4

X/
*

Scientific
Research
Publishing

()

<
X8

%

Some Hermite-

Advances in Pure Mathematics, 2025, 15(10), 689-709
https://www.scirp.org/journal/apm

ISSN Online: 2160-0384

ISSN Print: 2160-0368

Hadamard-Fejér Inequalities for

(11, n2)-Convex Functions on the Coordinates

Jen Chieh Lo

General Education Center, NTUT, Taipei City

Email: jclo@mail.ntut.edu.tw

How to cite this paper: Lo, ].C. (2025)
Some Hermite-Hadamard-Fejér Inequali-
ties for (71, 72)-Convex Functions on the
Coordinates. Advances in Pure Mathemat-
ics, 15, 689-709.
https://doi.org/10.4236/apm.2025.1510036

Received: August 26, 2025
Accepted: October 17, 2025
Published: October 20, 2025

Copyright © 2025 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

[ONom

Abstract

This paper establishes new Hermite-Hadamard-Fejér type inequalities for
functions that are (7,7, ) -convex on the coordinates. By employing weighted
symmetric functions and generalized invexity, we derive several double inte-
gral inequalities that extend and unify classical results. These inequalities pro-
vide refined estimates that may be applied to error analysis in numerical inte-
gration and to bounding families of special functions, including Beta and hy-
pergeometric functions. The results presented here demonstrate that the class
of (771,772) -convex functions yields sharper bounds compared with conven-

tional convexity and preinvex frameworks.

Keywords
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1. Introduction

Convexity has long been recognized as a fundamental concept in analysis and op-
timization, with classical applications to inequalities, approximation theory, and
mathematical physics. Among its most celebrated consequences, the Hermite-
Hadamard and Fejér inequalities provide sharp bounds for integrals of convex
functions, and have motivated numerous refinements and generalizations. Many
authors developed multidimensional analogues, emphasizing their importance in
both numerical integration and the study of special functions therein [1]-[11].
To illustrate the motivation, we provide an example of a (7,7, ) -convex func-
tion that fails to be preinvex, thereby demonstrating the advantage of this gener-
alization. This example highlights the necessity of developing integral inequalities

inthe (1,,7,)-setting, which leads naturally to stronger results with potential ap-
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plications.

The aim of this paper is to establish new Hermite-Hadamard-Fejér type ine-
qualities for functions that are (77,7, ) -convex on the coordinates. Our contribu-
tions include:

1) Theoretical development: Several new inequalities based on weighted sym-
metric functions and generalized invexity.

2) Comparative refinements: Explicit demonstration that our bounds are sharper
than those derived under convexity or preinvexity.

3) Applications: Implications for numerical integration error analysis and
bounding special functions such as Beta and hypergeometric functions.

This work thereby advances the literature on generalized convexity by bridging
classical inequalities with modern generalizations.

The Fejér integral inequality for convex functions has been proved in [12].

Theorem 1.1 [12]

Let f:[a,b] >R bea convex function. Then

f (a—;b)_[:g(x)dxsj: f (x)g(x)dstJbg(x)dx,

2 a
. s . a+b )
where g:[a,b]—>[0,x) isintegrable and symmetricto X = — (that is

g(x)=g(a+b-x),vxe[a,b]).

Furthermore, Dragomir [13] gave the Hermite-Hadamard-Fejér inequality on
a retangle in plane.

Theorem 1.2 [13]

Let f:[a,b]x[c,d] >R bea co-ordinated convex function. Then the double

inequality holds
(25288 gy
Sﬁf: f(x,y)g(xy)dydx
f(a,c)+f(ad)+f(bc)+f(bd)mu
) Ly dydx,
4 [2] a(x y)dydx
+b  c+d

where g:[a,b]—>[0,0) isintegrable and symmetric to X = aT, y= -

(thatis g(x,y)=g(a+b-x,c+d-y),vxe[ab],ye[c,d]).
Theorem 1.3 [13]

f a+b,c+d gl 1 bf x,C+d dx + 1 J-df a+b,y dy
2 2 2|b-a-s 2 d-c-c 2

<['[7 £ (% y)g(xy)dydx

i 1 bf
4/ b-a-

X,C dx+L bf X, d )dx
b-a’a

1 d 1
+EL f(a, y)dy+d_cjC f(b,y)dy}
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_f(ac)+f(ad)+f(bc)+f(bd)
< 2 .

It is well-known that the convexity theory has wide applications in special func-
tions, differential equations and bivariate mean. Recently, extensions, generaliza-
tions, refinements, and variants of convexity have attracted attention.

Motivated by these works we introduce the notion of 7 -convex functions as
generalization of convex functions.

Definition 1.4

Aset | cR issaid to be invex with to a real bifunction n:1xl >R, if

x,yel,2€[01]=y+An(xy)el.

