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Abstract

This paper establishes theorems about the classical zero condition of the Rie-
mann Zeta function—a resummation identity, exact boundary and factoriza-
tion laws, and a conditioning analysis of its representations—and claims no
new constraint on the location of the zeros. The zero condition of the Riemann
Zeta function, expressed through a Bernoulli-Gamma expansion derived here
in full from the Jensen integral form of ¢(s), is shown to be the asymptotic
shadow of a convergent Mellin integral whose kernel is the exponential gen-

erating function of the Bernoulli numbers, X/ (eX —1) . The integral evaluates

in closed form, and the divergent expansion acquires an exact meaning: at
every nontrivial zero 0 , its resummed value equals the rational form
p/ ( p—l) precisely. Three progressively more explicit exponential forms of
the sum are derived, terminating in a convergent sum of pure exponentials
e ™™ whose vanishing is the zero condition itself. The asymptotic regime of
the raw series is characterized exactly by the bound |( p+1)(p+ 2)| <m’,are-
gion containing no nontrivial zeros. A von Staudt-Clausen decomposition
separates an integer component from a prime component with elementary
closed form, and the conditioning of every representation at the zeros is meas-
ured, forming an exponential ladder ™, e™/?, e™* that terminates at ex-
ponent zero in the paired representation: the alternating sum, opened pair by
pair through the product factorization of €™ —e”™, becomes an absolutely
convergent sum of sinh atoms carried on the geometric-mean midpoints of
consecutive integers, polynomially conditioned at every height. The atoms of
the resulting factorizations own precisely the two edges of the critical strip—
gap atoms the left edge, prime atoms the right edge—so that the interior zeros
arise only as inter-pair interference of the midpoint carriers. The same atom
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shape uniformizes across the L -function family, separating the zero condi-
tions of ¢ and of the Dirichlet beta function into distinct product sums. Re-
sults are established as theorems with proof, as classical facts with citation, or,
in a small number of explicitly labelled cases, as computational observations;
the identities have additionally been confirmed numerically at the nontrivial
zeros themselves.

Keywords

Riemann Hypothesis, Bernoulli Numbers, Exponential Sums, Mellin
Transform, von Staudt-Clausen Theorem, Dirichlet Eta Function,
Riemann-Siegel Theta, Infinite Products

1. Analytic Exposition of the Zero Condition

1.1. Introduction: The Bernoulli-Gamma Expansion from the
Jensen Integral Form

The references on which this paper builds are described here in their order of ap-
pearance.

In 2023, revised in 2025, the author published a preprint developing an alge-
braic approach to the Riemann Hypothesis through the relations among the
Gamma function, the Bernoulli numbers, and the roots of the Zeta function [1].
In this paper that work is referenced in Section 1.1, where its derivation of the
Bernoulli-Gamma expansion from the Jensen integral form is reproduced in cor-
rected and completed form, furnishing the central object (10) of the present study,
and its Gamma-ratio product manipulations are the structures whose convergent
realizations appear in Sections 2.3 and 2.6.

In 2007 Gradshteyn and Ryzhik published the seventh edition of the Table of
Integrals, Series, and Products, the standard collection of classical integral and
series evaluations [2]. In this paper that work is referenced in Section 1.1 to supply
the Jensen representation (1), the multiple-angle expansion (3), the classical inte-
gral evaluation (7), and the Bernoulli form (8) of the even zeta values, and again
in Section 2.3 for the product factorizations of the hyperbolic functions underly-
ing (45).

In 1949 Hardy published Divergent Series, the systematic theory of summabil-
ity and of the meaning that can rigorously be assigned to divergent expansions [3].
In this paper that work is referenced in Sections 1.2 and 1.3 to establish the stand-
ing of the raw series (10)-(11) as asymptotic expansions—the optimal-truncation
regime (15), the failure of Abel summation—and to frame the Mellin resumma-
tion of Section 1.3 as an exact and consistent assignment of value.

In 1986 the second edition of Titchmarsh’s 7he Theory of the Riemann Zeta-
Function, revised by Heath-Brown, was published, the standard reference for the
analytic theory of ¢ (S) [4]. In this paper that work is referenced in Section 1.4

to show that the vanishing of the Dirichlet eta function is equivalent to the zero
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condition throughout the critical strip, in Section 2.4 for the Riemann-Siegel de-
composition (62), and in Section 2.6 for the theta-integral representation under-
lying (66) and for the Hadamard factorization of the completed function.

In 1997 Li published a paper describing the positivity criterion for the Riemann
Hypothesis: a sequence A, built from the nontrivial zeros is nonnegative for all
n if and only if the Hypothesis holds [5]. In this paper that work is referenced in
Section 2.6 to show that the arithmetic content of the exponential-sum framework
returns convergently through the Li coefficients, which are there computed inde-
pendently from the zeros and from arithmetic constants and decomposed by von
Staudt-Clausen.

In 1999 Bombieri and Lagarias published a paper describing complements to
Li’s criterion, including the explicit arithmetic expansion of the Li coefficients as
convergent sums over prime powers [6]. In this paper that work is referenced in
Section 2.6 and 3.3 to show that the prime-power form of the higher coefficients
is the wall-free channel through which explicit prime content can replace the
Stieltjes-constant packaging, and it is named there as one of the open continua-
tions of this work.

In 1984 Robin published a paper describing the sharpest elementary equiva-
lence between the divisor function and the Riemann Hypothesis: RH holds if and
only if a(n)/n <e”InInn forevery n>5040 [7].In this paper that work is ref-
erenced in Section 3.2 to show that the Riemann Hypothesis enters the deficit seg-
ment at its abundant endpoint, as a statement about the rate of approach of the
colossally abundant numbers, structurally separate from the perfect numbers at
the center.

