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Abstract

The present paper deals with the existence of periodic orbits in the Circular Re-
stricted Four-Body Problem (CR4BP) in two-dimensional co-ordinate system
when the second primary is a triaxial rigid body and the third primary of inferior
mass (in comparison of the other primaries) is placed at triangular libration point
L, of the Circular Restricted Three-Body Problem (CR3BP). With the help of
generating solutions, we formed a basis for the existence of periodic orbits, then
an analytical approach given by Hassan ef al [1], was applied to our model of
equilateral triangular configuration. It is found that in general solution also; the
character of periodic orbits is conserved. For verification of the existence of peri-
odic orbits, we have applied the criterion of Duboshin [2] and found satisfied.

Keywords

Autonomous Four-Body Problem, CR4BP, Triaxial Rigid Body,
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1. Introduction

Giacaglia [3] applied the method of analytic continuation to examine the exis-
tence of periodic orbits of collision of the first kind in the CR3BP. Bhatnagar [4]
generalized the problem in elliptic case. Further Bhatnagar [5] extended the
work of Giacaglia [3] in the CR4BP by considering three primaries at the vertices
of an equilateral triangle. In last three decades, a series of works have been per-
formed by different authors with different perturbations in the circular and el-

liptic restricted three-body and four-body problem but nobody established the
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proper mathematical model of the Restricted Four-Body Problem (R4BP).
Recently Ceccaroni and Biggs [6] studied the autonomous coplanar CR4BP
with an extension to low-thrust propulsion for application to the future science
mission. In their problem, they also studied the stability region of the artificial and
natural equilibrium points in the Sun-Jupiter Trojan Asteroid-Spacecraft system.
Using the concept of Ceccaroni and Biggs [6] and the method of Hassan ef al [1],
we have proposed to study the existence of periodic orbits of the first kind in the

autonomous R4BP by considering the second primary as a triaxial rigid body.

2. Equations of Motion of the Infinitesimal Mass

Let P(i=1,2,3) be the three primaries of masses m, (j=1,2,3) respectively,
where m; > m, >m, and the fourth body P, of infinitesimal mass m be as-
sumed so small that it can’t influence the motion of the primaries but the motion
of P,(m) is influenced by them. Moreover, we assumed that the mass m,
(mass of the third primary placed at L, of the R3BP) is small enough so that it
can’t influence the motion of the two dominating primaries £, and P, but
can influence the motion of the infinitesimal body P, (m).

Thus the centre of mass (ie. the bary-centre) ie. the centre of rotation of the
system remains at the bary-centre O of the two primaries A and P,. Also,
all the primaries F,P, and P, are moving in the same plane of motion in
different circular orbits of radii OF,OPF, and OP, respectively around the
bary-centre O with the same angular velocity . Considering (O, XY) asan
inertial frame in such a way that the XY-plane coincides with the plane of mo-
tion of the primaries and origin coincides with O. Initially let the principal axes
of the second primary P, are parallel to the synodic axes (0O,&n) and its axis
of symmetry is perpendicular to the plane of motion. Since the primaries are re-
volving without rotation about O with the same angular velocity as that of the
synodic axes, hence, the principal axes of P, will remain parallel to the
co-ordinate axes throughout the motion.

Let at any time £ R (&,0) and P, (&,,0) be the positions of two dominat-
ing primaries on the x-axis of the rotating (synodic) co-ordinate system and
P,(&.11,) be the third primary placed at the equilibrium point L, of P and P, .
Let r,r, and r, be the displacements of F,P, and P, relative to P, as
shown in Figure 1 and r be the position vector of P, (x,y), then

r=xi+y =0P,
n=(x=&)i+y=PRP,
n=(x-&)i+)=PP,

L6 =(x—é‘3)f+(y—773)j= PP,.

Let F,F, and F, be the gravitational forces exerted by the primaries

(1)

R,P, and P, respectively on the infinitesimal mass m at P,(x,y), then

{(x=&)i+}. )

ymm,

F=-

where y is the gravitational constant.
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¥ P,(x,¥)

P (1~ 15.33/2)

AP,A'=2b,,
BP,B'=2b,,
CP,C'=2b,.
C
B,
A A
o s o0 X
Cl
P,(1-1,0) P, (1,0)

Figure 1. Configuration of CR4BP when the second primary is a Triaxial rigid body.

