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ABSTRACT

It is proposed to generalize the concept of the famous classical Cayley-Hamilton theorem for square matrices wherein
for any square matrix A, the det (A—xI) isreplaced by det f (x) for arbitrary polynomial matrix f (x).
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1. Introduction

The classical Cayley-Hamilton theorem [1-4] says that
every square matrix satisfies its own characteristic equa-
tion. The Cayley-Hamilton theorem has been extended to
rectangular matrices [5,6], block matrices [7,8], pairs of
commuting matrices [9-11] and standard and singular
two-dimensional linear systems [5,12]. The Cayley-
Hamilton theorem has been extended to n-dimensional
systems [13]. An extension of the Cayley-Hamilton theo-
rem for 2D continuous discrete-time linear systems has
been given in [14].

The Cayley-Hamilton theorem and its generalizations
have been used in control systems [14,15] and also au-
tomation and control in [16,17], electronics and circuit
theory [6], time-systems with delays [18-20], singular
2-D linear systems [5], 2-D continuous discrete linear
systems [12], automation and electrotechnics [21], etc.

In this paper an overview of generalization of the
Cayley-Hamilton theorem is presented. The linear poly-
nomial matrix (A—xl) ofdet (A-xl) in the classical
Cayley-Hamilton theorem is replaced by the general
polynomial matrix

f(X)=A +AX++AX",

where As for i=0,1,2,---,n are square matrices of
the same order. In the Theorem 1 given below it is proved
that if f(x)=det f (x) and whenever for a square ma-
trix A f(A)=0 implies g(A)=0 also. The con-
verse of Theorem 1 is not true, is illustrated with the help
of examples 1 and 2 in which the leading coefficient ma-
trix of the polynomial matrix f (x) may be singular or
non-singular. A relation between the coefficients of the
polynomial g(x) and the coefficient matrices of
f (x) is worked out in corollaries 1, 2 and 3.
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2. Preliminaries

Lemma 1. If the elements of a matrix A are polynomials
in X of degree < n, then A can be expressed as a polyno-
mial matrix A, + AX+AX* +---+AX" in X of degree <
n, where the matrices A'S are of the same order as that
of the matrix A.

Illustration 1. Let

X+2X° -5 342X
A= —5X X=2x* 3+4x°
2-3x+4x* 4-2x x*-=-x

be a matrix of order 3 x 3. Then

A=A +AX+AX +AX,

where
0 -5 -3 1 0 2
A=0 0 3|; A=|-5 1 0f;
2 4 0 -3 2 0
0 0 0 2 0 0
A=0 -2 0| and A={0 0 4
4 0 1 00 -1

Lemma 2. If A is a square matrix of order n having
elements as polynomials in X each of degree < m, then
the elements of the adjoint of the matrix A are also poly-
nomials in X of degree <m(n—1).

Illustration 2. Let

X+2x —5x* —3+42x
A= —5X X=2x* 3+4x°
2-3x+4x* 4-2x x*-x
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be a matrix of order 3 x 3 having elements as polynomi-
als in X of degree < 4, then

fa(x) (%) ()
adj A=| £, () f,(xX7) £ (x°)],
(X)) i (x) £ (X)

where fiﬁj(xr) denotes the (i, j)th element of the
adjA, a polynomial in X of degree < r. For instance in
adjA, the element at the (2.1) th position is

f (%) = 6-9x+12x7 +8x° —17x" +21X’.

Hence by the Lemma 1, because adjA contains ele-
ments as polynomials in X of degree < 8, it implies that
adj(A) =B, +B,x+B,x* +---+ Byx*, where each of the
B's, (0<i<8) isalso a square matrix of order 3.

Remark 1. Prior to understand the concept in the
proof of the main Theorem 1 given below, we first con-
sider the following two illustrations of polynomial matrix
f (X) having the leading coefficient matrix singular or
non-singular such that if g(x)=det f(x) and for a
square matrix A, whenever

f(A)=0=g(A)=0.
Ilustration 3: Let
f(xX)=A+Ax+AX

be a polynomial matrix over M, (F [x]) for

(33 a1 ) pga (2!
wele il Smen(S )

where A, is a non-singular matrix and M, (F [X]) de-
notes the set of all 2 x 2 matrices whose elements are
polynomials in X over the field F. Then there exists a

@.1)

2
matrix A= such that;
0 3

f(A)=A+AA+AN
KR PR
LG THE A

Also from (2.1), we have

3 3) (1 =2 =2 1), (3+x-2x" 3-2x+X
f(x)= + X+ X' = ,
4 1 3 -1 -1 0 4+3X-X 1-x

= g(x)=det f (x)=(3+x=2x)-(1-%) —(4+3x=x*)-(3=2x+x*) ==9=3x+2x" =3’ +x*.