Contributions and scope. The results of this paper are of three kinds, and it is
stated at the outset what is and is not claimed. 1) A resummation theorem: the
divergent Bernoulli-Gamma expansion obtained from the Jensen form is given an
exact and consistent meaning through a convergent Mellin integral whose kernel
is the exponential generating function of the Bernoulli numbers, with closed eval-
uation; the identity path from the expansion to the classical functions ¢, 4, 7
—on which the chain deliberately terminates—is the theorem, not a deficiency:
the resummed expansion equals the classical zero condition exactly at every non-
trivial zero. 2) New exact laws about classical objects. the totient boundary law (44)
for the partial sums of the finite-prime alternating series; the sinh-atom factoriza-
tions (45) and (50)-(51), whose zero sets tile precisely the two edges of the critical
strip; the collapse theorem (35); and the classification of the fibers of the deficit
map in Part 3. 3) A conditioning analysis: the exponential walls of the representa-
tions are identified with the Gamma content of their bases and shown to terminate
at the paired representation, whose absolute pair sums are O(\/; ) by the Prop-
osition of Section 2.3. The paper places no new constraint on the location of the
zeros and claims no leverage toward the Riemann Hypothesis. Where the Hypoth-
esis genuinely meets the divisor geometry of Part 3, it does so through Robin’s
criterion [7]; the three landmark problems of the deficit segment share a coordi-

nate system—shown in Section 3.1 to be a specialization relationship within one
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family of exponential sums—but no common mechanism.
The derivation begins from Jensen’s integral representation of the Riemann
Zeta function [1] [2],

g(z):[ vt j( 5 j+ 2 Jw(]/4+t2);sin(ztan12t)dt 0

21\ z-1) 2¢-17 e?™ _1

The substitution tané@ =2t reduces this to

{(z):[ 2+t j( z ]+ 2t Iﬂ/zsin(zé?)(sece)z’zd‘9 )

28 -1)\z-1) 2*-17% g™’ —1
The sine of a multiple angle is expanded through the exponential identity
sin(ze)zé[(coseﬂsin 6)" —(cos@—isin H)ZJ 3)
|

Inserting (3) into (2), the factors (COSH +isin H)Z (sec :9)_Z combine into
(lJ_riX)fs under the substitution X=tanéd , and one arrives at the Abel-Plana

g(s)=( 2+ ][ s ij;o(1+ix)*sm_(1_ix)*s N W

form

. +
2°-1) s-1 e™ -1

whose integrand, being 2(1+ X )75/2 Sin(stan_1 X) / (e”x —1) up to the prefactor,
is real for real s.The conjugate powers are expanded in binomial series,
s & (#X)'T(1-s
e - T0-S) 5
= T(1-s—n)n!

In the difference in (4) the even powers cancel and the odd powers survive; the
factor i-i*"" = (—1)n carries through, and term-by-term integration—a formal
step, since (5) converges only for |x|<1 while the integral extends over [0,),
so that everything from this point forward is an asymptotic manipulation made

rigorous in Section 1.3—gives

21 s & (F1)'T(-s) e x®t
= 2 d 6
¢(s) [25—1JL—1+ nzzil“(Z—s—Zn)(Zn—l)!LJ e™ -1 X (©)
The integrals are evaluated by the classical relation [2]
w X2n—1 o
jo = _1dx=§(2n)r(2n)n (7)

and the even zeta values are expressed through the Bernoulli numbers,
(_1)”"’1 22[171 TEZH an
(2n)!

The signs (—1)n (—1)n+1:—1 combine, and one arrives at the Bernoulli-

£(2n)= (8)

Gamma expansion of the Zeta function:

cj(z):( v j{ 7 & 2B, T(1-2) ©

2°-1 z—l_n:ll"(Z—z—Zn)(Zn)!
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When ¢ vanishes at a nontrivial root o , the expansion produces the zero

condition

p—1 ZT(2—p—2n)(2n)i oo (1o

» 2B, T'(1-
P _ 2n ( p) . (p)

Since B, =0 forodd n>3 and B, =-1/2, the companion all-index expan-
sion differs from (10) by exactly one term, ZBIF(l—p)/F (1-p)=-1, identi-
callyin p:

1 _i 2"B,I'(1-p)
p-1 =TI (2-p-n)n!

Seven (p)_sall (p)::L (12)

The single Bernoulli constant B, is the entire algebraic difference between the

:Sall(p) (11)

two rational forms, Ll—lzi1 . Throughout, the Gamma ratio is governed
P P
by the falling-factorial identity
r(i-p) 1 F(p+k)
. =(-1 , =— 7 13
oy (0 ) (o) =S (13)

1.2. The Asymptotic Regime of the Raw Series

The series (10) and (11) diverge for every non-integer p . By (13) and
Boa| ~ 2(2n)!/(27c)2n , the term-ratio law of (10) is
((p+2n-1)(p+2n)|

2
T

t

n+l

" (14)

~
~

n

A divergent series is usable by optimal truncation only while its terms initially

decrease, which by (14) requires
|(p+1)(p+2)|<1't2 (15)

aregion of the complex plane confined to | p| < 1.7 . Every nontrivial zero satisfies
|Im p| >14.1347 , so the asymptotic regime of the raw series contains no zeros: at
any zero the terms of (10) grow monotonically from the first, in agreement with
(14). Where the regime does exist—small real arguments—the series behaves clas-
sically, its optimal truncations oscillating around the true value of &, in the
standard manner of asymptotic series [3]. Naive Abel summation fails on both
series for any fixed damping: the factorial growth of the terms defeats geometric

decay. A genuine resummation is required [3], and Section 1.3 provides it.

1.3. The Sum Is an Exponential Function: Mellin Resummation
Theorem 1 (exponential kernel). Insert the Mellin representation

(P)n,l = ﬁj‘:tmn'ze't dt into (10)-(11) via (13) and exchange sum and integral.
0

The Bernoulli numbers reassemble into their own exponential generating func-

tion,
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n
ZB”X =X 1 x=-2t: thzl

X

= n! e -1 1-e

—-1=tcotht+t-1 (16)

with even part )’ B, (Zt)zn/(Zn)! =tcotht-1. Unlike the series, the resulting

integrals converge:

Seen () = —ﬁj:tp‘z e (tcotht —1)dt (17)
Sa(p)= __F(lp) jowt"*z e (tcotht+t—1)dt (18)

since the brackets behave like t?/3 and t respectively as t—0 and like 2t
as t—o0; (17) converges for Rep>-1 and (18) for Rep >0, covering the
entire critical strip. The divergent series (10)-(11) are the asymptotic expansions
of (17)-(18); the sums are, in this exact sense, exponential functions.

