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ABSTRACT 

A class of meta-invariant operators over Cayley-Dickson algebra is studied. Their spectral theory is investigated. More- 
over, theorems about spectra of generalized unitary operators and their semigroups are demonstrated. 
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1. Introduction 

The Cayley-Dickson algebras are algebras over the real 
field R, but they are not algebras over the complex field 
C, since each embedding of C into r  with 2r   is 
not central. That is why the theory of algebras of opera-
tors over the Cayley-Dickson algebras r  with 2r   
is different from algebras of operators over the complex 
field C. On the other hand, such theory has many specific 
features in comparison with the general theory of alge-
bras of operators over R due to the graded structures of 
algebras r . Moreover, the Cayley-Dickson algebra 

r  with 3r   can not be realized as the subalgebra of 
any algebra of matrices over R, since these algebras r  
with 3r   are not associative, but the matrix algebra is 
associative.  

The results of this paper can be used also for the de-
velopment of non-commutative geometry, super-analysis, 
quantum mechanics over r , and the theory of repre-
sentations of topological and Lie groups and supergroups 
which may be non locally compact, for example, of the 
type of the group of diffeomorphisms and the group of 
loops or wraps of manifolds over r  (see [1-8]).  

As examples of unbounded operators over r  serve 
differential operators, including operators in partial de-
rivatives. For example, the Klein-Gordon-Fock or Dirac 
operators are used in the theory of spin manifolds [9], but 
each spin manifold can be embedded in the quaternion 
manifold [10].  

The skew field of quaternions H has the automorphism 
  of order two : z z  , where  

1 ,i j kz w w i w j w k      

1 1; , , .i j k kz w w i w j w k w w     R  

There is the norm in H such that 
1 2

z zz  , conse- 
quently, 

2 1z z z .  
The algebra K of octonions (octave, the Cayley algebra) 

is defined as the eight dimensional algebra over R with a 
basis, for example,  

1)  3 : : 1, , , , , , ,b b i j k l il jl kl   such that;  
2) 2 2 2 2 1i j k l     , j k , ji k  , jk i , 

kj i  , ki j , ik j  , li il  , jl lj  , kl lk  ; 
3)       l l l               

it is the law of multiplication in K for each  
, , ,     H , : ,l     K  : ,l    K   
:z v wi xj yk     for quaternions  

z v wi xj yk    H  with , , , .v w x y R  
The algebra of octonions is neither commutative, nor 

associative, since  ij l kl ,  i jl kl  , but it is dis-
tributive and the real field 1R  is its center. If  

: l    K , then  
4) : l      is called the adjoint element for  , 

where ,  H . In addition we have the identities:  

5)    ,              and 
2 2    ,  

where 
2   , so that  

6) 
2

:   and   is the norm in K. This implies 
that  

7)    ,  
consequently, K does not contain the divisors of zero (see 
also [11]). The multiplication of octonions satisfies the 
equations:  

8)        ,  
9)        ,  
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which define the property of alternativity of algebras. In 
particular,        .  

Preliminary results on operator theory and operator 
algebras over quaternions and octonions were published 
in [12]. This articles develops further operator theory 
already over general Cayley-Dickson algebras.  

In the third section of this article the theory of un-
bounded operators is described, as well as bounded quasi- 
linear operators in the Hilbert spaces X over the Cayley- 
Dickson algebras r . At the same time the analog of the 
scalar product in X is defined with values in the Cayley- 
Dickson algebra r . For the spectral theory of such 
operators there are defined and used also graded opera-
tors of projections and graded projection valued meas-
ures. The linearity of operators over the algebra r  
with 2r   is already not worthwhile because of the 
non-commutativity of r , therefore there is introduced 
the notion of quasi-linear operators.  

At the same time graded projection valued measures in 
the general case may be non-commutative and non-as- 
sociative. Because of the non-commutativity of the 
Cayley-Dickson algebras r  with 2r   commutative 
algebras   over them withdraw their importance, since 
they can be only trivial  0r    , moreover, over 
the Cayley-Dickson algebra r  with 3r   the asso-
ciativity may lose its importance. Therefore, in the third 
section the notion of quasi-commutative algebra meta- 
invariant over r  is introduced. Principles of the theory 
of bounded and unbounded operators are given there. 
Spectral theory of self-adjoint and generalized unitary 
operators is exposed. In the third section spectral theory 
of normal operators is described. For algebras of normal 
meta-invariant over r  operators the theorem general-
izing that of Gelfand-Mazur is proved. An analog of 
Stone’s theorem over r  for the one parameter families 
of unitary operators is demonstrated.  

Definitions and notations of the preceding work [12] 
are used below. 

2. Preliminaries 

1) Notations and Definitions. Let r  denote the real 
Cayley-Dickson algebra with generators 0 2 1

, , ri i


  such 
that 0 1i  , 2 1ji    for each 1j  , j k k ji i i i   for 
each 1j k  .  

The Cayley-Dickson algebra 1r  is formed from the 
algebra r  with the help of the doubling procedure by 
generator 

2ri , in particular, 0 : R  is the real field, 

1  C  coincides with the field of complex numbers, 

2  H  is the skew field of quaternions, 3  is the 
algebra of octonions, 4  is the algebra of sedenions. 
The algebra r  is power associative, that is,  

1) n m n mz z z   for each ,n m N  and rz .  
It is non-associative and non-alternative for each 

4r  .  
The Cayley-Dickson algebras are–algebras, that is, 

there is a real-linear mapping r ra a ∋ ∈  such 
that  

2) a a  ,  
3)  ab b a

    for each , ra b . Then they are 
nicely normed, that is,  

4)  : 2Rea a a R    and  
5) 0aa a a    for each 0 ra  . The norm in 

it is defined by the equation:  
6) 

2
:a aa .  

We also denote a  by a . Each non-zero Cayley- 
Dickson number 0 ra   has the multiplicative in-  

verse given by 
21a a a  .  

The doubling procedure is as follows. Each 1rz   
is written in the form z a b  1, where 2 1 1 , r1  , 

, ra b . The addition is componentwise. The conjugate 
of a Cayley-Dickson number z is prescribed by the for-
mula:  

7) :z a b   1 . The multiplication is given by Eq- 
uation  

8)                   1 1 1  . 
for each , , , r     , 1 : r     1 ,  

1: r     1  .  
The basis of 1r  over R  is denoted by  

 11 1 2 1
: : 1, , , rr i i  
 b b  , where 2 1si    for each  

11 2 1rs    , 
2

:ri  1  is the additional element of the 

doubling procedure of 1r  from r , choose  

2r mm
i i


 1  for each 1, , 2 1rm   , 0 : 1i  .  

Put by the definition    Im Rez z z   to be the 
imaginary part of a Cayley-Dickson number z.  

It is possible to consider the Cayley-Dickson algebras 
of greater real dimensions.  

2) Definition. Let   denote the family consisting  
of elements s

s

z w s


 
b

 such that 1
ˆ

: ,s
s b

z w w s


   

2 2: s
s

zz z w


   
b

, 

where  

 1 2 2
2

: : 1, , , , , ,rr
r

i i i





    b b b  

 ˆ : \ 1b b , sw R  for each s. 
3) Theorem. The family   has the structure of the 

normed power-associative left and right distributive al-
gebra over the real field R with the external involution of 
order two.  

Proof. Let   : : Re 0z z     . Then each ele- 
ment M    is the limit of the sequence r rM   , 
also :z   is the limit of the sequence :r rz  , 
where r rz  . Therefore, there exists the limit  
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  
    

lim lim cos sin

cos sin exp .

r r r r r r
r r

z z M M M M

M M M M M



 
 

     

    
 

Using the polar coordinates  , M  prove the power- 
associativity. There exists the natural projection rP  
from   onto r  for each 2r   given by the for- 
mulas:  

1 2

2 2

ˆ ˆ ˆ
: for 0

r r r

r s s s
s b s b s b

M m s M m m



  

       
     

    

and 0rM   in the contrary case for each  

ˆ
,s

s b

M m s 


    

where sm  R  for each ˆs b ; then  

    : cos sinr r r r r r rz P z M M M M        

where  

 
1 2

2

0 0
, , lim sin 1.

r

r s s
s b s

w z w s


  
  

 
   
 
 

b

 

Then the limit exists limr rz z   relative to the 
norm z  in  . Therefore, for each n Z  there 
exists the limit  

     lim exp exp ,
n n n

r r
r

nM nM z 


   

consequently,   is power-associative, since each r  
is power-associative, cos and sin are continuous func- 
tions. Evidently,   is the R-linear space.  

The continuity of multiplication relative to the norm 
z  follows from the inequalities  

r r r r r r r r r r r r           

     

    

   
 

and taking the limit with r  tending to the infinity, since 

r   and r r r r     for each ,r r r    and 
for each r N . The left and right distributiveness  

   and                

follow from taking the limit with r tending to the infinity 
and such distributivity in each r .  

The involution :z z z  in r  is of order two, 
since  z z

  . It is external, since there is not any fi-
nite algebraic relation with constants in   transform-
ing the variable z   into z . The relation  

   

   

1

ˆ

1

ˆ

lim 2 2

lim 2 2

r

r

r
r r

r
s b

r

r
s b

z z s z s

z s zs

 




 




      
  
      
  




 

is of infinite order. The latter limit exists point-wise, but 
does not converge uniformly in any ball of positive ra-
dius relative to the norm in the algebra  . The rela-
tions of the type  1 1r r r rz l z l 

   in r  use external 
automorphism with 1 12

: \rr r rl i    , moreover, the 
latter relation is untrue for z  and z   instead of 

r rz  .  
No any finite set of non-zero constants 1, , na a    

can provide the automorphism z z  of  . To 
prove this consider an R-subalgebra 

1, , nM M   of    

generated by  1, , nM M , where e jM
j ja a ,  

jM   . Since
2

1 1 1 0a a a   , then  

1

2

1 , , nM MR a R    , hence 
1, ,1

nM M  . If  

1 , , nM M  R , then it certainly can not provide the 
automorphism z z  of  . Consider 

1, , nM M  R , 
without loss of generality suppose 1a R . There is the 
scalar product  Re zy  in   for each ,z y  . Let 

1b  be the projection of 1a  in a subspace of   or-
thogonal to 1R , then by our supposition 1 0b   and 

1b   . Therefore, we get 
22

1 1 1b b   , consequently, 

1M  is isomorphic to C. Certainly, no any proper 
Cayley-Dickson subalgebra r , r N , can provide 
the automorphism z z  of  .  

Therefore, without loss of generality suppose, that 

1, , nM M   is not isomorphic to C and 2a C . If 
, rM N    and  Re 0MN   , then rMN   and hence 

 MN NM MN
    , since A A    for each rA  . 

Let 2b  be the projection of M2 in a subspace of   
orthogonal to 

1M  relative to the scalar product  Re zy . 
Then 2 0b   by our supposition and 2b   ,  

22
2 2 1b b   , hence after the doubling procedure with 

2 2b b  we get, that 
1 2,M M  is a subalgebra of 4 .  

Then proceed by induction. Suppose that 
1, , kM M   is 

a subalgebra of 
2k , k  N , k n . Since 

2k  can 
not provide the automorphism z z  of  , suppose 
without loss of generality, that 

11 , , kk M Ma      and con- 
sider the orthogonal projection 1kb   of 1kM   in a sub-
space of   orthogonal to 

1, , kM M   relative to the 
scalar product  Re zy . Then 1 0kb    and 1kb    , 

22
1 1 1k kb b    . Therefore, the doubling procedure with 

1 1k kb b   gives the algebra 
1 1, , kM M 

   which is the 
subalgebra of 

2 1k 
 , etc. As the result 

1 , , nM M   is the 
subalgebra of 

2n  and can not provide the automor-
phism z z  of  , where 

, ,1
1, ,

M Mn
na a 


  due to 

the formula of the polar decomposition of Cayley-Dick-
son numbers etMa a  with a real parameter  

 t t a R  and a purely imaginary parameter rM   
of the unit norm 1M  ,   Re 0M   (see also §2.2 
[13]). 

4) Note and Definition. Let   denote a Hausdorff 
topological space with non-negative measure   on a 
 -algebra of all Borel subsets such that for each point 
x  there exists an open neighborhood U x∋  with 
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 0 U   . Consider a set of generators with real 
algebra  :xi x  such that x y y xi i i i   for each 

 \ 0x y   and 2 1xi    for each  \ 0x , where 
0 is a marked point in  . Add to this set the unit 01 : i  
such that x xbi i b  for each bR  and x . We 
consider also finite products of these generators in ac-
cordance with §1 , where each xi  with  \ 0x  is 
considered as the doubling generator.  

In the case of a finite set   Cayley-Dickson algebra 
generated by such generators is isomorphic with 1N  , 
where  cardN    is the cardinality of the set  .  

For the infinite subset of generators  

 0 , : ,
jx ji i j x N  the construction from §2  pro-  

duces the algebra isomorphic with  .  
Therefore, we consider now the case   0card   . 

Due to the Kuratowski-Zorn lemma (see § .4  in [14]) 
we can suppose, that   is linearly ordered and this lin- 
ear ordering gives intervals    , : :a b x a x b     
being  -measurable, for example,  mn  R R Z  
has the natural linear ordering induced by the linear or- 
dering from R  and by the lexicographic ordering in the 
product, where ,n m N , or m  may be an ordinal of 
the cardinality   0card m  .  

Then consider a finite partition   into a disjoint un-  

ion 
0

p

jj
   , where x y  for each jx  and  

ly  for j l p  , p N , 00 . The family of 
such partitions we denote Z . Let T Z , j jx   be 
marked points. Then there exists a step function fT such 
that  

jT j xf x C i  for each jx , where jC R . 
Consider the norm  

     2
: d ,T T Tf f x f x x




    

where  

     
0 00 0,

0

: ,
j j

j

T x j x
x

f x C x C x i  


  
   

  1x   for x ,   0x   for x , , 1x y   
for x y , , 0x y   while x y . To each Tf  put the 
element  

 : .
T jf j x j

j

z C i     

The algebra which is the completion by the norm 


  
of the minimal algebra generated by the family of ele- 
ments 

Tf
z  for fT from the family   of all step func- 

tions and all their ordered final products we denote by 

 .  
5) Theorem. The set   is the power-associative 

non-commutative non-associative algebra over R com-
plete relative to the norm 


  with the center 

 Z   R. Moreover, there are embeddings     
for   0card   . The set of generators of the algebra 

  has the cardinality  card   for  
   card card  N . There exists the function  

   exp df x x


 
 
 



 of the ordered integral product  

from   onto  .  
Proof. For   0card    the algebra   is iso- 

morphic with 1N   or   in accordance with §§1-4 . 
Thus it remains to consider the case   0card   .  

For each Tf   it can be defined the ordered inte- 
gral exponential product  

   

      
 00 0

1

exp d

: exp π 2 exp π 2
p

T

x p p x
q p

f x x

C i C A i



 





 
 
 








 

with  1q p   corresponding to the left order of brack- 
ets. Thus the embeddings of   into   exist. Then 
 Z   R .  
The completion of the family   contains all func-

tions of the type  

      ,
j jj x

j

f x f x x i    

where  :j j N  is the disjoint union of  , each 

j  is  -measurable,  2 , ,jf L   R  and  

   
 2

2

, ,
lim 0.

jj
n Lj n

f x x



 

 
R

 

Since      exp cos sinM M M M M   for each  
M    with  Re 0M   and  

   exp 1 exp 1M M   , for each f   there 
exists  

       lim exp d : exp d
T

T
F f f

f x x f x x 


 

   
   

   
 

 
∋

 

relative to 


 . From the identity  exp π 2x xi i  for 
each  \ 0x  it follows, that the family of all ele- 

ments of the type    exp df x x


 
 
 



, f   contains 

all generators of the embedded subalgebra   gener- 

ated by the countable subfamily  :
jxi j N .  