Recently, the concept of (7,77, ) -convex has been introduced in [14] as a gen-
eralization of preinvex function and 7 -convex function [15]. In the following we
can find the definition of (7,,7, ) -convex function with some basic results.

Let 1 cR beaninvexset withrespectto 7,:1xl —>R.Consider f:l >R
and 7,: f(1)x f(1)—>R.The function f issaidtobe (7,7,)-convex if

f(x+an,(y,x))< f(x)+An,(f(y). f(x))
forall x,yel and A 6[0,1].
Remark 1.5
An (7,,7,)-convex function reduces to
(i) an 77 -convex function if we consider 7, (X, y) =Xx—-y forall x,yel.
(ii) a preinvex function if we consider 7, (X, y) =x-Yy forall x,yef (I ) .
(iii) a convex function if it satisfies (i) and (ii).
Consider the function f:R"™—>R" by

X, 0<x<1L,
f(x)z{l X>1.

Define two bifunction 7,:R"xR" >R and 7,:R"xR"—>R" by

-y, 0<y<y,
nl(x7y):{x+y y>1

and

x4y, x<y;
n(%¥)= 2(x+y), x>V.

Then f isa (771,772) -convex function. But f is not preinvex with respect
to 7, and aiis not convex (consider x=0, y=2 and A>0).

Definition 1.6

Let 1,l, cR be two intervals, and f:l;xl, >R and 7:RxR—>R be
two real-valued functions. Then f issaidtobe 7 -convex on the coordinates if

the inequality
fAx+(1-A)z, uy+(1- p)w]< £ (z,w)+ Aun[ F(xy), f(z,w)]

holds for all (X, y),(z,w) el x|, and A,ue [O,l] .
Definition 1.7 [16]
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Let I,l,cR be two intervals, and f:I;xl, >R and 7,7,:RxR—>R
be three real-valued functions, and the partial mappings f :1, >R and
f,:1, >R be defined by

f(u,y),
f(x,v).

fy(u)
f(v)

Then f is said to be coordinate (7,7,)-convex on I x1, if f, is 7 -

convex on |, and f, is 7,-convex on |, In particular, if 7 =7, =7, then
Fis said to be 77 -convex.

Definition 1.8

Let I,l,cR be two intervals, and f:Il;xl, >R and 7:RxR—>R be
two real-valued functions. Then f is said to be (7,,77,)-convex on the coordi-

nates if the inequality
flz+Am(x2),w+An (y.w)]< f(z,w)+An,[ f(xy), f(zw)]

holds for all (X, y),(z,w) el xl, and A€ [0,1].

Remark 1.9 (Comparison of Coordinate Convexities).

Definitions 1.6 - 1.8 present different but related notions. Definition 1.6 intro-
duces 7 -convexity on the coordinates, Definition 1.7 specifies coordinate
(7,,7,) -convexity via separate mappings, and Definition 1.8 generalizes to invex
structures with bifunctions 7,7, . In particular, Definition 1.7 can be viewed as
a special case of Definition 1.8 when 7,(X,y)=x—-y and 7,(u,v)=u-v.
Throughout the main theorems, we adopt Definition 1.8, since it provides the
most general framework.

Over the last decades, efforts have been made to extend convexity to more flex-
ible frameworks. Concepts such as invexity, preinvexity, and 7 -convexity have
been introduced to capture broader families of functions. The notion of (7,7, )
-convexity provides a unifying perspective that includes both preinvex and 7 -
convex functions as special cases. Importantly, as shown in Remark 1.1, this class
is strictly larger than preinvex functions, thereby allowing sharper integral ine-
qualities that cannot be obtained under the narrower classical frameworks.

Throughout, (7,,7,)-convex on the coordinates means Definition 1.8 is in
force, so lines parallel to each axis obey an invex interpolation via 7, on the do-
mainand 77, on the range, strictly generalizing Definition 1.7 and the usual con-
vex or preinvex cases. Readers may simply read “(7,,7, ) -convex” as “coordinate-
wise convex under a generalized (invex) interpolation rule” unless a specific struc-

ture of (77,,77,) is needed later.

AT o . > ) a+b
Weighted symmetric” always refers to symmetry with respect to x ==

and y= % for g, asin the classical Fejér’s setting.

2. Main Results

Each theorem below is immediately followed by a short plain-language explana-
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tion highlighting: what quantity is bounded, what assumptions buy the estimate,
and how it collapses to the classical convex case (by taking 7, (X, y) =X—-Yy and
17, (U,V) =U-V. We also point out how the constants and kernels should be in-
terpreted for numerical integration or for bounding special functions.