Theorem 2 (closed evaluation). Writing tcotht—1=(t—1)+2te™ (1— e )
and using, for Re p>1 and then by analytic continuation,

sotp—le—St L
= dt=r(p)[(1-27)¢(p)-1] (19)
the integrals (17)-(18) evaluate in closed form:
__ P 5(1_9»p
Seven (p)_ p—l 2(1 2 )é/(p) (20)
1 _
sa..(p)=m—2(1—2 7)< (p) (21)

The subtracted term 2(1—2"” )§ (p) is exactly the prefactor structure

p_
%( ( p) of the parent expansion (9): the resummation reassembles the Jen-
sen chain identically.

Corollary (exactness at the zeros). At every nontrivial zero of ¢,

Seven (p) =2 (22)
p—
1

S = 23

all (P) o1 (23)
exactly. The formal zero conditions (10)-(11) are theorems after resummation,
and the difference of the kernels in (17)-(18) is the single term t, whose Mellin
transform contributes exactly the constant —1=2B, of (12). Theorems 1 and 2
are established by the displayed derivations; (22)-(23) follow immediately, and
numerical evaluation at the nontrivial zeros provides an independent confirma-

tion.

1.4. Three Exponential Forms and the Zero Condition as a
Vanishing Exponential Sum

The resummed sum admits three progressively more explicit exponential repre-

sentations.
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Form 1 (exponential kernel, convergent for Re p>0):

L otopal e ot 2te™
Seven(p)——m_[ot {(t 1)e e _Zt}dt (24)

Form 2 (odd-integer exponential sum; Re p >1, continuation in the strip): the
e—3t v
geometric expansion o2 = Zme_(z 1t reduces every integral to a Gamma
— e =

integral and collapses the sum onto the Dirichlet lambda function
Ap)=(1-27)¢ ()
P S~ pln(2k+1)
Seven (£)=——-2) ¢ (25)
(P)="=3722

Form 3 (convergent pure-exponential form throughout the strip): via the Di-
richlet eta function 77( p) :(1—217‘7 )ﬁf (p) , whose alternating series converges
for Rep>0,

1% 2— 2170 > m-1 __,inm
S =£ _ 3 (-1 , 26
even (,0) p—l 1_21—p m:l( ) e ( )

Since the prefactor in (26) is finite and nonzero for 0<Re p <1, the zero con-
dition S, (p)= p/ (p—1) is exactly the vanishing of a convergent sum of pure
exponentials:

¥ (1) e =0 (27)

m

LN

The logarithms of the integers are the frequencies, o is the spectral variable,
and a nontrivial zero is a point at which the exponentials "™ cancel exactly.
The Bernoulli-Gamma series (10), the hyperbolic-cotangent integral (17), and the
alternating exponential sum (26)-(27) are three faces of one object; their agree-
ment is the identity chain established above, independently confirmed numeri-
cally at the zeros.

xIna

Remark (the sum is the zeta function). By the law a* =e*"?, each term is

g™ =m™”: the exponential sums above are classical Dirichlet series in spectral
notation. The alternating sum in (26)-(27) is the Dirichlet eta function 77( p) , the
odd-integer sum in (25) is the lambda function /1( p) ,and Z is ¢ itself; the
vanishing condition (27) is 77( p) =0, equivalent to ¢ ( p) =0 throughout the
strip [4]. The chain therefore closes on itself: beginning from ¢ through the Jen-
sen form, expanding into the divergent Bernoulli-Gamma series, and resumming
through the exponential kernel returns exactly to ¢ . What the chain establishes
is the identity path and its exactness at the zeros, not a new function. The same
law is the bridge between the paper’s two readings of one object: as m™* the sum
is arithmetic, a series over integer powers; as € * Tt s spectral, a superposition
of exponentials with frequencies INm and spectral variable p . Because
In(mn) =Inm+Inn, multiplication of integers becomes translation in frequency
space—unique factorization becomes the additive frequency lattice

{aln2+bIn3+---} —and this is precisely the mechanism that makes the self-sim-
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ilarity of Section 2.1 and the cascade and lattice identities of Section 2.2 exact, and

that exhibits o =Rep asa scaling dimension.

2. The Spectral and Combinatorial Structure

2.1. Separation into Positive and Negative Parts: Self-Similarity
and the Collapse at the Zeros

The alternating sum (27) separates into its positive (odd- m ) and negative (even-

m ) parts. With matched counts,

N
ON (,0) — ze—pln(Zk—l) (28)
k=1
N
Ey(p)=De "™ (29)
k=1

the zero condition (27) is the statement that the positive and negative parts are
equal. Two structures govern this separation.

Exact self-similarity. The negative part is a scaled and rotated copy of the
whole sum Z, (p) = Zng e, exactly and at every N:

Ey (,0) =e " Zy (/3) =272, (p) (30)

The even exponentials are the full spectrum shifted by the single frequency
In2.

Identical divergence, distinct constants. In the critical strip the separated
parts do not converge individually; their equality holds at the level of Euler-Mac-
laurin constants. From
N N7

+
1-p

Zy(p)=¢(p)+ +O(N7) (31)

together with (30) and Oy =Z,, —E, , the two parts share an identical divergent

trajectory and differ only in their constants:

o} (p)z(l—Zp)é’(p)+%+O(Np) (32)
£ ()27 (0)+ 224 0(N7) 63)

so that the divergent parts cancel exactly in the difference:
Oy (P)-En(p)—>(1-2")¢ () =n(p) (34)
The collapse theorem. By (30), equality of the parts is a self-similar balance:
O=E demands Z=2E=2""Z, je. (1—21"’)2 =0. Since 2" =1 only on
the line Re p =1, in the open strip the balance admits no scaling solution: it can

hold only by total collapse,
O(p)=E(p)=¢(p)=0=0(p)=E(p)=0 (35)

where O,E denote the Euler-Maclaurin constants of (32)-(33). A nontrivial

zero is therefore not a point where two nonzero halves happen to agree: it is the
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point where the self-similar structure of the integer spectrum can only balance by
both halves vanishing individually, each partial-sum walk reducing to the pure
divergent trajectory 2°°N rp / (1— p) with no constant offset. Equations (32)-(33)
follow from (30)-(31) by elementary manipulation; the collapse theorem is proved

above.