Let b,,b, and b, be the lengths of the semi-axes of the second primary
P,(&,,0) then the gravitational force exerted by P (&,,0) on P (x,y) is

given by McCuskey [7]
22 _p2_p? 1 232
F2:_7m3m2;;2_37’m2"2 b; b22 b; Ao+ 57”16’"2 b 2b2 2;,2'
7 2r, 5R 2r, SR
22 22
Let o, _& 2b3 ,0'2=b2 2b3 , then
5R 5R
_ ’.‘+ o}
where 7, is the unit vector along r, iLe, fzzr—zzw
] "
- 3(20, - - 15(0, - - .
Fy,,,mH & 320 -0)(x=8) 15(0i-0u)(x @)yz}i
r 2r; 2r,
3)
. l+3(201_02)y—15(01_02)y3 j
r 25 2r)
and
ymm 2 A
F3=—r—33[(x—§3)1+(y—773)1]- (4)
3

Total gravitational force exerted by the three primaries on the infinitesimal

mass is given by

F=F+F, +F
_ ml(x_fl) mz(x_gz) m3(x—§3) 3’"2(20'1_0'2)(3‘_52)
=-rm 3 + 3 + 3 + 5
I ) n 2r,

_15m2(0'1—0'2)(x—§2)y2}l¢+{m+m2y+m3(y—773)+3m2(20'1—0'2)y (5)

2r27
15m, (0, -0,) 4| -
Y (]|
2r,
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The equation of motion of infinitesimal mass in the gravitational field of the

three primaries B, P, and P, is given by

o’ or 0
m —;+2(ox—r+—wxr+wx(w><r) =F, (6)
ot ot ot
where
2 ~ ~
vy = Xi + jj = relative acceleration,
t

ar A A . . .
@D X > =n (— Vi + xj) = coriolis acceleration,
t

om , .
8_ x r = Euler's acceleration,
t

and @x(@xr)=-n’ (xf + y}) = centrifugal acceleration,
(as @ = nk isa constant vector).

From Equations ((5) and (6)), we get

m[()'c'—2nj/—n2x)f+(j}+2n)'c—n2y)ﬂ :_7mHml (x_§1)+ m,(x=&,)

3 3
h n

L (x-&) +3m2 (20, —0'2)(x—§2)_15m2 (o, _02)(x_§2)y2}f

3 5 7
r 2r; 2r,

3 3 3 5
h r n 2r,

+{M+m2y+m3 (y—773)+3m2(20'1 —0'2) _15m2(20,7—02)y3}j:|
n

By equating the coefficients of i and j from both sides, we get the equa-

tions of motion of the infinitesimal mass as

ml(x—§1)+mz(x—§2)+m3(x—§3)

X—Zny—nzx:—}{

7 r 5 @)
N 3m, (20, —0,)(x-5&,) B 15m, (o, —0'2)(x—§2)y2
25 2r) ’
my(y— 3m, (20, -0
§+2mi—nty=—y| ML M, 3(y3 ) , 3ms( ! :)
Ul n 6] 2ry )
B 15m, (Ul —O'z)y3
2r)
Let v=vi+v,; be the linear velocity of the infinitesimal mass at P, (x,)
then
dr or d o0
vV=—=—+a@xr, as —=—+wx
dr ot dr ot

A

v,f+v2}:(x—ny)f+(y+nx)],

=SV =X—ny,v, =y+nx.

. Kinetic energy of the infinitesimal mass is given by
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1
T = 5|v|2 for unit mass of the infinitesimal body.

Lo, . . n*
T:E(x2+y2)+n(xy—xy)+7(x2+y2). 9)
where the mean motion of the synodic frame is given by
n’ =1+%(20‘,—0'2). (10)

Let p, and p, be the momenta corresponding to the co-ordinates x and y

. oT or
respectively then p, = e D, 28_)'/

= p =x—-ny=v, and p,=y+nx=v,
Thus
1 2 2
T=—(p + (11)
> (Pl P, )
Let ¥, =(i=1,2,3) be the gravitational potential of the primaries of masses

m, (i =1,2,3) atany point outside of the infinitesimal mass, then

ALY V2:—7m2—7m2(261_62)+3ym2(61_62)y2, V3=—ﬂ-(12)

3 5
h r 2r 2r n

. Total potential at any point outside of the infinitesimal mass due to three

primaries is given by

3 20 — 3 _
V:Zzz—y(ﬂ+ﬁ+ﬁ}m2( 9-0), ymZ(;; %) s
2

3
i noonoon 2n

The Hamiltonian of the infinitesimal body of unit mass is given by
H =3 pi—(T-V)=(pi+p,y)-(T-V) (14)

26 —
H=%(P12+P22)+n(p1y—172x)—7[ﬂ+ﬁ+&]_w
nonhoh 21 )

3ym, (o, — 0O
+L152) y? = C = Constant
2r;

Assuming u as the mass ratio of m, and & as the mass ratio of m, to

m,

the total mass of the dominating primaries A and P, then u= and
m + m,
m, ,
E= . Also assuming m, +m, =1 then m, =pu,m =1-yx and m; =¢.
m, +m,

From the definition of the centre of mass of m, and m, we have

1
mé& +m,&, =0 which implies & =u, & =u-1, & =4 and 7, =g.
Thus the co-ordinates of the three primaries £,P, and P are

