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1. Introduction

Since the pioneering work of [2], the optimal design of insurance has garnered
significant attention in both research and practice, such as [3] [4] [5]. However,
these papers are only confined to the single-risk framework. In practice, we al-
ways face with incomplete markets, which means that there exist background
risk, ambiguity and belief heterogeneity.

The concept of background risk refers to uninsurable risk, such as earth-
quakes, tsunamis, floods and other types of risks. The incorporation of back-
ground risk into insurance design can be traced back to [6]. Then the articles

such as [7] [8] and [9] also discuss the optimal insurance contract under back-
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ground risk.

As [10] first proposed, ambiguity was defined as “uncertainty about probabil-
ity”. Due to the uncertainty factors in the real insurance market, insured always
faced with uncertainty of the loss, which means that the probability distribution
function of the loss is uncertain. Even with the complete data, it is also difficult
to perfectly reduce the value interval of the relevant parameters of the distribu-
tion function. Therefore, ambiguity should be taken into account under the in-
surance design. Then scholars begin to consider the optimal insurance design by
using various ambiguity decision models such as Choquet expectational utility
model, alpha-max minimum expectational utility model and smooth ambiguity
model. In our paper, we use the smooth ambiguity model to discuss the optimal
insurance, which has been used in [11] and [12].

However, in all the aforementioned studies, it is always believed that the poli-
cyholder and insurer have the same probability belief about the loss of risk,
which means both insured and insurer have the same probability distribution of
the loss. But it is unrealistic in the real insurance market. [13] pointed out that
the insurance applicant and insurer have differences in risk cognition and atti-
tude towards risk. Moreover, information asymmetry is prevalent in the insur-
ance market. It means that both the insured and insurer possess different infor-
mation about the underlying loss, so they will inevitably hold different views on
the probability distribution of the loss, which leads to belief heterogeneity pro-
posed by [14]. [15] first analyzes the optimal insurance contract with belief he-
terogeneity. [15] and [16] also study the optimal insurance contract by maxing
the expected utility of the policyholder. [9] discusses the optimal insurance when
the belief heterogeneity satisfied monotone hazard ratio order (MHR). [17] gives
the optimal insurance contract under both the background risk and the belief
heterogeneity.

This paper proceeds to discuss the optimal contract in the presence of back-
ground risk, belief heterogeneity and ambiguity. We utilize the knowledge of
stochastic sequences to depict the correlation among insurable risk, background
risk and ambiguity structural parameter.

Our contributions are as follows. First, we introduce a series of stochastic or-
ders definitions and utilize the model in Section 2. Then, the optimal insurance
contract is proposed in Section 3. In addition, under the different random order
conditions among the insurable risk, background risk and ambiguity structure
parameter, we also obtain that the optimal insurance strategy takes the form of
stop-loss insurance when the heterogeneous belief satisfies the MHR condition

in Section 4. Finally, a conclusion is given in Section 5.

2. Model Design

An insured with initial wealth wis facing insurable risk X and background risk
Y, which are two random variables defined on a common probability space
(Q,J’: ,IP’). The insured is endowed with beliefs given by subjective probability
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measure P while the insurer is endowed with beliefs given by subjective proba-
bility measure Q. Under this condition, the insured and the insurer have hetero-
geneous beliefs, and there exist many hypotheses about the form of heterogene-
ous beliefs. In this paper, we use the monotone hazard ratio order condition
(MHR).

Definition 2.1. Given X >0, the distribution function of the risk random
variable X under the insurance subjective belief probability measure Q is lower
than that under the insured subjective belief probability measure P in terms of
MHR condijtion, then we say the heterogeneous belief is called to be satisfied
MHR condition, which is described in 1], and it can be given as follows.

H(x) = Q(X >x)
P(X >x)

is decreasingin x€[0,M), M = max{MP (X),Mq (X)} with

M, (X)=inf{x:P(X <x)=1} and Mq(X)=inf{x:Q(X <x)=1}.The
monotone hazard order condition means that as the value of survival function x
increases, the rate of decline of the insurer’s survival function is higher than that
of the insured, which means that compared with the insured, the insurer is more
optimistic about the occurrence of high loss distribution than the insured. MHR
condition is widely used in the research of finance and economy, such as [18]
[19].

