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Abstract

This paper studies the existence of stable standing waves for the nonlinear
Schrédinger equation with Hartree-type nonlinearity

o + Ay +y| w +(|X|77 *|l//|2)l// =0, (t,x)e[0,T)xR". Where

w =y (t,x) isa complex valued function of (t,x)eR"xR". The parame-
ters N>3, O<p <% and O<y< min{4, N} . By using the variational
methods and concentration compactness principle, we prove the orbital sta-

bility of standing waves.

Keywords

Nonlinear Schrédinger Equation, Concentration Compactness Principle,
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1. Introduction

In this paper, we consider the Cauchy problem for the following nonlinear Schro-

dinger type equations with mixed power-type and Hartree-type nonlinearities.
0w + Ay +ly v+ (X7 = Jw =0, (t.x)€[0T)xRY, "
v (0,) =y, (x) e H}(RY).

where w =y (t,x) is a complex valued function of (t,x)eR*xR". The pa-

rameters 0<y< min{4, N} , N>3 and 0< p<%. Equation (1) has several

physical origins and backgrounds, which appeared in many physical models and
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depended on different parameter configuration. Hartree equation was proposed
by Hartree in 1928 to describe the multi-electron wave system. He believed that
the multi-electron wave function in the system can be regarded as the product of
multiple single-electron wave functions, which can be obtained by calculating the
energy minimum by variational method. After improvements by Fock et al, the
theory was called Hartree-Fock theory. Since its introduction, Hartree-Fock the-
ory has become a basic tool in many fields, such as quantum physics, chemistry
and plasma physics. The Hartree equation is closely related to the nonlinear
Schrodinger equation, which is considered to be the Hartree equation in the mean
field model. From the intrinsic structure, the Hartree equation can reveal the in-
teraction between electrons more deeply in some specific situations, which makes
it unique in dealing with multi-electron systems.

In recent years, this type of equation has been studied extensively in [1]-[12].
Pekar describes the quantum theory of resting polarons in mathematical physics
[13]. For the Hartree-type nonlinearity (|X|ﬁy * |l//|2 )l// , Cho et al proved the ex-
istence and uniqueness of local and global solutions of Equation (1) in [14], and
they also showed the existence of blow-up solutions in [15]. Feng [16] and Zhu
[12] studied the orbital stability of the standing wave solution of the fractional
Schrodinger equation.

In general, Equation (1) admits a class of special solutions, which are called stand-
ing waves, namely the time-periodic solitary waves of the form y (t,x) =¢e""u(x),
where weR is a frequency and ue Hl(]RN ) is a nontrivial solution satisfies

the elliptic equation

2
—Au+aou=|ul"u+ NLdy]u. ()
. UR pe=yf

When considering Equation (2), there are two possible methods in terms of the
frequency . The first one is to fix the frequency @ € R, and the other can ob-
tain the existence of solutions by studying the critical point of the action func-
tional A, (u) on Hl(RN ) , where

E;*ZZ _%J.RN .[]RN

In this case, we are mainly concerned with the existence of minimal action solu-

2

@

1 1
A (U)1=§||V“||2Lz —m"‘”

dxdy + %”u"iz . (3)

" ul
=y

y

tions, namely solutions minimizing A, (u) among all nontrivial solutions.
On the other hand, it is interesting to study solutions for Equation (2), having
prescribed L?-norm. Thatis, for any given ¢ > 0, consider solutions of Equation

(2) with the L?-norm constrain
S(c)= {u € H1,||u||2LZ = c}.

Physically, the associated energy function is defined on H* (]RN ,C) by

Lot Lo Ap B
E(u) :§||Vu||L2 "y 2||u| Poez _ZIRN [on ool dxdy. (4)
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In particular, the frequency w e R is determined as the Lagrange multiplier as-
sociated with the S(c).
Next, we shall focus on the existence of a ground state and recall this definition.
Definition 1.1. We say that u, is a ground state of Equation (2) on S(c) if
it Is a solution having minimal energy among all the solutions which belong to
S(c). Namely, if

E(uc):inf{E(u),u . s(c),(E|S(c))'(u):o}.

