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ABSTRACT

A class of meta-invariant operators over Cayley-Dickson algebra is studied. Their spectral theory is investigated. More-
over, theorems about spectra of generalized unitary operators and their semigroups are demonstrated.
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1. Introduction

The Cayley-Dickson algebras are algebras over the real
field R, but they are not algebras over the complex field
C, since each embedding of C into A with r>2 is
not central. That is why the theory of algebras of opera-
tors over the Cayley-Dickson algebras A, with r>2
is different from algebras of operators over the complex
field C. On the other hand, such theory has many specific
features in comparison with the general theory of alge-
bras of operators over R due to the graded structures of
algebras A, . Moreover, the Cayley-Dickson algebra
A, with r>3 can not be realized as the subalgebra of
any algebra of matrices over R, since these algebras A,
with r >3 are not associative, but the matrix algebra is
associative.

The results of this paper can be used also for the de-
velopment of non-commutative geometry, super-analysis,
quantum mechanics over A , and the theory of repre-
sentations of topological and Lie groups and supergroups
which may be non locally compact, for example, of the
type of the group of diffeomorphisms and the group of
loops or wraps of manifolds over A, (see [1-8]).

As examples of unbounded operators over A, serve
differential operators, including operators in partial de-
rivatives. For example, the Klein-Gordon-Fock or Dirac
operators are used in the theory of spin manifolds [9], but
each spin manifold can be embedded in the quaternion
manifold [10].

The skew field of quaternions H has the automorphism
n ofordertwo 7:z+> Z, where

Z=w, —Wi-w;j—wpk,
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Z=wW +Wi+w; j+wk;w, -, w eR.

There is the norm in H such that |Z| :|ZZ|I/ 2, conse-
quently, 7= |Z|2 7.

The algebra K of octonions (octave, the Cayley algebra)
is defined as the eight dimensional algebra over R with a
basis, for example,

1) b, :=b:={Li, j,kLil, jl,kl} such that;

2) iP=j=k*=1"=-1, j=k, ji=—k, jk=i,
kKj=-i, ki=j, ik=—j, li=-il, jl=-lj, kl=-lk;

3) (a+pl)(r+dl) =(ay—5ﬂ)+(5a+ﬂ;7)l
it is the law of multiplication in K for each
a,B,y,0eH, E=a+pleK, n=y+dlek,
Z:=v-wi—Xj—yk for quaternions
z=v+Wi+Xj+ykeH with v,w,x,yeR.

The algebra of octonions is neither commutative, nor
associative, since (ij)l=kl, i(jl)=—kl, but it is dis-
tributive and the real field RI1 is its center. If
E=a+pfleK,then

4) E:=a-pl is called the adjoint element for &,
where «,f € H . In addition we have the identities:

5) (én) =A&.E+ii=(&+n) and &E=of +|A[
where |0{|2 =ada , so that

6) &E ::|§|2 and |§| is the norm in K. This implies
that

7) |&n| =&l
consequently, K does not contain the divisors of zero (see
also [11]). The multiplication of octonions satisfies the
equations:

8) (&m)n=¢&(mm),

9) &(&n)=(&&)n.

B
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which define the property of alternativity of algebras. In
particular, (&&)&=E(EE).

Preliminary results on operator theory and operator
algebras over quaternions and octonions were published
in [12]. This articles develops further operator theory
already over general Cayley-Dickson algebras.

In the third section of this article the theory of un-
bounded operators is described, as well as bounded quasi-
linear operators in the Hilbert spaces X over the Cayley-
Dickson algebras A, . At the same time the analog of the
scalar product in X is defined with values in the Cayley-
Dickson algebra A, . For the spectral theory of such
operators there are defined and used also graded opera-
tors of projections and graded projection valued meas-
ures. The linearity of operators over the algebra A,
with r>2 is already not worthwhile because of the
non-commutativity of A, , therefore there is introduced
the notion of quasi-linear operators.