(#,0),(#—1,0) and { - %,?J respectively, which confirm

|P1P2| :|P2P3| :|P3P1| =1 ie, BPP, is an equilateral triangle of sides of unit
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length.
Now choosing unit of time in such a way that y =1 and taking x=x, and

¥ =Xx,, then the reduced Hamiltonian is given by

1 1- £
H :_(Pl2 +P22)+”(P1x2 _ple)__/u_ﬁ__
2 Ul hLoh
u(20,-0,) 3u(o,—o,) (16)
_ 21 - 2 + 21 - 2 x2 — C
6 6
The Hamiltonian-canonical equations are
dx, O0H dp, H
Ay _OH dp __OH (i=1,2) (17)
dt op, dt Ox,
The energy integral of the infinitesimal mass is
%(xf +%7)
1 1- e p(20,-0,) 3u(o,-o,) (18)
=—n2(x12+x22)+ EvEvEs 20— —22x7 +C.
2 K o 2y, 27,

where C isa constant.

3. Regularization

In our Hamiltonian given in Equation (16), there are three singularities
rn=r,=1r=0, so to examine the existence of periodic orbits around the first
primary; we have to eliminate the singularity 7 =0 from the Hamiltonian in

Equation (16). For this, let us define an extended generating function § by

S=(u+4; -4}) P +29:0:p, (19)
where Q,(i=1,2) are momenta associated with new co-ordinates ¢, (i =1,2)
and x, =6—S,Q,. =a—S.

op; q;
Clearly,
oS oS
X == HrG —q, X = =244, (20)
op, op,
o :2(])16]1""])26]2), 0, :2(p2q1_p1q2) (21)

2

P=(n-u) +x =(¢ ~2) +442¢ = (¢ + &)

h=a v =1 +2(qd g )+ (6 + )

(22)
2
i =147+ (6 -3 )~ 2B3ai, + (45 +43) -
From Equation (21), we have
1 1
b =2_’1(Q1Q1 _quz)a P, =2_r1(qu2 +Q2Q1)’ (23)
1
Pt D =;(Q12 +03), (24)
1
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”(Plxz _p2x1)=§(Q192 _qul)_%(quZ +Qz‘11)- (25)

The combination of Equations ((15), (24) and (25)) gives the Hamiltonian

H in terms of new variables ¢,,0,(i=1,2) as

H ZSLF(le +Q22)+%”(Q1q2 _Qqu)_%(QIQZ +Q2q1)

(26)
l-u pn ¢ /1(201—02) 6/1(01—02) 2.2 _ o
- T 3 + 5 qqu_ .
h n 5 2r; n
Let us introduce pseudo time ¢ by the equation
dt=rdz (r=0whent=0) (27)

The Canonical equations of motion corresponding to the regularized Hamilto-
nian K are given by

S SR @)
dr 00, dr 0g,

i

where the regularized Hamiltonian is given by K =7 (H -C)=0

ie, K :é(Qf +Q22)+%nr1 (quz _qul)_%(QIqZ +Q2ql)_(1_:u)

(20, —0 6ur (o, —o
_,Llr]_é"”]_lul( 13 2)+ /ul(sl 2)q12q22_r1C:0_
7 7 2r; 7

(29)

Since & 1is very-very small in comparison of the masses of the dominating
primaries hence Ve €0, 4] , we can take & = ug, and
C=Cy+uC, +’Cy+ p'Cy +---.

Let us write K =K, + uK, =0 then from Equation (29), we have

K, :%(Qf +Q22)+%r1 [n(quz _qul)—ZCOJ—l = _ﬂ'(say) (30)

1 ¢ A Bgq
__% (31)

n
K, =1_5(Q1Q2 +Q2Q1)_r1 |:C1 +r_+_0+ 3

> N n

where

A=%(2(71 -0,),B=3(0,-0,).

4. Generating Solution (i.e., Solution When u4=0)

For generating solution, we shall choose K, for our Hamiltonian function, so

in order to solve the Hamilton-Jacobi equation associated with K, let us write

0= g—W(z =1,2) and 1-A=a >0 arbitrary constant.

i
Since ¢ is not involved explicitly in K, hence the Hamilton-Jacobi equa-

tion may be written as

2 2
l(a_Wj {(LW] L n[qza_W_qla_W]_zco e ()
81\ dg, oq, 2 0q,  0g,
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Putting ¢, = pcosg,q, = psing

p’=qi+q; =1 and p=tan” (q—z] . (33)

Now W =W(q,.9,)=W(p,9),

ow ow oW sing
>0 =—=—cosp—-
Jq, Op dp p (34)
ow ow . OW cos¢p
and Q, =—=—-sinp+——-
dq, Op op p
2 2 2 2
.(aw] [aw] (GWJ 1[8Wj ow oW oW
== === | +t=|=| ad ¢, ——q¢—=""F—.
0q, g, op) p \op oq, ~ 0q,  Op
Thus the Equation (32) reduces to
2 2
ey oyl ow o0, 65)
8\ op p \ Op 2 op