Since the L’ -norm is a preserved quantity of the evolution, the variational
characterization of these solutions is often extremely useful in analyzing their or-
bital stability, see [9] [17]-[19]. Therefore, we decide to study the orbital stability
of standing wave solutions by variational properties.

In particular, for any ce (O,CO) , there exists a set V (C) cS(c) having the
property that

m(c):= inf E(u)<0< inf E(u).

uev (o) ueav (C)
Theset V(c) and 0V (c) are give by
V(c)= {u es(c):|vulf. < po}, v (c)= {u eS(c):|vulf. = po}, (5)
fora p, >0 that depends onlyon ¢, >0, we define the following set
M ={ueV(c):E(u)=m(c)}.

Theorem 1.2. Forany ce(0,¢,), if (u,)< B, issuch that lulz > and
E(u,)—>m(c). Then, up to translation, u,—>—>ue M,. In particular, the set
M, is compact in H, and it is orbitally stable.

Orbital stability emphasizes the relative relationship between orbits, and fo-
cuses on whether the relative position of the trajectory of the solution remains
stable. It is not required that the orbit tends to a particular state over time. But
other stability, such as asymptotic stability requires both the proximity of the ini-
tial moment and the eventual tendency towards a particular solution over time.

Generally speaking, there are two main methods to study the orbital stability of
the standing wave solution of the Schrodinger equation. One is to discuss the spec-
tral properties of the operator L (Q,) and to judge the sign of 0, || ||2|_2 , where
L,(Q,) isthe corresponding Lyapunov functional. This is the method for judg-
ing the stability of standing wave solutions given by Shatah, Strauss and Grillakis
[20] [21]. This discriminant method is very useful for studying the stability and
instability of the standing wave solution of the Schrodinger equation with the ho-
mogeneous nonlinear term. However, for the Schrodinger equation with mixed

power nonlinear terms such as Equation (1), The calculation of 0 |i2 is very

19

difficult. Another method is the research framework for the stability of standing
wave solutions established by Cazenave and Lions [18], that is, to prove the sta-
bility of standing wave solutions by studying the minimization problem under

mass constraint. This method uses only two properties: the conservation law of
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the Schrodinger equation and the compactness of any minimization sequence.
And compactness needs to be obtained by proving the concentration compactness
principle. Therefore, the research method of Cazenave-Lions has been widely used
in the study of the stability of the standing wave solution of the Schrodinger equa-
tion, see references [18] [22] [23].

The orbital stability of the standing wave solution is studied mainly by solving
the variational problem with fixed mass to obtain the ground state solution, and
then using the law of conservation of mass and conservation of energy, the orbital
stability of the standing wave solution is established, see [5] [10].

In physics, the ground state usually refers to the state in which a quantum system
reaches its minimal energy. Mathematically, the ground state solution of Equation
(2) is the one that gives Equation (1) the minimal energy among all the solutions
of Equation (2). It is generally obtained by solving the variational problem of
Equation (2), and the corresponding standing wave solution will generally have
some stability. The definition of orbital stability of Equation (1) is given below.

Definition 1.3. We say that the set M, is orbitally stable. Let u€S(c) isa
ground state solution to Equation (2) if for each &>0, thereisa 6 >0 such that
ifinitial data y, e Hl(RN ) and uierll;c [l - u||H1(r v < 8 , then the corresponding

solution to Equation (1) with ://L:O =y, satisties

sup inf [y (t,)-u

<ég,
teR UsMe )

HY(RM
then the set M, of energy minimizers is said to be orbitally stable. Otherwise, it
is unstable.

2. Preliminaries

In this section, we recall some preliminary results that will be used later. Firstly,
let us recall the local theory for the Cauchy problem Equation (1) established in
[14] [24].