£ S 0

Hence, f(A)=0 implies g(A)=0.
Ilustration 4: Consider the polynomial matrix

f(X)=A +Ax+AX

150 —97 12
over M, (F[x]). for %:(86 —55]; A:[—l 4j

1
= g(A)=-91-3A+2A*-3A" + A’ =—9[

2.2)

(A e ap (150 97
(W)=n+ansan = o) )|

oo 3lo o) =0 s)o o)

—42 1 40
+ =0.
—81] (O 81]

3

9
5 6]’ where the leading coefficient matrix

and AQ:(

-2 1
A, is singular. Then there exists a matrix A :( 4 3)

such that

I D G B

150 -97 6 -5 -156 102
= + + =0
86 55 18 -13 -104 68

From (2.2), we have

()= 150 =97 (12} (3 9) . [(150+x+3x’
(86 -s55) (-1 4)" |2 6)7

86— X +2x*

—97 + 22X+ 9x*
—55+ 4%+ 6X*

=00 -aer 0

=(150+x+3 xz)(—55+4x+6x2)—(86—x+2 xz)(—97+2x+9x2)=92+276x+161x2 +23x%°.
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As in Illustration 3, it can be easily verified that
g(A)=921+ 276 A+161A% +23A° = 0.

3. Main Results

Theorem 1. Let f(x)=A) +AXx+AX +--+A X" be
a polynomial matrix for f(x)e M, (F [X]) where
AseM,(F) for i=1,23,--,m, are square matrices
of order n over the field F. If g(x)=det f(x), then
whenever f(A)=0 (Zero matrix) implies g(A)=0.
Converse is not true.

Proof. Since

f(X)=A+AX+AX ++ A X" (3.1)
is itself is a matrix of order n x n having eclements as

polynomials in X each of degree < m, therefore, using
lemma 2, we have

adjf (x) = B, + Bx+ B +--+B  x""  (3.2)
Also g(x)=det f(x) is a polynomial in X over

F[x] of degree < mn. Therefore, using Lemma 1, we
have

g(x)=det f (X)=p, + pX+ P X0+ PyX° 4o+ P X™
(3.3)

Since for any square matrix A, we have;
A(adjA) = (adjA) A=Al (34)

where | is the identity matrix of the same order as of A.
Now using (3.4), we have

f(x)adjf (x)=g(x)! (3.5)
Therefore, using (3.1) to (3.3) above, we have from
(3.5)
(A +AX+AX +-+AX")
(By + Bx+ By e+ By x"Y) (3.6)

= (g + P+ P + Py et P X™ )
Comparing coefficients of the corresponding terms on
both sides of Equation (3.6), we get

ABy =Rl

AB, +AB, = pl

AB,+AB +AB, =p,l

AB; +AB, + AB +AB, = p;l

AOBm +Ale—l +AQBm—2+'“+AnBO = pml
AOBm+1+Ale +AzBm—1+”'+AnBl = pm+1|

.(3.7)

An—z an—m + An—l an—m—l + Aﬂ an—m—z = pmn—zI
A’n—l an—m + ATI an—m—l = pmn—l I
Aann—m = pmnI

Copyright © 2013 SciRes.

Multiplying the equations in (3.7) by the matrices
LA AR A, AT AT L AT AT A
respectively and adding, we obtain;
f(A){B, + AB, + A’B, + A’B, +---

4+ AM-m-1g L AM-m anim}

mn-m-1
=Pl + p A+ P, A%+ p3A3+"'+ pmnAmn: g(A)
= g(A)=f(A){B,+AB, + A’B, + A'B, +---
=0

+ Amn—m—l B + Amn—m B

mn-m-1 mn-m

Converse is not true. For this consider the following
examples with the coefficient matrix singular and non-
singular respectively.