This is a partial differential equation of second degree, so by the method of

variable separable, the solution may be written as

W =U(p)+2G¢, (36)
where G isan arbitrary constant.
Now introducing a new variable z by 7 =p’> =z then %:Zp
Vel
Lo _ou _dU _dU d& _, dU
“op op dp dz dp Pz
ie,a—W:2pd—U anda—W=2G (37)
dz op
Introducing Equation (37) in Equation (36), we get
1 auy 1 21,
—| 20— | +—(2G) |+— -n-2G-2C,|=a,
! (202 s Laoy [+ L2626
2 2
z(d—Uj :—G—+2z[n~G+C0]+2a,
dz z
2 2
(d—Uj =—G—2+2[n~G+C0]+2—a,
dz z z
_ 2(nG+G) o az G’
z nG+C, 2(nG+C,)|
2(nG+C,)
e
where
2
@z G is a quadratic expression in z. (38)

F(z)=-z2"-
() === e 3Gy
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Thus

W =) ), )
e, U(2G,a)=2(nG+G,)| )., (40)

) z

where z is the smaller root of the equation F(z)=0.

From Equation (40), we conclude that for general solution, we need only two
arbitrary constants assigned as « and G. Therefore the solution (40) may be
regarded as a general solution. Following Giacaglia [3] and Bhatnagar [5], let us

introduce the parameters n,a,e,/ by the relations

zy=na(l-e), z,=na(l+e) and z=z coszé+z2 sinzé: na(l—ecosl). (41)
where z and z, are the two roots of the equation F(z)=0, a is the
semi-major axis, e is the eccentricity and / is the semi-latus rectum of the el-
liptic orbit of the infinitesimal mass around the first primary. It may be noted
thatfor z=z,/=0.

From Equation (41),

z, +z,=2na, zz,=na’ (1—62) (42)

Again since z and z, are the roots of the equation F(z)=0, hence we

have,
2
zZ +tzy=— and z,z, = —G—. (43)
nG+C, 2(nG+C,)
From Equations ((42) and (43)),
2
2na =— @ nzaz(l—ez):— G ,
nG+C, 2(nG+C,)
=>a=- ¢ = a
2n(nG +C,) n[—Z(nG—i- G, )] '
Introducing a new parameter L by the relation
1
a=L[-2(nG+C,) > >0 (44)
Then
a= L >0 (45)

1

n[-2(nG+C,) ]

G2

Al 21—t =Y
so na’(1-¢) 2(nG+C,)

, ) 2 G2
v (1= [2(nG+C,)] [2(nG+C,)]
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(46)
From Equation (38),
2
Fls)e_p?__ 92 G ’
()=~ tG1c) 2060
1
2:L[2(nG+Cy) |2 G?
= — —+ 5
[-2(nG+C,)]  2(nG+C,)
) L G’ . .
=—z +2z 1+2 GiC)’ [usmg Equation (44)]
[2(nG+C,) ]2 (nG+Gy)
=-z" +2zan-z,z,, [using Equation (45)]
=n*a’e’ —(z—na)z,
F(z)=na’e’sin’,
2
le, F(z)=-22-—2 S s’ 47
ie (z)=-z n(G+C0)+2(nG+CO) n°a’e’ sin (47)

The Hamilton-Canonical equation of motion corresponding to the Hamilto-

nian K, are given by

do, oK, dg, 0K,

dr  00," dr 00,
49, _ oK, 49, 9K,

dr  oq,  dr &g,
1 1
where K| =§(Q12+Q22)+§,02 |:n(Q1Q2_Q2Q1)_2C0]_1'

oK, 1 1, oK, 1 1,
=>—=—0 +=p’°ng,, =—Q,——p’ng,.
00, 4 0 5 P nq, 20, 4Q2 > P nq,

Thus

, 1 1 , 1 1
q, =ZQ| +Ep2n% and g, ZZQ2 _Epznqr

where (’) primes denote the differentiation with respect to .

Now p’=g¢i +¢; =z

dg dg, dz
pdr % dr % dr dr

’ ’ ’ dZ
= 2pp"=2(qi4 +0:43) =~

But

(48)

(49)

(50)

' ' 1 1 1 1 . 3
949, + 49,9, = 4, (ZQ} +§p2"q2j+ q, [_Qz ——pznqu [usmg Equation (49)]

4 2
1
= Z(qul +q,0, )

Thus
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2 1 2 dZ ( )
200 =2 g =— 0 =— 51
;qlql zgquI dT
Also

Z =q,0,+ 4,0,

_ (o), (o
q, oa, q, ad,

( oW sing 6W] ( OW cos@ 6W]
= pcosg| cosp—— + psing| sinp—+ —
op p 0 op p Op
= pa—W [using Equation (34)]
op
=2p° aw [using Equation (37)]
2
=300 -2 (52
i=1 dZ