, define Weinstein’ s functional

Lemma 2.1. Let 0<p< N4

) 4-(N-2)p N
a:= inf 1"NP(u)= inf (“ul dx) ) (j|vU| dx)“ _
0-ueH?! 0#ueH?! J‘lulmz dx

Then, |"'*(u) isattained at a function R, satisfying

(i) R=R(|x) ispositivein H'NC";

(ii) R is a solution of the following equation of the minimal L% -norm ( ground
state)

4—(N

—AR+N—;2)pR—|R|pR=0,ReH1: (6)

(ili)) @ = LZ)”VRHSZ Therefore, by the proposition above, we can obtain
p+

2(

the following sharp Gagliardo-Nirenberg inequality. for all 0< p < N 4

, and
2
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uaHl(}RN)

u

2
i LA N W i |

Np
Rl vulg )

where R is the unique positive ground state solution of Equation (2). For the Har-
tree nonlinearity, according to the results in [25]-[27], and we consider the fol-

lowing elliptic equation:

2
—AW +ﬂw—{jRN W]

4 x=yI

dxdyJW =0, W e H.

In the paper, we also need the following sharp Gagliardo-Nirenberg inequality,
see [25] [27]
Lemma 2.2, Let 0<y< min{4 N} . Forall ueH?, we have

u u 4
g PO b,

where W is a positive ground state solution of Equation (6).
Lemma 2.3. [28] Let N >3 and {un}:

., beabounded sequencein H'(R" )
satistying:

[Llua [ dx=2,

where A>0 Is fixed. Then, there exists a subsequence {unk }k_l satistying one
of the three possibilities:
. ® N
(1) (compactness) there exists {ynk }k:1 cR" such that Uy, ( = Yn, )—> u as

k >0 in LZ(RN),name]y

Ve >0, 3R >0, f nk(x)rdxzﬂ,—g;

Ynk

(#1) (vanishing)

!lmsupj |dx 0 forall R<oo;

(i) (dichotomy) there exists o €(0,A) and uf]t), uﬁf) bounded in Hl(RN)
such that:

ull+

L

u@

L

<lu

n |
Supp uﬁ? A Supp uﬁf) =
0

M || y2 M ||yt
2 2
ul s o, [u?l > A0, ask — o, ©)
k LZ k LZ
2 2
liminf ( —‘Vuff) —‘Vuff) )dsz,
k—o0 k Kk

Uy, —(uﬁ? + uﬁf))

—0 ask >0forall2<s< 2N2(2§s<ooif N =1).

N —
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3. L2-Subcritical Case

In this section, we mainly consider the L?-subcritical case and prove Theorem
1.2

Lemma 3.1. Forany ueS(c), we have that
u)2|vul; f (e vul )

Proof. Let’s use Lemma 2.1 and Lemma 2.2; for any u e S(c), we have that,

1 +
E(u)zznvuui2 - p+2 IF_prZ__.[RN .[RN| | | | dXdy
1 2 1 p+2 p+2—— 4y
>—|V
ol el ||L2 o vl ol
7_2 p+2—— -2 4-y
u
19l | 5~ B i
= [vulfe  (Julfs vl
= [vullz (e vl )
Now, letting
aoz¥—2 o, = p+2—%, a,=y-2, az=4-y,

we consider the function f(c,p) defined on (0,00)x(0,00) by

1 22
flep)=g oo P et - 7 PIC?, (10)

and foreach ce (0, oo) , its restriction g, (p) defined on (0,00) by

p 9. (p)=T(c,p).Areference to the following text, note that forany N >3,
0<y<min {4, N } , there are two cases
(1) 3<N<4

c(-2,0). ale(%,ZJ, o, (0.2), a<(0,2),
2) N5
c(-2,0). ale(%,Z), o, c(ON=2), & e(4-N,2).

Lemma 3.2. For each ¢>0, the function g,(p) has a unique global maxi-
mum and the maximum value satisties

ng(gc(p)>0 if c<c,,
max g, (p)=0 if c=¢,

ng(gc(p)<0 if ¢c>c,,

where
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nap—opo3
1

) Aaz-a0) 0,

CO=2(A+B‘) (D

with

_ %
PR 77 7 R
NpIVRIE | Np[VR[:

%
g 1 [ 2 AVWE P
AVWE e eI

Proof. By the definition of g (), we can obtain by some calculation that

9:(p)=

W, o

2 2 )