2.2. The Dyadic Cascade and the Prime Scaling Lattice

The self-similarity (30) iterates. Every integer factors uniquely as 2’ X(Odd) , SO
the full spectrum is an exact geometric stack of scaled, rotated copies of the odd
spectrum—at every finite N :

[logoN| N
2,(p)= %, 270(31) 0()= T e o)

j=0 q<x
qodd

an exact identity, since the terms of Z, are partitioned by the 2-adic valuation
of the index. Summing the geometric layers gives the cascade resolvent,
O(p)
(P)=1"0" (37)
whose poles 277 =1 lieon Rep =0, outside the strip: the resolvent is invertible
throughout the strip, so the collapse of the odd part and the collapse of the whole

are equivalent, with no hidden balancing solutions. Each layer carries the weight
270 = prle g2 - — 5 tir (38)

a contraction 2°° and rotation 7In2 per octave: the real part o is the scal-
ing dimension of the cascade, and the Riemann Hypothesis is the statement that
collapse occurs at scaling dimension exactly 1/2. By Section 2.1 the Euler-Maclau-

rin constant of every layer must vanish at every zero,

const; =277 (1-277)¢ (p) =0 atevery zero, for every j (39)

the cascade collapses uniformly across all dyadic scales, an immediate conse-
quence of the collapse theorem (35) applied layerwise.

One prime further. The identical move with p=3 gives T(p)= (l— 37 ) Z(p)
for the part coprime to 3, and jointly, the unique factorization m=23"q,
gcd(q,6) =1, tiles the integers into a two-dimensional scaling lattice over the

coprime-to-6 spectrum:

2.(p)- T 2737 ) Q0= X e o
2 <N 23 gcd?qS >((3):1

exact at every finite N by unique factorization, with Euler-Maclaurin constant
(1— 27" )(1—3"’ )cj ( p) , vanishing at the zeros. Iterating over all primes exhausts
the integers down to the single frequency In1=0: the infinite-dimensional scal-

ing lattice is the Euler product,

{H(l— p"p)}Z(p)zl (41)

p
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Unique factorization is the complete iteration of the self-similarity of Section
2.1, and the Euler product is its resolvent.

The two-prime eta. The inclusion-exclusion combination
(l— 2.27° )(1—3~3’p )cj (p) has Dirichlet coefficients periodic mod 6 with pat-
tern (1,-1,-2,-1,1,2) and mean zero, hence its exponential sum converges

throughout the strip with no divergent part at all:

)= S (12452 ),

(42)
Coy = Crnago (C1io+:C5) =(L-1,-2,-1,1,2)
The extra factors vanish only on Re p =1, so in the open strip
Hy5(p)=0<¢(p)=0 (43)

a second convergent exponential-sum zero criterion, weighted by the two-prime
lattice; the convergence follows from the mean-zero periodicity of the coefficients
by Dirichlet’s test. The construction extends to any finite prime set P, the coef-
ficients becoming periodic mod Hpép p with mean zero, each yielding a con-
vergent criterion equivalent to ¢'(p)=0 in the strip.

The collapse-rate measurement and the totient amplitude law. The conver-
gence rate of the exponential sums H, isan operational probe of the scaling di-
mension. For N a multiple of the period M = Hpep p, the partial sums obey

the exact boundary law

%cm e =H,(p)+B, N’p(1+O(N’1)), B, :ﬁicr r :(_)P#(M)
The evaluation of B, is exact:

3 6= Y ()T = M/2[M Y s (8)+ 3 (44 where ¢

runs over squarefree P -supported divisors, and ) ,u(d):Hpep(l—l):O

while Zd y(d )d = H oep (1— p) = (—1)“:‘ (p( M ) . Euler’s totient of the primorial

governs the boundary amplitude; the Mobius evaluation above is a complete proof,
and numerical measurement independently reproduces ¢(M)/2 for every
=1.

Two consequences follow. At generic points the remainder exponent of the par-

—ir

prime set tested and at more than one zero, independent of 7 since |N

tial sums tracks the real part o —a direct consequence of the boundary law (44),
whose deterministic term has exponent exactly o —so the decay rate of the ex-
ponential sum reads the scaling dimension directly. At the zeros, where H, =0,
the raw partial sums themselves decay as |BP| N~ the slope of

|Og|2mSN c,e """ against logN at a zero therefore measures the real part of
that zero, and a hypothetical zero off the line at o, #1/2 would exhibit decay
exponent o, . Since the boundary term in (44) is deterministic and exactly com-
putable, the probe can also be sharpened by subtracting it, exposing the

O( N "”1) residue beneath.
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2.3. The Paired Form: Midpoint Carriers, Gap Modulation,
and Absolute Convergence

(a ~b)* X
The classical factorization €™ —e” =(a— b)xe2 Hk>1 E —the

product form of 2sinh —opens each consecutive pair of the alternating sum (27).

2k
With a=—|n(2k—1) , b=—|n(2k) , X=p, the gap &, =Inm and geo-

PO,
2 ) (45)

metric-mean midpoint G, =/(2k -1)2k :

© 2 2
P (p)=e""*Y e = 55 G pH{1+ 45“’ } 2G psmh(
j=1 J TE

1
the midpoint as carrier, the gap as modulation. Since o, ~ K and

|G ? | 2k) , the pair terms satisfy |Pk| ~ | p| 2777k™7, and the paired repre-

sentation converges absolutely throughout the strip:
n(p)=226k"sinh( J Z|P |<oo o>0) (46)
k=1

in contrast with the raw series, whose absolute sums diverge as 23N ; the bound
|Sinh Z| < |Z|COSh |Z| gives |Pk| < |p|COSh (|p| In 2/2)5k G = O(k’l’g) , a complete
proof of the absolute convergence. Absolute convergence licenses the rearrange-

ments and separations that conditional convergence forbade in Section 2.1.
No intra-pair vanishing. By (45), the zeros of each B, are p=0 and the ze-
ros of the product factors,
2mi
S

p=x , 1=12,3,-- (47)
all on the line Re p=0. Every pair term is strictly nonzero throughout the open
strip: the collapse 7(p)=0 atanontrivial zero is produced entirely by inter-pair

interference of the midpoint carriers G,”, never within a pair.

