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Let d>1 be afixed integer, R’ the classic Euclidean space with the structure

of a vector space. Let A be the set of cubes of R? and S the set of countable
families {Q; e I} of the elementsof A suchas O,NQ, =0 if i= ;. Wede-

fined the variation measures

|Df|(R?) =sup {jﬂ f(x)divgp(x)dx/ e (cj (R“))d Jo| < 1}

1. Introduction

and

sup Z(|Qla_l|Df|(Ql)] p/{Qi/ieI}eS for p <+

_ iel

P

lIpr]

sup{|Q|of1 |Df|(Q)/ 0 e A} for p =+oo,

Let p and «a be two real numbers such that 1< a < p <+ . We introduced
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a new classes of functions BV " (Rd ) = {f el (Rd)/|||Df|

loc

ppa < +oo} in our

paper entitled “A Poincaré Inequality for Functions with Locally Bounded Varia-
tionin R?” [1].

In this paper, we establish some important properties of BV ?“* (Rd )

It is worth noting that these amalgam-type spaces were introduced in 2017 with
the aim of studying in depth the relationships between functions and their partial
derivatives. The purpose is to relax some conditions when solving partial differ-
ential equations (PDEs). Furthermore, an extension of classical functional spaces
should allow a greater number of PDEs to have solutions. Unlike spaces of Radon
measures 77 (Rd) and function spaces F(l,p,a)(Rd), which are part of a
general framework, BV”* (Rd) spaces focus exclusively on Radon measures
derived from the variation measure of locally integrable functions on R¢.

Studies conducted on BV (Rd) spaces, defined between L, (]Rd) , space
of locally integrable functions on R, and M (]Rd), space of Radon measures
on R, have enabled us to:

* Provide a characterization of the BV"* (]Rd) spaces through the rate of
growth;

* Establish an approximation of an element in BV (Rd );

* Investigate the continuity of the translation operator.

In the first part of the paper, we give some properties of BV (]Rd ) and pro-
vide some necessary notations and definitions. The second part we give a charac-
terization of the BV?“* (Rd ) spaces. This characterization is a very practical tool
in analysis, as it provides valuable information about the nature of often quite
complex spaces. In the last part, we study the continuity of the translation opera-

tor as well as the density of the class of smooth functions within these spaces.

2. Preliminaries

In the next, d >1 isa fixed integer, R“ is the classic Euclidean space with the
structure of a vector space, p and « are reals numbers such that:
I<a<p<+w, A isthesetof cubesof R? and S the set of countable fam-
ilies {Q,:iel} ofthe elementsof A two by two disjoints, M (]Rd) is the set
of Radon measures on R?, M' (Rd) is the set of Radon measures bounded on
RY, I (R") is the vector space of functions modulo Lebesgue equality almost
everywhere, L. (Rd) are locally Lebesgue spaces, W"* (]Rd) are classical
Sobolev spaces, 20" (Rd) are homogeneous Sobolev spaces, C (Rd) k>1
integer is the set of functions of class C* with compact support on RY,
BV (Rd ) is the space of functions with bounded variation.
For any yeM(Rd) )

iel

sup [Z[|Q,|“l|ﬂ|(Qz)j ] /{0 sielleS; if p<+w
el =

sup {|Q|or1 |,u|(Q)/Q € A} if p =+,
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where | ,u| is the total variation of g and
e (R*)={ e M(RY) /], <400

Forany f el’ (]Rd) )

< =

sup [;(IQ,-ILI |f;(Q[||L,(Rd)ij 1{Qiel}eS} if p<to

"f "F(l, pa)

sup {0l

|fZQ||L1(Rd) /QEA} if p=+w

F(l,p,a)(R")= {f € LO(Rd)/"f"F(

For more details on these spaces, see [2]-[4].

< +OO} .
l,p,a)

The following proposition establishes a close link between the measure spaces
T (Rd) and the function spaces F(l,p,a)(Rd) , a connection that is a cru-
cial step in our research.

Proposition 2.1 ([2], Proposition 2.4.1)

If f isan element of L,

that du, (x)=f(x)dx, then

(Rd) and 4, the Radon measure on R? such

||/uf TP :”f"F(l’p’a) ’

Definition 2.2 The variation measure of f €L, (Rd ) is defined by
|Df|(Rd) =sup {de S (x)divg(x)dx/pe (CE1 (Rd ))d Joo| < 1}

29,

d
where divp=>)"

Jj=1 xj

d 2
is the divergence of ¢ and |¢| = {Z (p]zj .
j=1

|Df | of fel, (Rd> is a Radon measure that does not necessarily belong to
77 (RY).