Theorem 2.1

Let 0<a<b, 0<c<d and f:[ab]x[c,d] >R bea 7 -convex function

and g:[a,b]x[c,d] >R be an integrable, positive and weighted symmetric
function with respect to X = aTer and y= % , then the following inequali-

ties are valid:

4f(a;b C+djj' j g(t,s)dsdt

§4f:f: f(t,s)g(t,s)dsdt
+f:jcdg(t,s)n[f(t,s),f(a+b—t,c+d—s)]dsdt

§{4f(bd +n[ f(a.c), f(b.d ]}jhfdg t,s)dsdt
+I j g(t.s)p[ f(a+b—t,c+d-s), f(t,s)]dsdt.

Proof
By the 7 -convexityof f on [a,b]x[c,d], it gives

f(ﬂ, V;st f(z,w)+%n[f (x.y), f(zw)]

2

forall x,ze[a,b] and y,we[c,d].
Setting X=Aa+(1-4)b,z=(1-2)a+4b,y=puc+(1-x)d and
W=(1-u)c+ud, we have

<4f((1-2)a+ab,(1-p)c+ud)
+n f(Aa+(1-2)b, uc+(1-u)d), f ((1-4)a+Ab,(1-u)c+ud)]
By integrating over [0,1]x[0,1], we get
(‘”b C”jjj (Aa+(1-2)b, uc +(1- p)d ) dAdu
<af [ f((1-2)a+ab,(1-p)c+pd)g(Aa+(1-2)b, uc+(1-p)d)dAdy
+[ [ g(2a+(1- )b, uc+(1-p)d)
xn| f(Aa+(1-2)b, uc+(1-u)d), f((1-A)a+Ab,(1-u)c+ud)|didu

By evaluating the weighted fractional operators, we have

4f(aJ2rb C+djj' j g(t,s)dsdt

<af’[“f(t,s)g(a+b—t,c+d—s)dsdt
+[ ] g(a+b-te+d=s)n[ f(t;s), f (a+b-t,c-+d-s)]dsdt,
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Since g(t,s)=g(a+b—t,c+d—s), then we get

(a+b C+d\JJJ tS dsdt

S4L L f (t,s)g(t,s)dsdt
+f:jcdg(t,s)n[f(t,s),f(a+b—t,c+d—s)}dsdt.
Now, we will prove the right side of inequality by using convexity.
4f((1-1)a+ab,(1-u)c+ud)
+n] f(Aa+(1-2)b, uc+(1-u)d), f ((1-A)a+ b, (1-u)c+pd) |
<4{f(b,d)+(1-2)(1-u)n[ f (ac), f(b,d)]}
+n f(Aa+(1-2)b, uc+(1-p)d), f ((1-2)a+Ab,(1- u)c+ud)].
By integrating over [0,1]x[0,1], we get
4Hf ((1-A)a+b,(1- x)c+pd)g(Aa+(1-2)b, uc+(1-x)d)dAdu
+Hg Aa+(1-2)b, uc+(1- u)d)
xn[ f(Aa+(1-A)b, uc+(1-u)d), f ((1-2)a+ab,(1- u)c+ ud ) |dAdu
<af'[ g(Aa+(1-2)b, ue+(1-u)d){ f (b,d)+(1-2)(1-p)n[ f (a.c), T (b,d)]}dAdu
+I f g /1a+(1 A)b, uc+(1 y)d)
d

xn| f(Aa+(1-2)b, uc+(1-p)d), f ((1-2)a+Ab,(1-p)c+pd)]dAdu
By evaluating the weighted fractional operators, we have
4]:]: f (t,s)g(t,s)dsdt
+ [ [ g(ts)n[ f(t.s), f (a+b—t,c+d—s)]dsdt
<{4f(b,d)+n[ f(ac) f(o.d)]} [ [ gt s)dsdt
+LL g(t.s)n[ f(a+b-t,c+d—s), f(t,s)]dsdt.

We bound the g -weighted average of f over [a,b]x[c,d] by simple “sur-
a+b c+d
rogate values” built from the midpoint (T,Tj , the opposite point

(a+b—t,C+d —S) , and the corners.

The novelty is that the surrogates are allowed to interact through the bracket
77(-, ) , which encodes our generalized (invex) interpolation.

When 7, (X, y) =X-Yy and 7, (u,v) =U-V, the inequality collapses to the
classical Fejér-type double integral bound.

If g =1, the result compares the rectangle average of f directly with its mid-
point and corner data, providing a practical control for quadrature error on meshes
symmetric about the rectangle center.