Gap-channel decomposition. Expanding the sinh,
2j+1
P 2i+l~—p . .
P = ———5.!"G,” , decomposes into channels indexed by odd
k — ZJ>O4J(2J+1)' k p 77 Y
powers of the gaps,

2]+l

1(p)= Z4’(21+1)- {(P) M (p) =200 6 (48)

k=1

The channels peak near j z|z’||n 2/4 (the first gap 6, =In2 sets the scale)
before factorial decay; splitting off a finite head of exact pairs—k <k, with k,
chosen so | p| Sy, / 2 <1 —makes the tail channels decay geometrically. Truncating
at the first tail channel yields the near-criterion

Y R(P)+pY 667 ~n(p) (49)

k<ko k>kg

with error equal to the first neglected channel: to leading order beyond a finite
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head, the zero condition is carried by the log-gap-weighted midpoint series
Zé‘ka_ ” —a Dirichlet-type series over the geometric means of consecutive inte-
ger pairs, weighted by their logarithmic gaps, the exponential-sum incarnation of
an inter-pair midpoint structure. The expansion converges because Sinh is en-
tire; the geometric decay of the tail channels follows from | p|é‘ko / 2<1, and the
error statement for (49) is then immediate.
The boundary factorization of the prime-lattice sums. Every prime factor of
H, = H pEP(l— pl’p)é’(p) is itself a sinh atom with midpoint carrier \/6 , the
geometric mean of 1 and p:
e 1-p)In i j
1-p** =-2p 2 sinh (=p)inp , zerosat p _q-2m (Rep=1) (50)
2 Inp
Absorbing the p=2 atom into the paired form (46) gives the complete fac-

torization of the two-prime eta—and of every H, —into sinh atoms:

Hp(p):|: I (—2 plzpsinhwﬂizekpsinh(p—‘skj (51)
pePi(2) 2 par} 2

The zero sets of the atoms tile precisely the two edges of the critical strip: the
gap atoms of (47) own Rep=0 with frequencies 27/8, , the prime atoms of
(50) own Rep=1 with frequencies 2mn/In p. Gaps take the left edge, primes
take the right edge, and the interior zeros—the Riemann zeros—can arise only
as inter-pair interference of the midpoint carriers, never from any atom of the
factorization.

The midpoint series as a shifted-zeta ladder. The carrier frequencies are ex-
actly the arithmetic means: G? = (2k —1/2)° ~1/4, the universal AM-GM defect
1/4 of consecutive integers, so the carriers sit at the half-shifted positions 2k —1/2
corrected hyperbolically. Expanding &, G,” in powers of ZI/ (2k) and sum-
ming termwise (justified by absolute convergence for o > 0 ), the midpoint series

collapses into an exact convergent ladder of shifted zeta values:

M (p)=g5k G.” =2A,- (P)27 ¢ (p+]), A (p)=ii~% (52)

=i

with A =1, A =1+p/2, A =13+p/4+p(p+2)/8, termwise summation
being justified by the absolute convergence of (46). The ladder converges geomet-
rically with ratio 1/2 but with prefactor of order ¢™"/* = |1/ I(p/ 2)| -scale—a quar-
ter of the exponential wall of Section 2.5, costing only ~ TE|T| / (4In2) additional
terms and leaving the representation practical at all moderate heights. The leading
term 277 _1§ ( P +1) identifies the midpoint series, to first order, as the zeta func-
tion shifted one unit right of p —smooth across the zeros—confirming that
the zero information in the near-criterion (49) resides in the finite head of exact
pairs and the interference phases, not in any singular behavior of M itself.
Termination of the wall hierarchy: the paired form is polynomially condi-
tioned. The exponential walls of this paper correspond exactly to the Gamma con-
tent of the representation basis— 1/ r ( p) yields e™? (the Mellin form),
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1/F(p/2) yields e™”* (the shifted-zeta ladder (52), through its (p/2) -Poch-
hammer coefficients)—and the paired basis, containing no Gamma factor, has
none.

Proposition (the z law). For p=1/2+ir, Zk|Pk (p)| :O(x/;) . Proof.
From |sinh (x+ iy)|2 =sinh?x+sin’y with x=6,/4 and y=16,/2, each pair
term obeys |R|<2(2k —l)_]/2 E/Sinh (6,/4)+min (1, r5k/2)] . Over k<7/4 the
bracketis O(1) and ) (2k) = O(\/; ;over k>7/4,where 76, /2<1, the
terms are O(Tk'S/z) and the tail is O( 1) .

Measured across the 1st, 10th, and 100th zeros the bound is saturated with con-

stant approximately 5/2:
Y[R (Y2+ir)| 5247 (the r taw) (53)
k=1

Computational Observation. The zero-location conditioning
K= Zk|Pk | / |77'( p)| is measured to grow only polynomially—the numerator by
the Proposition, the denominator of order one at every computed zero:

Kes(7)=0(2) (55)
Kk, (r)= e (56)

e™/2 e"/* therefore does not continue to €™ it

The halving sequence €™,
terminates at exponent zero, attained by the pairing. The wall is a property of the
basis, not of the function—the identical paired sum, re-expanded in the shifted-

. . 4
zeta basis, reacquires "/

. Two calibrations accompany (54)-(56). First, the
completed ¢ -representation, despite its bounded integrand, is exponentially ill-
conditioned for locating zeros at height because the completed function itself de-
cays, |E'(r)| ~e ™ (a classical consequence of Stirling’s formula [4])—the small
internal cancellation of Section 2.6 is a fixed-height statement, not a 7 -uniform
one. Second, the Riemann-Siegel form Z (t)=e""¢ (1/2+it) remains the clas-
sical optimum, with main-sum length \/T/Tﬁ ; the paired form does not surpass
it, but reaches within a single digit of it while remaining purely elementary—ab-
solutely convergent throughout the strip, requiring no theta phase, no saddle anal-
ysis, and no smooth completion, built from nothing but consecutive-integer pairs
and the factorization (45).

The even/odd split as distinct product sums: rigidity and separation. The
product formulation resolves the separation of Section 2.1 into exact product laws.
Since O = (1—2"” )Z and E=27Z, the odd/even ratio is itself a sinh prod-

uct—the factorization applied to e”"? —¢°:

Op) _p —1=p|n2-2p/2ﬁ{1+
k=1

E(p)

with the Euler-Maclaurin constants of O, and E, reproducing the ratio

p?In?2
4n?k?

