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Abstract 
The theory of the conservation of energy in the thin layer approximation has 
been extended to special relativity. Four models for the density of the cir-
cumstellar medium are analyzed, which are represented by constant, power 
law, exponential and Emden (n = 5) profile for density. The astrophysical re-
sults are presented in a numerical way, except for a Taylor expansion of the 
four trajectories in the surrounding of the origin. The free parameters of the 
models are particularized for SN1993j, for which the radius versus time is 
known. Some evaluations on the time dilation are presented. 
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1. Introduction 

The production of relativistic electrons in the early phase of a supernova (SN) is 
an active field of research. For example, the application of the non-relativistic 
perpendicular shocks to: 1) the formation of Weibel-type filamentation instabili-
ties, which generate magnetic turbulence, see [1]; 2) the shock-surfing accelera-
tion of electrons at the leading edge of the shock foot and downstream of the 
shock, see [2] [3]; and 3) studying the magnetic re-connection as a dominant 
acceleration process for the acceleration of the electrons, see [4]. These ap-
proaches use non-relativistic shocks. Therefore, an approach in special relativity 
(SR) is required. In this paper, we report some approaches to solve this problem, 
including: the relativistic theory of hydrodynamical shocks, see [5]; the self-similar 
spherical solution describing an adiabatic ultra relativistic blast wave, see [6]; 
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analysis of the reverse shock in a dynamical evolution of a relativistic explosion, 
see [7]; evaluation of the jump conditions in parallel relativistic collision-less 
shocks in the absence of Fermi acceleration, see [8]; the ultra-relativistic shock 
breakout with production of non-thermal emission, which was investigated by 
[9]; and, an analytic description of relativistic radiation-mediated shocks with 
application to SN, see [10]. The astronomical measures of the high-velocity fea-
tures in optical spectra of type Ia supernovae reveal high velocity, v, for the  

ejecta such as 24,000 km/s, which means 0.08β = ; where v
c

β =  with c is the  

light velocity, see [11]. The measured high velocities in young SNs require a 
treatment for the early expansion in the framework of SR. Previous studies ana-
lyzed the relativistic conservation of momentum for the thin layer approxima-
tion adopting a power law profile of the density, see [12], and a Lane Emden (n 
= 5) profile of density, see [13]. We recall that the relativistic conservation of the 
momentum or the energy in the thin layer approximation is a hypothesis of 
work that should be sustained from the observations, i.e. the observed trajectory 
of SN 1993J [14]. This paper is structured as follows. In Section 2, the basic equ-
ations of the conservation of the relativistic energy for the thin layer approxima-
tion are described. In Section 3, the astrophysical results for SN 1993J for four 
density profiles of the circumstellar medium (CSM) are given. Finally, time dila-
tion and radioactivity are outlined in Section 4. 

2. The Relativistic Framework 
2.1. Energy Conservation 

The classical conservation of kinetic energy in spherical coordinates within the 
framework of the thin layer approximation when the thermal effects are negligi-
ble is 

( ) ( )2 2
0 0 0

1 1 ,
2 2

M r v M r v=                     (1) 

where ( )0 0M r  and ( )M r  are the swept masses at r0 and r, and v0 and v are 
the velocities of the thin layer at r0 and r; for further details, see [15]. 

In SR, the total energy of a particle is 
2 ,E M cγ=                           (2) 

where M is the rest mass, c is the light velocity, γ  is the Lorentz factor 

2

1

1 β−
, v

c
β =  and v the velocity. The relativistic kinetic energy, kE , is 

( )2 1 ,kE Mc γ= −                        (3) 

where the rest energy has been subtracted from the total energy, see formula 
(23.1) in [16]. The relativistic conservation of kinetic energy in the thin layer 
approximation in two points ( 0 0,r v ) and ( ,r v ) is 

( ) ( ) ( ) ( )2 2
0 0 0 1 1 ,M r c M r cγ γ− = −                 (4) 
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where ( )0 0M r  and ( )M r  are the swept masses at r0 and r, respectively, 

0 2
0

1

1
γ

β
=

−
 and 0

0
v
c

β = . A Taylor expansion about 0v =  and 0 0v =  of  

order three for the above relativistic conservation law gives the classic case given 
by Equation (1). This fact assures a smooth transition from relativistic to classic-
al velocities. 