Lemma 2.2

DOI: 10.4236/apm.2025.1510036 694 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.1510036

J.C. Lo

Suppose that 1,1, c R is an invex set with respect to n, and f:l; xI, >R
is a twice differentiable mapping on 1;x1,. For any a,bel,, c,del, with
m(b,a)>0, n(d,c)>0, if g:[aa+n(ba)|x[cc+n(dc)]>[00) is
differentiable mapping on |, x1, and

0N )2 et om0

c a a

g 0y () ey« [ [ (0y) £ (e (d, o))y
J- dc) J-a+'71 ba X y)f(a+,71(b,a),y)dXdy:|

[ (a+tn(b,a),c+sn(d, ))+f(a+tn1(b,a),c)+f(a,c+sn1(d,c))+f(a,c)}

_ J~C+m(d,0)‘[a+m(bva) g (X’ y) ¢ ( )dxdy __|:J-c+7h(d C)J'a+771(b,a) g (X, y) f (X, C)dXdy

4
. Lcml(d,c) Em(b,a) o (x, y) dudy
where

II g(a+4n(b,a),c+un (d,c))duda, 0<t<% Ogsg%
_Itlj;g(a+/1’71(bva)lc+ﬂ771(d,c))dud/1,—St£1,Osss%,
a ~[.[Fg(a+ A (b.a),c+ un(d,c))dud2,0<t %%3531,

Jf g(a+amn(b,a),c+un (d,c))duda, §<t<1 ;<s<1

Proof

Using the integration by part, we obtain

j j f(a+tn (b,a),c+sp (d,c))dtds

f(a+771(b,a),c+;71(d,c 101
) Ul(b’a)ﬂl(d,c) IOJ.Og(a_F/IUl (b'a)’c+'m7l(d’c))d/‘1d/1

+ﬁﬁﬁg(a”’h(b’a):CWﬂl(d,C))dydz

f(a+n(ba)
+—
771(b a)771(d c

)
flacen(d )) ., a(a+n,(b.a).c+ un,(d.c))dud
(

H g(a+4n (b.a),c+un, (d,c))duda

") (de
f (a+tn, (b,a),c+sn(d,c))

+4-[ -[ g(a+/1771 b’a)’c+l”71(d'c)) 771(b,a)771(d,0) dsdt
offofar inoalcrumae) 0D
2 [o(asin(ba)orm(0,0) OO

n,(b,a)n, (d,c)
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f(a,c+sm(d,c))

m(bva)m(dlc)

f (a+n,(b,a),c+snm(d,c))
nl(b'a)nl(d’c)

Using the change of variables x=a-+t,(b,a) and y=c+snp(d,c) for
t,5 €[0,1]. Thus we complete the proof of lemma 2.2.

—ZI:j:g(a+/1771(b,a),c+ynl(d,c))

ds.

—ZI:j:g(a+/1771(b,a),c+ynl(d,c))

This identity rewrites the deviation between the ¢ -weighted surface integral
of f and abalanced combination of its edge and corner traces as the integral of
the mixed curvature f (t, S) against a nonnegative kernel p(t, S) determined
by g.

It is the engine that converts smoothness or convexity information on f (t,5)
into quantitative error bounds.

Theorem 2.3

Suppose that 1,1, c R isan invex set with respectto 1, and f:l xl, >R
is a twice differentiable mapping on I, x1,. For any a,bel,, c,del, with
m(b,a)>0, 7,(d,c)>0,if g:[aa+n(ba)]x[c,c+n(d,c)]—>[0,%) isin-

tegrable and symmetric with respectto Xx=a +%771 (b,a) and y=c +%771 (d,c)

2

8asf(ts e’[a,a+n(ba)]x[c.c+n(dc)]. If

mapping on I, x|, and

62
otos
then

o g () £ (xy)aedy —2] [0 g (x,y) £ () vy

isa (nl,nz)-convexmappingon [a,a+n1(b,a)]x[c,c+nl(d,c)],

f(ts)

C a a

J'wdc Iamba (x,y)f(ay) dxdy+.|'w71dc J'Ml(ba)g(x, y) f(x,c+n(d,c))dxdy
J~c+771 (d.c) J~a+r}1 (b,a) (x, y) f (a+771(b,a), y)dxdy}
[ a+n(b,a),c+n(d,c))+ f(a+n(ba).c)+ f(ac+n(d.c))+f (a,c)]
4
otos ]
4

m(b.a)-2(x-a) || 7,(d,c)-2(y—c)

= |

217, (b,a 2n,(d,c)

{(m(b A —4(x-a )2][(n1(d,c))2-4(y—c>2}g(x, J)icy.