Example 1. Consider the function f(x)=A +AX;
where

2 3 -3 12, .
Aoz(4 7J;Al:(2 _8](smgular)
2 3 -3 12
:f(x):(4 7]+(2 —8])(
_(2-3x -3+12x
_[4+2x 7-8x J
= g(x)=det f (x)

=(2-3x)(7-8x)—(4+2x)(-3+12x)
=26-T79x.

Then for the scalar matrix A= % l,, we have

g(A)=261-261 =0. Whereas,
2 3 -3 12
f(A)= " 26,
4 7 2 -8)79
2 -3) 26(-3 12 1(8 75
= +— =— #0
4 7 7902 -8) 791368 345

Example 2: Consider the function

f(x)=A +Ax+AX; where

(Lo, (00
Aelo oAl ol

Azz(_1 ij(non-singular)
:f(x):(l—xz 2%’ j

“2x*  6+5%°

= g(x) =det f (x) = (1-") (6+5x" )+ 4x’

=6-x>—x* :—(x4+x2—6).
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Then there exist infinite number of matrices A over the
complex numbers C of the form

+/2-ab
( 2 8 J; ifa>+b*=0
b FvV2-ab
A= 5 N
12 0
: if a*> +b* =0,
0 +2
or
+/-3-ab a
;ifa’+b? =0
b FV-3-ab

ifa?+b* =0,

for a,beC,suchthat g(A)=0 but f(A)=0.
For instance, if a=5, b=2-3i, then

A_[\/—3—ab a ]

b —/-3—-ab
[ V-13+15i 5
2-3i —/—13+15i

, (-3 0 . (90
= A" = and A" =
0 -3 0 9

Whereas,
1 0 -1 2)(-3 0
f(A)=A +AA = +
T P P
4 -6
= #0.
63
Ilustration 5. For m=3 in Theorem 1, let

f(X)=A+AX+AX+AX

be a polynomial matrix in M, F[X]),Where
A €M, (F) suchthat f(A)=0 for some square ma-
trix A of order 3.

= f(A)=A+AA+AA +AA =0. (3.8)

Since the elements of the matrix f (X) are polyno-
mials in X of degree < 3

= g(x)=det f(x)

is a polynomial in X over the field F of degree < 9.

Copyright © 2013 SciRes.

Therefore, let

g(X)= P+ PX+ P+ P+ pX’ (3.9)

Also each element of the adjf (x) being a polyno-
mial in X of deg < 6. So by Lemma (2), let

adj f (x)=B, +Bx+B,x* +--+Bx*  (3.10)

Now using (3.4), we have
(A +AX+AX +AX) (B, +Bx+B,X* +-+Bx)

=Py + PX+ PX0 + X e X)L,
(3.11)

Comparing the coefficients of the equivalent powers of
X on both sides, we have

AB, = p,!

AB +AB, =pl

AB,+AB +AB, = p,l

AB; +AB, + AB + AB, = p;l
AB, +AB, +AB, +AB, =p,l
ABs;+AB, +AB, +AB, = psl
ABs +AB; + A B, + AB; = pl
AB;+AB;+AB, =p,l
A,Bs + AB; = psl

AB; = p,l

Multiplying these equations by 1, A A* A®,--- A’ re-
spectively and adding, we get;

(3.12)

f(A){B, + AB, + A’B, + A’B, + A'B, + A’B, + A°B |
=Pyl + P A+ P, A’ + pA -+ p, A’ = g(A)
= g(A)=0(- f(A)=0).

Corollary 1. If f(x) and g(x) be the polynomials
given in (3.1) and (3.3) respectively, then for

x=0=g(0)=det f (0)= p, =|A|-

Therefore, the constant term p, of the polynomial
g(x) is the determinant of the constant term A, in the
polynomial matrix f (x).