Thus, L, (Rd) decomposes into two disjoint subsets:
¢ the elements whose variation measure is unbounded for the "'"rw norm;

¢ the elements whose measure variation is bounded for the ||-||T,,,,1 norm.

By focusing on elements of L;, (Rd ) whose measure variation is bounded for
the ”'"TW norm, we introduce BV (Rd) spaces defined as the set functions

of I

loc

(Rd) such that the measure variation belongs to 77* (]Rd) .

We have shown through the following proposition that BV ** (Rd) is a Ba-
nach space.

Proposition 2.3 ([1], Proposition 6.2).

BV (Rd) with application fl—)"f"BVp,,, =|||Df|

spaces.

prc,+|fw| are Banach

By« (Rd) spaces include Sobolev spaces, homogeneous Sobolev spaces, and
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the space of functions with bounded variation. Additionally, BV (]R") is
equivalent to Morrey space when p=+x.

When a=1, BV"” (Rd) spaces include BV(R”I) space.

Proposition 2.4 The space of functions with bounded variation BV(R") is
an subspace of BV"" (Rd) spaces.

Proof Let fe BV (R')={feL(R")/|Df|eM'(R')}.

It is known that L (Rd ) c L, (Rd) and M' (Rd ) =7" (Rd) and further-
more, from ([2] Proposition 2. 4.5), we have ™ (Rd ) 7 (Rd) .Thus f be-
longs to BV"' (Rd) .

whe (Rd) are vector subspaces of 20" (R") which are themselves vector
subspaces of the BV (]Rd) spaces.

Proposition 2.5 W"* (Rd) spaces are vector subspaces of 20" (Rd) spaces.
Proof. Let feW" (Rd ) = {f el” (Rd)/Vf € (L“ (Rd))d} then f and

a9
Oox;

J

then f belongsto I, (Rd).

(1<j<d) belongs of L (Rd). Since, L* (Rd) is included to Z;,, (Rd),
loc

Thus, f 20" (R?)= {f e L, (R*)/Vf (L (R ))d} .

Wl,a (Rd) c in,a (Rd )

Proposition 2.6 20 (Rd) spaces are vector subspaces of BV (Rd)

spaces.
Proof Let f 20" (Rd) .Wehave felL (]Rd) and

loc
Vf|eL (R") cL,

(Rd) ,then few! (Rd) and therefore |Df] isthe Radon

loc

measure of density |V/| with respect to the Lebesgue measure
a0 |(x) = [V (x) .

Moreover, according to ([2], proposition 2.2.12) L*(R) is included in
F(1,p,a)(R"), thus |[Vf|e F(1,p,a)(R’) and from([2], Proposition 2.4.1)
|Df| belongsto T#“(R*). Therefore f e BV’ (R?).

Remark 2.7

e (RY) st (RY) < BV (RY). (2.1)

For more details on the BV(R") space, W (Rd) and 3% (Rd) spaces
see [5]-[10].
BV (Rd) spaces grow as the p coefficient increases.

Proposition 2.8 Suppose that 1<a < p, < p, <+o. Then BV (Rd) is in-
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cluded in BV (R").

Proof. Consider an element f of BV (Rd).Then f Dbelongs to
L. (R’) and |Df| to T7“(R"). According to ([2], proposition 2.4.5),
77(R’) is included in 77>“(R"). So |Df| belongs to 77(R*).So f
belongsto BV (R?).

3. Characterization of BV ?¢ (R" ) Spaces

In this section, we are inspired by the work of Haim Brezis [8] and Luigi Ambrosio,
Nicola Fusco and Diego Pallara [7] respectively on the characterization of Sobolev

spaces W (Rd) and the space of functions with bounded variation BV(Rd)

to establish a characterization of the spaces BV " (Rd ) Given Proposition 2.1.3

and Remark 2.1.6, it is clear that the result of this section is a generalization of
Proposition 1.3.3 and Proposition 1.3. 23 which characterize by means of the rate

of increase, respectively, the spaces W"* (Rd) (I<a<+w) and BV(R")
when a=1.

We begin by establishing some lemmas necessary for the result of this section
and the results of the next section.