0
ET———
Np[[VR’ £
Therefore, there is unique solution of the equation g_ (p)=0, namely

2
A:Lguwwmr%gﬁ_

(12)
% Np|VR:

Taking into account that g, (p)—>—o as p—0 and g (p)—>—0 as

p — +o. Therefore, we obtain that p, is the unique global maximum point of
9. (p) and the maximum value is

max g, (p)

2 (LZO
12 20y 7[VW]E | s ez
2 Np|VR[%: | @ Np|VR[:

7]
2 2
1 (_ 20, 7[VW[; J‘” =d I

ar—-ay 2
7IVWIE L @ Np|VRI:

]

ot _%
)2 [ 2apIWE N 1 f e WG
2 | Np|VR|: | @ Np|VR[;

7IVW[z @ Np|[VR[:

1 (A+B)c'.

2

where, 7= % . In view of Equation (11), we can obtain that
a, =@,

rrp]gg( g,, (»)=0. The lemma is proved.

Lemma 3.3. Let (c,,p,)€(0,00)x(0,00) besuch that f(c,p,)>0. Then, for
any C, € (O,Cl] , we can obtain that

f(c,p)20 if pz{(;—zpl,pl]
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Proof. It is shown that ¢+ f (-, p) isanon-increasing function, then
f(c,0)=f(c,pm)20. (13)

Now, by some basic calculations, ¢+, = p>0 and taking into account

(Cl p) 1 2 —p%c% 1 paZCl"@
1 1 o2 M I
2 Np|[vR[} y[vwif,
and
C 1 2 2 %ta % 0!2 aytag —ap
f C ,—2 - 2 c 2 I 2 c 2 c 2
S T T AN A
Therefore

C
f (széplj_ f (Cl’pl)

2 0!0 ( o 0!0+0‘1 %j 1 x ( 2 otay %
=—Dp C”_I_ — Cl 2 +—p 2 (C 2 —C 2 c 2 J
npvR[E, ylowle ™ 08T

2 S (A %t % 1 % (% Gptoz G
>————p? ¢’ -6 % % [+—————p?|C? ¢ 2 ¢
Np[[VR]2

=0.

Hence, we can obtain that

Moreover, we observe thatif g, (p)>0 and g, (p")>0, then

[cz, jz f(c,, (14)
)=

f(cz’p):ch( )

Really, if g, (p)<0 forsome pe(p',p") then there exists a local minimum

forany pe[p',p"]. (15)

point on ( o pz) and this contradicts the fact that the function g, (p) hasa

unique critical point which has to coincide necessarily with its unique global

C.
maximum, see Lemma 3.2. By Equations (13) and (14), we can choose p'=-%p,
c

and p" = p,, and hence the Lemma follows.

By the Lemma 3.2 and Lemma 3.3, we can obtain that f(c,,p,)=0 and
f(c.py)>0,forall ce(0,c)) and p,:= Pe, > 0. So, we define

B, =ucH:|vul, <p, and V(c):=S(c)nB,.

Po

The solution of the Hartree Equation (2) by variational method began with
E.H.Lieb [29], who proved that the solution of the equation is the solution is the
following variational problem

m(c):= inf E(u) (16)

ue\/

According to the above results, we have the following Lemma.
Lemma 3.4. Forany c<(0,¢,), the following properties hold
@)
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m(c)= inf E(u)<0< inf E(u). (17)

ueV(c) uedV(c)

(ii) If m(c) isreached, then any ground state is contained in V (c)
Proof. (i) For any uedV (C) , we have ||Vu||i2 = p, - Thus, according to
Lemma 2.3, we have that

)2[Vulls * (Julls V0l )= 2ot (6.00) > o (000).