Also from Equations ((39), (51) and (52)),

1 ow 2 dU dz
Epa_zzpp Zquql [Z:l:qui:ZEZ\/—Z(VIG-FCO)F(Z):E (53)

From the last relation of Equation (53), we have

3%:\/—2(nG+CO)\/F(Z)

ﬁ—%=d—2(l’lG+Co)dT
\/7 =J-2(nG+C,) Idz’ where 1=z =1=0,z=7,

I
= .([ n:clzls:rf(lu = Z(nG +C, ) (T -7, ) [using Equations (41) and (48)]

:1:[—2(nG+CO)]%(T—TO)

r

Again from Equation (53),

dz dt

%rl =J2(nG+C,)|JF(2)

= z% =2(nG+C,){JF(2)

:sz_j nG+C)]%(r—r0) (54)

1 zdz

[2(nG+¢,) ] VF(2)

=dr=
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Djdt— 1 jan(l—ecosl)anesinldl
h 1 .
1 [—Z(nG+CO ):|§ 0 anesin/
1=t :Ll(l—esinl),
[2(nG+C,)
where ¢, isa constant. (55)

Now taking Land G as arbitrary constants in lieu of @ and G and the solu-

tions may be given by the relations

w aU—j [CLE:C (56)
o O AR
From Equation (40),
1z dz
U(z.G,.L)=[-2(nG+C,) ] !/F(z);.
Differentiating partially with respectto G, we get
dz
— G C J—
aG 6G'[\/ ! )z’
dz
=££\/—2(nG+CO)F(z)?,
T 1 0
= —| 2(nG+C,) —
;[2\/—2(nG+CO)F(Z) GG[ ]
; 1 o[, ! z}dz
= —|2z°(nG+C,)+2zL{-2(nG+C,);2 -G |—,
I2\/ 2(nG+C,)F ()GG{ (nG+Co)+2:L{=2(nG+Cy)} z
= j ! |:n22 —nzaz—G}%,
\/ (nG+C) ( ) z
1
: i [l ol |
[-2(nG+C,) 2z
1 [ di
=———|n’a(l-esinl)—n al——f—}
[—2(nG+C0)} (1—ecosl)
B n’aesin/ G j dl
= - 1 ,
[-2(nG+C,) ] na[~2(nG+C, )]50(1_“05[)
1
=-n L - esin/ —% 1 l’ usingEquation(45)]
[2(nG+C,) ]2 [ (nG+c)] o (1-ecos
2
—nLsin/ 1——2 ,
=V L ing Equation (46
-2(nG+C,) '([1 ecosl)’ [using Equation (46)]
_ ML -G sin/ J’-
2(nG+C,) o (1- ecosl
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oU _nJI’=G’sinl

oG 2(nG+C,)

l

where
h=+1- 1). 57
J.1 ecosl) (e#1) (57)
From Equation (56),
oU
=—+2¢,
g P 2
nV L' —G*sinl
=20+—————h, 58
RE Ay PreRvey 9
2 2
:>(0=%( )—%sinl, where (e#1,G #0,h % 0)
(}’l + 0) (59)
and L sin/ where (e=1,G=0,A=0)
Y728 e, e
Now let us find the value of K, intermsof /,g,L,G. For this, we have
1 1
:§<Q|2+Q22)+_p2 |:n quz—qul)—2C0:|—l,
Al
8 2 op
2
%[(ZPE ) ]+1p [-2Gn-2C,]-1,
L[( wy } (1G4 C,)-1
2 dz
ZL[ 2 nG+C )+G2]—z(nG+C0)—1, [using Equation (53)]
zi[ (nG+C,)+2az-G* +G* |-z(nG+C,)-1, [using Equation (38)]

=z(nG+C, )+a z(nG+C0)—1,
-1,

I
N

=K, :L[—Z(nG+CO)]%—1. (60)

Therefore, for the problem generated by the Hamiltonian K|, the equations
of motion are

E:%:OSL:constant:Lo,

dr 0l

dG _ 9K, =0= G =constant = G,

dr og

dr K, > (61
- aLO :[—2(nG+C0)]2 =1, (say) =Il=nr+l,

dg oK L

Lo ae T T aenby) =g=ngrs,

[-2(nG+C,) ]
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Further we are to express ¢, and Q, (i=1,2) in terms of canonical elements

l,g,L,G.
From Equation (34),
_ow _ oW sing oW
4= oa, " Pop p e
dU sing oW
— 2 _
=cosp2p—— P
1
= i%{{—Z(nG+CO )}5 JF(z)cosp—Gsin (p},
z
e, 0 =2 eLsin/cosp—Gsing ‘
J_r\/na(l—ecosl)
Thus,
0 _+2[eLsinlcosgo—Gsin(p] _+2[eLsinlcos¢)+Gsin(p]
LT \/na(l—ecosl) T \/na(l—ecosl) ’ (62)
1 1
q, :i[na(l—ecoslﬂE cos o, q, :i[na(l—ecosl)]E sin ¢,