}, 22 -2>2-2">0(0<0<1) (57)

27 =1, an immediate consequence of (32)-(33). The zero condition O=E de-
mands the ratio equal 1, which the strip bound in (57) forbids: the product for-
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mulation proves the collapse theorem—the parts can be equal only by vanishing
jointly, and the ratio product, whose zeros p =2rik/In2 alllieon Rep=0,is
one more atom owning the strip’s edge.

Separating further within each parity produces genuinely distinct, absolutely
convergent product sums. Alternation within the evens returns 277 77( p) , the
consecutive-pair form (46); alternation within the odds is the Dirichlet beta func-
tion, which pairs over the odd-pair midpoints:

©

Plp)= S aa(m)e " = 326¢ 7 sinn £5% |
m=1 k=1 2 (58)
4k -1

4k -3

G, =/(4k—3)(4k-1), & =1In

the pairing identity being (45) with a=-In(4k-3) and b=-In(4k-1), con-
sistent with the Hurwitz representation J(s)=4"° [((3,1/4)—4’(5,3/4)] . The
two product sums carry two different zero conditions and separate them com-
pletely:

Zzegpsinh%@zo@g(p):o (59)
k

Zzeg-psinh%@zo@ L(p.2.)=0 (60)
k

At the first zero of £ (near t=6.0209) the odd-pair sum vanishes while the
consecutive-pair sum remains of order one, and at 7, the roles exchange exactly;
the numerical cross-test illustrates the separation established by (59)-(60). One
atom shape—midpoint carrier times sinh of half the gap—thus uniformizes
across the L -function family, each arithmetic progression of integers contrib-
uting its own product sum, its own midpoint carriers, and its own interference

Zeros.

2.4. Exponential Sums Are Not Unimodular: The Conjugate-Ratio
Characterization of e

A sum of exponentials is not, in general, of the unimodular form e?’ with @
real: that form forces modulus exactly 1, whereas each term of (27) is +m o irim
—a modulus times a phase—and the vector sum has variable modulus, of order
one at generic points of the critical line and collapsing to zero at the zeros, as fol-
lows from the closed forms of Section 1.3. A zero is the modulus vanishing, the
antithesis of unimodularity.

The form €?’ arises from exactly one algebraic structure, the conjugate ratio:

:eziargz (61)

NN

In particular T'(1/2+iy)/T'(1/2—iy) has modulus exactly 1 because numera-
tor and denominator are conjugates, while the corresponding ratio at X #1/2
does not. For the Gamma ratios governing the zero condition, unimodularity is
therefore equivalent to Rep=1/2 , since the half-line is precisely where
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1- p=p. Any manifestly unimodular identity in these ratios has assumed the
half-line, not derived it.
The correct polar factorization of the zero condition on the line is the Riemann-

Siegel decomposition [4]
Z(t)=e"V ¢ (y2+it), 0(t)=argT (Y4 +it/2)-t/2InT (62)

in which a pure Gamma phase multiplies a real amplitude—the reality of Z be-
ing classical [4]. The factorization holds identically along the whole line; the phase

is free and the amplitude Z carries the zeros as its real sign changes.

2.5. The von Staudt-Clausen Decomposition of the Exponential
Sum

By von Staudt-Clausen, B,, =A,, _Z(p—1)|2n]/ p with A eZ
(A,=1111112,-6 for 2n=2,---,16). Applied termwise to (10) via (13), the
zero condition splits exactly as

1, p=2,3

P _yl _
p_l—Hl(p)+H2(p), Hz(p)—zp:mep(Z), m, pT_l, 035 (63)

where G (X)= me( 'O)Zn—l x2" (2n)!, the factorial divergence residing entirely
in the integer part H,. The prime component has an elementary generating func-

tion,

(=3 P Q010X 2 (64)
= (2n) 2(p-1)
with radius of convergence exactly 1, the restricted G,, recovered by the roots-
of-unity filter G, (X)= lZE G (Xei“j/ m) . The prime structure enters explicitly
through 37 and (1+2e"/")"”.
The conditioning ladder. Continuation of (64) to X=2 crosses the branch
1-p _ #in(l-p)

pointat X =1, producing the two-valued factor (-1) e , whose branches
differ at height 7 by a factor €™ ; the continued restricted sums grow toward
™ /m, and the split (63), while exact, demands cancellation between H, and H,
at that scale. The same growth reappears—through directional growth of the entire
function Cin(w)=y+Inw-Ci(w) rather than a branch point—in the parallel
decomposition built on log (nZ/Sin TcZ) = Zanlg(Zn) 22”/(2n) , where the iden-
tity holds exactly at the zeros but with catastrophically large components. The
general principle: any per-index decomposition of these Bernoulli objects is a Fou-
rier-type series in the index, and such series, continued to the heights of the zeros,
generically grow like "™ The measured cancellation scales form an exponen-
tial ladder—revised by the termination result of Section 2.3, Equations (53)-(56):
the ground level is held 7 -uniformly by the paired and Riemann-Siegel forms,

while the & -level figure is height-specific:

e} (1) enr/4 enr/z gfz (65)
o i SUSSEEELGT, T, v i
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2.6. The Completed Function and the Stable Truncation

Multiplying the classical theta-integral representation [4] of ¥ 21—‘(8/ 2)4’ (S)
by 1/2s(s-1) and setting s=1/2+w gives the entire, symmetric, wall-free
representation

E(Y2+w) :1/2+(W2 —1/4)]10c S(x)x¥*cosh(w/2Inx)dx, S(x)= e (66)

n>1

At w=ir thekernelis c0s(z/2Inx), bounded by 1: the integrand is bounded
forall 7,and at any zero the condition reduces to a balance of two terms of com-
parable size—a single digit of internal cancellation, verifiable by direct calculation.
Expanding the kernel gives &(1/2+ir)=1/2 —(72 +],/4)2 (-1)" ¢, ™™ with
- (Inx/2)™" dx

(2m)!

truncated root-finding locates the first zero to arbitrary accuracy as terms are added,

m>0

positive, superexponentially decaying moments ¢, = J'le (x)

with small internal cancellation at that height. As a zero-locating representation

at large height, however, the completed function pays e™"*

—nr/4

through its own de-
cay |E'| ~e —see the termination analysis of Section 2.3, Equations (53)-(56).