Now, for any fixed ueS (C) .For Ae (0,00) , we set

N
u, (X)=42u(Ax),
Clearly u, €S(c) for any A€(0,0). In the following calculation, let’s say
AX=5,4y =t. We define on (0,00) the map,

v, (4)=E(u)

1 2 1 p+2 1 |Uz (X)|2 |ui (y)|2
_E'[]RN |VU,1| dX—mJ.RN|U/1| dX_Z‘[RN J.RN dedy

EP+2 p+2
5 A2 J.]RN |u (Ax)" "dx

lu (xlx)|2 lu (xly)|2
=yl

1 1
:EAN fon [Vu(ax)[ dx- -

1
_ZJ’ZN J.]RN IJRN

2 [ [vu(s)f ox-

dxdy

p+2

dx

N _
p+2ﬂszNhﬁ”“)

1 u(s)
_Z,UJ'RN |u(t)|2 {I}RN st]dt

x|

O g,

1 17
=EAWVWE—E:512W

We consinder that

%<2 and y>2,

we see that (1) —>0 as A— 0. Therefore, there exists 4, >0 small enough
=2 "VUHZLZ <p, and E(uﬂ0 ) =y (4)<0 . It shows that

m(c)<0.
(ii) It is well known, see for example ([30], Lemma 2.7), that all critical point of

E restricted to S(c) belong to the Pohozaev’s type set

Q,={ues(c):Q(u)=0}.
Now, letting u, (x) = ﬂ%u (Ax)

l//u(;t): E(ul)
JuCof ju(y)” IP

| —= " dxdy.

p+2
P2 .[RN I

1 1 2
=;ﬂWVWE—5:312W
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Such that
: N kbt
HE u,)=A|vul - 2p+7) 2 ull5 __ﬂ lfRN JRN - dxdy,
and
: 8 - M
HE(UA)}'::L :"Vu"Lz - (p pp+2 __J.]RN J‘]RN _ | dXdy
Therefore
N + u(
u)=||Vu||i2—2(p'°2 {’pi——jRNJRN' |_| 7 |dxdy
Forany veS(c) andany se(0,%)
N No_ . V
.,,;(z)=1||w||;_2(p22) ML, f Lo |_| : N gy
Lou)-2 o v s rdd
F00) =3 19l gl L
VI refhor
=2V - 2o 2)/1 N e —_,u o —r dxdy.
By the above calculation, we can obtain that
vi(2)=20(v,), (18)

Here y, denotes the derivative of y, with respect to Ae (0,00). Hence, for
any UeS(c) can be written as U=V, with veS(c), satisfy |[Vv]|.=1 and
Se (O, oo) .

Since the set O, contains all the ground states, we infer from Equation (18)
that if we S(C) is a ground state, there exists a Ve S(C) , ||VV||i2 =1,and a
2 €(0,0) such that w=v, , E(w)=y,(4%), and y;(4)=0. Namely,
2y €(0,0) is a zero of the function .

Now, since y,(s)—>0", ||Vv/1||L2 =1,a A0 and y,(1)=E(v,)=0
when v, €dV (c)= {u eS(c ||Vu||L2 —po} , ., must has a first zero 4, >0
corresponding to a local minimum. In particular, v, €V (c), and
E(v/11 ) =y,(4)<0.Also, from w,(4)<0, w,(4)=0 when v, edV(c) and
w,(A)> - as 1—>0, w, hasasecond zero A, >4 that satisfies the local
maximum of , . Since v, satisfies E(Viz):l//v (4,)=0, we have that

m(c)< E( )< E( ) In particular, since m(c) is reached, v, is not a
ground state.

To prove the conclusion of (ii), we need only consider that y, has at most two
zeros, because this shows that 4, =4 and @=v, =v, €V (c). However, thisis

%0
equivalent to the following function
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has at most two zeros, then

u N “ + o
1(2):= W( =[vull (p—fz)“llu fpfz——MRNIw' ||| Ly
and
(A) ==y =P gy — Zam( pe el dxdy
n 02(p+2) LP+2 24 RN JrN |x—y|7 .

Since o, <0 and @, >0, then, the equation 77’(/1) =0 has a unique solution,
and 7(A) has at most two zeros. Hence, ; has at most two zeros.

Lemma 3.5. It holds that

(i) The map c<(0,c,) > m(c) Is continuous;

(ii) Let ce (O,CO) , we have for all a e (O,C) : m(c) < m(a) + m(c —a) and if
m(a) or m(c—a) isreached then the inequality is strict.