where ¢ is given by the first equation of system (59).
When e=1,G=0,2=0, then the variables ¢,,0,(i=1,2) can be expressed

in terms of canonical elements (/,g,L,G) as

/ /
0=t \/_cos cosp, O, = \/_cos sin @,

; / (63)
q, =*N2an sinEcos o, g,=1tV2an sinEsin o,

where ¢ is given by the second equation of (59).
The original synodic cartesian co-ordinates in a uniformly rotating (synodic)

system are obtained from the Equations ((20) and (23)) when u£=0, as
X =q 45, X, =244,

1 1 (64)
P :2—(Q16]1 _quz)a %) :_(qul _quz)‘
z 2z

The sidereal cartesian co-ordinates are obtained by considering the transfor-
mation
X, =x,cosnt—x,sinnt, X,=x sinnt+x,cosnt,
X, = p,cosnt — p,sinnt, X, = p,sinnt+ p, cosnt, (69
where ¢ 1is given by the Equation (55).
Now let us express K, in terms of the canonical elements /,g,L,G.

From Equation (31),

1 1 & A B
Kl:l_En(Ql%+Q2q1)_”1|:cl+—+—0 q15q2:|

Lo on rz n

Now,
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oW ow
0,9, +0,q, = psing—+ pcosp—
O, oq,

. { oW sing GW} { . OW cosg 6W}
= psing| cosp——— — |+ pcose s1n(oa—+ —
0

o p Op p Op

- pa_WSin 20+ w cos2¢ [using Equation (34)]
op o

= 2\/—2 (nG+C,)F(z)sin2¢+2G cos2p [using Equation (53)]

1
=2ane [—2 (nG+C, )]5 esin/sin2p+2Gcosp  [using Equation (47)]
=2eLsin/sin2¢ +2Gcos2¢p

0., + 0,q, =2[eLsin/sin 2¢ + G cos 2¢]
= %(quz +0,q, ) =n[eLsinlsin 29 +2G cos2¢]

2
42q% = p* cos’ pp* sin® p = p* (singcos )’ = %sinz 20

Thus,
o 1 A BZ’sin’2
Kl=l—n(eLsmlsm2go+GcosZgo)—z C1+—+&+—3—Lri¢ (66)
nonon 4r;
where

r=na(l-ecosl) =z,
1y =1+z° +2zco0s 20,

ro=1+7 +zcos2(p—«/§zsin2(p

where a is given by Equation (45), ¢ is given by Equation (46) and ¢ is
given by the first equation of (58).

By neglecting the higher order terms of e, let the co-efficient of u be de-
noted by R then the complete Hamiltonian in terms of canonical variables
l,g,L,G isgiven by

K:L[—Z(nG+CO)]% —1+uR

. The equations of motion for the complete Hamiltonian are

w_aK_ R dG_ak _ o
ar @ Yo ar ag Yog

>

d/ dK . OR
— |22 2 _ 2 7
= [-2(nG+C,)] Hor (67)
dg dK nL ,uaR
L= —
dr dGg [—2(I’ZG+CO)]E oG

where
R:1—n(eLsinlsin2¢)+Gcos2go)
1 g A Ba2n2(1—2ecosl)sin22q)
+__

3 5
o ron 4r;
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The Equation (67) forms the basis of a general perturbation theory for the
problem in question. The solution given in Equations ((62) and (63)) are peri-

odicif /and g have commensurable frequencies that is, if

2|nG+CO|_£
L g

T _
1,

(68)

where pandg are integers.

4 4
The periods of ¢,,0, are “Tand 2T, so that in case of commensurability,
m M,

4 4
the period of the solution is " and 4
m Uy

5. Existence of Periodic Orbits When 4=0

Here we shall follow the method used by Choudhary [8] to prove the existence
of periodic orbits when x#0.

From Equations (67) when x =0, we have for

dL oK, . dG _0G, _

db _ %o _y, 0,

dr ol dr Og

dl oK 3

Fi 0L0 =-[2(nG+C,) P =n,(0) say (69)
dg oK, nL

PP r=mlo) sy

[2(nG+C,) ]
Let x,=L,x,=G,y,=landy, =g then

8o Bp(0) Lony(o)

>

dr dr dr dr
Thus the Equation (69) can be written as
dx, dy,
——=0and—+=17.(0
T dr ()
=x=a,y =n(0)r+w, (i=12) (70)

These are generating solutions of the two-body problem.