For the enhancement of risk mitigation, the insured will choose to purchase
insurance. The insured facing with risk Xallocates the risk |(X) to the insurer
and bears the risk R, (X ) =X-I (X) himself. The purpose of our article is to
seek the optimal formal function expression of the ceded loss function I(x)
while maxing the expected utility of the insured’s surplus wealth. In order to ex-
clude ex post moral hazard, as it shown in [4], we assume both I(X) and
R, (X)=x—1(x) are increasing in X(0<X <o), which is called the incentive
compatible constraint. In order to optimize the set of ceded loss functions, we
use the principle of indemnity suggested in [2] and [3], which can be given as
0<1(x)<x. Thus we have I(x)eF, F={110<1"<1,1(x) and x—1I(x)
is increasing in X} .

The premium is calculated under the probability belief of the insurer. Apply

the principle of generalized Wang’s premium, the premium can be expressed as
M, = L+ ) ES [1(X)] = (1+a) [, 9(Q(X >x))dx, @2.1)

where §(X) is an increasing and concave function satisfied g(0)=0 and
g(1)=1.

The Wang’s premium principle has many excellent properties, such as addi-
divity, consistency and homomonotone additivity. And when ¢ (X) =X, the
Wang’s premium principle turns into Expected value premium, when
g (X) :1—(1— X)(7 , 0>1, the premium principle turns into Dual premium
principle. When ¢ (X) = 1—(1— X)(r , 00 <1, it turns into Gini premium
principle. When ¢ (X) =min {X/l— o ,l} , it turns into TVaR premium principle.
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Thus setting the insurance analyze by using the Wang’s premium principle is
more representative.

Then the insured’s final wealth can be given by

W, =w=X =Y +1(X)=T1,,),

And in order to describe the uncertainty of the distribution of X; according to
[11], we assume that the distribution of X depends on a random variable para-
meter ® and it takes n possible values named 6,,6,,-:-,6,, and the distribution

functions of X conditional on ® =6, can be defined as

F, (X)=P(X<x|©=6),i=12n. (2.2)

Then under different possible probability distributions of X; we obtain the
expected utility of the insured’s surplus wealth can be given by

E[u(w=X =Y +1(X)-TI,, )10,

u( X) represents the insurer’s altitudes to risk and ® devotes the uncertainty.
However, it cannot represent the ultimate expected utility of the insured’s sur-
plus wealth because of the influence of the insured’s altitude towards ambiguity.
The famous experiment given by Ellsberg’s (1961) reveals the existence of am-
biguity aversion, it means that ambiguity will slow down the increase of in-
sured’s expected utility when the insured detest ambiguity while accelerate the
increase of insured’s expected utility when the insured perfect ambiguity. Ac-
cording to [20], we utilize the function ® to describe the insured’s preference

and aversion to ambiguity, which can be given by
o(E[u(w-X-Y+1(X)-11,,)1©])

When @(X) is a concave function, it represents ambiguity aversion, when
CD(X) is a convex function, it represents ambiguity preference, and when
(I)(X) = X, it represents ambiguity neutrality. To sum up, we can express the op-
timization goal of maximizing the expected utility of the insured’s surplus wealth

as

max E[ @(E[u(W,)|0])], (2.3)

I(x)ef

which is called the smooth ambiguity model proposed by [20]. This model makes
a great separation of the insured’s attitude to ambiguity, attitude to risk and am-
biguity, thus it is more significant for research and application.

Then for the further discussions, we will proceed to introduce a series of defi-
nitions and inferences of random increasing in stochastic sequences stated in [1]
and [21], which will serve as an effective tool for elucidating the intricate rela-
tionship between background risk, insurable risk and ambiguity structural pa-
rameter.

Definition 2.2. Let X and Y be two random variables.

1.If P(X >x|Y =Yy) isincreasing in y for any x, random variable X is said
to be stochastically increasing in random variable ¥; denotedas X T,V .
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2. Define the survival functions of X and Y as S, (X) and S, (x) for all
Xe [0,00) , then X is said to be smaller than Y in the stochastic order if
Sy (X)< Sy (X), denotedas X <, Y .

Corollary 2.1. The following properties can be given due to the stochastic order.

LIf YT, X, then E[u )X = X} is increasing in x for any yand any in-
creasing functlon u(), E[V )X = X} is decreasing in x for any y and for
any decreasing function V(-).

2.1f Y 4, X, then E[u )X = X} is decreasing in x for any yand for any
increasing functlon u( )» E[ (y)IX = X] is increasing in x for any y and for
any decreasing function V() .

3.If P(X>x|Y>Yy) isincreasing in yfor any x, then Xis called to be right
tail increasing in ¥; denotedas X T, Y.