Proof. (i) Forany ce(0,¢c,) and (c,)<(0,c,), such that ¢, > c.From the
definition of m(c, ), and according to Lemma 3.4 (i) m(c,)<0, forany &>0
small enough

E(u,)<m(c,)+& and E(u,)<0, (19)

n

Next, weset 7, = /iun and hence z, €S(c). Wehavethat z, €V (c).Indeed,
Cn

JE o)

If ¢, <c,according to Lemma 3.3, we have f(c,,p)>0 forany

if ¢, =c,then
2
[z, =

= vun[fe <[vull; <
n

12

pe [C—” Pos p0:| . Hence, in view of Lemma 3.1 and Equation (19), we have
c
C
f (Cn ,||Vun ||i2 ) <0, thus ||Vun ||i2 < ?"po and

C
R P

n

As mentioned above, by the definition of z,, we can obtain that

2 p+2
R I

2 & e Pr2NG e

2 2
C C

Jeu. 0ol | [£u
1 C, n

_ZIRN .[RN |X _ y|7 dxdy

p+2

p+2
Lp+2

lc 1 (c)?2
e

n

2
1 u, u
_Z(é] IRN J‘RN| | | | dxdy.

=yt
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Therefore, we have that

p+2
o 1
O I

(e [Cij T
2 2
y
oL a0 ) o) g (Cj 1],
[x=y| C
and then, we can write it is

m(c)<E(z )+[E(z)-E(u,) -
As this point, by the definition of {c), we can obtain that |Vu,|’, <p, for
ueV(c). From Lemmas 2.1 and 2.2, we know that ||un

[ o)

x=y[

p+2
b2 and

dxdy are uniformly bounded. Thus,as n—o we get

m(c)<E(z,)=E(u,)+0,(1), (20)
combining Equations (19) and (20), we have
m(c)<m(c,)+&+0,(1).
Now, let ueV (c) be such that
E(u)<m(c)+& and E(u)<0,

Similar to the argument above, we denote u, = \/Eu €S(c,). Clearly,
Cn

v, <p, and ¢, >0 imply |Vu 2 < p, for nlarge, so that u, eV(c,).
L 0 n Y nj: 0 g n n
Also, E(u,)—E(u).We thus have

m(c,) < E(u, )+[E(u,)-E(u)]<m(c)+e+0,(1).

Therefore, we conclude that m(cn )—>m(c) forall £>0 small enough.
(ii) Now, fixed «a e (0, C) , we just need to prove that the following formula is

true.
% 6’6(0,2}:m(9a)£€m(a), (21)
[24

If m(a) is reached, the inequality is strict. Indeed, if Equation (21) holds, then
C—«a c a c
m(C)—Tm{E(C—a)}'Fzm(;aj
cC—a ¢C acC
< — Z=
. C_am(c a)+cam(a)
=m(c—a)+m(a).

To prove that Equation (21) holds, according to Lemma 3.4, for any &£>0 small
enough, there existsa ueV (a) such that

E(u)<m(a)+e and E(u)<O0. (22)
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By Lemma 3.3, f(a,p)>0 forany pe [C—”po,po} . Therefore, this is known
c
by Lemma 2.1 and Equation (22)

[villz < o (23)

Consider now Ve \/EU , we remember ||V||2L2 = 9||VV||i2 < H%po Sﬁ%po =/, -
a

Thus veV (a) and we have that

uCf )l

1 + 1
o) <0 =Gpvuf 50 bz 3oL L
0 2 1 +2 | || |
<Gl 5ol oL [ P ey
=0E(u)
SH(m(a)+5).

Since £>0 is arbitrary, we infer that m(Ha) < 6’m(a) VIf m(a) is reached,
then we canlet ¢ =0 in Equation (22), and thus, the strict inequality follows.

Lemma 3.6. Let (v,)<V(c,)=S(c,)N B,, e such that ||u (o2 = 0. Then,
there existsa [3,>0 such that

E(v,)= B |Vv, ||i2 +0,(1).