1—
The Hadamard factorization &(s)=1/2]], l—u is the convergent

realization of the product structure toward which the Gamma-ratio manipula-
tions of the zero condition point, the zeros entering as the content of the factors.

Within this frame the arithmetic content returns convergently through the Li co-
efficients [5] A, = zp[l—(l—]/p)n] (RH < 4,20 for all n): computed in-
dependently from the zeros with a density tail and from arithmetic constants alone—
Stieltjes constants 7, and the values "™ (1/2) =(—l)k (k —1)!(2k —1)§(k) —
the two computations agree closely, with 4, =1+y/2—In2-Inn/2 reproduced
exactly, all verifiable by calculation. The von Staudt-Clausen split of the even zeta
values then decomposes each 4, exactly into elementary, Stieltjes, integer ( A, ),
prime ( Z(H)Iml/ p ), and odd-zeta components, with no 7 appearing any-
where in the decomposition; the residual cancellation is controlled, its growth
capped by the peak of (2n)2m/(2(2m)!) near 2m=2me.

3. The Arithmetic Degeneration

3.1. From the Full Spectrum to One Generator: The Interpolating
Family

Before the perfect numbers enter, this section states precisely why the construc-
tion that follows is mathematically related to the exponential sums of Parts 1-2,
beyond visual analogy. The relation is a specialization within one family.

The finite-prime sums H, of Section 2.2 form an interpolating family be-
tween two endpoints. At one end stands the full spectrum: the eta sum, whose
frequencies {Inm} constitute the additive semigroup generated by all the log p

together. At the other end stands a single Euler factor, whose Dirichlet exponents
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klog p form one arithmetic progression—a geometric series. Adding primes to
P one at a time moves along the family:
-1 _—plhm —pln
Y5 > Ho(p) —n(p)=2(-1)" e’ z,=e""  (67)
k>1 — m>1

— finitely many generators
one generator the full semigroup

The deficit sum constructed in Section 3.2 is the one-generator member of this
family with an arithmetic phase: it is a unimodular geometric series—the bound-
ary form of a single Euler factor—in which the generator frequency logp is re-
placed by the divisor-built frequency nu(n), and the alternation of the eta sum
is retained through the factor (—i)k .

Three structures transfer along the entire family, and these are the content of
the specialization. First, the mean-zero alternating coefficient structure, which
yields convergence in the strip at every stage (Dirichlet’s test for the finite-prime
members, the geometric closed form at the one-generator end). Second, the
boundary law: the totient amplitude (44) governs the partial sums of every finite-
prime member uniformly, and its one-generator shadow is the sharp resonance
bound of Section 3.2. Third, the pairing: every member factorizes into the sinh
atoms of Section 2.3, the finite-prime members through (51), the one-generator
member through the closed form of its geometric ratio.

Two things do not transfer, and the bound/free pairing of the spectral diction-
ary (Section 3.2) is what forbids them. The infinitudes do not transfer: each mem-
ber’s definition consumes only the infinitude of its index set, never of the roots.
And the location constraints do not transfer: the automatic pinning of the real
part at the one-generator end—where alternation alone fixes —1/2 with no inter-
ference to survive—becomes, at the full-semigroup end, the survival of the one-
half through infinite interference, which is the Riemann Hypothesis. The logarith-
mic spacing acquired as generators accumulate is unique factorization itself, and
it is precisely the structure whose consequences are conjectural.

This is the sense in which the deficit segment of Section 3.2 is mathematically
continuous with Parts 1-2: it is the study of the degenerate endpoint of the same
family, in which the one-generator phenomena—the universal —1/2, phase-lock-
ing, the friendship classification—can be established completely, while the full-
spectrum phenomena—the location of the zeros—remain at the other end of the
family, reachable within the divisor geometry only through Robin’s criterion [7]

at the boundary of the segment.

3.2. The Perfect-Number Relation Concluded: The Deficit Segment
and Its Three Landmarks

This section concludes the relation between the exponential-sum framework and
the perfect numbers. The construction is built in five steps—the sum, the phase,
the value, the map, and the classification—and ends with one geometric picture:
a single unit segment on which the perfect numbers, the primes, and the Riemann

Hypothesis each occupy a landmark.
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Step 1: the arithmetic companion of the alternating sum. The eta sum (27)
alternates over the frequencies Inm. Its single-frequency arithmetic companion
replaces the logarithmic spectrum by one frequency built from the divisor func-

tion. With o(n) the sum of divisors, define the abundancy angle and the finite

sum
_mn by K i)k
(n)=——, S, = (i) e (68)
()= 5 Som =20
in/2

Step 2: the deficit phase. Writing —i =e™"*, the common ratio of the geomet-
ric sum is a pure phase measured from perfection:
1 n

_iai0(n) _ _gimu(n) ==
e € ) u(n) 2 G(n)

(69)
The coordinate u (n) is the deficit phase: it is negative for deficient n, posi-
tive for abundant n, confined to the open interval (-1/2,/2) for n>1, and
zero if and only if n is perfect. The sum (68) is thus S = Zk(—ei“”(n))k :an
alternating exponential sum with the single frequency nu(n).
Step 3: phase-locking at the perfect numbers. At a perfect number,
0(n)=m/2, and the quarter-turn (—i)k locks exactly with the abundancy rota-

tion:
o(n)=2n: (—i)k g ok =(—1)k , Sym €1-1,0} (70)

Perfectness is a phase-locking condition: the two rotations fuse into pure alterna-
tion, and the partial sums are maximally balanced, oscillating between —1 and 0. For
all n the geometric closed form and its sharp, attained amplitude bound are

r(l-r"
Lt

=2 r=-e
M 1er

-1 (71)

cos(mu(n)/2)

so the deficit is literally the resonance gain of the oscillator.

imu(n)

Sn‘m

, sup
m

Step 4: the universal one-half and the tangent map. The regularized (Abel)

value of the sum is

n
Sn:—r _1 1+itan—nu( ) (72)
1-r 2 2

Two facts are contained in (72). First, the real part is —1/2 for every integer n:
alternation alone pins the one-half, with no arithmetic input whatsoever. Second,
the entire arithmetic content lives in the imaginary displacement
1/2tan (nu (n) / 2) , which vanishes exactly at the perfect numbers. Under the tan-
gent parametrization of the half-line employed in the closing equations of [1],
p(0)=1/2+i/2tan 6, the value reads