Let ¢ be a positive element of C~ (Rd) with support included in the unit
ball such that its integral over R? is equal to one. For any strictly positive real

(Rd) , We posit:

ff=0.%f; (3.1)

¢ andany fel,

where
o.()=¢"p(s").

The following lemma is a classic result known in the literature.

Lemma 3.1 ([11], Theorem 2.5.3) Let f be an element of LIIOC(]Rd), We
have

1. VeeR,, f* eCw(]Rd).

2. For any bounded measurable subset 4 of R? and any element u of
R,
=0. (3.2)

LI

=lim
' &0

(/= 1) x4 (ruf*=7.f) 24
In the following, we will establish the continuity of the translation operator on
c*(rY).

Lemma 3.2 Let f beanelementof L, (Rd) and &€ astrictly positive real.

lim
&0

For any bounded open subset Q of R?,
QW O) s W <pl L, o e 63)

o[V ()|de< [, [Drl(Q-y)o. (v)dy <[Dr|(,) (3.4)

YueR?, IQ
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where

Q, ={xeR'/inf{|x—)|;yeQ} <&}

Proof. Let Q) be an open bounded subset of R¢.
1. Inequality (3.3). Inspired by the proof ([8], proposition IX.3).
Consider an element y of Q, anelement # of R’ and set:

VieR, g(t)=f*(y—tu).
Then
g'(t)=—u-Vf(y—tu)
and therefore
£ (y=u)= 1 (v) =g (1)-g(0) = J,& (1) de = [ u-Vf* (v —tu)dt.
As f°(y-u)=7,f°(y), we have
r S (9)= 7 (9) = =fyu-vf* (v—m)dr.
As a result, we have

Tufg(J/)—fg()’)|S|U|J.01|Vfg(y—lu)|dt

and integrating each member of the previous inequality over (), we obtain

0 T,.f°¢ (y)—f': (y)|dyS|u|IQ'|.;|Vf£(y—tu)|dtdy.

Applying the Fubini-Tonelli theorem to the second member of the previous

inequality, we obtain

o T, f° (J’)_f(g (y)|dy£|u|I;jQ|Vf€ (y—tu)|dydt.

By changing the variable z = y—ru, we obtain

foleur® ) =r |y <l .,

2. Inequality (3.4).
(a) ¢=(4).., beanelementof [C(‘ (Q)]d such that |¢|<1. We now have

[V (x)-¢(x)dx

ST (=B (S

Vf* (z)|dzdt.

:‘fgfg(x)i@f J :_jf )dive(x)dx

=—[ S (x)divg(x)dx = =] , o, * [ (x)divg(x)dx
= ([0 S (= 2) . (v)dv ) divg(x)dr =
[ v/ (x) - p(x)dx = de( [0/ (x= ) div(=4(x))dx) g, () dv.
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By changing the variable z=x-y, we get
[,V (x)- g (x)dr=[ ([0 / (2)div(~p(y+2))dz) g, () dy
[ ([, / (2)iv(~0(v+2))dz o, ()
Note that, for any element y of R?, z+>—¢(y+z) belongsto
[C/(@-y)]" and satisfies |¢(y+z)|<1, zeR’. Then, note that, for any ele-
ment y of RY, zi>~-¢(y+z) belongsto [C'(Q~y)] and satisfies

|¢(y+z)|£l, zeR?.
Then,

[V (x)-¢(x)dr< [ [Dr|(Q-y) e, (v)dy.
(b) Note also that, for any element y of RY,
[ze=0,(y)=0] et [y]se=0Q-ycq,]
where Q, :{xe R, inf {|x—y|,yeQ} < g} )
Thus
[oo2A(Q= )0, () dy <[DAI(R,) [ o 0. (v)dv =|DF](22,).
So
[olvre (x)|dr = sup{ [V () g(x)dx/ g el ()] [ < 1} <|pr(€,).

In what follows, we’ll establish the continuity of the translation operator on

L, (RY).

Lemma 3.3 Let f be an element of Llloc(Rd) and u an element of R?.
Then

1. for any cube QO of R,

|(Tuf—f);(é||Ll §|u|J;|Df|(Q—tu)dt (3.5)

2. for any countable family {Q,:ie/} of cubesof R,

[;(l@lil

Proof.
1.Let (x,r) bean elementof R’ x]0;+o0[ .

|-
SR

(-l ] s|u|J;[z[|Q,.—m|i' r1(0 1) ] . (36)

Suppose 0<d <r and 0<g<%.

