.0.7)4]

=a- 3I|mlj (0. (s, 77)) ds

t—ow
=a-3En’,
provided that the IC 7’ e (P) holds. Thus, we obtain the following results.
(i) For aeR,theICfor u, =0, istrivially satisfied and we have
v, V
Myl )=a=v, +2 -2

()= =m35 3¢

It is easy to notice that 1", is stable for & <0 and unstable for a>0.

(ii) For a>0, H, =90, is 7° measurable. Therefore, the probability

(@)

density function p;(7) of x5, satisfies the following Fokker-Planck equa-

which has the unique probability density solution

tion:
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with the normalizing parameter C, satisfying C ' = T (%j . Since
o

E, 7*=E(d;) = [ "n*ps (n)dy <o,

2,0
the IC is satisfied. Furthermore,

(d’(S(t)a)))z exp(2at+20—Ba (t)) l//’(t)

‘ ) ZJ'lexp(Zas +20B,(s))ds “2p(t)

where y(t)= v[; exp(2as+20B,(s))ds . According to the ergodic theory, we
derive
E(d; (o)) = !LT%I;(d; (8(t)w)) ds :%!Lrpo%lnw(t) —a.
Finally, we obtain ﬁ(ﬂz w):—Za <0, which implies the invariant measure
4, isstable for a>0.
(iii) For a >0, the invariant measure s, = 5d;(w) isalso F° measurable,

and its probability density ps () isequalto p; (—7).In addition, we have

E(-d, (0)) =E(d; (0)) =a
and /1( s, w) =—2a <0 . Thus, we can conclude that the invariant measure 5,
is stable for a>0.

Hence system (9) undergoes a D-bifurcation. Similar to the analysis of (18),
we find that system (9) undergoes a P-bifurcation at & =v,/16. In summary,
system (9) exhibits a D-bifurcation at & =0 and a P-bifurcation at & =v,/16.
Consequently, system (9) undergoes a stochastic pitchfork bifurcation as shown
in Figure 1. This proof is complete.

Theorem 5.6. Let }=0,+Vv,/16—v,[16. If the following three conditions
hold,

(i) for aeR,theICfor u =3, is trivially satisfied and /1( u’ ) =4,

(ii) for >0, M, = 5,@,/—3(,“) is 7° measurable, /1(/15) =-20<0;

(iii) for >0, M, = 5{,;((0) is 7° measurable, l(,uf ) =-2£<0,

Then system (15) undergoes a stochastic pitchfork bifurcation.

Proof. Since the proof is similar to that of Theorem 5.5, we omit it. O

6. Numerical Simulation

In this section, we employed MATLAB software for numerical simulation to il-
lustrate the theoretical results.

Example 6.1 Let A=1, b=0.6, d=052, 1=002, p=04, K=0.935,
0,=0.1, 0,=01, then |, =K/p=2.3375. For system (5) and (10), we will
analyze the stochastic stability at point (0,0) as follows.
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invariant measure

Figure 1. The stochastic pitchfork bifurcation.

Case (I) When 0<1 <1, ,we choose r=0.1 and the initial value Xl(O) =0.5,
y;(0)=0.7. When #=035, then v,=0.07 and 16v,+v,=-1402, je,
v, >16v; +Vv, . We can see that the origin (0,0) is stable, as shown in Figure 2(a).
Similarly, when #=0.4, we can derive that v, =0.07 and 16v, +v, =0.673,
ie, v, <16v, +v,, then the origin (0,0) is unstable, as shown in Figure 2(b).
Consequently, the results of Theorem 4.1 are verified.

Case (II) When | > 1, , we choose r=0.95 and the initial value X, (0) =05,
¥,(0)=0.7 . When #=0.38, then v,=0.07 and 166, +v,=-0.76 , ie,
v, >166, +v,. Hence the origin (0,0) is stable and see Figure 3(a). When
#=0.6, we can obtain that v, =0.07 and 168, +v,=2.8, ie, v, <165, +v,.
Then, the origin (0,0) is not stable, as shown in Figure 3(b). Thus, the results
of Theorem 4.2 are verified.

Example 6.2. Let A=1, b=0.6, d=052, 1=0.02, p=04, K=0.935,
0,=018, 0,=02, then |,=K/p=23375. We will investigate the
P-bifurcation of the stochastic system (9) and (15) by varying parameter u, re-
spectively.

Case (I) When 0<I<I, and r=0.1, varying parameter u which satisfies
the conditions of Theorem 5.1 enables us to observe the qualitative changes of
density function p(a) as follows.

