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Abstract 
Let M be a smooth manifold and S M⊆  a properly embedded smooth 
submanifold. Suppose that we have a fibre metric on sTM  i.e. a positive de-

finite real inner-product on pT M  for all p S∈ , which depends smoothly 

on p S∈ . The purpose of this article is to figure out that the fibre metric on 

sTM  can always be extended to a Riemannian metric on TM from a special 

perspective.  
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1. Introduction 

The initial idea of the construction that the paper is going to discuss comes from 
the inspiration of the study among the property maps between superplane 0 2R  
and a smooth manifold M in Danie, Berwick-Evan’s work [1], which included a 
new proof using 0 δ  Euclidean field theories to get Chern-Gauss-Bonet for-
mula, which is constructed by Chern in [2]. In fact, their methods and tech-
niques are similar to Rastogi’s classical work [3]. In their paper, such relation-
ships and structures have good properties, and specific calculations can be made 
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in the exchange relationship between them to obtain classical properties in cer-
tain new situations. This inspired me to use similar results to cover the ideologi-
cal characteristics of many properties in classical situations so that we can obtain 
extensions and generalizations of differential structures under certain general 
conditions. So, this is about putting forward assumptions and what I will con-
sider and discuss next. More specifically, I will give a proof that a positive defi-
nite real inner-product embedded of a smooth submanifold can be extended to a 
Riemannian metric on the manifold. 

The paper next is mainly divided into two parts, the first part introduces the 
specific content of inspiration, extending some known results to the tangent 
space of each point on a general smooth manifold. The second part is devoted to 
discussing how to prove the problem from the condition itself and the discussion 
in the first part. 

2. Related Background and Introduction 

Let M be an ordinary m dimensional smooth manifold and over it is a sheaf of 
supercommutative algebras C∞  on M, where C∞  can be thought of as the 
sheaf of functions on the supermanifold, which is locally isomorphic to  

nC R∞ ∗⊗Λ . The space underlying |m nR  is mR  and the sheaf of function is  

( )2 2| ,U C R R∞ ∗ ∗→ ⊗Λ ≅ ∗ Λ . People can define a map between supermanifolds 

( ) ( ), ,M NM C N C∞ ∞→  as a smooth map :f M N→  and a morphism  
: N Mf C f C∗ ∞ ∞

∗→ , where Mf C∞
∗  denotes the push forward sheaf of MC∞  with re-

spect to f, that is ( ) ( )( )1
M Mf C U C f U∞ ∞ −

∗ = . One can see it clearly in [1] [2].  
As defined, a map 0|2:f R M→  between the superplane 0 2R  and a smooth 

manifold M consists of a map : M∗→  and a morphism of sheaves of superal-
gebras 2

MC f R∞ ∗
∗→ Λ  where 2f R∗∗Λ  if ( )f U∗ ∉  and ( )2 2f R U R∗ ∗

∗Λ → Λ . 
For those above, we have the following lemma: 

Lemma (2.1): Given a connection on a closed Riemannian manifold X, there 
exists an isomorphism of supermanifolds: 

( ) ( )( )0|2 ,Hom R X p TX TXπ∗≅ ⊕  

where :p TX X→  is the usual projection. Hense, after a choice of connection, 
a point in ( )0|2 ,Hom R X  is a point of X, two odd tagent vector vectors, and one 
even tagent vector. 

Theorem (2.2): There exists a natural mapping from ( )TX TXπ ⊕  to TX , 
which maintains a continuous structure from ( )0|2 ,Hom R X  to TX , we note 
it ( ) ( )* 0|2: ,i X Hom R X TX→ , which is an isomorphism. 

For the finite dimension situation about the initial part I have mentioned, 
combining with the related Δ-cohomologus results in the 0 δ  EFTS, they illu-
strate the fact that structures on certain types of supermanifolds have good anal-
ogies in suitable general differential structures, and that they can be transformed 
into each other under suitable conditions, establishing profound relationships, 
this is why in the relevant literature we can overcome certain technical details by 
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using them to obtain certain classical invariants, such as the Chen-Gauss-Bonnet 
formular, which also implies that such structures may have some rigidity. 

For general smooth manifolds, we can convert the structures obtained by the 
tangent bundles on the closed Riemannian manifolds to the tangent spaces of 
some points of them by suitable operations. For general smooth manifolds, we 
can transform the structures obtained by the tangent bundles on the closed Rie-
mannian manifolds to the tangent space of some of their points through appro-
priate operations, by defining appropriate connections, we can strengthen the 
relationship to the tangent bundle, or even more weakly, the tangent space of 
each point on a smooth manifold. That is the corollary below: 

Corollary (2.3): For a smooth manifold M and a closed Riemannian manifold 
X, the above structure on TX can deduce to TM, where TM is the tangent bundle 
on M.  

In the next section, I will come back to the initial assumption, using the results 
discussed in this section in conjunction with some perspectives on connections 
on fiber bundlesand, which is strictly defined in [4]. Then I will show how a fibre 
metric on the positive definite real inner-product of a properly embedded smooth 
submanifold be always extended to a Riemannian metric on the positive definite 
real inner-product. Some related definitions can be seen in [5] [6] [7].  

3. Discussion and Proof 

Pay attention that the Riemann metric is a real-inner product field on a mani-
fold, if we can make good use of the results of previous discussions on this basis, 
the further steps will not be complicated, then the focus is only on the condition 
of properly smooth embedded submanifold. At the same time, the connection 
on fiber bundle of the manifold can make good use of this condition in the hy-
pothesis and the premise related to the results in Part 1. To make it easier to see 
these aspects clearly now let me firstly review the concept of connections on fi-
bre bundle. Let P B→  be a fibre bundle with fibre F, in order to introduce 
connections, , ,P B F  must be differential manifolds. A natural projection map-
ping : P Bπ →  gives a plex mapping :T TP VPπ →  on the tangent bundles, 
whose kernel is a vector bundle, we note it as VB i.e. vertical vector bundle. In 
this context, a connection is a projection on tangent bundle. :K TP VP→ . This 
geometry of this definition is, when given a decomposition of TP i.e. TP VP HP≅ ⊕ , 
where we note kerHP K≅ , we can learn from it that the projection Tπ  gives 
an isomorphism of a vector bundle i.e. 

TM
HP TB→ ≅ → . From this perspective, 

we can see that a connection actually gives an embedding from the bottom space 
B to the fibre bundle P. Other details, however, which have new approaches to 
recover the classic formulation and even generalize it, for example, are listed in 
[8] [9].  

Since S to M is a properly embedding, then through the equivalent expression 
of connection, we can define a fibre bundle M S→ , and the natural projection 
π  gives a plex mapping : ST TM TMπ → . Suppose a Riemannnian metric 
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i j
ijg dx dx⊗  was induced from TM. On the other hand, we have a fibre metric 

on STM . Then we use the lemma (2.1): 

( ) ( )( )0|2 ,Hom R X p TX TXπ∗≅ ⊕  

and the corollary (2.3). We have a map : Sf TM TM→ , which is a plex map-
ping. Let U be a neighbourhood of point p on TM, since ( )f U∗ ∈ , so the  

morphism ( ) ( )( ), , , i j
ijS U pTM TM g dx dx∗ ∗ → ⊗  can be pullback through 

the morphism ( ) ( )( ), ,i j i j
ij ijU pg dx dx TM g dx xT dM ⊗ → ⊗  which completes 

the proof. 
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