2.2. Constant Density 

When the ISM has a constant density, the Lorentz factor as function of the ra-
dius is 

( )0 0; , ,BNr r
BD

β β =                        (5) 

where 

( )

( )( )(

( ) )

3 2 3 3 2 3 3 3 3 2 3 3
0 0 0 0 0 0 0

6 3 3 6 2 6 3 3 6
0 0 0 0 0

1
2

3 3 6 2 3 3 6
0 0 0 0 0

12
2

2 2 2

2 2 2 2 ,

BN r r r r r C r r r r

r r r r r r r r C

r r r r r r

β β

β

β

    = − − − − + + − + + −    
    

× − + − + −


+ − − + 



   (6) 

2 6 2 3 3 2 6 2 3 3 2 6
0 0 0 0 0 0 0 0 0

6 3 3 6 3 3 6
0 0 0 0

2 2 2

2 2 2 2 ,

BD C r C r r C r r r r

Cr Cr r Cr r r r

β β β β β= − + + −

− + − − +
       (7) 

and 
2
01 .C β= −                           (8) 

The differential equation that regulates the motion can be obtained from the 

above equation by inserting d
d
r v c
t

β= = ×  and 0 0v cβ= × , 

( )0 0d ; , ,
,

d
r t r v c CN

t CD
=                       (9) 

where 

( )( ) ( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( )( )

6 33 2 2 2 2 3 5
0 0 0 0

36 2 2 2 2 3 3 5 6 3 8
0 0 0 0 0 0 0

32 2 3 2 2 2 2
0 0 0 0

1
233 2 3 3 5

0 0 0

1 14
2 2

1
2

1
2

CN r c r r t c r r r t

r c r c r r c cr r t r c cr

c r r t r c r c r

c cr r t r c cr c

 = − + + − 
  

 − − − + − + + −  
  

  × − − − −  
  


+ − + + − 



  (10) 

and 
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( )( ) ( )( ) ( )( )
( )( )

( )( ) ( )( )

6 6 32 2 2 2 2 2 2 2 2 3
0 0 0 0 0

32 2 5 2 2 2 6 2 2 8
0 0 0 0 0 0

3 33 3 5 6 3 8
0 0 0 0

2

2 2

2 2 2 2 .

CD c r r t c c r r t r c r r t c r

c r r t r c r c r c r r

r t c r r t cr r c cr

= − − − − −

+ − + − − −

+ − − +

  (11) 

This differential does not have an analytical solution and therefore the solution 
should be derived in a numerical way, except about 0r r= , where a third-order 
Taylor series expansion gives 

( ) ( )

( )( )( )( )
0 0 0 0 0 0

22 2 2 2
0 0 0 0 0

2 2
0 0

; , ,

3 .
2

r t r v t r v t t

c v c v c c c v v t t

c c v r

= + −

− + − − − −
+

−

    (12) 

2.3. A Power Law Profile for the Density 

The medium is supposed to scale as 

( )
0

0 0
0

if
;

if

c

c

r r
r r r

r r
r

α

ρ
ρ

ρ

≤
=    >  

 

                 (13) 

where cρ  is the density at 0r = , 0r  is the radius after which the density 
starts to decrease and 0α > . 