(i) If 8v,+v,/2<v, <16V, +V,, then the probability density function p(a)
tends to infinity as g — Q" . Furthermore, the solution trajectories of system (9)
are concentrated in a neighborhood of point a=0. The graph of p(a) is
shown in Figure 4(a).

(i) If (16v,+v,)/3<v,<8v,+Vv,/2, then the probability density function
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Figure 3. Phase portrait of system (10). (a) ©#=0.38;(b) x=06.
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Figure 4. Probability density function p(a) of system (9). (a) #=0.37;(b) u#=0.378;(c) n=039.

p(a) reaches a maximum value at point 3" ~1.86 and a minimum value at
point a=0. The graph of p(a) is shown in Figure 4(b). We can see the de-
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rivative of P(a) does not exist at point a=0.

(iii) If v, <(16v; +v,)/3, then the probability density function p(a) reaches
a maximum value at point 3" ~3.87 and a minimum value at point a=0, as
shown in Figure 4(c). We can see the derivative of the probability density func-
tion p(a) existsatpoint a=0.

Case (II) When | >1, and r=0.95, varying parameter u which satisfies
the conditions of Theorem 5.3, we can observe the qualitative changes of density
function £ (@) as follows.

(i) If 86,+V,/2<v, <166, +V,, then the probability density function ¢ (a)
tends to infinity as g — 0" (see Figure 5(a)). This indicates that the solution
trajectories of system (15) are concentrated in a neighborhood of point a=0.

(i) If (1651 +v, )/ 3<v,<88,+v,/2, then the probability density function
g (a) reaches a maximum value at point 3" ~1.46 and a minimum value at
point a=0, as shown in Figure 5(b). Moreover, we can see the derivative of
¢(a) does not exist at point a=0.

(iii) If v, <(168,+v,)/3, then the probability density function ¢ (a) reach-
es a maximum value at point 3" ~3.79 and a minimum value at point a=0,
as shown in Figure 5(c). Furthermore, the derivative of the probability density
function ¢(a) existsat a=0.

() ©

Figure 5. Probability density function ((a) of system (15). (a) #=0.39;(b) ©=0.4;(c) n=042.

Next, we still change parameter ¢ and observe the qualitative changes of the
joint density function p(X,y) and z(u,v).

Case (III) When 0<I<I, and r=0.1, varying parameter u which satisfies
the conditions of Theorem 5.2, we obtain the following results.

(i) If v, >(16v, +v,)/3, the joint probability density function p(X,y) tends
to infinityas X —>0, Y —>0.The graph of p(X,y) is shown in Figure 6.

(ii) If (161/1 +v,) / 5<v, <(16v, +v, ) / 3, a maximum value arises at the points
of cycle x*+y?~4.07, and a minimum value appears at point (0,0). At the
same time, we find that the partial derivatives of joint probability density
p(XY) do not exist at point (0,0), as shown in Figure 7.

(iil) If v, <(16v, +v, )/ 5, a maximum value arises at the points of cycle

x? +y? ~13.23, and a minimum value appears at point (0,0). Meanwhile, we
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find that the partial derivatives of joint probability density p(X,y) exist at
point (0,0) , as shown in Figure 8.

0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
X
(® ©

Figure 6. In system (9), for u=0.378, (a) joint density function (X, Y), (b) projection of joint density function o(X,Y) and

-20 -15 -10 5

() joint density function (x,0).

0.015

p(xy)

[
| \
’)
0.005 |

(b) ©
Figure 7. In system (9), for u=0.385, (a) joint density function (X, Y), (b) projection of joint density function p(X,y) and

() joint density function (x,0).
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Figure 8. In system (9), for u=0.395, (a) joint density function (X, Y), (b) projection of joint density function p(X,Y) and

() joint density function p(x,0).

Case (IV) When |>1, and r=0.95, varying parameter u which satisfies
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the conditions of Theorem 5.4, we obtain the following conclusions.

(i) If v, >(166,+v,)/3, the joint probability density function 7(u,v) tends
to infinity as U—>0, v—>0. The graph of 7(U,v) isshown in Figure 9.

(ii) If (1651 +v, )/ 5<vy,< (1651 +v, )/ 3, a maximum value arises at the points
of cycle x*+y?=~221, and a minimum value appears at (0,0). Further, we
find that the partial derivatives of joint probability density 7(u,v) do not exist
at point (0,0), as shown in Figure 10.

(iii) If v, < (1651 +v, ) / 5, a maximum value arises at the points of cycle
x? +y? ~18.74, and a minimum value appears at the point (0,0). At the same
time, we find that the partial derivatives of joint probability density 7(u,v) ex-

ist at point (0,0), as shown in Figure 11.