From the inequalities (3.3) and (3.4) of the lemma 3.2, we have

e/ ()= )|y <l 5 197 ()] o
<[u|[}|Df|(Q(x.6+2¢) ~ ) dr.

Joua
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Since J&+2¢& <r, we have
oo ) Gl <hifloroter)-wa. 6)

On the other hand,

S VAR WAL AL AR
and according to the triangular inequality
<l f—

Integrating each member of the inequality (3.8) over Q(x,5), we have

Jogen [Fuf ()= 1 ()] dv
<o s [2d )= v+
+Ié(x,5) I (y)_f(y)|dy.

(3.8)

Jr S ()=r° (»)|dy

By going to the limit, when & tends to zero, in this last inequality and using
(3.2) of the lemma 3.1, we deduce that

[0y 7S () < lim )1 (»)|dy. (3.9)

From inequality (3.7),
Ié(m) nf (v |dy<|”|f |Df|(Q(x,r) ~tu) dt. (3.10)
Using the fact that f belongs to L, (R ), X(er) = Xo(er) = Xo(er) almost

everywhere and lﬁim Xotes) = Xd(er)> W obtain the inequality (3.5) from the ine-

x,r)
quality (3.10).
2.Let {Q:iel} bea countable family of R“ cubes. From inequality (3.5),

we have

Viel;

(euf = 1) 20 <l |10, ~)

viel; |0, |§’

(e.f — f);(Q||Ll_|u[|Q| [1or)(0 .—tu)dt].

Viel, (|Ql.|; [zt =) 20, ) [||Q| o719, —tu)dtj :

So
1

slor ezl ) | <u( 5o fonig-ma] |

Applying Minkowski’s inequality for integrals to the second member of the pre-

-

vious inequality, we have

{;UQJ;‘

So,

1

(ruf—f)ZQi"Lljp]p |u|j.{ (|Q| '|Dr)(0, —tu) ij d.

SR
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[;(IQJLI (ruf—f)ZQi"Llij;<|u|J'[ (|Q e nte —tuj];dt.

In all that follows, we will note (e, ,ez,---,ed) the canonical basis of R?. The

following lemma allows us to define the derivative by transposition in L, (Rd) .
Lemma 3.4 Let [ bean elementof I, (Rd ) , Q an open subset of RY and

¢= (¢j )lgjgd an element of [CCI (Rd )T with support K included in Q). Then

(x te) ¢j(x)

[/ (x)divg(x —hmZI f(x dx. (3.11)

Proof. Let Q) be an open RY and ¢= (¢ )1< ., an element of [Ccl (Rd )]d

with support K included in Q. Suppose that 0<d < dist(K ,6(2) and ; an
element of {1,2,---,d} , teR.

For O<|t|<5 , we have

¢ (x+tej)—¢j (x)

VxeRY, ; =D¢, (x+9(xt ) |6’ x t)| |t|
where D¢_ —Zf
Therefore,
. te. |—0o.
VxeRd, f(x) ¢/ (X+ e]t) ¢/ (X)§S"D/¢/”w s, (x)|f(x)|

where K ={xeRd/dist(K,x)S5}. Note that "DJ¢/"@ <+ and K isa

compact subset of R?. Therefore,

D./¢/"w X, S Dbelongsto Ll(Rd).
We also have for almost all x e R?

tim £ () (x+te) 4, (x)

t—>0 t

=/ (x)D,4,(x)-
Therefore, according to the dominated convergence theorem, we have

¢, (x+ie,)~¢ (x)

t

Juo 7 () D, (x)ax =tim [, £ () dx.

Summing the previous equality over j=1,2,---,d , we obtain the equality
(3.11).
Lemma 3.5 Suppose that f belongsto L, (Rd) and teR.
d
1.Let O bean element of A and ¢:(¢j )1 _, an element of [Ccl (Rd )]
<Jj<

with support K includedin @ and such that |¢| <1. Then, for
0 <|t| < dist(K,00)

(x+te ) ¢, (x)dx 3 (T,e,f_f)lk

< L (3.12)
t = i

ZJ-JRdf
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2. Let {Q :iel} be a countable family of cubes of R’ and for each ie/,
#=(4)

such that

d
an element of [Ccl (Rdﬂ with support K, includedin O, and

1<j<d

¢i|£l. Then, for 0<|t| <dist(K,,00,)

{ [IQI“
(Tte,»f _f)ZQ

. N ,
SZ Z |Qi|"1 |t| £
Jj=1| iel

Rd

(x+te ) ¢; (x)