The total mass swept, ( )0; , ,cM r r ρ α , in the interval [0, r] is 

( )
3 3

3 0 0
0 0

4; , , 4 4 .
3 3 3

c c
c c

r r r
M r r r

r

αρ ρ
ρ α ρ

α α
π  = − + − −

π
π

  
The conservation of energy in SR gives the following differential equation 

( )0 0d ; , ,
,

d
r t r v c PN

t PD
=                      (14) 

where 

( ) ( )( ) ( )( )((
( ) ( )( ) ( )( ) ( ) ( )( )

( ) ( )( ) )( )( ) ( )
( ) ( )( )( )( ) ( )( )

33 2 2 2 2 2 6
0 0 0

2 6 3 92 3 3 2 2
0 0 0 0 0

122 2 2 9 2 2
0 0 0 0 0

32 2 2 6
0 0 0 0

54 1 9 18 72 6 54

2 3 15 2

1 9 18 6

1 9 18 72 3 6

PN r c c v r r t

r c v c v r t r c v r t

v c r c v c v c c v

c v c v c v r r t

αα

α αα α

αα

α α α α

α

α α

α α α

− ++

− + − ++

−

− ++

= − − − + + + −

+ − + − + −

− − + − + − −

− − + − + + −
 

( ) ( )( )( )( ) ( )( )
( ) ( ) ( )( ) ( )(
( ) ( ) ))( )

2 62 3 2 2
2 0 0 0

3 92 2 23 9 4
0 0 0 0

1
23 2 2 2 4

0 0

2 3 15 2 1 4 15

1 9 6

1 6 3 36 216 3 2 3 3 ,

r c v c v c v r t

r c v c v r t r c

v c v

αα

αα

α α

α

α α α α α

− ++

− +

− − + + + −

− − + + −

− − − + + + − 

  (15) 

and 
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( )( ) ( )( )

( )( ) ( )( )

2 2 2
2 6 6 2 2 2 6 2 6

0 0 0 0 02 2 2 2 2 2
0 0 0

2
6 2 2 6 2 6 6 2

0 0 0 0 0 02 2
0

2 2
3 33 2 3 2

0 0 02 2 2 2
0 0

2 2
3 33 2 3 2

0 0 02 2 2 2
0 0

6 6 18

18 6 18 9

6 6

18 18

c c cPD c r r v c r c r
c v c v c v

c r v c r c r r v
c v

c cr r t c r r t v
c v c v

c cr r t c r r t v
c v c v

α αα α

α αα α

α α α

α

α α
− + − ++ +

− + − ++ +

= − + − +
− − −

− + − +
−

+ −
− −

− +
− −

+ ( )( ) ( )( )
( )( ) ( )( )

3 33 2 3 2
0 0 0

2 6 2 62 2 2 2
0 0 0

18 18

9 9 .

r r t c r r t v

r r t c r r t v

α αα α

α αα α

− + − ++ +

− + − +

−

− +

  (16) 

A third-order Taylor series expansion gives 

( ) ( )
( )( )( )( )22 2

0 0 0 0

0 0 0 0 0 0
0

; , , 3 2 .
c v c v c c v t t

r t t r v r v t t
r c

− + − − −
= + − −  (17) 

2.4. An Exponential Profile 

We assume that the medium around the SN scales with the piecewise dependence 

( )
0

0
0

if
;

exp if

c

c

r r
r r r r r

b

ρ
ρ

ρ

≤
=   − >   

                (18) 

where cρ  is the density at 0r =  and 0r  is the radius after which the density 
starts to decrease. The total mass swept, ( )0; , cM r r ρ , in the interval [0, r] is 

( ) ( )

( )
0

3 2 2
0 0

2 2
0 0

4; , , 4 2 2 e
3

4 2 2 e .

r
b

c c c

r
b

c

M r r b r b b br r

b b br r

ρ ρ ρ

ρ

−

−

= π − + + π

+ + + π

        (19) 

The conservation of energy in SR gives the following differential equation 

( )0 0d ; , , ,
,

d
r t r v c b EN

t ED
=                     (20) 

where 

( ) ( ) ( )

( ) ( )( ) ( )( )

( )

( ) ( )( )

( )( )
( )