Here a,,;7, are constants given by

oK, 0K,
= — , =| — 71
() |: ox, L_al (0) { ox, :|x2—a2 7
The generating solutions will be periodic with the period 7, if
x,(7))—x(0)=0, y,(zo)—yi(0)=n,(0)r =20k, (i=12) (72)

Here x,(i=1,2) areintegers, so that 7,(0) are commensurable.
Let the general solution in the neighbourhood of the generating solution be
periodic with the period 7,+ar,=(1+a)z,, a is negligible quantity of the

order of u. Let us introduce new independent variable ¢ by the equation
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G = IL . The period of the general solution will be
+a

0

g0+ag0=(1+a)g0 =(1+a)1ia

=7, which is same as the period of the gene-

rating solution. The Equation (67) now can be written as
. K dy, K
Y1), Vil 4% (73)
dg Py dg ax;
Following Poincare [9], the general solutions in the neighbourhood of the ge-
nerating solutions may be written as
xi:ai+ﬂi+qi(g)’ yi:Ui(O)g+wf+)/i+77i(g) (74)
Following the method of Hassan et al [1], Bhatnagar [4] [5] and Choudhary

[8], the Duboshin’s conditions [2] for the existence of periodic orbits are given

by

(75)
@) ag—laj]ﬂ) (i=12)

(76)
(ii) %ﬁ'] =0 (i=12)

(77)
(iid) g 2M@mm) o p =y —0)

- a(j/z,ﬂ],ﬂz)

where [K|] is the first degree term of K, given in Equation (31).
Here the Equations ((75) and (76)) together justify the Equation (77).
Following Bhatnagar [5], Hassan ef al [1], Equation (77) can be written as

*[K] 0 0
2 2 2
0w, 0’K, K,
- *[K,] ., o°K, . K, | ,0'[K]| 6af  dayoa,
dw,da, * 6a} "0a0a,| " 0wy |°K, &K,
&*[K,] oK, oK, da0a,  oa;
_T )
dw,0a,  ° dada, ’ da?
21K 2 2 2 2
ie, J=1, [21] ali(’-alf“— oK, (78)
0w, | Oa, Oa, Oa,0a,
From Equation (60),
1
Ky =a,[-2(na, +C,) | -1,
oK, 1 0K,
—=|-2(na, +C,) |2, =0
Oa, [ ( ? 0)] da}
2
K —
and 66 60 = " =
4o [—Z(na2 +C, )}5
2.2 82 K
fJ=—tT (K] (79)

2(na, + CO)' ow;
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Taking only zero degree terms (Ze, for e=0,h=1/=y,)

rn=na=z, 1, =l+n’a’+2nacos2ep

12 =1+ n*a’ + nacos 20 —Bnasin 2¢ =1+ n*a* +2nac0s[2¢)+§j,
2

2_
A X] — X,

20 = + ——Sin N
¢) yl y2 2(nx2+C0) y]

v=nlcro+r+n(s),  ym=nllc+o+y,+my(c),

X1:a1+ﬂ1+§1(g): x2:a2+ﬂ2+§2(g)’
nasin| 2 +E
Or, _ nasin2¢( 20¢p o 4 3)( 200 (i_lz)
660, r, 6a), ’ aa)l r awi . .
1 A Ba’n’sin??2
[K\]=1-nGcos2p—na C1+—+ﬁ+—3_Lin¢ ‘ (80)
) n n 4}"2

Now,

o[k, ] . 2
———=nGsin2¢p| 2— |-na| —~———————
Ow, 0w, r, 0w, 1, 0w, 1, O

1

1, 2sin 2¢ - cos 2{028—(0 —sin® 2¢- 57 o
0 ow,

_ana2 , )
4 rzl() ’
. T
0 sin2¢ 0 nas, nasm(2¢)+3j 0
—nGsin2p| 2L | 1) _MESSP, 9P 1 T ] 200
; n n 0w, £ i ow,

+3Ana _nasm2(p28_(o 5
2 ow,

. Bn’a’sin2¢-cos2¢( ) 0p
r Ow,

4
n

2 2 .
_SBn’a (_ nasm2¢)26_¢)jsin2 20,

4r) 7 oo,
2.2 2.2 . 2 3 2 2 2
:[26—(pj{nGsin2¢—n a s31n2qo_n a 50§1n ¢7_[n a S(;COS 1)
@, n 2ry 2r
3 34n*a’ sin2¢ N Bn’a’ sin2¢-cos2¢ N 5Bn’a’sin’ 2¢
r25 2r25 41*27 ’
aK a 2.2 2 2 3A22 5344-22 )
[ 1]: 2_(0 nG—n? _na;?o_ nsa + nas71n (psm2(p
Ow, Ow, r 2 r 4r,
(81)
Brn’a’sin2¢ x/gnzazgo
+ Py B cos2¢ |.
2 3
o|K o|K
:Mz 292 1N Similarly aAK]_(,% N (i=12) (82
ow, Oow, Oa, Oa,
where
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2 2 2 2 A 2.2 B 4 4 - 22 )
N:[nG—n? _n2a380_3 nsa +5 n'a s71n 1] sin 200
n £ n 4r,
B 3.3 - 2 3 2 2
J{ n’a s51n (/)_\fna}(so cos2p
2r; 2r
o|K 0| K,
Here M=M=O if and only if N=0 because a—w,a—w(i:l,Z)
, oa, 0w, Oa,

1 1

are not necessarily zero. For this, putting cos2¢ =0 then sin2¢=1,
=2¢p= LIS Q= z
2 4
Thus from N =0, we get
G — nz?z B n‘a’s, B 34n*a® 5Bn‘a’

3 5 7
r 2r, 7 4r,

=0 (83)

where 1 =1+na®,r} =1+n’a* —Bna.