The completion   of the family   by the norm 


  is the infinite dimensional linear subspace over R  

in  .  
All possible final ordered products from   and the 

completion of their R-linear span by the norm 


  
produces  . Then for each element from   there 
exists the representation in the form of the ordered inte-
gral exponential product. Since   is the algebra over 
R and    0card card

   , then the family of genera-
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tors of the algebra   has the cardinality  card  .  
6) Weakened Topology. Suppose that X is a real 

topological vector space. Let X   denote the vector 
space of all continuous R linear functionals on X. Each 
continuous R linear functional g X   defines a semi- 
norm    :gp x g x . The topology generated by the  

semi-norms family  :gp g X   is called the weak or  

weakened topology for X and it is usually denoted by 
   ,w X X X   . 
7) Non-Commutative Riemann Sphere ˆ

v . For 
v    the Cayley-Dickson algebra v  is the locally 
compact topological space relative to the norm topology. 
In the finite dimensional over R  case v   , the weak 
and norm topologies on v  are equivalent.  

Henceforward, we denote   by v  also, where 
the cardinality of v  is equal to the topological weight of 
the Cayley-Dickson algebra   relative to the norm 
topology,    card v w   , where   0card   . 
Without loss of generality v  can be considered as an 
ordinal due to the Kuratowski-Zorn lemma. Generally 
embed v  into the non-commutative unit sphere  

    22
2 : , : 1vS v y y     R    

over the real field R such that       2 \ 1,0vS v    
is a singleton, where  2: v S v   denotes a con-
tinuous bijective mapping, 2 v  or may be  

  0card v  . To realize an embedding one considers 
their union  2 vS v   embedded into vR  such 
that they intersect by the set  

    2 0, : 1v vS v y y    R .  

As a mapping one takes the stereographic projection 
    1

2: \ 1,0 vS v    so that  

 1 ,
1 v

y
y z 


   


 . 

As the R linear normed space the Cayley-Dickson al-
gebra v  is isomorphic either with the Euclidean space 

2v

R  for   0card v   or with the real Hilbert space 
 2l v  of the topological weight     2 0cardw l v v  . 

Consider on  2l v  the weak topology w  provided by 
the family of all continuous R linear functionals on 
 2l v . In view of the Alaoglu-Bourbaki Theorem (9.3.3) 

[15] the unit sphere  2S v  is compact relative to the 
weak topology w  on  2S v  inherited from the  

 2l vR  weak topology. Therefore,  v   relative 
to the weak or weakened topology 1

w  induced by the 
weak topology w  of  2S v  has the one-point com-
pactification ˆ

v  realized topologically as  2S v  (see 
also Theorem 3.5.11 about one-point Alexandroff com-
pactification in [14]). That is, ˆ \v v    .  

The non-commutative analog ˆ
v  of the Riemann 

sphere can be supplied with the topology inherited from 

the norm topology n  on vR  . That is on ˆ
v  two 

topologies were considered above the weakened 1
w  

topology and the norm n  topology. 
8) Definitions. We say that a real vector space Z is 

supplied with a scalar product if a bi-R-linear bi-additive 
mapping 2, : Z  R is given satisfying the conditions:  

1) , 0, , 0x x x x   if and only if 0x  ;  
2) , ,x y y x ;  
3) , , ,ax by z a x z b y z    for all real numbers 

,a bR  and vectors , ,x y z Z .  
Then an r  vector space X is supplied with an r  

valued scalar product, if a bi-R-linear bi- r -additive 
mapping 2, : rX    is given such that  

 
,

, ,j k j k
j k

SP f g f g i i  , 

where 0 0 , , , ,m m j j jf f i f i f g X f g X       , each 

jX  is a real linear space with a real valued scalar 
product,  , ,jX    is real linear isomorphic with  

 , ,kX    and ,j kf g R  for each j, k. The scalar  

product induces the norm:  

: ,f f f .  

An r  normed space or an r  vector space with 

r  scalar product complete relative to its norm will be 
called an r  Banach space or an r  Hilbert space 
respectively. 

9) Meta-Invariant Operators. If a topology   on an 

v  vector space X is such that the addition of vectors 
and the multiplication of vectors on Cayley-Dickson 
numbers from v  on the left and on the right are 
continuous relative to the topology   on X and the 
norm topology   on v , then X is called a topological 

v  vector space.  
Let X and Y be topological vector spaces over the 

Cayley-Dickson algebra v . An R-linear v -additive 
operator :C X Y  we call s  meta-invariant for 

   card cards v , if a family  : t t   of Cayley- 
Dickson sub-algebras t  isomorphic with s  exists 
such that  

 1 t vM     and  

 2
v t vt

M cl span


   R   and  

 3
t

X t
M cl span X X


   R  and  

 4
t

Y t
M cl span Y Y


   R  and  

   5 t tM C X Y   

for each t , where tX and tY are vector sub-spaces 
over t  in X and Y respectively (may be up to a con-
tinuous with its inverse isomorphism of v  topological 
vector spaces as two-sided v  modules), Gcl H  de-
notes the closure of a subset H in a topological space G. 
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In another words for 1s   it is complex meta-invariant, 
for 2s   or 3s   such operator will be called quater-
nion or octonion meta-invariant correspondingly.  

We say that a family   of operators is s  meta- 
invariant, if Conditions  1 5M M  are fulfilled for 
each C  and decompositions  1 4M M  are the 
same for the entire family  .  

One example, is the following. If  ,rC L X Y  or 
 ,lC L X Y  is a right or left v  linear operator for 

normed spaces X and Y over v  such that  j kC X Y  
with  k k j  for each j, then  

   j j j j k jC X i C X i Y i   

or  

   j j j j j k k jC X i i C X i Y Y i    

correspondingly. Therefore, (up to a continuous with its 
inverse isomorphism of v  normed spaces as two-sided 

v  modules) such operator C is s  meta-invariant for 
any    card cards v .  

Let X be a Hilbert space over the Cayley-Dickson al-
gebra v , then there exists an underlying Hilbert space 
X R  over R, i.e. a real shadow X R . The scalar product 

on X with values in v  from §2.45  induces the scalar 
product  , : Re ,x y x y  in X R  with values in R.  

Then for an v -vector subspace Y in X the orthogonal 
complement Y   can be created relative to the scalar 
product  ,x y . At the same time the equation  

 eÊ y z y   for y Y , z Y   defines the R-linear 
 , : Re ,x y x y  operator ˆ

eE  acting on a Hilbert 
space X. That is, ˆ

eE  is the projection on Y parallel to 
Y  . Moreover, one has 2ˆ ˆ

e eE E ,  

1)      ˆ ˆ: , : e eY y y E x x X y X E y y      , 

also  

2)   ˆ: 0eY z X E z    .  

Mention, that  e
ˆI E  is the orthogonal projection 

from X on Y  , since  Y Y
   and  

  e
ˆI E z y z    for each z Y   and y Y .  

Consider the decomposition of a Hilbert space 

0 1 1 m mX X X i X i       over v , where  
 0 1, , , ,mi i i   is the family of standard generators of 
the Cayley-Dickson algebra v , 0 0 1, , , ,mi X X    
are pairwise isomorphic Hilbert spaces over R .  

A family of operators    , qE a L X   with va  
we call an v -graded projection operator on X , if it 
satisfies conditions  1 7  below:  

1)    ˆ ˆ ˆ
eEx E x E x   for each 0x X , where  

2)  ˆ : 1,Ex E x  for each x X ,  
3) 2ˆ ˆ

e eE x E x  for each x X ,  
4)    , 1,E s x E sx  for each vs  and 0x X ,  
5)  ˆ ˆ: sE sx E x  for each vs  and 0x X ,  

6)    ˆ ˆ ˆ
s q sqE E x E x  for each  0, , , ,ms q i i    and 

0x X ,  

7)    ˆ ˆ1
j j

j

i iE E
    on X0 for each 0,1, , ,j m   ,  

where  0 0  ,   1j   for each 1j  , ˆ
sE  denotes 

the adjoint operator. 

3. Normal Operators 

1) Definition. An operator T in a Hilbert space X over 
the Cayley-Dickson algebra v  is called normal, if 
TT T T  .  

An operator T is unitary, if TT I   and T T I  .  
An operator T is called symmetrical, if  
; ;Tx y x Ty  for each  ,x y T .  

An operator T is self-adjoint, if T T  . Further, for 
T   it is supposed that  T  is dense in X .  

2) Remark. In §1 the more general definition than 
previously of a unitary operator is given without any 
restriction on either 1  meta-invariance or left- or 
right- v -linearity.  

On a space  ,C B R  of real-valued continuous func- 
tions :f B  R  on a Hausdorff topological space B 
one considers a lattice structure:  

1)        max ,f g x f x g x   and  
2)        min ,f g x f x g x   for each x B .  
Therefore, one gets the decomposition: f f f   , 

where 0f f    and  0f f     so that a func- 
tion f  is the difference of two positive functions with 
supports 

     1supp supp 0f f f   ,  

    supp : 0f cl x B f x   .  

Suppose that f , 1g  and 2g  are positive or non-
negative continuous functions on B. Put 1 1f f g   and 

2 1f f f  , consequently, 1 10 f g   and 1 2f f f   
so that 2f  is a positive or nonnegative continuous func-
tion. If        2 2 1g x f x f x f x    for some x B , 
then      1 2g x g x f x  , since  20 g x  and  

      1 1min ,f x g x g x . This contradicts the hypothe-  

sis 1 2f g g  . Thus 2 2f g . Therefore, the decom-
position 1 2f f f   with 1 10 f g   and 2 20 f g   
is valid, which is called Riesz’ decomposition.  

Consider now a space  , vC B   of all continuous v  
valued functions on a Hausdorff topological space B. An 
R linear v  additive functional p on  , vC B   we call  

Hermitian if    p f p f  for each  , vf C B  .  

This induces a lattice structure on the set  , vBH   
of all Hermitian functionals t  on  , vC B  , since the 
restriction  ,C B

t
R

 is a real-valued function.  
For an R-linear v  additive functional t on  , vC B   

a conjugate functional t  is defined by the formula  

3)    
t f t f    for each  , vf C B  .  
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Then the functional  1

1

2
t t t   is Hermitian and 

 2

1

2
t t t   is skew Hermitian, that is  

   2 2t f t f   for each  , vf C B  . Therefore, the 
functional t generates the family of Hermitian functionals 

1k t  for each 0,1, 2,k   , where    :k k kt f i t i f  for 
each  , vf C B  .  

Each Hermitian functional  , vp BH   induces an 

v  valued scalar product by the formula:  
4)  , :f g p g f .  
If a topological space B is compact, then  

1 1g g g   . If p is a Hermitian state, then  

5)      2 2 21 1 1p g p g p   due to Cauchy-Sch- 

wartz’ inequality.  
Thus Hermitian state p is continuous and has norm 1 . 
3) Lemma. Let  qT L X  be a normal r  meta- 

invariant operator for a Hilbert space X over the Cayley- 
Dickson algebra v  with  2 min 3,r v  . Let also A 
be a minimal von Neumann algebra generated by T, T   
and I over v . Suppose that t  is a sub-algebra in 

v  isomorphic with r  for each t  and  

0, 2 1,
, , rt t

N N


  are generators of t  (see §2.9 ). Then  

the restricted sub-algebra  

0 0, 2 1 2 1,
: r r

t t t
t t

N N
 

  A A A  is associative for r = 2  

and alternative for r = 3 for each t .  
Proof. In view of Theorem 2.22 [12] an algebra A is 

quasi-commutative. Compositions n mT T  are consid-
ered as point-wise set-theoretic compositions of map-
pings so that    n m n mT T x T T T Tx     is the 
n + m times composition of T with itself for each x X , 
where ,n m N  are natural numbers. Moreover, Ix = x 
for each x X . Then consider : t X

T   as a formal 
variable so that 0 I  . This variable is power associa-
tive n m n m     for all ,n m N , since T is r  meta- 
invariant. Moreover,   and    commute,     , 
since T is the normal operator, TT T T  .  

Therefore, the minimal algebra  , ,
t

alg I  
  over 

t  generated by ,    and I consists of formal poly-
nomials in variables ,    with coefficients from t . 
This algebra is R linear and left and right module over 

t . Relative to addition and multiplication of polyno- 

mials the algebra  , ,
t

alg I  
  is associative for r = 2  

and alternative for r = 3, since the quaternion skew field 

2  H  is associative and the octonion algebra 3  O  
is alternative and t  is isomorphic with r  for each 
t .  

Consider the algebra  , ,
t

alg I  
  relative to the 

topology inherited from the von Neumann algebra t A  
(see also Definitions 2.22.1 and Theorem 2.22 [12]).  

The completion of  , ,
t

alg I  
  gives the von Neu- 

mann algebra t A  up to isomorphism of algebras. The 
operations of addition and multiplication are continuous 
relative to a norm in a C -algebra. Thus the restricted 
sub-algebra t A  is associative for r = 2 and alternative 
for r = 3 for each t .  

4) Theorem. Suppose that  qT L X  is a self- ad-
joint r  meta-invariant operator on a Hilbert space X 
over the Cayley-Dickson algebra v  with 2 v  and 

 2 min 3,r v  , A is a von Neumann algebra contain-
ing T. Then there is a family  ˆ : b E b R A  of v - 
graded projection operators on X such that  

1) ˆ 0b E   for b T  , while ˆ
b E I  for b T ;  

2) ˆ ˆ
b tE E  for b t ;  

3) ˆ ˆ
b t b tE E  ;  

4)  ˆ ˆ b bT E bI E  and     ˆ ˆ
b bbI I E T I E    

for each bR ;  

5) ˆd
T

b
T

T b E


   and this integral is the limit of Ri-  

emann sums converging relative to the operator norm.  
Considering a restricted algebra  

0 0 2 1 2 1
: r rr

i i
 

  A A A  isomorphic to  , rC    with  

an extremely disconnected compact Hausdorff topologi-
cal space   let f and b e  in  , rC    correspond to 

Y
T  and b Y

E  in A respectively, then b e  is the char-
acteristic function of the largest clopen subset b  on 
which f takes values not exceeding b, where  

0 0 2 1 2 1r rY X i X i
 

   .  

Proof. An operator T is r -meta-invariant, conse-  
quently, a von Neumann subalgebra 

r
A  over r  con- 

tains the restriction 
Y

T  of T on Y up to an isomorphism 
of von Neumann algebras over r , where  

 2 min 3,r v  .  
In accordance with Theorem 2.22 [12] we have that an 

algebra 
r

A  is isomorphic with  , rC    for some 
extremely disconnected compact Hausdorff topological 
space  .  

Recall that a subset B of a topological space W is 
called clopen, if it is closed and open simultaneously, 
   cl B Int B B  .  
If a function f  corresponds to an operator T , then a 

set  1: \ ,b cl f b       is clopen in  . On this set 
the function f  has values not exceeding b . If V  is 
another clopen subset so that  
     , : : f V b x x b    R , then  

 1\ ,V f b    and  1 , \f b V    . On the other 
hand, the set \V  is clopen, consequently,  

 1 , \cl f b V     . Therefore b  is the largest 
clopen subset in   so that    ,bf b   . 

The characteristic function b e  of b  by its defini-
tion takes value 1 on b  and zero on its complement 

\ b  . It is continuous  ,b e C  R , since the subset 

b  is clopen in  . Thus an operator ˆ
b E  in A corre-
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sponding to b e  is a projection, ˆ :b E X X , 2ˆ ˆ
b bE E .  

Then to b j j bei i e  an operator    ˆ ˆ ˆ
jb i b j j bE E i I i I E    

on Xj corresponds, where 0,1,2,j   . Over the Cayley- 
Dickson algebra v  the projection ˆ

b E  induces an v  
graded projection in accordance with §2.9 , since  

0 0 m mX X i X i     .  
Statements (1, 2, 4) are evident from the definition of 

the subsets b  and the properties of the isomorphism of 

r
A  with  , rC   . Indeed, the function f is continu- 

ous and  

      1 , , : : f cl f b b x x b        R . 