N——
S
N—
SRR

(3.13)

Proof Let f bean elementof L, (]Rd) and reR.
1. Suppose that 0<|¢|<dist(K,00) . We have

Zjdf (x+te) ¢j(x)

t

dx

Il
M&

([oo /()8 (x4t )ar= [, £ (x)8 (x) )

~.
L

Il
M=

~.
IR

Il
M=

1
2
%(J'Rdf x—te; )¢, (x)dr—[ , £ (x)¢,dx)
}JRd(ag,f(ﬂ—f(x))qﬁ,-(x)dx

~.
IR

and therefore

DIRNEE

So

ZIRdf

2.Letbeareal ¢ suchthat 0<|r|< min dist(K,,00,).

From the result obtained at point one, we have

(xrre)-4)(x)

Viel,

fo

Thus
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Viel, |Q,.|$’1

> J s (x”e;>‘¢?(x)dx‘

1,4
< |Q,~|“ Z
= |

(7, /= 1) 24

)il

and therefore

z[|Qf|i*

iel

del.[Rdf(x) ¢;(x+te‘;)—¢;(x)§

il -
|5 51 |t|)lQL

iel J=1

Applying Minkowski’s inequality for integrals to the second member of the pre-

vious inequality, we have

g (x+ie)-g.(x)|] |

c

z[mll

iel

gJ.R" f(x)

P

SEE

ot Lo

iel

In what follows, we show that the value of || |

pe Temains unchanged for a set
of finite or countable families of R¢ cubes which are disjoint in pairs.

Lemma 3.6 For any element u of M(Rd),

e

pa =SUP (ZUQ[P‘ |ﬂ|(Q,.)j J /{0 :ieJ}es’ (3.14)

where S’ denotes the set of finite families of R¢. cubes, two by two disjoint.
Proof. Recall that, for any element z of M (Rd ) ,

|

pa =SUP [Z(|Qi|:r_l|ﬂ|(Q,-)ij;/{Qi:ieJ}eS .

ieJ

We’ll show that, in the definition of |||

»a» We canreplace S by §', the set
of finite families of R? cubes two by two disjoint.

Consider an element x of M(Rd) and say

b -sm Z[i0f o)) | i@ ssenes|.
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1. Since S’ isincludedin S, we have
el < e

2. Consider a positive real ¢ < ||,u|

TP

TPt

There exists an element {Q,:iel} of S such that:

<[ 5[lok o j”];:tuz@m ()]

It then follows:

= =

P
t? < sup {Z(|Qi|;_l |/”|(Qf)j J /J finite,J c [ ;.
ieJ

Therefore, there exists a finite subset J, of [ such that

v <3l i)

ieJ,

Now {Q,:ieJ,} belongsto S’ and therefore

>(lof o) <

o <[l = <]l

Therefore

So

o <[l

The result for the characterization of BV"“ (Rd) spaces is the following.

|

Theorem 3.7 Let f el (Rd) . Then the following assertions are equivalent
1. feBrP(R);
2. there exists a real constant C >0 such that

VueR?,

SC|u|.

F(l,p.a)

Proof.
Let f bean element of BV (Rd ) We'll show that there exists a constant

C >0 such that,

VueR?,

SC|u|.

F(1,p.a)

first case: Let’s assume that p < +oo. Recall that

1

loA1],. =sup [;@QM IDfI(Q,-)j J O iel}e

We deduce from the inequality (3.6) of the lemma 3.3, that for any disjoint fam-
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ily {Q :iel} ofcubesof R’ andany te[O,l]

2l

So, for any u€R’ and any countable family {Q,/iel} of R cubes, we

o 4t =[]

TPt

=11zl ) | <bor

have
. ar
S0k fwr-nzl, | | sl
So
F(l.p.a) < C|”|
where C= |||Df||TM +00 .

second case: Suppose that p =+o.
According to the inequality (3.5) of the lemma 3.3 for any cube O of RY

(2. = 1) 2o, <l J,|Dr1(© — ) de

0 [z 1) 2], <l LNk |71(© ).
As
(0 (20 = 1) 2], <l [0 —rule” |r](© 1)
< |u|.[o |||Df| T dr =|u||||Df| 7%
01 (e s = 1) 26, <Ll
So
o) = |”|"|Df|| e

Let f bean elementof I (Rd) . Suppose that there exists a constant
C>0 such that,

SC|u|.