0 0

0

0

0

3 3
3 2 2 22 2

0 0 0 0 0

22 2 2
0 0 0

22 2 2
0 0

1
2 22

2
0 0

1e e 12 e
2

1e
2

1 112 e e
2 2

e

r t r r t r r t
b b b

r
b

r t r
b b

r t r
b

EN r r v b br r

b br t r t b v c v c c v

b br r b br t r t

b v c v c c c r

+ +

+

  = + − − −   
 + + + + − + −    

    − − − − + + +         


× + − + 


( )6 2

0 072b v c

 − +  
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( ) ( ) ( )( )
( )

( )

( ) ( )( )

( ) ( ) ( ) ( )( )
( )

( )

0

0

0

0

22 2 2
0 0 0

2 2
2 222 2 2 2 2

0 0 0

2
23 2

0 0 0

2
2 2

0 0

1 1 e
2 2

1 1 1 1e e
2 2 2 2

112 e
2

1e
2

r t r
b

r t r
b b

r t r
b

r t r
b

v c b br r b br t r t

b br r b br t r t c v

b v c r v c c b br t r t

b br r

+

+

+

  × − + + + + +    
    − + + − + + −        

 − + − + + +  

 − + +   

1
2

,


  (21) 

and 

( ) ( ) ( ) ( )( )
( ) ( )

( )
( )

( ) ( )( )

( )

( ) ( )( )

0 0 0

0

22 2 2 2
0 0 0 0

22 2 3 3 3
22 6 2

0 0

2 3
2 2 2 2 2 3

0 0 0 0 0 0 0

2
0

1 1 172
2 2

1e e 36 e
2

1 e 12
2

1
2

r r t r r t r r t
b b b

r t r
b

ED v c b br r v c b b br t r t
c

c r v c b br t r t

b br r v c b c v r v c v c

b b br

+ + +

+

    = − − + + + + + +    
   

  × + + − + + +    
  + + + + − − − + +      

× − − −
( ) ( )

( ) ( )( )
0 02 3 3 2

22 2
0

1e e .
2

r r t r r t
b br b br t r t c
+ +      + + +           

 (22) 

A third-order Taylor series expansion gives 

( )

( )
( )( )( )( )

( )( )( ) ( )

( )

0

0

0

0 0 0

22 2 2 2
0 0 0 0 0

0 0 0 2 2
0 0

3
0 0 0 0 2 2

0 02 2
0

2 2 2 2
0 0

4

; , , ,

3 2 e

1 e
2

16 3 4 .

e

r
b

r
b

r
b

r t t r v b

v c v c c c c v v t t
r v t t

c c v r

v v c v c t t
c v c b r c

br c

b c c v c v

−− + + − − − −
= + − +

−

+ − + −  + − − −    


+ − − + 


 (23) 

2.5. Emden Profile 

We assume that the medium around the SN scales as a 5n =  Emden profile, 
[13] [17] [18], 

( )

0

05 20 2

2

if
1 if;

11
3

c

c

r r

r rr r
r
b

ρ

ρρ

≤

 >= 

  +   

              (24) 

where cρ  is the density at 0r =  and b is the scale. 
The total mass swept, ( )0; , cM r r ρ , in the interval [0, r] is 
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( )
( ) ( )

3 3 3 3
3 0

0 0 3 2 3 22 2 2 2
0

3 34; , , 4 4 .
3 3 3

c c
c c

b r b r
M r r b r

b r b r

ρ ρ
ρ ρ= + −

+ +

π π
π       (25) 

The conservation of energy in SR gives the following differential equation 

( )0 0d ; , , ,
,

d
r t r v c b DN

t DD
=                     (26) 

where 

( )( ) ( ) ( )( )

( )( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )

( )( )( ) ( )