4[771 b,a ] 4[771(d,c)]2

Proof

o J—c+rh(d,c) J-:+771(b,a)g (X, y)dXdy‘

° f(b,d)‘,

4 0? 0?
otos otos

82

f(a,c)+n, f(ac)

N\

« J~c+%rh(d ) J-a+%771(b,a)

a

—
T 1

c

2
From the lemma 2.2 and the (7,,7, ) -convexity of 8(38
S

we have

f(t,s),
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a

e J 906 y) T (@ y)axdy+ [ [0 g (x,y) £ (x 0 m(d c)) ey
I d.c) ‘[aml (b,a) X y) f (a+771(b’a)7y)dXdy:|

[ a+n,(b,a),c+n(d, ))+f(a+n1(b,a),c)+f(a,c+771(d,c))+f(a,c)]
4

I?"“d”ff”’“"'a) g (x, ) f (uy)ady ] [ g (x y) f (e

y J-c+r71(d,c)ja+n1(b,a)

c

a(xy dxdy‘

I (ba)]4[:;1dc]J.I
[nlba [nldc {jj|p

a

f (a+tn,(b,a),c+sn(d,c))dtds

(b,a),c+sn,(d,c))|dtds

L 2
+J‘02 .@| p(t' S)| otés

2

1
= 0
+E.[02| p(t' S)| otés

R
[m(ba)][n(d.c)]

4

RS EST

2

) 2100

dtds

f (a+tn(b,a),c+sp(d,c))

dtds

dtds}

f (a+tn(b,a),c+sp(d,c))

aZ
o (a+tn(b,a),c+sn(d,c))

62
+1s7, ( A0S

2 2
+tsnz( o f(b,d)‘, asf(a,c)

1 f 1
otos (a C)

2

+Ej'0;| p(t,s)|{ 6(365 f(a,c)

+t3772[ - f(b,d)‘, i (ac)

+I£E|p(ts)|“ata—;s f(a,c) +tsn2(ata—;s f (b,d)‘, af;s f(a,c) Hdtds}
_ [m(b:a)][m(d'c)]
4

62
f )
otos (a c)

x{joi.[oig(a+/1771(b,a),c+,u771(d,c)){(%—,uj[%—/l)

T (WON ERAIEI) W
T o

2 2
0 f(b,d)‘, g
otos oto

S f(a,c)

el Sl oo
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62

— f(a,
otos (a C)

ifslasan (o) (se) (-3 5-2)

2 )\ 2
1, 1Y1 .,
Nl P | [}
4(” 4J(4 j"{

+EEg(a+/1771(b,a),c+,unl(d,c)){(y—ij(ﬂ—lj & f (a,c)

2 2 )|otos
1, 1\ ., 1
Tt ([
4(“ 4]( 4}72[

Using the change of variables x =a+ A7, (b,a) and y=c+un (d,c) andus-

82
otos

62
f(b,d),
otos ( )‘

f(a,c) ||dAdu

62
otos

62
f(b,d)|,
otos ( )‘

f(ac)

d/ld,u}

ing the fact that g is symmetric to x = a+%771(b, a), y= c+%771(d,c) , we have

[m(b.a)][m(d.c)]

4
x{j}j}g(a+/Inl(b,a),c+,u771(d,c))[(%—/1](%—y] af;s f (ac)
+%(%_ﬂﬁj(%—;ﬁjqz(g§gf(udﬂ,;Zsf(&c)}dldy

_J'(}Eg(a+/1771(b,a),c+ynl(d,c)){(,1_%j(%_ﬂj 028 f(ac)
e

faeeimoomuf[3o- e

62

62
—— f(b,d)|,
otos ( )‘

otos

f(a.c)

A ERE
+L§f0;g(a+lnl(b,a),c+ynl(d,c))[(/1—%)(y—%) (’j;s f (a,c)

82
otos

(., 1Y , 1 0?
2z A 22t (b, ),
4( 4}(“ 4)”2(au% ( ﬂ

:[m(ﬂaﬂ[m(¢cﬂjw§mmqw%mmw
4 a ‘

f(a,c)

|

g(x )
XH%‘ ) e
ey |7
o2

—— f(b,d)|,
otos ( )‘
4

f(a,c)

o

0s
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i

{(m(b o)) _4(X_a)zﬂ(m(d,0))2 _4(y_C)2Hg(x, Do

2
4[n,(b,a ] 4[n,(d.c)]

Under (7,,7,)-convexity of f(t,s), the absolute deviation of the g -weighted
averageof f from itsedge and corner-based surrogate is bounded by an explicit
moment of g times an endpoint combination of f(t,s). In the ordinary con-
vex setting (taking 7,(X,y)=X-Yy, 7,(u,v)=u—v) this reduces to a Simp-
son/Fejér-type error estimate. The two addends inside the integral kernel corre-
spond to midpoint contributions and quadratic corrections in x and y. They
quantify how the error grows away from the rectangle center, which is useful for
mesh design in 2D quadrature.