F(l,p,a)

first case: Suppose that p <+ow0.
o Let {Q /iel} be afinite family of R’ cubes two by two disjoint and for

each i belongingto [, ¢ = (¢ )1<j<d an element of [Ccl (Rdﬂd with support

#<1.
From the inequality (3.13) of lemma 3.5, we have for 0 < |¢| < min dist(K;,00,)
iel

{;{IQJ
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So, according to the hypothesis

szdf

iel

Z[IQ <

<5 |- Sl ] -ac.

Therefore, by making ¢ tend towards zero we obtain according to the lemma
3.4

iel

{Z(IQI. o [/ (x)div (x)dxjp ]II’ <dc.

Taking the supremum with respectto ¢’ from the left-hand side of the previ-

ous inequality, we obtain

[Z@QJ;] |9 )) ] <dcC. (3.15)

eLet {R:iel} beafinite family of R’ cubes two by two disjoint.
For each i element of [/ there exists an element (a;. )1 . of RY and a
<j<

S |-

real number 7' >0 such that

Let i be a strictly positive real.

For each element i of I, let

ﬁl: —&, Cl +r —6‘[

J=1

d . . . . i
o = g[a;;aj+r —e[ ife<r
%) if &> 7.
It is easy to verify that, {QI.,S el } is a finite family of R¢ cubes two by two
disjoint. Consequently, an application of the inequality (3.15) yields

3l

Furthermore, for any i element of [

o' <0,

|Df|(Q°,,g)] Jp <dc. (3.16)

<[R.
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So the inequality (3.16) implies

1
P

[Z[V%ILI |\Df I(Qf))p] <dc. (3.17)

iel
Note that, for any i elementof 7, (Qf) . is monotonic and

O<e<r
U_Qf:Ri'

O<e<r!
So, going to the limit in the inequality (3.17), when & tends to zero we get

1

[Z(V% |y I(R[))p ] <dC.

iel
This being true for any finite family {R,:ie} of R’ cubes two by two dis-

joint, taking the supremum with respectto {R,:ie/} of the first member of the

previous inequality we obtain

1
R
sup [ZURJ;] |Df|(R,.)] Jp /I finite and {R,. ‘e I} <dcC.

iel

Therefore, according to the lemma 3.6,

|Df| e S dC and so |Df| belongs
to T7“ (]Rd) . Therefore f belongsto BV?* (Rd).

Second case: Suppose that p=+ow.

eLet O beacubeof RY and ¢=(¢ )1

J N<j<d

an element of [CCI (Rd )T with
support K includedin @ such that |¢|S1.

Let ¢ be areal number such that 0< |t| <dist(K,00Q) . According to the ine-
quality (3.12) of the lemma 3.5, we have

d

(7, /= 1) 2

¢, (x+1e,) -9 (x)

d
2 Je £ () de( < L
= t J=l |t|
So,
1 . \x+te, |-, (x
|Q|L¥]Z:1:J‘Rdf(x) /( ft) J( )dx‘
i1 (r,e]f—f)zk a |Fe S =,
< z£:|£2|a 1 |t| 1 < zE: |t| F(1,00,0)
Jj=1 Jj=1
So according to the Hypothesis 2, we have
1ol ¢, (x+te;)—¢,(x) a4 |te ||C d
|Q|“lzldef(x) /( /t) I 4l < 1" |/t||| _Czl"e«f”_dc
J= Jj= J=

and therefore according to the lemma 3.4

i
0l

[0/ (x)divg(x)de| < aC.
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This being true for ¢ element of C!(Q) verifying |¢|<1, we have

o« |Drf|(0) < dc. (3.18)

e Let R be a cube of R?. There exists an element (a ’ )1 . of R? and a
<J<

real number » >0 such that

R= [aj,aj +r[.

d
J=1

Let’s consider 0<&<r and pose
d d
j— — —_ & —_— —_
QS—H[aj £,a;+r g[ et O —H[a‘f,aj+r g[.
J= J=

Applying the inequality (3.18) gives

1 o
0.« |pr|(0.) < dc. (3.19)
Note that
0° 0, et |0°[<]0,|=|R].
So from the inequality (3.19), we get
1 o
R|="'|Dr|(Q, )< dC. (3.20)

Note that (Qg )0 is monotonic and
<g<r

U o=k

O<e<r

So,

[l D[ (R) = tim| [+ | Df](0°)

&0
1
. —1
<tim|Rl"|Df|(2,)
<dC.
This being true for any R cube of R, taking the supremum with respect to

R of the first member of the previous inequality, we obtain

sup {|R|:z1 |Df|(R)/R e A} <dC.