2
2 33 2 2 3 2 2

0 0 0 0

2
2 2 22 3 2 2 2 2

0 0

1 33 2 2 2 2 3
0 0 0 0 0

22 6 2 2 2 2
0 0 0

1 1 1243
3 3 3

1 13 3
3 3

1 13
3 3

11 3 3 3
3

DN cr b r t v c r r t b r

b r t r b r t b r b r t

b b r c v c c v r t v c r

b r t b b r v c b r b

−

      = + + +      

   × + − + + +      

 × + − + − − + 
 

 × + + − + + 
 

( )( )

( )

22

2 2 12 2 2 2 10 4 2 2 8
0 0 0 0 0

1 1 1 1 1 6 1 6
2 2 2 2

r t

c v b r c v b r c v b

+

   + − + − + −   
   

 

( ) ( )( )

( )( )

( )( )

4 2 8 2 2 10 2 12
62 2 6 6 0 0 0

0 0

2 6
42 2 6 4 2 2 2 2 4 6 20

0 0 0 0

2 6
22 2 6 4 2 2 2 2 4 6 40

0 0 0 0

2 2 6 4 2
0

1 18 2 3
54 162 1458

1 1 1 1 6
3 2 2 54

1 1 1 6
2 2 54

1 1
2 2

b c r b c r c r
c v r b r t

c r
c v b b c r b c r r b r t

c r
c v b b c r b c r r b r t

c v b b c


+ − + + + 



  + − + + +  
  

  + − + + +  
  

 + − + 
 

( ) ( )( ) ( )( )

2 6
2 2 2 4 6 60

0 0 0

2
3 22 2 2

0 0

1 6
54

12 3 3
3

c r
r b c r r b

v c r t b r b r t

 
+ +     

  × + + +    

 

( )( ) ( ) ( )

( )( ) ( ) ( ) ( )( )

( )( ) ( )( )

2
123 2 2 2 3 2 2

0 0 0 0

2
3 23 2 2 2

0 0 0

2
23 2 3 2 2

0 0 0 0

1
2 2

2 2 2 2 2
0 0 0

1 3 3
3

12 3 9 3
3

1 2 3 9 3
3

1 18 6 ,
3

r b r t b r b c v c c v

r t v c b b r v c b r t

r b r t b v c v c b r

b r v b r

− − + + − + −    

 − + + − + + 
 

 + + − + + +    

  + + +    

    (27) 

and 
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     − + + + +          

 × − + − + + + 
 

 × + − + + + 
 
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  (28) 

A third-order Taylor series expansion gives 

( )

( )
( )( )( ) ( )

( )

0 0 0

22 2 2 2 5
0 0 0 0 0

0 0 0 5 22 2 2 2
0 0 0

; , , ,

27 27 3
.

2 3

r t t r v b

v c v c c c v c v b t t
r v t t

b r c v r c

− + + − − + −
= + − −

+ −

 (29) 

3. Astrophysical Observations 

We now analyze in detail the case of SN 1993J; note that the radius in pc and the 
elapsed time in years can be found in Table 1 of [14]. 

3.1. Statistics 

A test for the quality of the fits is represented by the merit function 2χ  

( )2
2

2 ,th obs

j obs

r r
χ

σ
−

= ∑
 

where thr , obsr  and obsr  are the theoretical radius, the observed radius and the 
observed uncertainty, respectively. A fit can be done by assuming a power law 
dependence of the type 

( ) ,p
pr t r tα=  

where the two parameters pr  and pα , as well as their uncertainties can be 
found using the recipes suggested in [12]. Figure 1 reports the power law fit to 
the data. 

3.2. Theoretical Fits 

In the case of a constant profile of density, we present a numerical solution as 
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given by the numerical integration of the differential Equation (11). Figure 2 
displays the theoretical model versus the astronomical data. Figure 3 presents 
the Taylor approximation of the trajectory as given by (12) in the restricted 
range of time [0.001 yr - 0.02 yr]. 