. ,{L(“)] (73)

2

every integer is carried, through its abundancy alone, onto the tangent-para-

metrized line, and the image of the map is the open unit segment
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D={-1/2+iy:-1/2<y<1/2} (74)
Step 5: the classification. The map is constant precisely on classes of equal
abundancy:
n m
5, =5, 2N _o(m) (75)
n m

so its fibers are the friendly clubs of the integers, the solitary numbers are its sin-
gleton fibers, and by the density of the abundancy ratios the image is densein D'
The deficit-phase sum is a complete geometric classifier of friendship, with per-
fectness its distinguished phase-locked class. Steps 1-5 are elementary identities
established by the displayed algebra.

The three landmarks of the deficit segment. The segment D carries an
arithmetic geography, and each of its three landmarks hosts one of the great prob-
lems of the divisor function:

The center, U=0: the perfect numbers. Every perfect number occupies the sin-
gle central point —1/2. The infinitude of the perfect numbers is exactly the state-
ment that the orbit {S|} returns to the center infinitely often—a recurrence
question. The center is approached without attainment by the almost-perfect

powers of two,
k
u(2k)=%—ﬁ—>of (76)
so the center is a limit point of the image regardless, and no density argument can
decide the recurrence.

The lower endpoint, U—> —1/2: the primes. The primes give
u ( p) =1/2- p/p+1, pairwise distinct and accumulating at the deficient endpoint:
the primes pile up at the bottom of the segment, furnishing infinitely many dis-
tinct image points.

The upper endpoint, U—> +1/2: the Riemann Hypothesis. The abundant end-
point is approached along the colossally abundant numbers, since o'(n) / n is
unbounded. It is here—and only here—that the Riemann Hypothesis genuinely
enters the divisor geometry, through Robin’s criterion [7]: RH holds if and only if
o(n)/n<e’Ininn forall n>5040, a statement about the rate of approach to
the upper endpoint. The perfect numbers, fixed at abundancy 2 in the middle of
the segment, exert no force on Robin’s inequality; the two problems share the seg-
ment but not a mechanism.

One interval, three problems: recurrence to the center (perfect numbers, open),
accumulation at the lower endpoint (primes, understood), and rate of approach
to the upper endpoint (the Riemann Hypothesis, open through Robin’s criterion).
The deficit segment is the meeting ground, and the honesty of the picture lies in
keeping the three landmarks distinct.

The dictionary in its final form. The correspondence between (68) and the eta
sum (27) is a mapping of objects only when bound variables are paired with bound

and free with free: the summation indices correspond, K <> Inm (sample posi-
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tions), and the free spectral variables correspond, 6(n)<> p. The crossed pairing
p <>k would equate a free evaluation point with a dummy index and is not
available. Consequently neither sum quantifies over the roots anywhere in its def-
inition: the only infinitude either consumes is that of the integers, and the zeros
enter only afterward, as the solution set of the vanishing condition. (The formulas
of this paper that do sum over the roots—the Hadamard product and the Li coef-
ficients of Section 2.6—are where the infinitude of the zeros, Hadamard’s theorem,
is a genuine input.) Read as a Fourier object in its free variable, the deficit sum has
the equally spaced spectrum k =1,2,3,--- —the spectrum of a single Euler factor,
whose Dirichlet exponents klog p form one arithmetic progression—while the
eta sum carries the full additive semigroup {Inm} generated by all the logp

together. The deficit sum is spectrally one Euler factor; the eta sum is the whole
Euler product, in agreement with the lattice structure of Section 2.2. The logarith-
mic spacing of the spectrum is unique factorization itself, and it is the entire dif-
ference between the world in which alternation pins —1/2 automatically and the
world in which the pinning of 1/2 is the Riemann Hypothesis.

Continuation. The interaction of the deficit spectrum {nu (n)} with the log-
arithmic spectrum {In m} —in particular whether the paired-form machinery of
Section 2.3 admits a deficit-weighted analog, with midpoint carriers over o -
pairs and the Robin boundary embedded at the upper endpoint of D —is the

natural continuation of this section.

3.3. Discussion

The chain assembled here runs: Jensen form > divergent Bernoulli-Gamma ex-
pansion > exponential-kernel Mellin integral > closed form > pure exponential
sum > paired product form. Each arrow is an identity, exact at the zeros and ver-
ifiable by direct calculation. What the chain establishes is a complete resolution of
the analytic status of the expansion (10): it is the asymptotic expansion of the con-
vergent exponential integral (17), its resummed value at every zero is exactly
p/ ( p—l) , its fully resolved form is the vanishing exponential sum (27), and its
best-conditioned form is the paired representation (46), polynomially condi-
tioned at every height with all atomic zeros confined to the edges of the strip. What
the chain does not do—and, by the unimodularity analysis of Section 2.4, cannot
do in any formulation whose half-line statements are conjugate-ratio identities—
is constrain the location of the zeros: Equations (20)-(21) hold throughout the
strip, and the zero condition is the statement ¢ ( p) =0 itself.

Three continuations are open. First, the extension of the paired product sums
to the full family of Dirichlet characters: pairing over the progression midpoints

(gk—a)(gk—b) should furnish every L(p,y) with an elementary, abso-
lutely convergent product-sum representation, with character analogs of the Jr
conditioning law of (53) and of the totient boundary constant of (44). Second, the
Bombieri-Lagarias prime-power expansion [6] of the higher Li coefficients, re-

placing the Stieltjes-constant packaging of Section 2.6 with an explicit convergent
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sum over p*, naming the primes individually inside the criterion whose positiv-

ity is the Riemann Hypothesis. Third, the partial-fraction expansion

-1
tcotht =1+ 2t221k21(t2 + nzkz) feeds the exponential kernel (17) a spectral de-
composition over the poles t=ink —a convergent cousin of the von Staudt-

Clausen split indexed by the spectrum of the exponential function itself rather

than by the primes; whether the prime structure survives inside that pole expan-

sion is open.
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