For proving Statement (3) we mention that  
infb t b te e , since the topological space   is ex-

tremely disconnected and each b  is clopen in  . 
This implies that ˆ

b E  is the infimum of the family  

 ˆ : t E t b , consequently, ˆ ˆ
b t b tE E  , since  

 ˆ
t b t qE L X   in accordance with Propositions 2.22.7 

and 2.22.9 and Corollary 2.22.13, Definition 2.23 and 
Theorem 2.24 [12] with  ˆ ˆ ,b E I E b   .  

It remains to prove Statement  5 . Take 0b T    

and a partition  0 1, , , nb b b  of the segment 0 ,b T     

so that 0 1 nb b b T    . If  
 1,j jb b sp T      let jc  be a point of this inter-

section, otherwise let 1j jc b   when the intersection is 
empty,  1,j jb b sp T     . Therefore,  

 1
1,j jf b b
      when this intersection is empty,  

since a spectrum    sp T f   of T is a range of f, 
consequently,    1 1

1, ,j jf b f b 
     and 

1j jb be e


 .  
We call two characteristic functions A  and B  

orthogonal, if 0A B    identically, that is A B   .  

Thus characteristic functions  1
 

j jb be e


  are mutu-  

ally orthogonal for different values of j. We consider the  

function  1
1

 
j j

n

j b b
j

h c e e




  . This induces the disjoint  

partition 
1

\
j jj b b 

     with 
0bX   , that is  

1

n

jj
    and j k    for each j k . If 

jt , then   jh t c  and  1j jb f t b   , hence  

6) 1max j j jf h b b    .  

We consider Riemann integral sums  

   10 1
1

ˆ ˆ, , ; , , :
j j

n

n n j b b
j

b b c c c E E




 S   . 

If  : ,
r rC  A   is an isomorphism of quasi- 

commutative C  algebras, then  

7)  0 1, , ; , ,n n Y
b b c c h S   .  

On the other hand,  

   0 1 0 1, , ; , , , , ; , ,n n n nY X
b b c c b b c cS S    , 

since the operator T  is r  meta-invariant and hence 
ˆ

b E  is r  meta-invariant as well for each b , since 
 ,b e C  R  and  0 0

ˆ
b E X X  and ˆ

b E  is a graded 
projection operator (see §2.9 ). Therefore, Formulas (6), 
(7) imply Statement (5) in the sense of norm convergence 
in  qL X .  

5) Definition. A family of v  graded projections 
ˆ

b E  indexed by bR  satisfying Conditions (2, 3) of 
the preceding theorem and two conditions below  

1) ˆ 0b b E R  and  
2) ˆ

b R b E I    
is called an v  graded spectral resolution of the identity. 
An v  graded spectral resolution of the identity is called 
bounded, when two finite numbers a c     exist 
such that ˆ 0b E   for every b a  and ˆ

b E I  for 
each b c . Otherwise we say that a resolution of the 
identity is unbounded. 

6) Definitions. A*-homomorphism   of a C*-algebra 
A into  qL X  is called a representation of A on a Hil-
bert space X over the Cayley-Dickson algebra v , that 
is      af bg a f b g      and  

     fg f g    and    f g 
      for all  

,a b R  and ,f g  A , if A contains a unit element 
e A , then  e I  .  

If additionally   is one-to-one, then such a mapping 
will be called a faithful representation of A onto B, where 

   : qL X B A .  
A representation   is said to be essential if the union 

of ranges of v  graded projection operators (elements) 
of A in the image  qL X  is the unit operator I.  

Let  0 , rC R   denote the subspace of all continuous 
vanishing at infinity functions : rf R   so that  

 lim 0x f x   and  sup xf f x  R . 

7) Theorem. Suppose that  ˆ : b F b R  is an v  
graded resolution of the identity and T  is a bounded 
self-adjoint operator  qT L X  such that  

ˆ ˆ
b bT F b F  and    ˆ ˆ

b bb I F T I F    for every  

b R or ˆd
a

b
a

T b F


   for each 0a a , where 0 0a   
is a marked positive number, 2 v . Then  ˆ : b F bR  
is the resolution of the identity for T  A , where A is a 
quasi-commutative von Neumann algebra generated by T 
and I over the Cayley-Dickson algebra v ,  
 ,

v
alg T I A , B  denotes a completion of a sub-al- 

gebra B in  qL X  relative to the weak operator topol-
ogy.  

Proof. The inequality ˆ ˆ
b bT F b F  implies that ˆ

bT F   

is self-adjoint. Therefore, restrictions 
0X

T  and 
0

ˆ
b

X
F  

commute on X0 for each b. Hence the algebra  
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 ,
v

alg T I A  is quasi-commutative. In view of Theo-  

rem 3 the restricted algebra 
r

A  is isomorphic with 
 , rC   , where   is an extremely disconnected com- 

pact Hausdorff space and  2 min 3,r v  .  
If ˆ

b E  is a resolution of the identity for an operator 
T  A , a function f in  , vC    corresponds to T, 
while  ,b ve C    corresponds to ˆ

b E , then b e  is 
the characteristic function of the largest clopen subset 

b  in   on which f takes values not exceeding b. On 
the other hand, if a function  ,b vf C    corre-
sponds to ˆ

b F , then b f  is the characteristic function of 
a clopen subset b  in   on which f takes values not 
exceeding b, since b bff b f , consequently, .b b     

The equality ˆ ˆ
b t b tF F   implies that b  is the  

largest clopen subset contained in 
> tt b
 . By the con- 

ditions of this theorem    ˆ ˆ
t bt I F T I F    and  

 1\ ,b cl f b       for any t > b. Hence  t f p  
for each \ tp  , consequently, b t    for each  
t > b and inevitably b  is a clopen subset contained in 

> tt b
 . Therefore, b b   , since b  is the largest 

clopen subset contained in 
> tt b
 . Thus b b    

and ˆ ˆ
b bF E  for each bR .  

The resolution of the identity for the operator T in A 
satisfies Condition (4) of Theorem 4 and  qA L X .  

Now, if  

ˆd
a

ba
T b F


   

for each 0a a , where 0 0a   is a marked positive 
number, 2 v , we take for each 0  an arbitrary 
partition  0 , , nb b  of the segment  ,a a  so that  

T Q    for an operator  11
ˆ ˆ

j

n

j b jj b
Q c F F
    

with 1,j j jc b b     for each j . This implies that  

  ˆ
bT Q F    and  

 
 

 

1

1

1

1

ˆ ˆ ˆ

ˆ ˆ

ˆ ˆ ˆ ,

k j j

j j

k k

k

b j b bj

k

k b bj

k b a k b

Q F c F F

b F F

b F F b F











 

 

  



  

consequently, ˆ ˆ .
k kb k bT F b F  We have also  

  ˆ
kbT Q I F      

and  

   
 

 

1

1

1

1

ˆ ˆ ˆ

ˆ ˆ

ˆ ˆ ,

k j j

j j

k

n

b j b bj k

n

k b bj k

k a b

Q I F c F F

b F F

b F F





 

 

  

 

 



   

consequently,    ˆ ˆ ˆ
k kb k a bT I F b F F    for every 

0a a . Take a limit in the strong operator topology with 
a  tending to the infinity: ˆlima a F I  , consequently, 
   ˆ ˆ

b bT I F b I F    for each bR , since 0  is  
arbitrary, where ˆ ˆ

b bF E  for every bR  in accor- 
dance with the first part of the proof.  

8) Lemma. Let T be an r  meta-invariant operator 
on an v  vector space X and let 0 r u v   . Then T 
is u  meta-invariant.  

Proof. The Cayley-Dickson algebra u  has also the 
structure of the r  vector space for 0 r u  , since 

r  is the sub-algebra in u . Therefore, the decomposi- 
tion from §2.9  satisfying Conditions  1 5M M  gen- 
erates analogous decomposition fulfilling Conditions 
 1 5M M  over u  as well relative to which T  is 

u  meta-invariant.  
9) Theorem. Let   ˆ : ,b E b a a   be a bounded 

graded resolution of the identity on a Hilbert space X 
over the Cayley-Dickson algebra v , 2 v ,  
0 a   , ˆ 0b E   for each b a   and ˆ

b E I  for 
each b a . Then the integral ˆd

a

ta
t E

  converges to a 
self-adjoint operator T on X so that T a  and  

  ˆ : ,b E b a a   is the spectral resolution of such op-
erator T.  

Proof. Take any partitions  0 , , nb b   and  
 0 , , mq q   of the segment  ,a a  of diameters  

 1, , 10 max j n j jb b         

and  

 1, , 10 max j m j jq q         

and denote by  0 , , lt t       their common 
refinement. Then one gets  

   1 1
1 1

ˆ ˆ ˆ ˆ
j j s s

n l

j b b s b t
j s

c E E g E E 
 

 

       

and  

   1 11 1
ˆ ˆ ˆ ˆ

j j s s

n l

j q q s t tj s
u E E g E E 

  
     ,  

where 

 1 1 1, , , , ,j j j s s s j j jc b b g t t u q q           ,  

consequently,  

1)    1 11 1
ˆ ˆ ˆ ˆ

j j s s

n m

j b b s q qj s
c E E u E E

  
     

   .  

Consider the family of partitions  0 , , nb b  of the 
segment  ,a a  ordered by inclusion. The algebra 

 qL X  is complete relative to the operator norm 
topology. Therefore, a Cauchy net of finite integral sums 

 11
ˆ ˆ

j j

n

j b bj
c E E


  converges in  qL X ,  

   
10 1

ˆ ˆlim
j j

n

j b b qj
c E E T L X  

    and T T  ,  
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since jc R  for each j  and  .  
Theorem 7 states that   ˆ : ,b E b a a   is the v  

graded spectral resolution of T .  
In the space of continuous functions on a compact 

Hausdorff topological space with values in v  a family 
of polynomials is everywhere dense in accordance with 
the Stone-Weierstrass theorem (see §§I.2.3  and I.2.7  
[13]), since   0min , , s

s ss v
A

 


  is everywhere dense in  

v , where s  is a family of all possible embeddings of 

s  into v , 0   denotes the first countable ordinal, 
 0 0card    (see [14]). The real field R  is the 

center  vZ   of the Cayley-Dickson algebra so that 
each polynomial  nP t  of a variable tR  with 
values in v  has the form  

  0 0
j

j

n n j
n jj j

P t t a a t
 

   , where j va   are con- 
stants. In this calculus we have  

     ˆd
a

t
a

f T E f t


   

for each   , , vf C a a   . Particularly, if f is a non- 
negative function on  ,a a , then  f T  is a positive 
operator. Therefore, T  is the difference of two positive  

operators 1 2T T T  , where 1
0

ˆd
a

tT t E   and  

 2 0
ˆlim d t

a

T t E





 



. These operators 1T and 2T com-  

mute, since they are presented by the corresponding in-
tegrals, which have integration over non-intersecting sets  

so that the graded projectors 
0

ˆd
a

t E  and  0
ˆlim d t

a

t E









  

commute (see §2.73  and §2.74 ). Their sum 1 2T T  
is the positive operator, consequently, r  meta-in- 
variant for  2 min 3,r v   (see §2.9  and Lemma 8).  

Consider the restricted algebra 
r

A  and isomorphic 
to it algebra  , rC    and with  2 min 3,r v  , 
where   is a compact Hausdorff extremely discon-  

nected topological space,  ,
v

A alg T I  . The condi-  

tions 0 a   , ˆ 0b E   for each b a   and ˆ
b E I  

for each b a  imply that a function w in  , rC    
representing the operator T has range in  ,a a , conse-
quently, T a .  

10) Theorem. Suppose that T is a unitary r  meta- 
invariant operator on an v  Hilbert space X, 2 v  , 

 1 min 3,r v  , while A is the quasi-commutative von 
Neumann algebra generated by T and T  .  

1) Then T is a norm limit of finite linear combinations 
of mutually orthogonal projections in A with coefficients 
in  sp T .  

2) If additionally 1r   and T is either right or left 

v  linear operator on X, then a positive operator K and 
a purely imaginary Cayley-Dickson number vM  ,  

 Re 0M  , 1M  , exist such that 1K   and  

 exp 2πT MK .  
Proof. 1) Each unitary operator is normal. It preserves 

an v  scalar product on X: , ,Tx Ty x y  for each 
, vx y .  
Consider the von Neumann algebra over v  gener- 

ated by T  and T  . In view of Theorem 2.22 [12] and 
Lemma 3 the restricted algebra 

r
A  is isomorphic with 

 , rC   , where   is a compact extremely discon- 
nected topological Hausdorff space. The algebra 

r
A  is 

isomorphic with 
tA  for each t  (see also §2.9 ).  

Recall the following. A closed subset Q of a topologi-
cal space P is called functionally closed if  1 0Q    
for some continuous function  : 0,1P   R . A 
subset U of a topological space P is called functionally 
open, if it is the complement of some functionally closed 
subset Q, i.e. \U P Q . A covering of a topological 
space P by functionally open subsets is called a function-
ally open covering. It is said that a topological space P is 
strongly zero-dimensional, if P is a non-void Tychonoff  
space (completely regular), i.e. 1

3
2

T , and each function-  

ally open covering  : 1, ,jU j k   has a finite disjoint 
open covering  : 1, ,lV l m   refining  :jU j , that  

is 
1

m

l
l

V P


 , l sV V    for each l s , for every lV   

an open subset jU  with  j j l  exists such that 

 l j lV U . This means that this covering  :lV l  con-
sists of clopen subsets lV  in P.  

Theorem 6.2.25 [14] says that each non-void ex-
tremely disconnected Tychonoff space is strongly zero- 
dimensional.  

Therefore, to the restricted operator 
Y

T  up to an 
isomorphism of C  algebras a function  , rf C    
corresponds such that  

3)       exp 2πf x M x g x ,  

where  g x R  and  

    : : 1, Re 0r rM x z z z       

for each x ,   , , rg M C    (see §3 in [16] or 
§I.3 [13]). The Hilbert subspace  

0 0 2 1 2 1r rY X i X i
 

    is isomorphic with t X  for  

each t . Then   rY
sp T   . Generally to 

Xt
T  a  

function  ,t
t tf C    corresponds with  

 
X

tt
sp T   , where t  is a topological space ho-  

meomorphic with  . If : t
t     is such homeo-

morphism, then     t tf u f u   for each u .  
Certainly it is sufficient to take a function g with 

values in [0,1], since the exponential function is periodic: 
    exp 2π exp 2πM t n Mt   for each real number 

tR  and an integer n Z  and a purely imaginary 
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number vM   in the unit sphere. Therefore, a positive 
operator K on X corresponds to this function g.  

The operator K defines an v  graded resolution 
  ˆ : 0,1b E b  of the identity (see Theorem 4) and  

4) 
1

0

ˆd bK b E  .  

Therefore, 1K  . We put b   for b < 0, b    
for 1b  , let b  be the largest clopen subset in   on 
which the function g has values not exceeding  0,1b .  

Let b e  be zero for 0,b   1b e   for 1b  , and let 

b e  be the characteristic function of b  for  0,1b . 
Each clopen subset V in 

> uu b
  is contained in b , 

since g  takes values on V  in u  for each u b , 
consequently,   bg V   . This implies that b e  is the 
infimum of the family  : u e u b . This induces a  

bounded v  graded resolution   ˆ : 0,1b E b  of the  

identity, where b e  corresponds to ˆ
b E  for each b.  

A function g can be chosen such that it does not take 
the unit value on a non-void clopen subset W in  . In-
deed, otherwise    1g W   and W would be disjoint  
from 

1
b

b

  and the function g could be redefined due  

to the periodicity of the exponential function. Then a 
point y W  would exist so that   1g y  .  