 

 
Figure 1. Radius as fitted by a power law (full line) and astronomical data of SN 1993J 
with vertical error bars. The parameters of the fit are 0.0155 pcpr =  and 0.828pα = , 

which gives 2 6387χ = . 
 

 
Figure 2. Theoretical radius in the case of constant density (full line) and astronomical 
data of SN 1993J with vertical error bars. The parameters of the model are 3

0 10 pcr −= , 
3

0 3.6 10 yrt −= × , 0 0.9β =  which gives 2 28208χ = . 
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In the case of a power law profile for density, we present a numerical solution 
as given by the numerical integration of the differential Equation (14). Figure 4 
displays the theoretical model. 

Figure 5 presents the Taylor approximation of the trajectory as given by (3.2) 
in the restricted range of time [7.2 × 10−5 yr - 2.2 × 10−4 yr]. 

 

 
Figure 3. Numerical solution (full-red line) and Taylor solution (blue-dashed line) for the 
constant density, parameters as Figure 2. 

 

 
Figure 4. Theoretical radius in the case of a power law profile (full line) and astronomical 
data of SN 1993J with vertical error bars. The parameters of the model are 5

0 2 10 pcr −= × , 
5

0 7.2 10 yrt −= × , 0 0.9β = , 2.15α = , which gives 2 3777χ = . 
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In the case of an exponential profile for density, we present a numerical solu-
tion as given by the numerical integration of the differential Equation (20); Fig-
ure 6 displays the theoretical model. 

Figure 7 presents the Taylor approximation of the trajectory as given by (23) 
in the restricted range of time [10−3 yr - 8 × 10−3 yr]. 

 

 

Figure 5. Numerical solution (full-red line) and Taylor solution (blue-dashed line) for the 
power law profile, the parameters are the same as in Figure 4. 

 

 
Figure 6. Theoretical radius in the case of an exponential profile (full line) and astro-
nomical data of SN 1993J with vertical error bars. The parameters of the model are 

3
0 10 pcr −= , 3

0 3.6 10 yrt −= × , 0 0.9β =  and 38 10 pcb −= ×  which gives 2 13145χ = . 
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Figure 7. Numerical solution (full-red line) and Taylor solution (blue-dashed line) for the 
exponential profile, parameters as Figure 6. 

 

 
Figure 8. Theoretical radius in the case of an Emden profile (full line) and astronomical 
data of SN 1993J with vertical error bars. The parameters of the model are 3

0 10 pcr −= , 
3

0 3.6 10 yrt −= × , 0 0.9β =  and 38.6 10 pcb −= ×  which gives 2 8888χ = . 
 

In the case of an Emden profile for density, we present a numerical solution as 
given by the numerical integration of the differential Equation (26). Figure 8 
displays the theoretical model. 

Figure 9 presents the Taylor approximation of the trajectory as given by (29) 
in the restricted range of time [10−3 yr - 2 × 10−2 yr]. 

https://doi.org/10.4236/ijaa.2020.104015


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2020.104015 297 International Journal of Astronomy and Astrophysics 
 

 
Figure 9. Numerical solution (full-red line) and Taylor solution (blue-dashed line) for the 
Emden profile, the parameters are the same as in Figure 8. 

4. Sparse Effects 
4.1. Time Dilation 

For an observer who moves on the expanding shell, the proper time *τ  is 

0 0

* 2d 1 d ,
t t

t t

t tτ β
γ

= = −∫ ∫
 

see [19]. Let us take the example of an Emden profile with the initial trajectory 
characterized by the Taylor expansion given by Equation (29). The value of β  
as given by the Taylor expansion is 

( ) ( )
( )0 0 0 0 0 0 5 22 2 2

0 0 0

1 d; , , , ; , , , ,
d 3 1

BENt r t b r t t r v b
c t b r r

β β
β

= =
+ − +

    (30) 

where 

( )
( )( )( )( )

22 2 2 2 2
0 0 0 0 0

5 2 2
0 0 0 0 0

9 1 1 3 3

27 3 1 1 1 1 .