Corollary 2. From (3.1) and (3.3), for
det f (x)=g(x), we have

det(A0+Alx+A2x2+~--+ Anx"‘)

(3.13)
= Pt PX+ p2X2 + p3X3 teet pmnxmn'

. 1
Therefore, in case for Xx=—, when X —> o or y -0,
y

then from (3.13), we have
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det{Ao"'Al( J Az( ]+"'+An(%]m}:po"'plé"'pz%"'"""pmnﬁ

1 mn mn-1 mn-2
(PY™ + Y™+ Py e P Y+ P )

= det{%(%y"‘ FAYT A YT 4 /-\“_ly+An)}:

(3.14)
1 n
:{y—ml det(Aoym+A1ym‘1+Azym‘2+--~+Amy+A“)= (Y™ + P Y™+ Y™ e Py Y+ P
= det(AY" +AY FAYT 4k ALy A )= Py + ply”“"“ + P,y A Py Y P
Therefore, if y — 0, then from (3.14), we get a, by
Pon =|Ay|- Hence if, |A,|=0=p,, =0. p0:C d
Thus degg(x)<mn if the leading coefficient matrix ¢
A, in f(x) issingular. b, = a8, b L by
Corollary 3. If "o, dyf e d,
f(x)=A +AX+AX +AX +AX 0 IRy Ch by
2
CO d2 Cl dO
be a bi-quadratic polynomial matrix for a, bl |a bl |a bl [a b
b a b Py = + +
AO:aO I ¢, d |c, d,| [c, d,| [c; d,
CO dO ’ Cl dl ’
and so on.
A, :(aZ sz'As :[aﬁ b3J. In general, for any n=0,1,2,---,8 ; we have p, = co-
C, dz G 3 8, ) o ]
AA:(% b“j efficient of x”:ZCi d’j,for i+j=n; 0<i, j<4.
¢, d, Example 3. Consider the cubic polynomial matrix
and if f(x)=A+AX+AX +AX,
g(x)=det f (x) a b ¢
= Py + PX+ P+ Py - P where for A =|1. m  n |, r=0,1,2,3,if we have
Then we have, X Y 7
-1 2 0 1 0 -1 1 -2 3 3 21
A)=31—1,A=2—21,A2:—102,A3=—103
2 0 3 -1 2 2 3 3 2
1+ x+x>+3x  2-2x* -2% —X+3x*+ X
342x—X" =X 1-2x —1+Xx+2x* +3%°
24X 42X —X+2X7+3x7 34+2x-3x" + X’
=det f (x)=-25-10x+39x> + 56X’ = 7x* +2x° +53x° - 54x" —83x" — 44%’

=P, + P X+ + + + + + + +
(] lX 2X 3X 4X SX GX6 7X7 8X8 9X9

where p,, the coefficient of X" is given by

a b ¢
p,=>|L m; ngJforn=0,1,2,---,9;0<i,j,k<3andi+ j+k=n. (3.15)
XY %

It can be easily verified that

Copyright © 2013 SciRes. APM
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a b, ¢c| [-1 2 0
po=l, m, nJ|=[3 1 -1=-25. [
X Yo Zl |2 0 3
a, b, c¢| |la, b ¢l |a b ¢ 2]
p = I0 m, nj+ I0 m N+ I1 m, N, [3]
XO yO Zl XO yl ZO Xl yO ZO
-1 2 1 -1 0o ot 2 0 (4]
=3 1(+]3 -2 -1j+]2 1 -=-1=-10. (5]
2 0 2 2 -1 3110 0 3
and
aO bO C2 a0 b2 CO a2 bO C0 [6]
p,={l, my n|+{l, m, ny|+(l, m, n,
XO yO 22 XO y2 ZO X2 yO ZO
a, b ¢l la b ¢l |a b ¢ (7]
+|l, m nf+{l, m, n|+{l, m n,
Xo i 4 1% Yo 4 X% N &
-1 2 3] -1 =2 o] |1 2 (8]
=3 1 2[+(3 0 -1+-1 1 -1
2 0 -3 (2 2 3 1 0
1 0 -1l 1 2 -1t o 9]
+(3 2 1|+2 1 1(+]2 -2 -1
2 -1 210 0 2| |0 -1

=23+20+7+2-6-7=39.

Similarly coefficients of the other powers of X, i.e.,

X3,X4,"',X9

8,

Py = |3
X

by
m;
Y3

Gl |3 2
nj=-1 0
| |2 3

which verifies our assertion.

4. Conclusion

The concept of the Theorem 1 given above and the rela-

(10]

can be found by using (3.15). For instance

(11]

3=—44=|A],

[12]

[13]

tion in (3.15) can be generalized to any polynomial ma-
trix of arbitrary degree with coefficients as square matri-
ces of any order.
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