For each 0  a positive number 0   exists such 
that for every partition  0 , , nb b    of the segment 
[0,1] of diameter    and points 1,j j jc b b     the 
inequality is satisfied:  

5)  1
ˆ ˆ

j jj b b
j

K c E E


    , consequently,  

6)       10

ˆ ˆlim exp 2π 0
j jX

b b t j jt
j

T E E M u g u
 

   , 

where 
1, \

j j

t t
j j t b bu u


    and the sum is by j  for 

which the subset 
1

\
j j

t t
b b 

   is non-void, since the 
exponential function on t  is continuous. Certainly  

coefficients     exp 2π t j jM u g u  are in  t
tf   and  

hence in  
Xt

sp T .  

Since v    by the conditions of this theorem, the 
purely imaginary unit sphere v  is compact in the 
Cayley-Dickson algebra v . Then  

   
X

vtt
sp T cl sp T


      , consequently, for each  

0   a finite  -net of points in  sp T  exists. 
Therefore, for each 0  a finite family of points  

, k

t
j t

t

u


   exists so that  

      1 , ,
,

ˆ ˆ exp 2π ,
j j k kb b t j t j t

j k

T E E M u g u


      

since t vt
cl


     .  

2) In accordance with the conditions of Theorem 9, an 
operator T is an 1  meta-invariant either right or left 

v  linear operator, consequently, v  graded resolu-
tion   ˆ : 0,1b E b  of the identity can be chosen either 
right or left v  linear for all b (see Theorem 4). Then T 
due to its either right or left v  linearity is completely 
characterized by its restriction on 0 1 1X X i  (up to con-
tinuous with its inverse isomorphism of v  Hilbert 
spaces as two-sided v  modules). Therefore, to the 
operator T up to an isomorphism of C  algebras a func-
tion  1,f C    corresponds such that  
    1exp 2πf x i g x , where  g x R for each x, 

1 1i  R R . Equivalently up to an isomorphism one 
can take a purely imaginary (constant) number M instead 
of i1, that is tM  ,  Re 0M  , 1M  , where t  
is isomorphic with 1  for every t  (see §2.9). 
Thus generally     exp 2πf x Mg x . This operator K 
can be chosen 1  meta-invariant on X, since T is 1  
meta-invariant on X.  

In view of  1  we get  

7)    10

ˆ ˆlim exp 2π 0,
j jj b b

j

T Mg t E E
 

     

where the operator K  is given by Formula (4).  
11) Remark. For an infinite dimensional Hilbert space 

X  over the Cayley-Dickson algebra v  one has that 
X X  and X  are isomorphic as Hilbert two-sided 

v  modules, since 0X  and 0 0X X  are isomorphic 
as real Hilbert spaces.  

12) Theorem. Let   be a compact Hausdorff space, 
let also X  be an v  Hilbert space, and let   be a 
representation of  , tC    on t X  for each t , 
where 2 v , t  is isomorphic with r  for each 
t ,  2 min 3,r v   so that Conditions 2.9  
 1 3M M  are fulfilled. Then to each Borel subset G  
of   a graded projection  ˆ GE  corresponds such 
that  

1)  ˆ G E A , where A  denotes the strong operator  
closure of  , tt

span C


 R ;  

2)     ˆ ˆ : ; G U G U U is open  E E ;  

3)    1
1

ˆ ˆ
n nn

n

G G






E E  for each countable family  

 :nG n  of mutually disjoint Borel subsets of  ; also  

   ˆ ˆ 0n kG G E E  for each n k ,  ˆ 0 E ;  

4) If the v  span of ranges of those  f  such that 
 , vf C    and f  vanishes on 0\ B  is dense in 

X  for 0B  a Borel subset of  , then  0E B I ;  
5) The mapping      ˆ ˆ, : ; ,B G G x x G x x    E  

is a regular Borel measure so that  

     ˆ, d ,f x x y f y x x


  E  
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for each continuous function  , vf C   , where 
 B   denotes a Borel  -algebra of all Borel subsets 

in  .  
Proof. A multiplication  
     2

, , ,t tC f g fg C          and an involu-
tion    , ,t tC f f C       are defined point-  

wise       fg y f y g y  and    f y f y      for  

each y . The C*-algebra  , vC    is quasi-com- 
mutative, consequently, A is a quasi-commutative C*- 
algebra.  

Suppose that U is an open subset in   and a con-
tinuous function  : 0,1f    is given such that 
   \ 0f U  . Then  0 f I  . Denote by  U  

the family of all such functions f directed by the natural 
order of functions: f g  if    f y g y  for each 
y . Therefore, the family   U   has a supre-

mum Uh  in the quasi-commutative C*-algebra A over 

v . This element Uh  is a projection, since  
    2 :f f F U F U  . For a Borel subset G of   

we put    ˆ : , is open inUG h G U U   E .  
If tx X  is a unit vector 1x  , then  

   ,, : x xf f x x p f   is a state of  , vC   . 
Indeed, ,x xp  on  , vC    is R -linear and v - 
additive,    , ,: , , 0x x x xp C p f  R R  for each non- 
negative function on  , moreover,  , , 1x xp I x x   
and for every non-negative continuous function g  on 
 :  

6)      ,
,

, ,x x j j k k
j k

p bg b g x i x i b g x x   ,  

particularly for 1g   also:  

 , ,x xp bI b x x b   

for each vb  due to the identity  
     2Rej k k j j kai i ai i a i i     for each va  and 

, 0,1, 2,j k    (see also Formula 4.2 (7) in [13] and 
§§2.8), since a continuous image of a compact topologi-
cal space is compact by Theorem 3.1.10 [14] and hence 
each continuous function : vf    on a compact 
topological space   is bounded. From the Riesz repre-
sentation theorem for continuous R-linear non-negative 
functionals on the R-linear space  ,C  R  we get that  

7)      ˆ, d ; ,f x x f y y x x 


   

for each  ,f C  R , where  ˆ ; ,x x   is a regular 
Borel  -additive non-negative measure on  .  

Then Formulas (6,7) generate  ˆ d ; ,y x x  on the 
space  , vC    (see §2.23 [12]). The family  ˆ d ; ,y x x  
generate the family  ˆ d ; ,y x y  due to the bi- v - 
additivity  

     
   

ˆ ˆ ˆd ; , d ; , d ; ,

ˆ ˆd ; , d ; ,

y x z x z y x x y x z

y z x y z z

  

 

   

 
 

for all , t

t
x z span X


 R  and bi- R -linearity  

     ˆ ˆ ˆd ; , d ; , d ; ,y x x y x x y x x        

for each  R  provided by the corresponding proper- 
ties of ,x xp . This induces  ˆ d ; ,y x y  and hence  ˆ GE  
on   X   due to Conditions 2.9  1 3M M .  

The measure  ˆ d ; ,y x x  is inner regular, that is for 
each 0  and an open subset U  in   a compact 
subset B in U exists such that  ˆ \ ; , <U B x x  . The 
topological space   is normal, consequently, for each 
closed subset B in an open subset U in   a continuous 
function  : 0,1f    exists so that    1f B   and 
   \ 0f U  . For such function we have  

     

   

ˆ ˆ; , d ; ,

ˆ,   , ,

B x x f y y x x

f x x U x x

 






 



E
 

consequently,    ˆˆ ; ,  ,U x x U x x  E , since f is arbi- 
trary with such properties. In accordance with the defini- 
tion of Ê  we have    ˆ ˆ,  ; ,U x x U x xE , hence  

   ˆˆ ; , ,U x x U x x  E . The outer regularity of  

 ˆ d ; ,y x x  implies that  

    
  

 

ˆ ˆ; , inf ; , : , is open

ˆinf , : , is open

ˆ ,

W x x U x x W U U

U x x W U U

W x x

  

 



E

E

 

for each Borel subset W in  . For a disjoint sequence of 
Borel subset nG  in   we get  

 

 

11 1

1

ˆ ˆ ˆ, ; , ; ,

ˆ , .

n n n
nn n

n
n

G x x G x x G x x

G x x

 
  

 





   
    

   







 E

E

 

If  ˆ
mx GE  for some m  and 1x  , then  

   
1

ˆ ˆ1  ,   , 1.n m
n

G x x G x x




   E E  

This implies that  ˆ , 0nG x x E  for each n m ,  

since  ˆ , 0nG x x E  for each n . Thus  

    0n mE G E G   for each n m , consequently,  

 
11

ˆ ˆ .n n
nn

G G
 



 
 

 
E E  

If a set 0B  is as in  4  and U  is an open subset 
containing 0B  and  ,f C  R  with    \ 0f U  , 
a function f is non-zero identically, then a range graded 
projection of  g  is a graded sub-projection of 
 ˆ UE , where /g f f . On the other hand, the range 

graded projection of  g  is the same as that of  f , 
since 0f   and      f f f      and each 
operator in  qL X  is R -linear, where  
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    max 0,f y f y   and     min 0,f y f y    for 
each y . Thus  ˆ UE  contains the range graded 
projection of the image of each function  , vf C    
so that f  vanishes on 0\ B , since the v  span of 
functions from  ,C  R  is everywhere dense in  

     0, , ,v mC C i C i      R R  . 

Hence  0
ˆ B IE  due to Property  2 .  

13) Corollary. Suppose that   is an essential repre- 
sentation of  0 , , 2 ,vC R v  (see §6 and Theorem 12), 
then a possibly unbounded v  graded resolution of the 
identity  ˆ : b E bR  exists such that  

1)    ˆ, d ,tf x x E f t x x




   

for each  0 , vf C R  .  
Proof. Consider a one-point (Alexandroff) compacti-

fication    R R  of the real field. Then  
 0 , vC R  is isomorphic with  
      0 , , : 0v vC f C f     R R  (see §6). The 

latter is a quasi-commutative subalgebra in  , vC  R .  
In accordance with Theorem 12 there exists a graded 

projection valued measure on R  such that  

     ˆ, d ; ,f x x y x x f y  
R

 

for each  0 ,f C R R , moreover,  

   ˆˆ ; , ,x x x x A E A  for each Borel subset A  in  

R . Put  ˆ ˆ ,b E I b  E , then ˆ
b E  is a graded reso- 

lution of the identity (possibly unbounded). Indeed, 
   ˆ ˆ, ,b t  E E  for each t b , consequently,  

ˆ ˆ
t bE E . Statement  4  of Theorem 12 implies that 
 ˆ IE R .  

Then we have    ˆ ˆ, , 1
n k

k n n




  E E  for each 

integer k  and  ˆ , 0k k  E . Therefore,  

   ˆ ˆ ˆ, , .b b b bI I b I b E        E E∨ ∨  

On the other hand, one has  

     ˆ ˆ ˆ, 1 ,nn
I n n n

 


    E R E E∨ ,  

consequently,  

    ˆ ˆ ˆ0 , ,n n n nI n I n E  
        E E∨ ∧ ∧   

and  

ˆ ˆ0 0b b n nE E
  ∧ ∧ . 

Consider now the sequence   1
b n b

n
   for n N . 

Then  

       1
ˆ ˆ ˆ, 1, 1 ,

n
b b b n b n




      E E E   

such that  

       
 

1 1 1
ˆ ˆ 1 ,

ˆ, .

n b nb n

b

E E I E b n b n

I E b E

 
        

   
 

Then we get ˆ ˆ
b b t tE E∧  and  ˆ :b E b  is a graded 

resolution of the identity, since  

 1
ˆ ˆ ˆ ˆ

b b t t n bb nE E E E
   ∧ ∧   

and Ê  is the graded projection valued measure.  
Certainly one has the identities  

     ˆ ˆ ˆ ˆ ˆ, , , t bb t b t E E     E E E , 

also    ˆ ˆˆ , ; , , ,t bb t x x Ex x Ex x   . Together with 
Statement  5  of Theorem 12 this means that  

2)      ˆ, d ; ,f x x t x x f t  
R

 

 ˆd ,t E f t x x




   

for each  0 , vf C R   due to the v  gradation of Ê . 
14) Remark. If T is a bounded normal r  meta- 

invariant operator on an v  Hilbert space X  and A  
is a quasi-commutative C -algebra over the Cayley- 
Dickson algebra v  generated by T and T   and  

 , 2 , 1 min 3,I v r v   , then in accordance with 
Theorem 4 and Lemma 3 there exists an v  graded 
projection valued measure Ê  on either the one-point 
compactification   R  of R  for a self-adjoint op- 
erator T  or on the one-point compactification v   
of v  for a normal operator T  such that  

1)      ˆ, d ; ,f T x x b x x f b


   

for each  , vf C    and x X , where  
   ˆ ; , ,B x x E B x x   for every Borel subset B  in 

 . A spectrum  sp T   is embedded into  . If 
U  is an open subset of   disjoint from  sp T  and 

 f U  (see §12 ), then   0f T  . Therefore,  
 ˆ 0U E  and we write  

2)      
 

ˆ, d ; ,
sp T

f T x x b x x f b   

and Ê  is the spectral measure of T on the Borel  - 
algebra   sp T . Then for a self-adjoint operator T, 
one gets that ˆ

b E  is a bounded graded resolution of the 
identity such that ˆ 0b E   for b T   and ˆ

b E I  
for b T , consequently,  

3)    ˆ, d ,
T

b
T

f T x x Ef b x x


   

for each vector x X  (see Corollary 13). Using the 
polarization as in §14  we get  
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4)    ˆ, d ,
T

b
T

f T x y E f b x y


   

for each ,x y X .  
Formula (1) extends by continuity of the functional on 

the v  vector space  , vB   of all bounded Borel 
measurable functions : vf  , since  

     ˆd d , sup
b

b f b x y x y f b


  E .  

For a normal bounded operator T  such polarization 
gives:  

5)      ˆ, d ; ,f T x y b x y f b


   

for every ,x y X  and each  , vf  B  . Then the 
identities are satisfied:  

6)   ,f T x x  

       

     

 

ˆ ˆd , d

ˆ d , ,

,

b f b x x x f b b x

b f b x x f T x x

f T x x



 





   

  

   

 



E E

E



 

for each x X , consequently,  

7)    f T f T


   
   

for every  , vf  B  . If  , , vf g  B  , then one 
certainly obtains  

8)    ,cf g T x y  

      

       

   

ˆ d ,

ˆ ˆd , d ,

, ,

b cf b g b x y

c b f b x y b g b x y

c f T x y g T x y



 

  

   

 



 

E

E E  

for all ,x y X , consequently,  

9)       cf g T cf T g T     

for each real number c R . Particularly, for the char- 
acteristic function B  of a Borel subset contained in 
  we get the equalities:  

       ˆ ˆ, d , , ,B BT x x b b x x B x x 


   E E  

consequently,  

10)    ˆ
B T B  E  and    2 T T  .  

If a Borel subset C is disjoint form B, then 0 B C  , 
hence         2 2

B C B CT T T      . Recall that 

a step function by the definition is a finite v  vector 
combination of characteristic functions. For any two step  

Functions 
1

l

m

l A
l

g a 


   and 
1

k

n

k B
k

h b 


   with real co-  

efficients al and bk and mutually disjoint sets l kA A   
and l kB B    for each k l  this implies the iden-
tities  

        22 2 2 2

1 1

m m

l A l Al l
l l

g T a T a T g T 
 

        

and  

   

       

           

2

1 1

2 2

1 1 ,

2 2 ,

l k

l k l k

m n

l A k B
l k

m n

l A k B l k k l A B
l k l k

a T b T

a T b T a b b a T

g T h T g T h T h T g T

 

  

 

 

  
 

   

   

 

     

consequently,       g T h T gh T . Each bounded 
Borel function is a limit of step functions, where a limit 
is taken relative to the family of all semi-norms  

11)    ˆ ;
ˆ: d , ,

x
g b g b x x



 E
E  

, 1x X x  . Therefore, for each bounded real-valued 
Borel functions  , ,g h B R  the formula  

12)       gh T g T h T   

is valid. But then       2
g b g b g b  for each b  

and       g T g T gg T  , consequently,  

              g h g h T g T h T g T h T      
     

and hence  

     

       

2 Re gh T gh hg T

g T h T h T g T

      
 

  

 
 

for each  , , vg h B   . If g  and h  are polynomi- 
als in variables , vz z   this implies  

13)            g h T h g T g h T h g T      .  