Theorem 2.4

Suppose that 1,1, c R is an invex set with respect to 1, and f:l;xI, >R
is a twice differentiable mapping on 1, x1,. For any a,bel,, c,del, with
a<a+n(b,a) and c<c+n(d,c). If
g: [a, a+n (b, a)] X [C, c+n(d, C)] - [O, o) is integrable and symmetric with
respectto X = a+%771(b, a) and y= C+£771(d,c) mapping on I, x1, and

& ’
otos

f(t,s)e*[a,a+n(ba)|x[c.c+n(d,c)].If , q>1 isa

&
(1
mas | (bs)

(7,,1,) -convex mapping on [a, a+n, (b, a)]x[c,c+r71(d , c)] , then we have the

following inequality:
a0 £ (xyarey =3 7L g (1)  (x)ey
‘[”’“ (@) J'a“’l ®2) g(xy)f(ay) dxdy+J'c+"1 (@) _[Ml(b a)g(x,y) f(x,c+m(d,c))dxdy
J. dc Iawl (b.a) a(x y)f(a+nl(b,a),y)dXdy:|

[ a+n (b,a),c+n(d,c))+ f(a+n(ba), )+f(a,c+771(d,c))+f(a,c)]
4

« I:Jrrh(d,c)‘[aml(b,a)g (X, y)dXdy‘

nba))n(de)]m [ 1
‘ [m(b.2)] [m(d.0)]

) Laém(b,a) Lc%m(d,c) {@_(X B a)}{w_(y ) C)} o (x y)dydx]i |

a

where

1
o ! o? Y e Y

9 f(a,c) + —f(b,d)| ,|=—f(a,c

oo | (8©) nz[atas( ) o F2)

M:
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62 q 62 q 62 q q
1819 t(ac) +2n, 1.2 f(b.d) |9 f(a
ais | (28) +2m| [ T(R.A)) oo (ac)
" 576
1
& ‘ 2 T 82 e
1819 t(ac) +20, 1.2 f(b.d) |9 t(a
aes | (80) nz[atas (B.d) 5 fF(20)
+
576
1
& ‘ 2 Y 82 e
o2 f(ac) +4 bd) |- f(a,
as T (20) + Tl{atas (b.d) 5 F(@c)
" 576
and l+£=1.
P q
Proof

According to the proof of Theorem, we get

g(xy) f(x y)dxdy——[ i

a

jw'l(d’c) g(xy) f (x,c)dxdy

c

j " ja*ﬂlba (xy)f(ay) dxd)“rjw’1dc J.aﬂh(ba)g(x'y) f(xc+n,(d.c))dxdy
I d.c) J-a+'71 (b.a) X,y) f (a+771(b,a)! y)dXdy:l

[ a+n,(b,a),c+n(d, ))+f(a+771(b,a),c)+f(a,c+771(d,c))+f(a,c)]
4

.[aﬂh(b,a)

a

o jcml(d,c)

c

J’:W(b’a) g(xy dxdy‘

I[’hba][’hdc].u

f (a+tn (b,a),c+sp (d,c))dtds

m(b.2)][m(d.c)]
4

g (a+An, (b,a),c+un (d,c))d,ud;t‘

11
22
0 Jo [JoJdo

2

X

+

X

+

X

2

otos

2

2

0
po f(a+ty(b,a),c+sp(d,c))

0
po f (a+tn(b,a),c+sp(d,c))

aas f(a+ty (b,a),c+sp(d,c))

(b,a),c+un,

f(a+tn(b,a),c+sp(d,c))

(b,a),c+un,

dtds
(d,c))dyd/‘t‘
dtds
(d,c))d,ud/l‘

dtds

(b.a).c+ myl(d,c))dydﬂ‘

dtds}
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g [771 (b, a)][m(d,cﬂ {[J‘(}EJ‘Q J‘OS g° (a+/1771(b, a),c+un, (d,C))dydﬂdtdsj P

4

1
q

(b.a),c+sp(d,c))

q
d,ud/Idtds]

(e

{L} Efﬁ 9’ (aMm(b,a),cwm(d,C))dydAdtds]”
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L

q
dydzdtdsJ

1 q
E

f (a+tn,(b,a),c+sn7(d,c))

X

0
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1
q

f (a+tn(b,a),c+sp(d,c))

X

q
dyd/ldtdsJ

4 q
{ 6t8 f(a+tp(b,a),c+sn7(d,c)) dydﬂdtds} .
& .
Since 8Sf is (1,17,)-convex on [a,a+n,(b,a)]x[c,c+n(d,c)],
we have

2 q

aas f (a+tn, (b,a),c+sm(d,c))

q +1s o q
"2 |atas !
and by using of substitution x=a+An,(b,a),y=c+un,(d,c), we deduce that

[m(b.2))[m(d.c)]
4

2
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q
f(0.d) |-
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otos
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a+Zm(ba) porzm(d.c) nl(b’a)_ X—a
{[m (b,a)] [’71 (d.c)] L { 2 )}

28D y-0)lor s y)dydxf-

This Holder-type extension replaces pointwise control of |f (t,s)| by an L
control, aggregated into the constant M . It is thus applicable when only integral
information on the mixed curvature is available. Taking p=0q=2 recoversa fa-
miliar L®-based estimate.