4.1f X T,Y,wecanconclude X T, Y.

3. Optimal Insurance Design

In this section, we first propose that the solution to (2.3) exists and is unique.
Then the optimal indemnity schedules are characterized in Theorem 3.1, and by
applying Theorem 3.1, we study optimal insurance contract under different de-
pendence structures among X, Yand ©.

Lemma 3.1. If one of the following conditions is satisfied, the optimal solu-
tion to problem (2.3) is unique and exists.

1. >0 and Qis absolutely continuous with respect to 7.

2. P(X=0)>0.

Proof.

The proof of Theorem 2.1 and Theorem 2.2 in [17] can provide the proof of
this lemma. W

Then we let

B0 (E[uW,) 1@])u'(Wi) 1.y |
9(Q(X > x))E[@'(E[u(w I@J) w,)]

\4 (X)=

(3.1)

and

W, =w=X =Y +1(X)=TI,),

thus we obtain the following conclusion.
Theorem 3.1. 1" (X) is the optimal strategy for problem (2.3) if and only if
1" (X) meet the following condition
. 1, VI*(X) >1+a.
1" (x) = (3.2)

0, VI*(X) <l+a.

Proof.
If I (X) represented the optimal insurance strategy under problem (2.3), for
any |(x)emathcalF , define f(x) =pl"(x)+(1-p)I(x) with constant
pe [O,l] , thus we obtain
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(
:E{@'(E[u(Wf)|®:|)Xl:E|:J.:U'(WI*)|: o —(1+@)9(Q (X>x))J(| " (x)=1"(x ))dx|®ﬂ}
{E[@’(E[U(Wf)|®])f:u’(wl*)[ v — (14 @) g (Q(X > X)) (l’ )dx|®}}
J; €| @ (E[u(w))1©])u (W, ) 1.y ~(1+@)g (X > )17 (x)=1'() ] |ox

~g(Q(x >x))E[ @ (E[u(w,)1®)ur (W) ][, (V.- ()= @+ ) (1" (x)=1"(x) ) ax

>0,

thus we obtain condition (3.1) must be satisfied, which supports the sufficiency

of the theorem.
If 1"(x) satisfy (3.2), we obtain

e[ o(E[uw.)ie } E[o(E[uw,)|0])]
e[ o (E[u(w, 1o [u(vv.) Hu ne))]
ZE[@(EMW Je [ Jw, i) 0]
[ e[ (oW, )10 (W, )1 -@ra)a(@Cx > )17 (9-1'(0) e

The first two inequalities due to the concavity of the functions CD() and

(3.3)

). According to given conditions, (3.3) is always positive. Thus we obtain
(x)=1"(x) when V. (x )>l+a and 17 (x)<1'(x) when

- (x) <1+, which means that 1”(x)=1 when V. (x)>1+a and

7 (x)=0 when V. (X) <1+« . Thus we obtain the necessity of the theorem.

u
1
V.
I
|

Define x, =inf {X 1Q(X >x)< 1/(1+ a)} , it means that from the perspective
of the insurer, he believes the probability of a loss below X, is «/l1+«a. Then
we can infer the following proposition.

Proposition 3.1. If the value of X is less than X, , then under the optimal

objective (2.3), the insured will no longer purchase insurance.
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Proof.
First, when Xe [0, Xa) , by using the condition that ¢ (X) is a concave func-
tionand 0<g(X)<1,weconclude g(X)=> X, thus we have

9(Q(X >x))2Q(X >x)21(1+a).

E[@/(EW, |©)u'(W)1,,.,
(Q(x>x)E[@'(E(W, [O)u
< Y
- 9(Q(X>x))

<l+a.

1

(w))]

\% (X)= g

Therefore, when X <X, V,(X)<l+a, according to Theorem 3.1, we con-
clude 17 =0. Naturally, in order to maximize the wealth utility of the insured,
we have I*(X)=O. [ ]

Proposition 3.2. If V, (X) is increasing in x, then we can draw the conclu-
sion that the deductible insurance can be the optimal insurance strategy.

Proof.

If V,(x)<1+a holds for all xe[0,%), by using Proposition 3.2, we con-
clude the optimal ceded loss functionis 1(x)=0.

If there exist x that satisfies the condition V,(X)>1+a, then we define
D" =inf {X 2V (x) =21+ a} and 1"(x)= (X— D*)+, thus we obtain that |~ (x)
represents the optimal ceded loss function.