In view of the Stone-Weierstrass theorem the set of 

v -valued polynomials on the ball  

   , 0, : : v vB w z z w     

is dense in   , 0, ,v vC B w  . Thus Formula (13) is 
spread on  , vC   , since    , 0,vsp T B w   for 
w T  and due to Formula (2). Together with (12) this 
induces the formula.  

14)      g h T g h T   

for each real-valued continuous function  ,g C  R  
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and every bounded real-valued Borel function  
 ,h B R , since  h T  is a self-adjoint operator (see 

also §9). In the latter situation  

        g h T g h T g h T


      

and if 0g  , then    0g h T  . Therefore, for any 
increasing sequence of continuous real-valued functions 

 ,ng C  R  a sequence    :ng h T n  is increasing 
and composed of self-adjoint operators. If in addition gn 
converges point-wise to a bounded Borel function g, then 

ng h  converges point-wise to g h .  
There is said that the mapping  

     , qf f T L X  B R   

with the monotone sequential convergence property is 
 -normal.  

15) Theorem. Suppose that T is a bounded normal 

r  meta-invariant operator on an v  Hilbert space X 
and A is a quasi-commutative C*-algebra over the 
Cayley-Dickson algebra v  generated by T and T* and 

 , 2 , 1 min 3, , vI v r v       with 0v  . Then 
the-homomorphism    , vC f f T   A  extends 
to a  -normal-homomorphism  
   , v f f T  B C , where C denotes a quasi- 

commutative von Neumann algebra over v  consisting 
of operators quasi-commuting with each operator quasi- 
commuting with A such that  

1)       sup : f T f b b sp T and   

2)      ˆ, d ,f T x x b f b x x


  E  

   
 

ˆ d ; , ,
sp T

b x x f b   

where        ˆˆ d ; , d ,b x x f b b f b x x   E  for each  

x X . If  , vg  B  , then    g T g T


    , more-  

over, if   0
sp T

g  , then   0g T  . For each  

 , ,g h B R  the composition is      g h T g h T . 
The mapping      ˆ

GG T G   E  is an v  
graded projection valued measure. If an operator T is 
self-adjoint, then it possesses an v  graded spectral 
resolution of the identity  ˆ :bE b  with  ˆ ˆ ,b E I b  E  
and   R , where 2 v .  

Proof. Part of the proof is given in Section 16.  
In view of Theorem V.4.4 [17] a point-wise  

lim limn nf f  of a sequence of   , R  -meas- 
urable functions :nf V  R  converging at each point 
b V  of a set V with a  -algebra   of its subsets is 
an   , R  -measurable function f on V, that is 

  1f  R  , where  R  denotes the Borel  - 
algebra of the real field R.  

Take any vector x X  and an increasing sequence 

 ,nf  B R  tending point-wise to a bounded Borel 
function f . Then  

3)      ˆlim , lim d ,n n
n n

f T x x b f b x x


  E  

   

 

ˆlim d ,

,

n
b f b x x

f T x x



 



 E
 

from the monotone convergence theorem. By the de-
composition properties of the v  valued scalar product 
and the v  gradation of Ê  we get this property on 
 , vB  , since it is accomplished on  ,B R  and 

each  , vf  B   has the form  
4) j j

j

f f i   with real-valued functions jf .  

Let U  be an open subset in v . It can be written as 
a countable union of bounded open subsets kV  in v   

of radius 
,sup

2
kx y V

k

x y
R

 
 , since the topological space  

v  is of countable topological weight when 0v  . 
The topological space v  is normal, consequently, there  

exist open subsets ,k nV  of radius 
1

1 kR
n

  
 

 contained  

in kV  for which continuous functions  , : 0,1k n vf   
exist such that    , , 1k n k nf V   and    , \ 0k n v kf V   
such that  , , 1k n k ncl V V   for each n N  and  

,k n k
n

V V  for every k . Take their combination  

1 , 1 ,: maxn n
n k k n k k ng f f  ∨ . From the construction of 

this sequence we get    limn n Ug x x  for each 

vx , consequently,     \lim 1
vn n Ug x x    for 

each vx .  
Denote by    the family of all Borel subsets of 

  whose characteristic function satisfies Equation 
16(14). This family contains characteristic functions 

Bg   of each closed and every open subset B  of  . 
The  -normality property (see Formula  3 ) implies 
that    is a  -algebra, consequently,    
contains the Borel  -algebra   . Thus Formula 
16(14) is valid for a characteristic function Bg   for 
each Borel subset B of  . Using norm limits one gets 
this formula for any bounded real-valued Borel functions 
g and h.  

Mention that the decompositions  

5) 0 0 m mi i   A A A   and  

6) 0 0 m mi i   C C C    

Are fulfilled so that the-homomorphism  
    0: ,C f f T   R A  extends to a  -normal- 

homomorphism     0: , f f T C   B R  , where C0 
denotes a commutative von Neumann algebra over R  
consisting of operators commuting with each operator 
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commuting with 0A . Algebras kC  are isomorphic with 

0C  and each algebra lA  is isomorphic with 0A . Then 
 : , t

t   B C  is provided for each t  (see 
Conditions 2.9  1 4M M ), where C*-algebras  , vC    
and  , vB   are considered relative to the point-wise 
addition and multiplication of functions from the left and 
right on Cayley-Dickson numbers and point-wise conju- 
gation as involution and with the norm:  

 : supbf f b . 

This implies       j j j jf T i I i I f T  for each j due 
to the v -gradation of the projection valued measure 
Ê  and due to the commutativity of the complex field 

jiR R  for each 1j  . Therefore, decompositions 
 4 6  extend the  -normal-homomorphism from  

    0: , f f T   B R C  up to  
   : , v f f T   B C .  

For a self-adjoint operator T  its spectrum  sp T  is 
contained in R , while the real field R  is separable 
as the normed space.  

16) Theorem. Let A and B be C -algebras over the 
Cayley-Dickson algebra v , 2 v , let also : A B  
be a-homomorphism. Then  

1)      sp T sp T   and  T T   for each 
T  A ;  

2) if K is a self-adjoint element in A and  
  , vf C sp K   and    , vg C sp K   and  

   f b g b   for each bR , then  
     f K g K  ;  

3) if  is a-isomorphism, then  T T   and  
     sp T sp T   for each T  A  and   A  is 

a C -subalgebra in B .  
Proof. 1). Suppose that T  A  and  a sp T , then 

 aI T  has an inverse Q  in A . This implies  
    a sp T  , since  I I   and  
     aI T a I T      has an inverse  Q  in B , 

hence      sp T sp T  , where I denotes the unit 
element in A  and in B . Then  

 2
T T T T T    

and  

        2
T T T T T        

(see §2.24  [18]). But     T T T T    , since  

     sp T sp T  , consequently,  T T   (see  

also Lemma 2.26 [18]). That is the-homomorphism   
is continuous.  

2) If an element K is self-adjoint, then  sp K  R . 
At the same time one has  b b   for each b R , 
since  bI bI   for real b . If  :nP n  is a sequence 
of polynomials tending to f uniformly on  sp K , then  

     limn nP K f K    

and  

     limn nP K g K  ,  

since the restriction 
v I




 induces a-homomorphism 
from v  into v . 

3) If   is a-isomorphism and K is a self-adjoint ele-
ment in A, then by (1) we have      sp K sp K  . 
If this inclusion would be strict, then there would exist a 
non-zero element   , vf C sp K   such that  

  | 0
sp K

f   . But (2) means that   0f K   and  

      0f K g K   , contrary to the assumption 
that   is one-to-one. Thus      sp K sp K   and 

    K K    for each self-adjoint element K . 
Particularly, this is accomplished for K T T  and from 
(1) it follows that  

       22
T T T T T T       , 

consequently,  T T , where T  A is an arbitrary 
element. On the other hand, A  is a complete normed 
space and is the-isometry, consequently,   A  is closed 
in B and contains I. That is   A  is a C*-subalgebra in 
B.  

If V is an element in B, it induces a quasi-commutative 
C*-sub-algebra  , , :

vBcl alg V V I    Y  over v  gen- 
erated by V, V* and I. This sub-algebra has the decompo-
sition 0 0 m mi i   Y Y Y  , where 0 , , ,mY Y  are 
isomorphic algebras over R. Now take the restricted sub-  
algebra 0 0 2 1 2 1r rr

i i
 

  Y Y Y , where  

 2 min 3,r v  . More generally take sub-algebras tY , 
where t  is isomorphic with r  and impose Condi-
tions 2.9  1 3M M . To the latter C*-algebras tY  
Theorem 2.24 [18] is applicable. In view of this theorem  

       Bsp T sp T  A , consequently,  

       sp T sp T  A , since   is the-isomorphism, 
where  Bsp P  denotes the spectrum of an element P in 
B. 

17) Lemma. Let : A B  be a-homomorphism of 
C*-algebras over the Cayley-Dickson algebra v , 2 v . 
Then the testriction 

v I



 induces a-iosmorphism of 

v  into .v  
Proof. A-homomorphism   is R-linear and v -ad-

ditive and    T T 
      so the restricrion 

v I



 
also has there properties. This provides a-homomorphism 
from v  into v . Since  

             1 1 1 1z z z z z          , 

the image of 1  is 1 ,  1 1  . Due to the R -linearity 
this means that    1 1b b b b     for each real 
number bR , i.e. id 

R
. For each purely imaginary  

Cayley-Dickson number vM  ,  Re 0M  , the iden- 
tities 

22M MM M    are satisfied, consequently,  
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   2 22 2M M M M       and  2 2M M  .  

If M and K are two Cayley-Dickson numbers which 
are orthogonal  Re 0MK   , then  

    
     
       

    

0 2 Re

2 Re 0.

MK

MK KM MK KM

M K M M

M K

 

  

   

 



   

 





   

       

   

 

Therefore,  ji  and  ki  are orthogonal for each  

0k j   and   1ji   and    j jbi b i   for every  

real number bR , also   2
1ji   for each 1j  . 

Moreover, we infer that  

           j k k j j k k ji i i i i i i i           

for each 1j k  . That is,  
  : 0, , 2 1r

jspan i j  R  is-isomorphic with v  
fore each 2 r   ,  r v . Using embedded sub-alge- 
bras t  satisfying Condition 2.9  1M into v  we get 
that  v   is-isomorphic with v , since  

          22 2
zz z z z z z    

        

and hence  z z   for each Cayley-Dickson nu- 
mber vz . 
18) Remark. Lemma 17 means that up to a-isomorphic 

of the Cayley-Dickson algebra v  one can consider- 
homomorphisms   satisfying additional restriction: 

v I
id 


, that is  a a   for each va . This will 

simplify notations, for example,     sp T sp T  , 
also f g  in Theorem 16  2 , i.e.  

     f K f K  . 
19) Theorem. If T is a bounded normal r  meta-in- 

variant operator on an v  Hilbert space X, 02 v  , 
 1 min 3,r v  . Suppose that   : , vsp T B A  

is a  -normal homomorphism into a quasi-commuta- 
tive von Neumann algebra over v  such that  1 I   
and  id T  , where  id b b  for each  b sp T .  

Then    , vsp T B K , where  

 , ,
v

cl alg T T I   K   is the quasi-commutative von 
Neumann algebra over v  generated by T and T* and I 
so that    f f T   for every   , vf sp TB  .  

Proof. As in §15   , vsp TB   is supplied with the 
structure of a quasi-commutative C*-algebra with  sp T  
instead of  . On the other hand, the inclusion  

  vsp T    is valid and 1,   , vid sp TB  . For 
each   , vf sp TB   and  \va sp f  there ex-
ists   , vh sp TB   such that  1 1f a h  , con-
sequently,       f a I h I     and hence  
    a sp f  . If   ,g sp TB R , then  1g a  

has an inverse h in   , vsp TB   for each \va R , 
consequently,  g  is self-adjoint in A. The homo-
morphism   is order preserving and does not increase 
norm by Theorem 18.  

Next we apply Theorems 2.24 and 3.22 [17] and §2.9. 
Consider   restricted to   , vC sp T  . Then  
   f f T   for each   , vf C sp T   and  

   , ,
v

f T cl alg T T I    . The mappings   and  

 g g T  are  -normal, as in §§14, 15 we get that 
   g g T  K , when Ug   is the characteristic 

function of an open subset U  in  sp T . 
We consider the family   of all Borel subsets with 

their characteristic functions satisfying the equality 
   g g T  . By the  -normality this family   con- 

tains the union of each countable subfamily. It contains 
also the complement of each set, since  1 I  . Thus 
  contains the family   sp T  of all Borel subsets 
of  sp T  and    U U T    for each  

  U sp T . The mapping   is R-linear and v - 
additive and norm continuous so that  g T g . Due 
to the meta-invariance of the operator T  the set of all 
step functions is dense in   , vsp TB   relative to the  

norm topology on it, since  
Xt

sp T  is compact for each 

t , while    
X

vtt
cl sp T sp T


        and the  

Cayley-Dickson algebra v  is separable as the normed 
space for 0v  . Therefore    g g T   K  for each 

  , vg sp TB  . 
20) Theorem. Let T  be a symmetrical k  meta- 

invariant operator,  2 min ,3k v   and \ 1va R , 
then there exists its resolvent function  ;a TR  and 

 2 ; /x R a T x a a    for each  x T . Let T  
be a closed operator, then the sets  T ,   p T , 

 c T  and  r T  are not intersecting and their union 
is the entire Cayley-Dickson algebra v ,  

       p c r vT T T T       . 

Moreover, if additionally an operator T is self-adjoint 
and quasi-linear, then the inclusion   1T  R  is sat-
isfied and    ; ;R a T R a T

  .  
Proof. In the general case for a quasi-linear operator 

(not necessarily symmetrical) for the decomposition of 
the components  , d ; ,

s li i x y   of the projection valued 
measure  ˆ ,x y f   defined (see also §2.23  [18]) as 
the sum of the point  ,s li i p

 , absolutely continuous  

 ,s li i ac
  and continuous singular  ,s li i sing

  measures  

in accordance with the Lebesgue theorem cited in §2.50  
gives  2

, , , , , , ,, ,
s lk i i k p s l ac s l sing s lL         , where  

  2
, , ,: , ,

s lp s l k i i kp
L    , 

  2
, , ,: , ,

s lac s l k i i kac
L     
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and  

  2
,: , ,

s lsing,s,l k i i ksing
L A   .  

At the same time for a symmetrical operator, the 
inclusion  T  R  is satisfied and due to the relations 
given in §2.23  [18] for components of the projection 
valued measure the supports of all these measures for 
different ,s l  are consistent and are contained in R .  

21) Theorem. For a self-adjoint quasi-linear k - 
meta-invariant operator T  in a Hilbert space X  over 
the Cayley-Dickson algebra v ,  2 v ,  

 1 min 3,k v  , there exists a uniquely defined regu- 
lar countably additive self-adjoint spectral measure Ê  
on  v  , 

 
ˆ 0

T
E  such that  

1)     
 

2ˆ: : ; d ;  and
T

T x x X z z x x


       
  

 E  

2)   ˆlim d
n

n
n

Tx z z x




  E  

for each  x T .  
Proof. Due to Proposition 2.22.9, §2.29 and Theorem 

2.30 [18] the space  T  is v -vector. Use Lemma 
2.26 [18] and take a marked element  1 2 1

, , kq i i


  , 
then we consider     1

:h z q z
   from k  into k . 