Proof. Indeed, using the Lemma 2.2, we have that

V V
||V = IRN.[ i | |y| | dxdy +o, (1)
H Hg—ZTEEWHIKWIMM+O(D
1 1 R
2 || ||L2 l: "vw " 02 pOZ }4_ On (1)
Now, since f ( Co> po) =0, we obtain that
1 % 2 1 a a3
f _ = 202 _ 2¢c2 =,
( 01 Po) 2 Np||VR||fz Po” Gy 7||VW||2L2 Po” Co
Therefore, we get
1 1 % a3 2 % A
By==— PRC2 = D2 C2
T2 w7 Ne|vRIE T T

Next, we prove that the vanishing case does not occur.

Lemma 3.7. Forany ce(0,¢,), let (u,)<=B, , be such that ||un||i2 —>c and
E(u,)—>m(c). Then, there exist a f3,>0 and a sequence (y,)=R" such
that

_[BR(YH)|un|zdxzﬁl>0 for R>0. (24)
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Proof. First of all, let {u,}” <B, is bounded in Hl(RN) be such that
||un||2|_2 —c¢ and E(u,)—>m(c) forall ce(0,c,). By Lion’s lemma, we deduce
that ||un
E(u,)>0,(1). This contradiction m(c)<0.

Proof of Theorem 1.2. According to the Lemma 3.5 and Rellich compactness

a2 = 0 as n—o0. At this point, in view of Lemma 3.6, we have that

theorem, we know that there exists a sequence (yn ) cR" isbounded, and up to

a sequence, we assume that y, — Y, as n—> oo, we infer that

U, (Xx=¥,)0 u =0 in H'(RY).
First of all, we write W, (X):=u,(X—Y,)-U,(X). Our aim is to prove that the
compactness holds, Ze,

w, (x) >0 in H*(R").

Clearly,
o, =l (x= v
= (x= ¥2) = OO + el +0, (1)
= a2 -+ e 2 + 04 ).
Thus, we have
o e = a2 = e + 00 (2) = ¢ [ + 0, (2). (25)

Through similar argument, we ca obtain that

[V iz =1Vu iz = [Vucll + 0, (1)- (26)

Again, taking into account that any term in F fulfills the splitting properties of
Brezis-Lieb [10]. Consequently

E(w,)+E(u,)=E(u,(x-y,))+0,(2).

By using the fact that {y,} is bounded and the translation invariance holds, we

can obtain
E(u,)=E(u,(x=Y,))=E(w,)+E(u,)+0,(1). (27)
Next, we need to prove that the the following is true
Jwi iz —>o. (28)

In order to prove this, in view of Equation (25), if we note ¢, := ||uc ||2LZ >0 so that
the conclusion arrived when ¢, =c. We assume by contradiction that ¢, <c, by

the analysis of Equations (23) and (25), we have
[waliz =c ¢ +o, () <c, [Vw [z <[vu, [ < o0
While in the mass supercritical case, by the definition of W, , we have

w, €V (w2 ) and € (w,)=m(Jw, |2 ).

Recording that E(u,)— m(c), by Equation (27), we obtain that
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m(c)=E(w,)+E(u,)+0, (1) m(Jw, |2 )+ E(u,) +o, (1):

By Lemma 3.5(i), we know that the map ce(0,¢,)> m(c) is continuous and
according to Equation (25), we deduce that

m(c)>m(c—c,)+E(u,). (29)

Wealso have that u, €V (c,) by the weak limit. This shows that E(u,)>m(c,).
In view of Equation (29) and Lemma 3.5(ii), if E(u,)>m(c,), then

m(c)>m(c—c,)+m(c)=m(c—c +¢)=m(c).

It is impossible to m(c)>m(c). Hence, we have E(u,)=m(c,),namely u, is
alocal minimizer on V(). So, using lemma 3.5(ii) with the strict inequality, we
deduce from Equation (29) that

m(c)>m(c—c,)+E(u,)=m(c—c,)+m(c,)>m(c—c,+c)=m(c),

which is impossible. Thus, we conclude that ||uc||2LZ =c and |w, ||i2 —0.