When x<D", we have V, (X)<V, (D*) <1+a because V,(X) is increas-
ing in xand I*(X) =0.When x>D",wehave V,(X)>1+a and

1" (x) =(X— D*). Thus we have | =0 when V, (X)<l+a and 17 =1
when V,(X)>1+«a. By using Theorem 3.1, we conclude I*(X)—(X— D*)+ ,
which can finish the proof. W

During all the different forms of insurance that may meet the condition (3.2),
we select the deductible insurance because of its concise and clear form, which is
convenient for us to carry out further research. In addition, deductible insurance
has been proved to be the optimal insurance in many other cases, such as [22]

[23] [24], and it is the most widely used and studied insurance strategy.

4. Optimal Insurance Strategies under Different
Dependencies of X, Y and ©

In this section, we conclude the optimal insurance contract is deductible insurance
under the MHR condition and different stochastic orders among X, Y'and ©.

For example, if a patient with sickle cell anemia has obtained appropriate
medical insurance, the loss resulting from the illness can be considered as an in-
surable risk X. However, individuals with sickle cell anemia have a significantly
reduced probability of developing an uninsurable disease malaria, which means
that Yis stochastically decreasing in X. And we assume the value probability of
X can be decided by ®. We can conduct our discussions by setting different rela-

tionships between Xand ©.
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Proposition 4.1. If P(X >X) and Q(X >X) satisty MHR condition, and
the relationships among X, Y and ©® can be described as X T, 0@, @l X,

Y I, X, then the optimal insurance strategy is deductible insurance.

Proof.
We first take the derivative of P(X > X)/g(Q(X > X)), we obtain
5 P(X >x)
9(Q(X>x))
ox o (0fx (4.1)
] 6P()§X> X)g(Q(X > %))~ P(X >x) g(Q(ax > x)) 6Q(;(X> X)

9(Q(X >x))’

Then by using the condition that P(X >X) and Q(X >X) satisfy MHR

condition, we obtain

Q(X >x)

P(X>Xx)
is decreasing in x, which means that

OP(X >Xx oQ(X >x
(T)Q(X >x)-P(X >x)(T)20,
thus we can infer
oP (X >x)g
oX

P(X >x)

aQ(X >x)

oX
Q(X >x)

_ g(Q(X >x))>ag(Q(X > X))
Q(X>x) X '

9(Q(X >x))
Q(X >x)
OX

(Q(X>x)
Q(X >x)
OX

The last inequation dues to the fact that ¢ () is increasing and Q(X > X)

is decreasing in x, it means that ¢ (Q(X > X)) is decreasing in x, thus we ob-

0 X X

ae(xsx) _,_9(a(x>x)
OX Q(X >x)

positive, it means that P(X > x) / 9(Q(X >x)) is increasing in x and we can

simplify V, (X) as

. Therefore, we conclude (4.1) is always

_ E[C[)'(E[U(WI)|®])u'(W,)IX>X]
e[ (E[uw,)10]Jw,)]a((x > x)
E[@'(E[u(W,)[©])u'(W,)I X >x]P(X >X)

E[o'(E[uw,)l0])u'W,)Ja(Q(X >x))

Vi (X):

Then we record
E[@'(E[u(W,)I©])u'(W, )| X >x]
E[o(E[u(w,)0])u'(W,)]
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as T, (), so the original formula can be written as

P(X >x)
Vi(x)=T, (X)m-

By applying the double expectation in X; T, (X) can be written as

:{Q’(E[E[U(W,ﬂ x]|®])}u'(w,_)| X > x

E[@(E[u(W,)l©])u'(W,)]

m

Then by using Corollary 2.1, we conclude that E [u O)IX = X] is de-
creasing in x because Y T, X and u(W—X— y—TT, ) +1 (x)) is decreasing
in y. Therefore, E [E[u (W) X ] |® = 6’] is decreasing in O because
X T, ©. And by applying the condition ®'(-) is decreasing, we conclude that
CD'(E[E[U (W) X]le= 9]) is increasing in 6. Also because @4, X, we
obtain E|:CD'(E|:E[U W,)] X]|®J)| X > X] is increasing in x During the
conclusion that ® T, X -»© T, X, we have
E [cl)’(E [E [u(w)1 X ]| @]) | X > X:| is increasing in x, it means that T, (X) is
increasing in x. Therefore, V,(X) is increasing in x, together with Proposition
3.2, we can finish the proof. W

Proposition 4.2, If X, Y and @ satisfy the conditions that X T, @, © T, X,
Yy X, and P(X>x)<(1+a)g(Q(X >X)), then the optimal insurance
strategy is no insurance, which means 1” (x)=0.