It also is the homomorphism of the unit sphere  
 2 1 : : 1

k

kS z z     into k  and for  

          : ;A q z I R z T q z I q z I      

for each    \z T q  is accomplished the identity 
  ;hI R q T A I   in accordance with Lemma 2.5 [18]. 

If z q , then  :p h q   , consequently,  
  ;p R q T .  

Let     0 ;p h z R q T   , then there exists 
 : ;B R q T A , where    1

: ;A pI R q T


  , conse- 
quently, B  is bijective,    B T   and  
   zI T B q z I   , that is,  z T . For  

    0 ;h z R q T     the operator  
   1

;R q T qI T
    is bounded and it is defined eve- 

rywhere and this case was considered in Theorem 2.24 
[18]. Therefore, the mapping h  is the homeomorphism 
from  T  onto     ;R q T  , consequently, also 
from    T   onto   ;R q T .  

If kM   and l ki  , then  , lalg M iR  is asso- 
ciative and  , ,lalg M i qR  is alternative, since 3k  , 
while a purely imaginary quaternion or octonion number 
has the decomposition lM i K   , where ,  R , 

 Re 0li K   , kK  . If , , l kM q i  , then  
 , ,lalg M i qR  is alternative as the subalgebra contained 

in k ,  3k  . If kM   and , \l v kq i   , then M  
anti-commutes with q  and li , also M  is orthogonal 
to q and li , consequently,  , ,lalg M i qR  is alternative 
in this case also. Therefore, the subalgebra  , , lalg b q iR  

is alternative for each kb  and  1 2 , ,q i i  .  
For each  k    put     1ˆ ˆ: h E E , where 
1Ê  is the v -graded decomposition of the unity for a 

normal operator  ;R q T . On the other hand, each vec- 
tor x X  has the decomposition 0 0 1 1x x i x i    
and projection valued measure Ê  is v  graded, 
where l lx X  for each l (see §2.8).  

Mention that   1ˆ 0 0E , since in the contrary case  

   
 

1

0

ˆ; d 0R q T x b b x  E  

for each x X  such that   1ˆ0 0x x  E  contra- 
dicting the invertibility of  ;R q T . Therefore,  
 ˆ

k IE  , consequently, Ê  is an v  graded spec- 
tral measure. This spectral measure is self-adjoint, coun- 
tably additive and regular due to such properties of 1Ê  
(see Theorem 15). Then   ˆ T I E  and  ˆ 0 E  
for  T  , where  T  R . We now put  

 
 

2 ˆ: d ;  .
T

x X b b x x


      
  

 E  

Evidently,  ˆ X E   for each bounded Borel 
subset   contained in R , since  

 
 

 2 2ˆ ˆd ; d ;
T

b b x x b b x x





 E E  

and 

   
2

2ˆ ˆd d ; .b b x b b x x
 

 E E  

Thus the equality  

1)  ˆ:  lim d
n

n
n

x b b x




 
  
 

 E  

is fulfilled.  
We next verify, that  T   . Take an arbitrary 

vector  x T . From the definition we have the for- 
mula    ;T R q T X , consequently, a vector y X  
exists such that  ;x R q T y  and  

     ˆ ˆd d ; .
n n

n n
b b x b b R q T y

 
 E E  

Making the change of measure we infer the relations:  

2)      1 1ˆ ˆ; d d ,
k kA A

R q T y p py b y
q b

   
 E E  

consequently,  

   ˆ ˆd d .
n n

n n

b
b b x b y

q b 

 
 E E  

This demonstrates that x  and hence  T   .  
In view of Formula (2) and Theorem 15 we have  
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        ˆ ˆ; d , ,
n

n

R q T b q b n n


    E E  

consequently,     ˆ ,n n X T E  . At the same time 
one has:  

         

 

ˆ ˆ, ; d

ˆ d

n

n

n

n

T n n qI qI T R q T b q b

b b





 
        

 







E E

E

 

and this together with (1) implies that the sequence 
   ˆ , : T n n x nE  converges for each x . The op- 

erator T  is closed and   ˆlim ,n n n x x  E , con-  

sequently,  x T  and  ˆlim d
n

n
n

Tx b b x


  E . Thus  

 T   and together with the opposite inclusion 
demonstrated above this gives the equality  T  .  

Suppose that another v  graded measure F̂  exists 
with the same properties as Ê . In accordance with 
statement  a  of this theorem we have  

    ˆ ,m m x T F   and together with  b  this im- 
plies that  

    

       

   

ˆ ,

ˆlim d ,

ˆ d .

n

n
n

m

m

qI T m m x

F b q b m m x

b q b x






 

   

  





F

F

F

 

In accordance with Theorems 15 above and 2.24, Pro- 
positions 2.22.20, 2.22.12, 2.22.18 [18] one has  

         1ˆ ˆ ˆ, d d
m m

m m

m m b q b b
q b 

  
      

  
 F F F  

and 

         

   

1ˆ ˆ ˆ, , d

1ˆ d ,

m

m

m

m

m m qI T m m b
q b

qI T b
q b





 
     

 

  






F F F

F

 

consequently, 

       1ˆ ˆ; , d .
m

m

R q T m m b
q b

  
F F  

Taking the limit with m  tending to the infinity and 
substituting the measure one gets:  

      11ˆ ˆ; d d ,
kA

R q T b h b b
q b






   
 F F  

consequently,     1 1ˆ ˆh   F E  and hence  

   ˆ ˆ F E  for each Borel subset   contained in 

k . Thus the v  graded spectral measure is unique. 
22) Definitions. A unique (graded) spectral measure, 

related with a self-adjoint quasi-linear operator T in X is 
called a decomposition of the unity for T. For an v - 
valued Borel function f defined Ê -almost everywhere 
on R a function  f T  of a self-adjoint operator T is 
defined by the relations:  

1)      : : there exists limn nf T x f T x ,  
where    :nf z f z  for  f z n ;   : 0nf z   while 

  >f z n ;  
2)    : limn nf T x f T x  for each   x f T , 

where n N .  
23) Theorem. Let Ê  be a decomposition of the unity 

for a self-adjoint quasi-linear r -meta-invariant op-
erator T in a Hilbert space X over the Cayley-Dickson 
algebra v  and let a Borel function f be as in §22, 
2 v ,  1 min 3,r v  . Then  f T  is a closed quasi- 
linear operator with an everywhere dense domain of its 
definition, moreover:  

a)       2 ˆ: d ; ;f T x f z z x x




 
   
 

 E   

b)         ˆ; d ; , ;f T x y z f z x y x f T




   E   

c)         2 2 ˆ d ; , ;f T x f z z x x x f T




  E  

d)    ;f T f T
    

e)        1ˆ; d , .R q T z q T
q z






  
 E  

Proof. Take a sequence of functions nf  from §22  
and subsets   : : n z f z n   . Then  

       

   

2 2 2

2

ˆlim lim d ;

ˆ d ;

n

n
n n

f T x f T x f z z x x

f z z x x







 







E

E

 

for each   x f T , from this it follows  c  and 
that   f T  is contained in  

    2 ˆ: d ; <x f z z x x



 E .  

If     2 ˆ: d ;y x f z z x x



   E , then  

       2 2

\

ˆ d ;
m n

m nf T y f T y f z z x x
 

    E  

for each m n , consequently,  

   lim 0.sup m n
n m n

f T y f T y
 

   

This demonstrates statement a).  
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To the non-commutative measure ̂  given on a  - 
algebra   of subsets of the set   a quasi-linear 
operator with values in v  corresponds and due to 
Theorem 2.24 and Definitions 2.23 [18] this measure is 
completely characterized by the family of R -valued 
measures ,j li i , such that  

   ,
,

ˆ , ; , ,
k li i k l

k l

x y f f x y i     

where k k
k

f fi   with real-valued functions k f ,  

     , ,; , d ; ,
k l k li i k k i if x y f x y    



 

for   ,x y f T , for each ̂ -integrable v -valued 
function f  with components k f , where  

, 0,1, , ,k l m   . Then it can be defined the variation 
of the measure  

   ˆ ˆ, : sup
l

l

W
W U l

V U  


   

by all finite disjoint systems  lW  of subsets lW   
in U  with l

l

W U .  
We have the embedding r v  . Here we consider 

the Borel  -algebra  v     on the Cayley- 
Dickson algebra v . Mention that each Borel measure 
̂  on r  has a natural extension to a Borel measure 
on v  so that  ˆ , \ 0v vV    . If ̂  is bounded, 
then it is the quasi-linear operator of the bounded va- 
riation with  

   ˆ ˆ, ,sup U
U

V   


  

moreover,  ˆ ,V    is  -additive on  , if ̂  is 
 -additive, that is in the case considered here with 

v   and  v    .  
The function f  we call ̂ -measurable, if each its 

component jf  is ,j li i -measurable for each j  and 
0,1, , ,l m    The space of all ̂ -measurable v - 

valued functions f  with  

 1ˆ , :
pp

p
V f f     

we denote by  ˆpL   while 0 p   , also  ˆL   
is the space of all f  for which there exists  

 ˆ ,:  sup .Vf ess f 
    

In details we write  ˆ, , ,p
vL    instead of  ˆpL  , 

where  

   ˆˆ , : , vV h V    

with 0h   non-negative ̂ -measurable function  
 : 0,vh   ,      ˆ ˆ d dy y h y  ,  

   
0

22

,ˆ : ,
lU i i U

l

h h      

since the function Uh  is real-valued. A subset W  in 

  we call  -zero-set, if  ˆ , 0V W  , where V   is 
the extension of the complete variation V by the formula  

   ˆ ˆ, : inf ,
F A

V A V F 

 
  

for A   . An v -valued measure ̂  on   we call 
absolutely continuous relative to ̂ , if  ˆ, 0V A   
for each subset A    with  ˆ , 0V A  . A measure 
̂  we call positive, if each ,m n  is non-negative and 
there exist indices ,m n  for which ,m n  is positive (i.e. 
non-negative on its  -algebra and positive on some 
elements of this  -algebra).  

For a reference we formulate the following non-com- 
mutative variants of Radon-Nikodym’s theorem.  

RNCD. Theorem. 1) If  ˆ, ,  is a space with a 
 -finite positive v -valued measure ̂ , where 2 ≤ v ≤ 
3, also ̂  is an absolutely continuous relative to ̂  
bounded v -valued measure defined on  , then there 
exists a unique function  1 ˆ, , , vf L    , such that 
   ˆ ˆ UU f    for each U  , moreover,  

     1
ˆ ˆ, : ,d .V f f y V y   



  

2) If  ˆ, ,  is a space with bounded v -valued 
measure ̂ , also ̂  is an absolutely continuous rela- 
tive to ̂  v -valued measure defined on  , where 
2 3v  , then there exists a unique function  1 ˆf L  , 
such that    ˆ ˆ UU f    for each U  .  

Proof. This follows from the corresponding Radon- 
Nikodym’s theorems for R-valued and C-valued meas-
ures.  

Recall the classical Radon-Nikodym theorem (III.10.2, 
10.7 [19]). Let  , ,  be a measure space with a 
 -finite positive measure   and let   be a defined 
on   finite real-valued measure absolutely continuous 
relative to  , then there exists a unique function 

 1 , , ,f L   R  such that  

     d
A

A f y y    

for each A , moreover,   1
,V f  . Let  

 , ,  be a space with a finite complex-valued 
measure and let   be a defined on   finite com- 
plex-valued measure absolutely continuous relative to 
 , then there exists a unique function  

 1 , , ,f L C   such that  

     d
A

A f y y    

for each A .  
In the quaternion skew field and the octonion algebra 

each equation of the form ax b  or xa b  for non- 
zero a has the solution 1x a b  or 1x ba  respec- 
tively.  

On the other hand, a measure ,n k  is absolutely con- 
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tinuous relative to  ˆV   for each ,n k , consequently, 
     , , ˆd ,dn k n kx h x V x   with  

  1
, ˆ, , ,k nh L V   R  and hence  
     ˆ ˆd ,dx h x V x  , where   1 ˆ, , , vh L V    . 

Analogously, one gets      ˆ ˆd ,dx g x V x   with 
  1 ˆ, , , vg L V    . Thus ̂  almost everywhere 

on   one obtains  

       1
ˆ ˆd d .x x h x

g x
 

 
   

 
 

Continuation of the proof of Theorem 23.  
The r -meta-invariance of T implies, that the fami- 

lies of subalgebras t  isomorphic with r  exist, 
which are defined on vector sub-spaces t X  over t  
satisfying Conditions 2.9  1 4M M . Therefore, we take 
restrictions 

Xt
T  and reduce the consideration to the 

case over r  up to an isomorphism of the Cayley- 
Dickson algebras.  

Recall that a mapping :f U W  of a topological 
space U into a topological space W is called closed if its 
graph  G f  is a closed subset in U W , where  

     : , : G f x f x x U  . In view of criterion (14.1.1)  

[15] a mapping :f U W  has a closed graph if and 
only if for each net a x  in U converging to x X  and 
with  af x y  the equality  y f x  is fulfilled.  

We now prove that  f T  is a closed operator. For 
each 1,2,n    we have     ˆ

n X f T E   and 
 ˆlimn n x x E  for each x X , consequently, a do- 

main of definition   f T  of  f T  is everywhere 
dense in X . Take a sequence     :n x n f T   so 
that limn n x x  and  limn nf T x y . Then for each 
natural number m  we get the equalities:  

   

     

lim

ˆ ˆlim .

m m n
n

m n m
n

f T x f T x

f T x y 



 E E
 

Thus  

     ˆlim limm m m my y f T x f T x  E ,  

hence   x f T  and the operator  f T  is closed.  
Let   x f T ,  y X . Due to  RNCD ii  for 

the variation    ,ˆ ˆ: ,x yV     of the measure ,ˆx y  
there exists a Borel measurable function  , such that 
     ,

ˆˆ ˆ: ;x y x y       E  for each    R . 
From  RNCD i  it follows that   1z   ̂ -almost 
everywhere. Consider      1 :f z f z z , then due to 
 a       1f T f T   and  

       

   

1 ˆ; lim d ;

ˆ d ,

n
n

f T x y f z z z x y

f z z


















E

 

since R  is the center of the Cayley-Dickson algebra 
and  0 f z R  for each z . Therefore,  

     

   

ˆ; lim d ;

ˆ d ;

n
n

f T x y z f z x y

z f z x y







 

 





E

E

 

and from this it follows b).  
d) From    ˆ ˆ1

  E E


   for each cs ,  
0 c R ,  0 , , ,ms i i   , where  0 0i   and 
  1ji   for each 1j  , it follows, that E f E f   . 

Take      ,x y f T f T   , then  

       ˆ; d ; ; ,f T x y z f z x y x f T y



   E   

consequently,    f T f T
 . If   y f T

 , then 
for each x X  and   N  one gets that  

       

   

ˆ; ; ;

ˆ; ,

x f T y f T x y f T x y

x f T y

  





 

 



 E

E
 

consequently,      ˆ:f T y f T y 
 E  converges to 

 f T y


 for     and inevitably   y f T  .  
e) Due to Theorem 2.24 [18] the statement  e  fol- 

lows from the fact that    ˆ ˆ:   E E   is the de- 
composition of the unity for the bounded restriction 

X
T


, where  ˆ:X X  E . On the other hand,  

       ˆ ˆ;R q T qI T      E E  for each   N  and  

 q T . Clearly    ; ;
XX

R q T R q T


 . Therefore,  

     

   

ˆ; lim ;

1 1ˆ ˆlim d d

R q T x R q T x

b x b x
q b q b

















   
  

E

E E
 

that finishes the proof.  
24) Theorem. A bounded normal r -meta-invariant 

operator T  on a Hilbert space over the Cayley-Dickson  
algebra v ,  2 v ,  1 min 3,r v  , is unitary, Her- 
mitian or positive if and only if  T  is contained in 

 : : 1v vz z    , R  or  0,  respectively.  
Proof. Due to Theorem 2.24 [18] the equality  

T T TT I    is equivalent to 1zz   for each  
 z T . If    0,T   , then  

 
 

ˆ; d ;  0
T

Tx x z zx x


   E  

for each x X . Applying Theorems 4 and 12 we get 
the statement of this theorem.  