Therefore, |||Df| e SdC and so |Df| belongs to 77 (R").
Hence f belongsto BV™“ (Rd).

4. Continuity and Density in BV 7“ (]R")

In this section, we show that the translation operator is continuous on the
By (Rd) spaces and that the class of indefinitely differentiable functions is
dense in BV"* (Rd) through the approximation of the elements of

By (R") by regular functions of class C”.
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Theorem 4.1 Let [ be an element of BV ™“ (Rd ) .

1. For any element (u,x,r) de R‘xR‘xR},

Tuf(y)—f(y)|dy < d|u|J.;|Df|(Jxr)dt S|u|j;|Df|(Q(x—tu,r))dt.

-[Q(x,r)
2. For any element u of RY,

WSS F(Lp.a) S|u|”|Df|

P

Proof Let f be an element of BV"“ (Rd ) The assertions are trivial when
u=0.

Suppose now that u is a non-zero vector of R?.

1. Consider an element (x,7) of R?xR] andanelement f of

By (Rd ) Let p and & betwo real numbers suchthat 0<p<r and

0<e< =% For any element x of R, the open cube

d
J? :H}xj —g,xj +§[ is such that, for any u element of RY and any ¢

element of [0,1] wehave J/—mu=J’

x—tu *

J=1

Applying the inequality (3.3) with Q=J”, we obtain:

o[t ()= s )y <lul [, [V ()]avar.

On the other hand, applying the inequality (3.4) with Q=J”  we obtain:
.[/fl w

VI ()| dv < [ DAI(I2., - v)e. (v)dv <[Dr](22,),
where Q_ = {zeRd/dzst(z J?

xX—tu

x—tu

)<g}cJ‘”2€.

So

P o 7 (v) = £ ()| dy <ful [, |Dr| (732 ) de <o [ |DA| (/2 ) e, (a1)
Sincein I (J;) , lim f* =7 and 1i13)1 T, = liI})l (Tuf)‘g =7, f ,therelation
£—>0" e>0" 0"
(4.1) gives
(v <l fori( 7., )

when & tends to zero by higher values and by making p tendto r,we have
Jigle. (<l [j[0r|(: o
Since f is locally integrable, we have
[oun |7t ()= £ (¥)|dy =
From the previous inequality.
o f (0)= £ () av <l [ |Dr]( 7., ) de
s|u|j0|Df| O(x—tu,r))dr.

S )= f ().

J.Q(x,r)
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2.Let f beanelementof BV?“ (Rd) and u anelementof R?.Depend-
ing on the values of p, two cases arise.

First case: p =+ . From to the result obtained at the point 1, we have for
any cube O of R

0", (s <ol orl(0-m)
<Jul [0 |Dr](Q )
<l [ lor.. ae =l or] ..
Therefore,
ooy < Wl12A]] -

Second case: p <+

Consider a disjoint family {Q,/ieI} of cubes. From to the result obtained at

point one, we have:
1

(;[IQJ;‘ A f(y)—f(y)|dyjp]p <|u|[ (|Q| v - ) dtjpj |

Applying Minkowski’s inequality to the second member of the above inequality,

< |-

we obtain
{E(IQI“' Jylef (v)=1 (y)ldyj ]
<Uf{ 5[0l riio-w |
<] j{ (|Q e |Dr|(0, - jj a
<l (oA, ae =[ulll2A]l..
So
ST F(lp.a) S|u|”|Df| o

Theorem 4.2 Suppose that 0< & <+w and ¢ apositive element of C' (Rd)
with support included in the unit ball B(0,1) such that LR Lo(x)de=1.
L.If f belongsto L, ( R’ ) , then

2.If f isan element of BV (]Rd ) , then

T Tl 2o gy 2 )

<eler]

F(1,p.a) P’
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Proof. Let & be a strictly positive real and @& C!(R*) with support in-
cluded in the unit ball B(0,1) such that [ ,¢(x)dx=1.
1.Let f bean elementof I (R).
For any element x of RY,
S(x¥)=15(x)=f(x) =0, * 1 ()
= f(x )me )dv=[ f(x=2)o, (v)dy

= [ (X)) =], f(x=)eo(c"y)dy.
Making the change of variable y, =&u,;,1< j<d, we see that the Jacobian is
e 0 0 - 0
0 0 -0
D(yl,..-,yd): 00 & " =g
D(ul,- ”4) .
00 0

We then obtain
) =ro(x) = f(X)p(v)dy=[ . f (x—eu) p(u)du
=[S (X)) dy=[ 7.,/ (x)p(y)dy.
S(3)= 1) = [ (£ () =7,/ () o () v
Forany O cubeof R?,we have
(7= 79) 20|, < Jos L1 ()7 ()]0 () e
< [l () =71 (5) dx o () .