We next prove that |[Vw, |, — 0. This will prove that w, —>0 in H*(RY)
and completes the proof. In the first place, in view of Equation (26) and since
U, #0, we infer that ||Va)n||2L2 S”Vun"iz < p, . therefore, we can deduce that
{Wn }::1 c B, isboundedin H ' (]RN ) . Then, by using the Gagliardo-Nirenberg

inequality of Lemma 2.1, we ca obtain that ||w,[,> —0 and

jRN .[RN dXdy — 0. Thus, by Lemma 3.6, we have

E(w,)> A, |Vw, ||i2 +0,(1) where S,>0. (30)

Next, let’s remember that

E(u,)=E(u,)+E(w,)+0,(1) > m(c).
Since u,[J U, in Hl(RN) with u, eV (c), we get that E(u,)=m(c) and
hence E(w,)<0,(1). In view of Equation (30), we consequently deduce that
w2 0
Now, we prove that the Cauchy problem Equation (1) admits a global solution
w(t) with the initial value of (0,X)=y;.

Vy (t)||L2
is bounded. By Lemma 2.2, the Young inequality and conversation law, we have

Indeed, by the law of conservation of mass and energy, we know that

O +5 T IRN—|‘” Ol OF 4yqy

IV (V)] =2E(w (1) +

p+2||

|_'f’+2 yly
<2E(y (o )+ 26|V (V)] + 26, (e (t ||L2) (31)
40 720]

||VW I

If 0<y<min{4,N}, wehave
[V (O <28(v (0)) +26[Vw ()] +26 (e (1) )

+2e|[Vy (), + 26, (aw () )
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Since [ (t)]: = (O)],: <[,
boundedness of ||V1//(t)||L2 is obtained. Therefore, there is a global solution to
the Cauchy Equation (1).

20 combined with the above discussion, the

Next, we prove that the set M, is orbitally stable. First, from the above conclu-
sion, w(t) is known to exist globally, then by using the proof by contradiction,
suppose that there is a constant &, >0 and a sequence {‘/’o,n }:11 cH* (]RN )
such that

inf [, —u

1
oy <— 32
ueM, HY(RY) T (32)

and there exists {tn }::1
v, (t,) of Equation (1) satisfies

cR" such that the corresponding solution sequence

sup inf
tyeR ueMe

v, (t, u|| )250. (33)

It is assumed that the lower-standing wave solution is not orbital stable.
Subsequently, we claim that there exists v e M, satisfies I|m "‘/’o N v" ) =0.
Indeed, in view of Equation (32), there exists {Vn} c S( ) be a minimizing

sequence such that

||‘//0,n —Vy Hl(RN) <%1 (34)

C M, be a minimizing sequence, there exists Ve M, satisfies

lim|lv, V”Hl(RN) =0. (35)

Since {vn }::1
n—ow

Therefore, according to Equations (34) and (35), if the above assumptions are true,
then

=|M> =c. imE(,,)=E(v)=m(c).

n—oo

IIm”‘//on

n—oo

According to the conservation of mass and energy, we have
W, (tn) =c, imE (v, (t,))=E(v)=m(c).

Similarly, according to the above analysis, we can see that {y/n (t, )}::1 is
bounded in H! (]RN ) . Hence,

E(7,)=——E(v,(t,)

Vo (6|2

_ \/E 2 \/E ps2 1
+_[ '//n(tn)sz _[ v tn)LzJ ]p+2"l//n(tn)

lim

n—oo

p+2
Lp+2

- ) ,
t
+ \E h C J.]RN -[]RN l//” ” 7( ) dxdy,
vo ()] 2 ") [x—y]
C- t
for y, = w and |, |> =c. By the above results, we obtain

Vo (t)] 2

DOI: 10.4236/jamp.2024.1210204 3454 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1210204

C.Y.Yan

limE(7,) = limE(w,(t,))=m(c).

n—o n—oo

Therefore, {y?n (t, )}::l is a minimizing sequence of Equation (16).

Based on the above analysis, there exists Ve M, satisfies

W, >V in Hl(RN). (36)

By the definition of 7, , we have

v, (t,) >0 in HY(RY). (37)

We consequently obtain that y,(t,) >V in Hl(RN ) , and which contradicts

Equation (33). Therefore, the standing wave solution is orbitally stable. This com-

pletes the proof.
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