25) Definition. A family   : 0T t t R  of bounded 
quasi-linear operators in a vector space X over the 
Cayley-Dickson algebra v , 2 v , is called a strongly 
continuous semigroup, if  

a)      T t q T t T q   for each , 0t q  ;  
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b)  0T I ;  
c)  T t x  is a continuous function by  0,t   for 

each x X ;  
For 0t   let an operator t  be defined by the 

equality  

d) 
 

t

T t x x
x

t


  for each x X .  

Denote by  A  the set of all vectors x X  for 
which the limit 0limt t x   exists and put  

e) 
0

: lim tt
Ax x   for each  x A . This operator 

A is called an infinitesimal generator of the one- 
parameter semigroup  U t .  

26) Theorem. For each strongly continuous semi-
group   : 0U t t R  of unitary quasi-linear r - 
meta-invariant operators in a Hilbert space X over the 
Cayley-Dickson algebra v , 2 <v  ,  

 1 min 3,r v  , there exists a unique self-adjoint r - 
meta-invariant quasi-linear operator B in X so that  

1)       ˆ; d exp ; ,U t x y b tM b b x y




  E  

2)  ˆ, d ;Bx y b b x y




  E  

for each  ,x y B , where Ê  is an v  graded pro- 
jection valued measure,  M b  is a Borel function from 
R  into   : : 1, Re 0v vz z z     .  

If additionally 1r   and  U t  is either left or right 

v -linear operator for each t, then there exists a marked 
purely imaginary Cayley-Dickson number vM   such 
that  

3)    expU t tMB  for each 0t  .  
Proof. For a marked 0t   this was partially demon-

strated in Section 10. Then we demonstrate it relative to 
the parameter t. Extent a semigroup  U t  for 0t   to 
a group  U t  for each tR  putting    U t U t  .  

Consider the space  0 ,C R R  of all infinitely dif- 
ferentiable functions :f R R  with compact support. 
For each x X  and  0 ,f C R R  consider the inte- 
gral  

4)    : d .fx f t U t x t




   

Since the group  U t  is strongly continuous, this 
integral can be considered as the Riemann integral. Take 
the v -vector space  

  0: : , , .
v

fY span x x X f C   R R  

Then we choose a function    0 ,w b C R R  with 
the support  

    
 

 : : 0 1,1

: : 1 1

supp w cl b w b

b b

   

    R
 

and   0w b   for each b and   0w b   on some in- 
terval  0 0,   and  

 d 1,w b b





 

where 0 0 . Then we put    
:u

w b u
w b

u
  for 

0u  . It can be lightly seen that  

5)     duw
ux x w t U t x x t





    

 
 

 
,

d sup .u
t u u

w t t U t x x


 

 
  
 
  

The one-parameter group  U t  is strongly continuous, 
consequently, the v -vector space Y  is everywhere 
dense in X . For fx Y  we deduce  

6) 
       

dfU q I U q t U t
x f t x t

q q





  
   

      d ,
f q f

U x
q

 
 





 
   

consequently, 

     
0

lim d ,f f

q

U q I
x f U x x

q
  








    

since the function    f q f q      uniformly con- 
verges to  f   on R  when q  tends to zero. Then 
we put :f fQx x  . From the definition of Q  we get 
that    f fQU t x U t Qx  for each fx Y  and tR , 
since  U t  is the one-parameter group and R  is the 
center of the Cayley-Dickson algebra v , which implies  

           
U q I U q t U t U q I

U t U t
q q q

   
  .  

Then the equalities are satisfied:  

   
0, 0

;

; lim ;

; ; ,

f g

f g f g

q t

f g f g

Q Qx x

U q I U t I
Qx Qx x x

q t

x x QQ x x



 

   

 
 

 

 

since    U t U t   and  

     U q I U q I I U q

q q q


     

    
 

and  U t  is the one-parameter group, consequently, 
Q  is the normal r -meta-invariant operator. We have 
that  
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 
   

   

0

0 0

;

lim ;

lim ; lim ; 0,

f g

f g

q

f g f g

q q

Q Q x x

U q I U q I
x x

q q

U q I U q I
x x x x

q q





 



   
  

 

  
  



 

hence Q Q   and the operator Q  is skew-adjoint.  

Then 
0

0

Q

Q

 
  

 is self-adjoint on 2Y . By Theorem  

2.24 [18] it has the v  graded projection valued mea- 
sure F̂  and  

 

 

ˆ; d ; ;

ˆ d ;

r

r

A

A

Qx y z zx y Q x y

z z x y





   

  





F

F
 

for each ,x y Y , since rC  , consequently,  

   ˆ ˆd dz z  F F . Take  
 ,0,

ˆ ˆ: d
r

b
A b

z F F


 and  

ˆ:b bX X F  for 0 b   , where  ,0,rB b  denotes 
as usually the closed ball in r  with center at zero and 
of radius b . Then  

 
 ,0,

ˆ: d
r

b
B b

Q z z  F


 

is the bounded operator on b X ,  b q bQ L X  up to 
an isomorphism of v  Hilbert spaces. In view of 
Theorems 3.4 [18], 4, 9, 12 above the von Neumann 
algebra  , ,  

r b bcl alg Q Q I 
   over r generated by 

, andb bQ Q I  is-isomorphic with  ,b rC A  for an 
extremely disconnected compact topological space b . 
Then  b bQ f   is a skew-symmetric function  

   b bf s f s

     for each bs  and hence has  

the form      b b bf s s N s  with  b s R  and 
 b rN s   for each bs , where  ,b bC   R  

and  ,b b rN C   ,  

   : lg , , ,
r b b b rcl a Q Q I C        

denotes a*-isomorphism. We have that  
     ˆ ˆ ˆ   F F F  for each Borel subsets   and 

  contained in r . Therefore, up to a*-isomorphism 
of C -algebras the aforementioned functions and alge-
bras can be chosen consistent: , 

b
b c c b 


     and 

b
bc

N N


  for each 0 b c    .  
Then we get  1 :b b A    is the self-adjoint r - 

meta-invariant operator with an v -graded projection 
valued measure Ê  on   ,b b  so that  

 ˆ; d ;
b

b
b

Ax y x y 


  E  

for each , bx y X . Therefore,  

   ˆ; d ; ,
b

b
b

Qx y M x y  


  E  

where  M   is a Borel function with values in v  
(see Theorems 15, 16).  

We now take a consistent family of v -graded pro-  

jection valued measures Ê  on  ,
b

b b


 
N

R  and put  

 ˆ d .B  




  E  

This operator is self-adjoint with a domain of defini-
tion  B  given by Theorem 21. Consider the opera-
tor  

      ˆ; d exp ; ,V t x y tM x y  




  E  

, , x y X t R . Since   exp 1tM     for each  
,t  R  and Ê  is the v -graded projection valued 

measure on  R , operators  V t  are well defined. 
Their family by tR  forms the one-parameter group 
of normal r -meta-invariant unitary operators with a 
domain given by Theorem 24. Indeed, the projection 
valued measure Ê  is v  graded and  

     exp exptM tM   


       

for each ,t  R , since    M M     for every 
 R .  

It remains to show that    V t U t  for each tR . 
There is the inclusion  Y B  . Let x Y , then  

   V t x B  and 
   

d

d

V t
QV t x

t
 . On the other hand,  

   U t x B  for each t . We consider  
     t U t x V t x    and get  

       
d

d

t
QU t x QV t x Q t

t


   ,  

consequently,  

 
       

2
d

; ; 0
d

t
Q t t t Q t

t


      ,  

since the operator Q is skew-symmetric. But  0 0  , 
consequently,   0t   for each tR . Thus the 
equality    U t x V t x  is fulfilled for each tR  
and x Y . The v  vector subspace Y is everywhere 
dense in X, consequently,    U t V t  for each tR .  

When the one-parameter group  U t  satisfies addi- 
tional conditions either left or right v -linearity and 

1r  , then there exists a marked purely imaginary 
Cayley-Dickson number vM   such that  
   expU t tMB  for each 0t   due to Theorem 10 
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and the proof above, since in this case  N s N  and 
 M M   are constants in accordance with Conditions 

25  i v . 
27) Remark. Another way of the preceding theorem 

proof in the particular case 1r   and either left or right 

v  linear operators  U t  for each t is the following.  
If   : 0T t t  is a semigroup continuous in the 

operator norm topology (see also the complex case in 
Theorem VIII.1.2 [19]), then there exists a bounded 

1 -meta-invariant either left or right v -linear operator 
A  on X  such that    expT t tA  for each 0t  . If 

   Re : 2z z z A   , then  

      exp exp Re 0t zI A t A z       

for t  . For such vz  due to the Lebesgue 
theorem:  

    
0

exp dzI A t zI A t I


    ,  

also by Lemma 2.8 there exists  

    
0

; exp dR z A t zI A t


   .  

For each 0  let   :x T x x    , where x X , 
for which there exists 0< 0lim x  , the set of all such 
x  we denote by  AD . Evidently,  AD  is the v - 
vector subspace in X. Take some infinitesimal quasi- 
linear operator 0 0: limAx x    . Considering v  as 
the Banach space over R , we get the analogs of 
Lemmas 3, 4, 7, Corollaries 5, 9 and Theorem 10 from 
§  VIII.1 [19], moreover,  A  is dense in X, also A is 
the closed quasi-linear 1 -meta-invariant operator on 
 AD . Let   0 : lim lntw T t t  and vz  with 
  0Re z w . For each  0 Rew z   due to Corollary 

VIII.1.5 [19] a constant 0C   exists such that  
   expT t C t  for each 0t  . Then there exists  

    
0

: exp dR z x t zI A x t


    for each x X  and 

  0Re z w , consequently,    R z x AD .  

Let zT  be a quasi-linear operator corresponding to 
 1z I A  instead of T  for A , where 0 vz  , 
moreover,     1A z I AD D . Then  

     
   

1 1

0

1 1

0

exp d

exp d ,

z I A t I z I A x t

t I z I A z Ax t


 


 

 

  




 

consequently,   R z zI A x x   for each  x AD  
and    ;R z R z A . Thus,  

    
0

; exp dR z A x t zI A x t


    

for each  z A  and x X .  
From §2.39  [18] it follows, that for the quasi-linear 

operator A the quasi-linear operator B exists such that 
A MB , where vM  , 1M  ,  Re 0M  . In 

view of the identities        U t U t U t U t I
    we 

get that A commutes with A  and   exp t A A I  . 
From the equality    ; ,R z B R z B

    it follows, that 
we can choose B B . If Ê  is the decomposition of 
the unity for B and    : expV t MtB , then by Theorem 
2.30 [18] we have  

     ˆ; d exp ; ,V t x y E z Mtz x y




   

then due to the Fubini theorem one gets the equality  

   

    
     

0

0

1

exp ; d

ˆ d exp ; d

ˆ d ; ; ;

V t bt x y t

E z b Mz t x y t

E z b Mz x y R b MB x y



 



 



 

   

   



 



 

for each b M R R  with  Re 0b  . Therefore, we 
infer  

       
0 0

exp ; d exp ; dV t bt x y t U t bt x y t
 

       

for  Re 0b  . Due to Lemma .1.15VIII  the equality  

       exp ; exp ;V t t x y U t t x y        

is fulfilled for each 0t   and for every b M R R  
with  Re 0b  , consequently,    U t V t .  

28) Definitions. A topological v -vector space X  
is called locally convex, if it has a base of open neighbor- 
hoods of zero consisting of v -convex open subsets U , 
that is    ax b c yg U   for each , , , va b c g   with 

1a b c g   and every ,x y U . Let X  be an 

v -vector locally convex space. Consider left and right 
and two sided v -vector spans of the family of vectors 
 :a a A  , where  

 

  
1

1

, , ; ;

:

: : ;

v

k
a a v

l a

k a
a a

g g a k

span a

z X z g g




  



     
  




 



 A N

A

 

 

  
1

1

, , ; ;

:

: : ;

v

k
a a v

r a

a k
a a

g g a k

span a

z X z g g




  



     
  




 



 A N

A

 

 

 
 3

, ;

:

: : ,

v

q
a a v

a

a
a a

g r a

span a

z X z g r




 



     
  





 A

A

 

where  3q  is a vector prescribing an order of the 
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multiplication in the curled brackets.  
29) Lemma. In the notation of §28   

   
 

: :

: .

v v

v

l a r a

a

span a span a

span a

 



  

 

 



A A

A
 

Proof. Due to the continuity of the addition and multi-
plication on scalars of vectors in X and using the conver-
gence of nets in X, it is sufficient to prove the statement 
of this lemma for a finite set A. Then the space  

 : :
v

aY span a  A  is finite dimensional over v  
and evidently left and right v -vector spans are con-
tained in it. Then in Y it can be chosen a basis over v  
and each vector can be written in the form  

 1 , ,a a a
n    , where , a

s vn  N .  
Each vz  can be written in the polar form  

etMz z , where tR ,  t  is a real parameter, and M 
is a purely imaginary Cayley-Dickson number, vM   
of unit absolute value 1M   and  Re 0M  . Hence 
   z z z        for each e tM    with real 
parameter ,   R , and a Cayley-Dickson number 

v  , since the real field R  is the center of the 
Cayley-Dickson algebra v .  

On the other hand, 0 0 1 1 m mX X i X i X i      , 
where 0 , , ,mX X   are pairwise isomorphic R -linear 
locally convex spaces. Therefore, we have  

   
 

: :

: ,

v v

v

l a r a

a

span a span a

span a

 



 

 

A A

A

 



 

that together with the inclusion  

   
 

: :

:

v v

v

r a l a

a

span a span a

span a

 



 

 

A A

A

 



 

proved above leads to the statement of this lemma.  
30) Lemma. Let X be a Hilbert space over the Cayley- 

Dickson algebra v , also X R  be the same space con-
sidered over the real field R. A vector x X  is or-
thogonal to an v -vector subspace Y in X relative to the 

v -valued scalar product in X if and only if x is or-
thogonal to YR  relative to the scalar product in X R . 
The space X is isomorphic to the standard Hilbert space 
 2 , vl    over v  of converging relative to the norm 

sequences or nets  :a a     with the scalar pro-  

duct ; : a
a

a

w w    , moreover,  

     card
0card 2 vd X   , where  card   is the car-

dinality of a set  ,  0 card N  ,  d X  denotes the 
topological density of X.  

Proof. Due to Lemma 29 and by the transfinite induc-
tion in Y, an v -vector independent system of vectors 
 :a a  A  exists, such that  :

v

r aspan a  A  is 
everywhere dense in Y. In another words in Y, a Hamel 

basis over v  exists. A vector x by the definition is 
orthogonal to Y if and only if ; 0x   for each Y  , 
that is equivalent to ; 0a x   for each a A . The 
space X is isomorphic to the direct sum  

0 1 1 m mX X i X i     , where 0 , , ,mX X   are 
the pairwise isomorphic Hilbert spaces over R , also 

0 1 mX X X X    R   . The scalar product  
;x y  in X  then can be written in the form  

1) 
,

; ;k n k n
k n

x y x y i i   ,  

where ;k nx y R  due to §2.8  above. Then the scalar 
product ;x y  in X  induces the scalar product.  

2) ; : ;k k
k

x y x y R
.  

in X R . Therefore, the orthogonality of x to the subspace 
Y relative to ;x y  is equivalent to ; 0k nx y   for 
every y Y  and each k, n, that implies the orthogonal-
ity of x to the subspace YR  relative to  ; ,x y x y

R
. 