Proof.
Note that

) E[@'(E[u )| @])u'(w |X>x]P(X>x)

e E[@'(E[uw,)|®]) w,)]g(Q(X >x))
[ (E[ELu(w) X =x]|@])u'(W, )X >x|P(X >x)
[@'(E[u w,)|e])u'( I]g(Q(X>x)) '

And E[U(W|)| X] is increasing in x because u(W—X—y—P+I(X)) is

decreasing in yand Y 4, X, thus we obtain E[E[u (W)X =x]|®= 9} is
increasing in @ due to the condition X T, ®. Then because of the monoto-
nicity of (D'(~), we infer CD'( [E[u )| X —X]|® 0]) is decreasing in
0. Together with ® T, X, we have E[(D’(E[u |®}) DX > X:| is
decreasing in x. Thus V, (X) <l+a when Xxe (0, Xa), then we draw the con-
clusion that V, (x)<1+a forany Xe&(0,%), so the optimal insurance strategy
is 1" (x)=0. m

However, in the real risk market, there also exists positive correlation between

Xand Y, for instance, a study by [25] found that the insurable risk crop losses X
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are distributed according to a Pareto distribution with parameters (a,@). The
increase in crop losses will lead to a decrease in the processing of agricultural
products, but the loss of agricultural products cannot be insured. Thus the in-
surable risk and background risk have positive relationship. With the classifica-
tion of different dependencies between insurable risk and ambiguity parameter,
we can reach the following conclusions in different cases.

Proposition 4.3. Assume P(X >X) and Q(X >X) satisty MHR condition,
if XT,0, 0T, X, YT, X, then the optimal insurance strategy is deducti-
ble insurance.

Proof.

According to Proposition 4.1, we only need to prove that T, (X) is increasing
in xin order to prove the validity of this conclusion. By using the double expec-

tation formula to the numerator of T, (X), we have
E[o'(E[E[u(w,)IX]I®])u(W,)IX >x]
E[o(E[u(w,)0])u'(W,)] '
During the equation E[u(W,)|©]=E[E[u(W,)|X]|®], we conclude
E[u(W, )| X =x] is decreasing in xbecause Y T, X and

T (x)=

u (W— X=y =TI, +1 (X)) is decreasing in y. Also, by using the conditions
0T, X and @ () is a decreasing function, we conclude that
E [E[u (W) X ] |®= 9] is decreasingin @ and
CD'(E[E[U (W,)I X]|® = 0]) is increasing in 4. So
E |:CD’(E[U (W, )])| X = XJ is increasing in x because ® T X, as we all know
that Y T, X > Y T, X, thus we obtain
E[[E[(D'[u (W, )] | ®]| X Ju’(WI )X > x} is increasing in x, which can prove
the original proposition. W

Proposition 4.4. If P(X >X) and Q(X >X) satisty MHR condition,
X1, 0, @l X, YT, X, then the optimal insurance is deductible insur-
ance.

Proof.

Similar to the previous proof, we use the double expectation formula in X to
(D'(E [u W, ) | @]) , We can obtain
(Df(E[u (W,)I ®]) = cD’(E{E[u (W,)I X]l@}) . Also because Y T, X and
u(W—X— y+I (X)_H|(x)) is decreasing in y; we obtain E[u (W)X = X] is
decreasing in x, then we have (I)’(E[E(W, [X)|®= 9]) is decreasing in @
because X 4, ® and ®'(-) is decreasing. Together with the condition that
®1, X, we conclude that E{CD'(E[U (W, )|®})| X = x} is increasing in x.
Also,

P(X >x)
9(Q(X>x))
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is increasing in xbecause P(X >X) and Q(X >Xx) satisfied MHR condition,
which lead to the conclusion that V, (X) is increasing in x, so the proof of this

proposition has been completed. W

5. Conclusion

In this paper, we demonstrate the continued validity of the sufficient and neces-
sary condition for optimal insurance strategy proposed by [11] and [17] in the
presence of background risk, ambiguity structure, and heterogeneous belief. Sub-
sequently, when assuming the belief heterogeneity satisfied monotone hazard ra-
tio order (MHR), we obtain the optimal insurance strategy is deductible insur-

ance under specific relationships among X, Y'and ©.
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