“ f f ZQH ré

()
(

(/- rszHco )dy.

First case: p=+ow.
Mult1p1y1ng each member of the previous inequality by the strictly positive real

number |Q| , we have

0 (7= 1) 2], < J ol (- 1) 2] 0 )
<[, sup|Q|5'l (£ =7.f) 20| 0 ()
<IR1||f “ol | 0 0) B
Thus
Zg)lQli'1 (£ =5) o), <l =7 oy 0 () 0
So
1 =1y STl = gy 2 ()

Second case: p<+ow.
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For any family {Q,/iel}eS, we have

zler -1l

o {1l e otne] |

Applying Minkowski’s inequality to the second member of the above inequality,

< =

<=

we have

(f—fg)zQHJp]’]’

(;(l@li‘l

SAb (e

< Jga, SUP [Z(|Qi|“_l

{oi/ieltes\ el

(f-7./) 10 ”ljpquo(y)dy

SR

(f—n»yf)x@\L]p] o(»)d

< p(y)dy.

= pa

St f

F(l.p.a)

Thus

< =

{Q[/iEI}ES iel f_T6yf||F(l’p,a)(o(y)dy'

sup [Z(lQJ‘I’_I (/-1 EVQ‘LT] <[

Therefore

lr=r

F(Lp.a) S.[Rd f_Tny” qo(y)dy.

F(lp.a)
2. Using, the result obtained in point one and Theorem 4.1, we have
1 =1Ly < Ll =20 2 (0) 0
<l o) ayfor],..
<efy, o) aior]

<[y (1]

TP

e <€D

e

= |r-s

=efler]

F(Lp.a Tt

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this paper.

References

[1] Savadogo, B. and Fafana, I. (2017) A Poincaré Inequality for Function with Localy

Bounded Variation in RY. Communications in Mathematical Analysis, 20, 83-106.

[2] Faléa, F.R. (2015) Une classe de sous-espaces d’espaces de Morrey et des inégalités en

DOI: 10.4236/apm.2026.163012 268 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.163012

B. Savadogo et al.

(3]

(4]

(5]

(6]
(7]

(8]

(10]

(11]

normes portant sur I'intégrale fractionnaire Thése de doctorat, Université d’Abidjan-
Cocody.

Fofana, 1., Faléa, F.R. and Kpata, B.A. (2014) A Class of Subspaces of Morrey Spaces

and Norm Inequalities on Riesz Potential Operators. Afrika Matematika, 26,717-739.
https://doi.org/10.1007/s13370-014-0241-3

Fofana, I. (1995) Espace (L",l v )a (R") : Espace de fonctions a moyenne fractionnaire
intégrable. Ph.D. Thesis, Université d’Abidjan-Cocody, 1995.

Adams, D.R. and Hedberg, LI. (1996) Function Spaces and Potential Theory.
Springer.

Adams, R.A. (1975) Sobolev Spaces. Academic Press.

Ambrosio, L., Fusco, N. and Pallara, D. (2000) Functions of Bounded Variation and
Free Discontinuity Problems, volume 254. Clarendon Press.

Brezis, H. (1983) Analyse Fonctionnelle: Théorie et Applications. Masson.

Berg, C.C., Reus, J.P. and Ressel, P. (1984) Harmonic Analysis on Semigroups: The-
ory of Positive Definite and Related Functions. Springer.

Demengel, F. and Demengel, G. (2007) Espaces fonctionnels pour la théorie des
équations aux dérivées partielles elliptiques. EDP Sciences, Les Ulis.

Kufner, A, John, A. and Fucik, S. (1977) Function Spaces. Springer Science & Busi-
ness Media.

DOI: 10.4236/apm.2026.163012

269 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.163012
https://doi.org/10.1007/s13370-014-0241-3

	Continuity and Density Properties in Spaces 
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	3. Characterization of  Spaces
	4. Continuity and Density in 
	Conflicts of Interest
	References