From Equation (83),

3 5 7
o2 n 4r,

G:nza2 |:i+&+ﬁ_53n2a2:|
3

where Aand B are given in Equation (31).
Now from Equation (81),

o0|K
[ 1] ) Op N
0w, 0w,
*[K 2
TIK] ) Zoy, o0 N
0w, 0w, 0w, 0w,
[2 2
2(p: yl +y2 _usin-yl
2(nx, +C,)
nyx; —x;
20—40:1—#cosy1
O, 2(nx, +C,)
2
299 1 5299
ow, 0w,
o’[K,] on
0w}  Ow,
where
2 2 2 2 2 2 4 4/ . 3
N=(nG—n zz _n a380 _3An5a jsin2go+53n a (sm 72(p}
6 2ry n £
+Bn3a3 sin4¢ _\/gnzazeo cos2¢
4 r25 2 r33

Differentiating N partially with respect to ,, we get

ON 3n’a’ sn’a’ 6
o e e e -se) 20
3.3
_—\/gn 0; %o [3\/§na —2—2n2a2}
4r;
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ON 3n'a’ swia’
aa)z =— 27-25 (2+O'1 O'Z) 4—7‘29[6(20'1—O'z)—3n2a2(30'1—50'2):| (84)
2 2
+3n—6:‘9°[2+2n2a2 —3x/§naJ
4r,

where cos2¢=0,sin2¢=1.

N #0 and then
@,

If the collaboration of Equations ((83) and (84)) gives

o°[K]

2
0w,

#0 which implies J#0 ie, the orbit of the infinitesimal mass is pe-

riodic. This condition of periodic orbits given by Duboshin [2] may be con-
firmed by the regular trajectory of the Poincare surface of sections as in Hassan

et al. [1] with suitable values of the parameters of u,0,,0,.

6. Discussions and Conclusions

In order to prove the existence of periodic orbits of the first kind in the CR4BP,
we have discussed the problem into five sections starting with introduction
about the historical evolution of the topic. In the second section, we established
the equations of motion of the infinitesimal mass under the perturbed gravita-
tional field of the three primaries. In the present problem, the second primary is
a tri-axial rigid body and other two are point masses ie., spheres. All the prima-
ries are moving on their own circular orbits about the centre of mass of the do-
minant primaries A and P,. The primaries B and P, are dominant in the sense
that A and P, have influence of attraction on the third primary P, and infini-
tesimal mass P, but P and P, have no influence of attraction on the prima-
ries B and P, whereas P, has an influence of attraction on the infinitesimal
mass P, only but not on £ and P,. That’s the reason for which the centre of
mass of P and P, didn’t change. The second section ended with the energy
integral of the infinitesimal mass at P, (x,,x, ).

The energy function H contains three singularities # =0,, =0andr, =0
so in Hamiltonian mechanics, to keep the energy function / =constant, we
need to eliminate any singularity for the case of collision with the corresponding
primary. In the third section, we have introduced a suitable generating function
for regularization of H to eliminate the singularity at r =0. After regulariz-
ing the Hamiltonian H =C, we have developed the canonical equations of mo-
tion corresponding to the regularized Hamiltonian K =0.

In fourth section, we have established the generating solution ie., the solu-
tions of the equations of motion of the infinitesimal mass by taking the first
primary at the origin Ze, at the centre of mass. On this consideration, we get
#=0 and the Hamiltonian becomes K,. By taking K, as our Hamiltonian,
we get the solution of the equations of motion, which is called generating solu-
tion. With the help of generating solution and the method of analytic continua-
tion, we can find the general solution corresponding to the complete Hamilto-

nian K =K, + uK, where u=0.
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In fifth section, we have examined the existence of periodic orbits when
4 #0 with the technique of Choudhary [8] applying to the conditions given by
Duboshin [2]. Since our consideration satisfied all the conditions for periodic
orbits given by Duboshin [2], hence we conclude that the periodic orbits of the
infinitesimal mass around the first primary exist when suitable values of
MU,0,,0, are taken. By shifting the origin to the centre of the other primaries
also, the existence of periodic orbits can be examined. Even by using “Mathema-
tica”, we can show the existence of periodic orbits of the infinitesimal mass

around other primaries also, by taking suitable values of the parameters.
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