BEN r b r b r

b c t t

β β

β β β β

= − + + +

+ − + + − + − −
     (31) 

The time dilation can be evaluated once the following integral is done 

( ) ( )2
0 0 0 0 0 0; , , , 1 ; , , , d ,F t r t b t r t b tβ β β= −∫  

which is 

( )
3

0 0 0
3; , , , ,FAF t r t b t

FB
β = +                   (32) 

where 

https://doi.org/10.4236/ijaa.2020.104015


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2020.104015 298 International Journal of Astronomy and Astrophysics 
 

( )( )( )
( )

( )( )( )
( )

2 2 2 2 2 2 5
0 0 0 0

05 22 2 2 2 2
0 0 0

2 2 2 2 2 2 5
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5 22 2 2 2 2
0 0 0

3
27

3

3
27 ,

3

c c c c c c c c c b t
FA c

b r c c r c

c c c c c c c c c b t

b r c c r c

β β β β
β

β

β β β β

β

− + + − + − +
= − +

+ − +

− + + − + − +
+

+ − +

  (33) 

and 

( )( )( )
( )

4 5 2 2
0 0 0 0

5 22 2 2
0 0 0

1 1 1 1
243 .

3 1

c b
FB

b r r

β β β β

β

− + + − + −
= −

+ − +
         (34) 

The time dilation is therefore 

( ) ( )*
0 0 0 0 0 0 0; , , , ; , , , .F t r t b F t r t bτ β β= −  

A measure of the time dilation is 
*

0

,D
t t
τ

=
−  

with 0 1D< < . The time dilation is displayed as function of the time in Figure 
10 and as a function of time and scaling in Figure 11. 

4.2. Radioactivity 

The decay of a radioactive isotope is modeled by the following law for particles, 
which are in the laboratory frame 

 

 
Figure 10. Time dilation as represented by D as a function of time (in years) for the Em-
den profile, the parameters are the same as in Figure 8. 
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( )
0

0e ,
t t

N t N τ
−

−
=  

where τ  is the proper lifetime, 0N  is the number of nuclei at 0t t=  and the 
half-life is ( )1 2 ln 2T τ= . In a frame that is moving with the shell, the decay law 
is 

( )
*

0e .N t N
τ
τ

−
=  

Let us analyze the isotope 56Ni for which 8.757 dτ =  or 1 2 6.07 dT = . We 
now express the proper lifetime in yr (1 yr = 365.24219 d), 0.024τ =  and Table 
1 reports the number of nuclei that have survived at a given time. From the 
above table, it is evident that the number of nuclei that are embedded in the 
moving layer is bigger when the time dilation is considered. 

5. Conclusions 

The kinetic energy conservation for an expansion in the framework of the thin 
layer approximation has been extended to SR. We analyzed four types of CSM 
and we derived the equation for the numerical trajectory. A Taylor expansion for 
the trajectory has been derived in each of the cases that are modeled by constant, 
power law, exponential and Emden profile. The numerical results were applied 
to the real data of SN 1993J. The best results are obtained for a power law  

 

 
Figure 11. Map of time dilation, D, as a function of time (in years) and the scaling b for 
the Emden profile, the parameters are the same as in Figure 8. 

 
Table 1. Parameters of the radioactive decay for the isotope 56Ni when t = 0.006535 yr 
and the other parameters are the same as in Figure 8. 

parameter no time dilation time dilation 

N 0 0.8727N N= ×  0 0.9415N N= ×  
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dependence of the CSM with 2.15α = . The case of an expansion in a medium 
with constant density is not compatible with the data of SN 1993J. Some evalua-
tions of time dilation and of radioactivity in the early phase of expansion have 
been done using the Taylor expansion for the trajectory. Here, we processed as 
astrophysical object only SN 1993J; the connection between SNs and Gamma 
Ray Bursts is demanded to a forthcoming analysis. 
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