Theorem 2.5

Suppose that 1,1, c R isan invex set with respectto 1, and f:l;xl, >R
is a twice differentiable mappingon |, x1,.Forany abel;, c,del, with
m(ba)>0, n(d.c)>0, if g:[aa+n(ba)]x[cc+n(d.c)]>[00) is
integrable mapping on |, x1,. Assume that

2
6(:65 f(ts)el’ [a,a+771(b,a)]x[c,c+771(d,c)] and there exist m<M
such that
2
m<atasf(t s)<M forall (t,s)e[a,a+n(b.a)]x[c,c+mn(d,c)].
Then

Cc a a

I d.c) ‘[aml (b.a) X y) f( dxdy J-c+711dc J-a+ﬂ1(ba)g(X,y) f (X,C+T71(d,C))dXdy
g xy)f(am(b.a),y)dxdv}

[ a+tn,(b,a),c+sn(d, ))+f(a+t771(b,a),c)+f(a,c+sn1(d,c))+f(a,c)}
4

(m+M)[n(b,a)][n(dc)]
8

J‘C+t71(d,c).[a+r}1(b,a) g (X, y) (X y)dxdy——[_[c%(d C)J~a+'71(b.a) g (X, y) f (X, C)dXdy

y J-c+nl(d,c)ja+:h(b,a) g (X, y)dXdy—

c

ﬁj; p(t,s)dtds

a

M —m)[n(béa)][n(d,c)] [ 1p(t5)|dts.

Proof

By Lemma 2.2, we have

J~:+nl(d,c)J~a+q1(b,a) g (X, y) (X y)dxdy__I:J-CH;l(d c).[aml(b,a) g (X, y) f (X,C)dXdy

a a

[T g (x,y) £ (ay)axdy + [TV g (0y) £ (o4 (d,0)) oy

c

N JAC+’Il(d~C) J‘:*’h(b’a) g (X| y) f (a+771 (b’ a)’ y)dXdy:|

c

[f (a+tn (b,a),c+sp(d,c))+ f(a+ty(ba),c)+ f(ac+sy(dc))+f (a,c)}
4

+

« Icwh(d,c) J-a+r71(b,a)

c

g(x, y)dxdy

a

DOI: 10.4236/apm.2025.1510036 704 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.1510036

J.C. Lo

- [n(b'a)]zt[n(d’cﬂ Nk p(t’s){ata_;s f(a+tm(b.a).c+sm(d.c))-

m+M +m+M}dtds

m+M

_ [U(b’a)][”(d’c)} I:J': p(t,s){a—zs f (a+tn, (b,a),c+sp(d,c))-

} dtds

(m+M )[n(b.a)][n(d.c)]
8

Then

| = J~c+m(d c)rwh(b a) g (X y) (X y)dxdy__|:J-c+rh(d c).[ami(b,a)g (X, Y) f (X,C)dXdy

a a

[ ONG (xy) £ (a,y)dxdy+ [T [T g (x,y) £ (x,c4 7 (dc)) ddy
I g (xy) F(am(bia)  y) oy |

[ (a+tn(b,a),c+sn(d, ))+f(a+t771(b,a),c)+f(a,c+sn1(d,c))+f(a,c)}
4

(m+M)[n(b,a)][n(d.c)]
8

= [n(b’a){[n(d'c)] J':I: p(t,s){a{(’)—;s f(a+tp(b,a),c+snp(d,c))- mJ;M }dtds.

f j p(t,s)dtds.

J';J'Ol p(t,s)dtds

g(x,y)dxdy—

c+m(d.c) patm(b.a)
<

Taking the moduluson | we get

<2200 g gy

m+M

f (a+ty(b,a),c+snp(d,c))- dtds

Ln(b2) }4['7 (d.0)]m _mI:J:|p(t,s)|dtds.

If the mixed derivative f (t, S) is trapped between m and M, the deviation

is bounded by an average term proportional to plus an oscillation term

proportionalto M —m.

This is the most “hands-on” bound when only rough curvature ranges are
known.