{(u,0)

©
Figure 9. In system (15), for #=0.4, (a) joint density function 7 (U,V) , (b) projection of joint density function 7 (U,V) and (c)

joint density function 7(u,0).
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0012+ / '
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u
(b) ©

Figure 10. In system (15), for x=0.41, (a) joint density function 7(U,V), (b) projection of joint density function 7(U,V) and

() joint density function 7(u,0).

Remark 6.1. From Definition 2.2, we can see that when model (1) and (2) are
perturbed by environmental noise, the stationary probability density function
p(a) and £(@) change from a decreasing shape to a single peak as the dis-
ease-related death rate i changes, indicating that model (3) and (4) undergo a
P-bifurcation. The joint probability density function p(X,y) and 7(u,v)
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g x10°

(®) ©
Figure 11. In system (15), for 4 =0.44, (a) joint density function 7(U,V), (b) projection of joint density function 7(U,V) and

() joint density function 7(U,0).

change from peak to crater-like, so that model (3) and (4) undergo a Hopf bi-
furcation which are shown in Definition 2.4.

Example 6.3. Let A=1, b=0.6, d=052, 1=0.02, K=0935, p=04,
then |, =2.3375. We will investigate the effect of noise on the phase portraits
of the stochastic system (5) and (10), respectively.

Case (I) When 0<1<1,, #=0.39 and o,=0,=0, then the stochastic
system (5) degenerates into the deterministic system. Figure 12(a) shows the
limit cycle of the deterministic system. We find that the limit cycle of the deter-
ministic system disappears with increasing noise intensity, as shown in Figure
13.

Case (II) When | > 1, and #=0.43, similarly, we obtain Figure 12(b) and
Figure 14 of the stochastic system (10).

Example 6.4 Let A=1, b=0.6, d=052, 1=0.02, 0,=0.18, 0,=0.2,

X - Xy
(@) (b)
Figure 12. Phase portrait of system (5) and (10) when ©; =0, =0. (a) Phase portrait of system (5); (b) Phase portrait of system
(10).
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20

Figure 13. Phase portrait of system (5) as the noise intensity increases. (a) 0,=0,=0.03; (b) 0,=0.1,0,=02; (c)

0,=0,=02,

20

30 16

Figure 14. Phase portrait of system (10) as the noise intensity increases. (a) 0, =0,=0.03;(b) 0,=0.1;(c) 0,=0,=0.2.
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Figure 15. The sample paths of system (5). (a) #=0.378;(b) ©=0.385;(c) #=0.395.

K=0.935, p=04, then |, =2.3375. We obtain the sample paths of system
(5) and (10), respectively.

Case (I) When 0<1<1, and r=0.1, by changing the parameter x4 then
we obtain the sample paths of X, (t) and Y, (t) for the stochastic system (5)
shown in Figure 15.

Case (II) When | >1, and r=0.95, by changing the parameter g, then we
obtain the sample paths of X,(t) and Y,(t) for the stochastic system (10)
shown in Figure 16.
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Figure 16. The sample paths of system (10). (a) #=0.4;(b) x=0.41;(c) u=0.44.

7. Conclusions

In this paper, we devote our main attention to studying both the stochastic mod-
el (3) and model (4) which include treatment and immigration. The disturbance
of random noise was found to play an important role. By utilizing the stochastic
averaging method, we simplified the stochastic model (5) and model (10). Based
on Oseledec’s multiplicative ergodic theorem and singular boundary theory, we
investigate the stochastic stability of the positive equilibrium point £ and . It
can be seen that varying the parameter y can affect the stochastic stability of the
positive equilibrium point, which may be useful for the subsequent study of dis-
ease transmission. In Theorem 5.2 and Theorem 5.4, the stochastic Hopf bifur-
cation of system (3) and system (4) are analyzed. Furthermore, in Theorem 5.5
and Theorem 5.6, the stochastic pitchfork bifurcation of system (3) and system
(4) are investigated, resulting in a complete pitchfork bifurcation diagram. In the
numerical simulation, we analyze the Hopf bifurcation of the system by chang-
ing the parameter 4 This indicates that we can avoid the occurrence of stochas-
tic bifurcation by adjusting disease-induced mortality u, offering a new approach
for formulating infectious disease prevention and control strategies. In addition,
we observe that as the noise intensity gradually increases from zero, the limit cycle
gradually breaks and disappears.

Time delays are common in ecological systems, for instance, the transition of
susceptible individuals to infected ones takes a certain period. To better reflect
real-world, one can consider introducing time delay into the stochastic SIS mod-

el and then study its bifurcations in future work.
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