Due to Lemma 31 from yY  it follows, that n ny i Y  
for each 0,1, , ,n m   . If n ny Y , then n k n l ly i i Y i  , 
where either l k ni i i  or l k ni i i  . Moreover, by the 
definition Y is the two-sided module over the Cayley- 
Dickson algebra v . Then from ; 0kx y 

R
 for each 

y Y  and 0,1,k    due to Formula 2.8 (SP) it fol-
lows, that ; 0k nx y   for each k, n, since Y is the 

v -vector space, consequently, ; 0x y   for each 
y Y .  

Then by the theorem about transfinite induction [14] in 
X, the orthogonal basis over v  exists, in which every 
vector can be presented in the form of the converging 
series of left (or right) v -vector combinations of basic 
vectors. The real Hilbert space 0X  is isomorphic with 
 2 ,l  R , consequently, 0 1 1 m mX X X i X i      

is isomorphic with  2 , vl   . The Cayley-Dickson al-
gebra v  is normed, while the real field R is separable, 
hence    card

0 2 v
vd  . The space X is normed, con-

sequently, the base of neighborhoods of x is countable 
for each x X , hence for the topological density it is 
accomplished the equality      card

0card 2 vd X   . 
Particularly, for a finite dimensional algebra v , i.e. 
2 v  , and   0card    one gets    cardd X  . 

31) Lemma. For each quasi-linear operator T in a 
Hilbert space X over the Cayley-Dickson algebra v  
an adjoint operator T   in X relative to the v -scalar 
product induces an adjoint operator T 

R  in X R  rela- 
tive to the R -valued scalar product in X R .  

Proof. Let  T  be a domain of the definition of an 
operator T, which is dense in X. Due to Formulas 30 
 ,i ii  and the existence of the R-linear automorphisms 

kz zi  in v  as the R-linear space for each  
0,1, , ,k m   , the continuity of scalar products 

;Tx y  implies that of ;Tx y
R

 by  x T . For 
v    these continuities are equivalent. Therefore, due  
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to Lemma 29 the family of all y X , for which 
;Tx y  is continuous by  x T  forms an v -vec- 

tor subspace in X and this provides a domain of the defi- 
nition  T   of the operator T   everywhere dense in 
X . Then the adjoint operator T   is defined by the 

equality ; : ;Tx y x T y , also T 
R  is given by the  

way of ; ; RTx y x T y
R R

, where  x T , also 

 y T  . Due to Formula 30  i,ii  one deduces 

   ; ;k kk k
x T y x T y 

R
 for each  x T ,  

 y T   and 0,1, , ,k m   . In view of Proposi- 
tions 2.22.18 and 2.22.20 [18] and Lemma 29 above 

 T  and  T   are v -vector spaces, then the 
family of R -linear automorphisms of the Cayley- 
Dickson algebra v  as the R -linear space given above 
lead to the conclusion that T   on  T   induces T 

R  
in X R .  

32) Definition. A bounded quasi-linear operator P in a 
Hilbert space X  over the Cayley-Dickson algebra v  
is called a partial R - (or v -) isometry, if there exists a 
closed R - (or v -) vector subspace Y  such that  

Px x  for each x Y  and    0P Y  R  (or  
   0P Y    respectively), where  

 : : ; 0,Y z X z y y Y       

 : : ; 0,Y z X z y y Y     R R R
.  

33) Definition. An operator :T X Y  with an v - 
vector domain  T  in a Hilbert space X over the 
Cayley-Dickson algebra v  is called densely defined, if 

 T  is (every)where dense in X, where Y is a Hilbert 
space over v .  

An operator Q extends T (or Q is an extension of T) if 
   Q T   and Qx Tx  for each  x Q . This 

situation is denoted by Q T .  
Denote by       : , : T x Tx x T    a graph of T. 

If  cl T    is the graph of a quasi-linear operator T , 
then one says that T is pre-closed (or closable) and refers 
to T  as the closure of T. 

34) Theorem. Let T be a densely defined quasi-linear 
operator :T X Y  in a Hilbert space X over the 
Cayley-Dickson algebra v , where Y is a Hilbert space 
over v , 0 v . Suppose that T is either left or right v - 
linear. Then  

1) If T is pre-closed, then  T T
  ;  

2) T is pre-closed if and only if  T   is dense in 
Y ;  

3) If T is pre-closed, then T T  ;  
4) If T is closed, then the operator  I T T  is one- 

to-one with range X and positive inverse   1
I T T

  of 
norm not exceeding 1;  

5) If T is closed, then the operator T T  is self-adjoint 
and positive;  

6) If T is either left or right v -linear on  T , then 

T   is either left or right v -linear on  T   respec- 
tively.  

Proof. If an operator T is either left or right v -linear, 
then  T  is an v -vector space due to Lemma 29. 
Therefore, consider the case of  T  being an v - 
vector space.  

6) Let T be right v -linear  0 0
x T  and  

 0 0
y T  , vz , then  

   

 
 

0 0 0 0 0 0 0 0

0 0 0 0

0 0

; ; ; ;

; ,

;

T x a y Tx a y Tx y a x T y a

x T y a Tx y a

x T y a

  

  



  

 



 

in accordance with Formula 2.8  SP , consequently, 
   0 0T y b Ty b  for each vb , since  

0 0 0 j j jX x x i X i   induces the R -linear isomor- 
phism of 0X  onto jX ,    0 0 j jy b i y bi  for each 

0,1,2,j   . Analogously Statement  6  of this theo- 
rem is verified in the case of a left v -linear operator T.  

1) If Q is densely defined and T is an extension of Q, 
then ; ; ;Qx y Tx y x T y   for each  y T   
and  x Q , consequently,  y Q  and  
Q y T y  , hence Q  is an extension of T  . From 
T T  it follows that  T T

  . For an arbitrary vec- 
tor x X  take a sequence  :n x n  in  T  con- 
verging to x  such that  nT x  converges to Tx . 
Therefore,  

; lim ; lim ; ;n n n nTx y T x y x T y x T y     

for each  y T  , consequently,   y T


  and 
 T y T y

  . Thus  T T
  .  

2) If  T  is closed in X Y , then it is the Hilbert 
space over v  so that  T X Y   . Consider the 
mapping    : ,P T x y x Y   , consequently, P is 
bounded and quasi-linear. Thus P has a bounded adjoint 
P  mapping Y into  T . This operator P has null 
space    ker 0P  , since    0, y T  only when y 
= 0. In view of Theorem 2.30 [18] the range of P  is 
dense in  T  as the v -vector space. Thus  T  
contains a dense v -vector subspace the range of P  
consisting of all pairs  ,x Tx  with  

   Tx T T    . If a vector y is orthogonal to  

 R T , then 0 ; ;Tx y Tx y   for each  x T ,  
hence  y T   and it is annihilated by T*. Thus 

 T   contains a dense subset of the v -vector range 
of T  as well as the orthogonal complement of this 
range due to Lemma 31. The formula of the scalar prod-
uct 2.8  SP  on X and Cauchy-Schwartz’ inequality 
implies that there is the v -vector subspace  T   in 
Y, since  T  is the v -vector subspace. Since 

 T   is an v -vector subspace, it is dense in Y.  
Suppose now that  T  is dense in Y and  :n x n  

is a sequence in  T  converging to zero so that 
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 :nT x n  converges to w . Then if  y T   we get 
; ;n nT x y x T y , hence ;n x T y  converges to 0 

and ;w y  simultaneously. Therefore, the operator T is 
pre-closed, since  T   is dense in Y and hence w = 0.  

3) At first we demonstrate that if T is densely defined, 
then T   is a closed operator. Take arbitrary vectors 

 ,y z T   and  x T . Let T be left v -linear, 
so we get  

 

;

; ; ;

; ;

; ;

; ;

j k k
k

j k k j k k j
k k

j k k j
k

j k k j
k

j k k j
k

x T a y i T z

Tx a y i z Tx a y i Tx z

T x a y i Tx z

x a T y i x T z

x aT y i x T z

 



  

 

   
 

         
   

 

   
 

   
 



 







 

for each la iR  and  k k
k

y y i T Y     and  

 z T  , since the subalgebra  ,k lalg i iR  is asso- 
ciative for each ,k l , consequently,  ay z T    
and  k kT ay z aT y T z     . Thus  T   is an 

v -vector space by Lemmas 30 and 31 and T   is a left 

v -linear operator, since each Cayley-Dickson number b  
has the decomposition l l

l

b b i   with lb R for every  

l. Analogously it can be demonstrated in the right v - 
linear case (see also (6) above). If  :n z n  is a se- 
quence in  T   converging to z so that  : nT z n  
converges to w , then ; ;n ny T z Ty z  , hence the  

sequence  ; :ny T z n  converges to ;Ty z  and in-  

evitably this gives ; ;Ty z y w  for each  y T . 
Thus  z T   and T z w  . This means that the 
operator T   is closed.  

Suppose that conditions of (3) are accomplished. The 
domain of definition  T   is dense in X in accor-
dance with (2), when T is pre-closed, so that T* has an 
adjoint operator T  . Then ; ;T y x y Tx   for each 

 x T  and  y T  , consequently,  x T   
and T x Tx  . Therefore, the operator T   is closed, 
consequently, T T T   . From Section 1 of this 
proof, it follows that T T T    . On the other hand,  

we have  T T
  , since the operator T* is closed.  

Thus T T  .  
We have that T T   and    T T    . This im-  

plies that ; ; 0x y T x Ty   for each  y T   

when    ,x T x T   is orthogonal to  T . Par- 

ticularly it holds for  Ty T   and implies  

 ; 0x T T Iy   .  

From (2) of this proof we get that  T T I X X   . 
Indeed, if z X  and  ,P z w q  , then Tw q  and  

 ; ; , ; ;z y P z y Ty w y q Ty    

for each  y T , consequently, ; ;Ty q y z w   
and  q T  . Then T q T Tw z w     and  
 T T I w z   . Thus 0x   and    T T    and 
T T  .  

4) If  x T T I  , then  

 
 

2
; ; ;

 .

x x x Tx Tx T T I x x

T T I x x





   

 
 

Hence        
1

ker : 0 0T T I T T I
     , that is, this  

operator  T T I   is one-to-one and has a bounded 
inverse of norm not exceeding one. Each z X  has the 
form  T T I x z   , consequently, the inverse operator  

  1
:H T T I

   is positive, since  

 ; ;z Hz T T I x x  .  
5) From 4) we have that  T T  is dense in X. For 

each  x T T  we get  

  ; ; ;T T I x y T Tx y x y    , 

consequently,  T T
  and  T T I

   have the same  

domain and    T T I T T I
     . With  y T T   

one has the equality ; ;T Tx y x T Ty   such that  

 T T T T
   and    T T I T T I

    , consequently,  

 T T I X X
   . If a vector y is such that  

  0T T I y
   , then  

   ; ; 0T T I y x y T T I x
      

for each  x T T , consequently, 0y  , since  

   :R T T I T T I X X     .  

Thus the operator  T T I
   is bijective and extends 

the operator  T T I   and these two operators have the 
same range. Therefore, one infers that  

   T T I T T I T T I
         so that  T T T T

  .  

Then the inequality ; ;  0T Tx x Tx Tx    for each 
 x T T  shows that the operator T T  is positive.  

35) Theorem. If T is a closed quasi-linear r -meta- 
invariant operator in a Hilbert space X over the Cayley- 
Dickson algebra v , where 2 v ,  1 min 3,r v  , 
then T = PA, where P is a partial R-isometry on XR with 
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the initial domain   cl T  , also A is a self-adjoint 
quasi-linear operator such that      cl A cl T   , 
where  T  denotes a range of T. If additionally T is 
either left or right v -linear, then there are either left 
or right v -linear isometry P and either left or right 

v -linear operator A respectively such that T = PA.  
Proof. Due to the spectral theorem 21, a self-adjoint 

quasi-linear r -meta-invariant operator T  is positive 
if and only if its spectrum is contained in    0,T   . 
In the Cayley-Dickson algebra v  each polynomial has 
a root, i.e. zero, (see Theorem 3.17 [16] or §2.2.4  [13]). 
Therefore, if H  is a positive self-adjoint quasi-linear 
operator, then there exists a unique positive quasi-linear 

r -meta-invariant operator A , such that 2A H ,  

 
0

ˆ dA b b


  E  

With   0f b b   for 0b   and a domain of its 
definition  A  is given by Theorem 21. Therefore, 
generally there exists a positive square root A  of the 
operator T T . The space   cl A  is R-linear, where 

  :A AX .  
If the operator A is in addition either left or right v - 

linear, then   cl A  is the v -vector subspace due 
to Lemma 29. In view of Lemma 30, there exists the 
perpendicular projection   ˆ 0,E  from X on   cl A , 
moreover, Ê  is right or left v -linear, if   cl A  is 
the v -vector subspace.  

Then Q is a correctly defined isometry with the do-
main of definition  B , where B is the restriction of A  

on  T T ,  T T
B A 


, where  T T  is consid-  

ered as the R-linear space embedded into X in general, 
but for either left or right v -linear operator T it is con-
sidered as the v -vector space, analogously for domains 
and ranges of the considered here other operators, that is 
clear from the context. In view of Theorem 34  B  is 
dense in  A , since T T A A  . Therefore, if  
   ,x y A , then there exists a sequence  ,n nx y  in 
 B  converging to  ,x y , consequently, limn n y y  

and the vector space   :B BX  is dense in  
  :A AX . Let P1 be an isometric extension of the 

operator Q on  cl A    and F be a perpendicular 
projection in X on  cl A   . If put 1P P F , then P 
is a partial isometry with an initial domain  cl A   . 
Moreover, PAx Tx  for every  x T T .  

Let  :n y n  be a sequence in  A  such that 
limn n y y  and limn nPA y z . Then there exists the 
limit limn nA y w , since P  is the isometric R-linear 
mapping. Then  y A  and Ay w , since the op- 
erator A  is closed. Thus  y PA  and PAy z , 
consequently, the operator PA  is closed.  

It is necessary to verify that T PA . Let K be a re- 
striction of T on  T T . Then by Theorem 34  K  

is dense in  T . If  x T , there exists a sequence 
  , :n nx A x n  in  K  such that  

   lim , ,n n nx A x x Ax . From n nPA x T x  and close- 
ness of PA it follows that  

lim limn n n nPAx PA x T x Tx   , 

consequently, PA T .  
We have that  B  is dense in  A . Therefore, 

for each  x A  a sequence     , :n nx A x n B   
exists so that    lim , ,n n nx A x x Ax . Then we deduce 
that lim limn n n nPAx PA x T x Tx   , since  

n nPA x T x  and the operator T is closed. Thus PA T , 
consequently, together with the opposite inclusion dem-
onstrated above, it implies that PA T .  

In view of Theorem 34 one gets  

   cl A cl T        , 

since 0A x Ax    if and only if 0.T Tx PAx      
We next demonstrate that this decomposition T PA  

into the product of operators is unique. In accordance 
with Theorem 34 AP* = T*, consequently, T T AP PA  . 
On the other hand, P P  is the projector on  cl A   , 
hence 2T T A  . A uniqueness of A follows from Theo-
rem 21. Since the mapping A is unique, the operator P is 
defined on  A  by the equation  P Ax Tx  in the 
unique manner. A continuous extension of P from 

 A  on  cl A    is unique. The restriction of op-
erator P on the orthogonal complement  cl A


    is 

zero. Thus the operator P is uniquely defined by the op-
erator T.  

At the same time A is either right or left v -linear, if T 
is either right or left v -linear, since so is Ê  for such T 
and also *T  is either right or left v -linear due to Theo-
rem 34(6). Since T and A are either right or left v -linear, 
then P also should be such. 

The presented above results of this paper and from 
works [16,20-30] can be used for further developments 
of the operator theory over the Cayley-Dickson algebras 
including that of PDO. 
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