Definition

A function f is said to satisfy the Lipschitz condition on [a, b]x[c,d] if
there is a constant K so that for (X,y)e[a,b] and (z,w)e[c,d], then

[t (xy)-f(z,w)|<K|x—z||y—w|
Theorem 2.6
Suppose that 1,1, cR isan invex set with respectto 1, and f:l; xl, >R

is a twice differentiable mappingon I, x1,. Forany a,bel;,c,d el, with
m(b,a)>0, n(d,c)>0,if g:[aa+n(ba)]x[cc+n(d.c) ]—>[O o) is

integrable mapping on |, x |,. Assume that af—a f(t,s) isintegrable on
S

[a,a+771(b,a)]><c,c+nl(d,c) and satisfies a Lipschitz condition for some
K>0.
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Then

J-c+771(d ) Ianh(b,a)

c

a(xy)f(x y)dxdy——“wﬁ(OI C)jam(b'a) a(xy) f(x.c)dxdy

a a

a+m(b.a)

i o) r‘*’h“ (xy) f (ay)axdy+ "™ [*"*V g (x, y) £ (x,c+7,(d,c))dxcy
J- d.c) .[awh (b,a) X y) f (a+nl(b,a),y)dxdy

[ a+ty (b,a),c+sp(d,c))+ f (a+tr(b,a
4

'—n

~—

.¢)+ f(a,c+sp(d,c))+f(ac)]

« J-c+r71(d,c)j:+ql(b,a)

C

g(x,y)dxdy

2 2 b 2 d
[aeal6)] . 2neioa) 20 g

_K[n(b.a)[n(d.0)]"
16

Proof

By Lemma 2.2, we have

Lwh(m L R’ (x,y) f(xy)dxdy - U o C)I g (%)  (x.c)dxdy

fiﬁ p(t,s)[L—t|/L—s|dsdt.

a

[T g () f(ay)aay+ [ [T g (0 y) £ (xicm(d ) oy

j 1) J'Mlba x,y) f (a+n,(b,a) dxdy}

[ a+ty (b,a),c+sp(d,c))+ f (a+t771(b a),c)+ f(a,c+sp(d,c))+f (a,c)}

J-c+771dc jaml (b,a) X y dXdy

:[”ba}[” }J'Ip {

f (a+ty,(b,a),c+sn,(d,c))

i f(gaﬂh(b a)'2c+771(d )j+ 0° f[2a+771(b,a) 2C+'71(d’c)ﬂdtds

otos 2 otos 2 ’ 2
b a d c 2
[ }[77 { aas a+ty, (b,a),c+sp,(d,c))
& f(2a+771(b ,a) 20+771( C)]:ldtds
otos

+[77(b,a)]4[77(d,0)] af; f(zaw;(b ),20“7; (d.0) JH p(t,s)dtds.
Then

O g () £ (xyyakdy =2 [ g (x,y) £ () vy

IO g ) oy + [0 [0 g ) (e (d.) oy

a

g(xy)f(a+n(ba) dxdy:|

c

" J-c+r;1(d,c)ja+r;1(b,a)

c a
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+

_ [”(b’a)ll[”(d'c)] I;,[: p(t,s

_K[n(ba)[n(d.0)]

[ f(a+tn(ba),c+snp(d,c))+ f(a+tp(ba).c)+ f(ac+sy(dc))+f(ac)]
4

J-c+771 (d.c) J-a+nl (b,a)
a

x y dxdy

otds ’

b,a 2 a+n,(b,a) 2c+n,(d,c)
[l )}4[’7 ]5 [2 ’72(b ) 2 ’72d ]Hptsdtds

f (a+tn (b,a),c+sp(d,c))

dsdt

0° ¢ 2a+n(b,a) 2c+n(d,c)
otos 2 ’

K[nba}[ndc]mba 771
4 2

J'I p(t,s)[1—t|[L-s|dsdt

16 JoJ; p(t:s)L—t]jL—s|dsct.

When f(t,s) is Lipschitz, the deviation is controlled by f (t,s) at the rec-
tangle center plus a Lipschitz remainder that scales with the first moments of
p(t,s). Practically, this yields sharper bounds for smooth f without needing
global extrema of f(t,s).

3. Conclusions

In this paper, we have derived new Hermite-Hadamard-Fejér type inequalities for
functions that are (77,77, ) -convex on the coordinates. By systematically applying
weighted symmetric functions and invexity structures, we extended and unified
several classical inequalities.

A key contribution is the demonstration that our results yield sharper bounds
compared to those based on standard convexity and preinvexity. This improve-
ment has been supported not only by theoretical comparison but also through
illustrative examples, which highlight the tighter estimates obtained under the
(7,1, ) -convex framework.

Beyond theoretical novelty, these inequalities have practical applications. In
particular, they provide refined tools for numerical integration error analysis and
for bounding special functions, including Beta and hypergeometric families. Such
applications underline the utility of the proposed framework beyond abstract gen-
eralization.

Future directions include exploring further refinements under fractional calcu-
lus, extending the results to higher dimensions, and investigating their role in op-

timization theory and applied analysis.
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