At the same time graded projection valued measures in
the general case may be non-commutative and non-as-
sociative. Because of the non-commutativity of the
Cayley-Dickson algebras A, with r>2 commutative
algebras Z over them withdraw their importance, since
they can be only trivial ZA, = Z = {0}, moreover, over
the Cayley-Dickson algebra A, with r>3 the asso-
ciativity may lose its importance. Therefore, in the third
section the notion of quasi-commutative algebra meta-
invariant over 4. is introduced. Principles of the theory
of bounded and unbounded operators are given there.
Spectral theory of self-adjoint and generalized unitary
operators is exposed. In the third section spectral theory
of normal operators is described. For algebras of normal
meta-invariant over A, operators the theorem general-
izing that of Gelfand-Mazur is proved. An analog of
Stone’s theorem over 4. for the one parameter families
of unitary operators is demonstrated.

Definitions and notations of the preceding work [12]
are used below.

2. Preliminaries

1) Notations and Definitions. Let A, denote the real

Cayley-Dickson algebra with generators i,---, e, such
that iy=1, ij =—1 for each j>1, iji, =—i,; for
each j=k=>1.

The Cayley-Dickson algebra A,,, is formed from the
algebra A, with the help of the doubling procedure by
generator i, in particular, A, :=R is the real field,
A, =C coincides with the field of complex numbers,
A, =H is the skew field of quaternions, A, is the
algebra of octonions, A, is the algebra of sedenions.
The algebra .4, is power associative, that is,

1) 2" =2"z" foreach nnmeN and ze A4, .

It is non-associative and non-alternative for each
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r-4.

The Cayley-Dickson algebras are—algebras, that is,
there is a real-linear mapping A, S ar>a" €A, such
that

2) a¥ =a,

3) (ab)" =b"a’ for each abe.A . Then they are
nicely normed, that is,

4) a+a"=2Re(a)eR and

5) aa"=a‘'a>0 for each 0#ae.A . The norm in
it is defined by the equation:

6) |al|2 =aa".

We also denote a" by &. Each non-zero Cayley-
Dickson number 0#ae.4, has the multiplicative in-

a|2 .

verse givenby a' =a’ /

The doubling procedure is as follows. Each ze€ A,
is written in the form z =a+bl, where 1> =—1, 1¢ A,
a,b € A, . The addition is componentwise. The conjugate
of a Cayley-Dickson number z is prescribed by the for-
mula:

7) z':=a"-bl. The multiplication is given by Eq-
uation ~

8) (a+p1)(y+061)=(ar—d8)+(da+p7)L.
foreach a,f,7,0e A, E=a+ple A,
n=y+ole A .

The basis of A, over R is denoted by

b, =b:= {l,il,n-,i . },Where i =—1 for each
277 -1

1<s<2™' -1, i2r =1 is the additional element of the

doubling procedure of A, from A, , choose

i =i,1 foreach m=1,---,2" -1, i, ==1.

2"+m
Put by the definition Im(z)=z—-Re(z) to be the
imaginary part of a Cayley-Dickson number z.
It is possible to consider the Cayley-Dickson algebras
of greater real dimensions.
2) Definition. Let A, denote the family consisting

of elements z=) w,s suchthat Z:=w —> ws,

seb seb
77 =:|z|2 => W <o,
seb
where

b:=h, ::Dbr :{Lil,iz,...’iz”...},
r=2

b:=b\{l}, w,eR foreachs.

3) Theorem. The family A, has the structure of the
normed power-associative left and right distributive al-
gebra over the real field R with the external involution of
order two.

Proof. Let 7, = {Z e A, :Re(z)= 0}. Then each ele-
ment M €Z_ is the limit of the sequence M, eZ_,
also |Z| = p 1is the limit of the sequence p, = |z,| ,
where z, € A, . Therefore, there exists the limit
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z=limz, —hmpr{COS“V' |+[(srn|M |/|M |] }

:p{cos|l\/||+[ sin|M| /||\/I|JM}:pexp(M).

Using the polar coordinates ( o.M ) prove the power-
associativity. There exists the natural projection P,
from A, onto 4 for each r>2 given by the for-
mulas:

-2
={Z mss}|M|{Z mg} for > m; #0

Sel;r seb, SeBr
and M, =0 in the contrary case for each
M=>mseZ,

seb

where m, € R foreach se b ; then

z,=PR(2)=p, {cos|Mr|+[(sin|Mr|)/|Mr|]Mr}

where

2
= Yw | ,z=> ws, hm sin(¢)/¢=1.
seb, seb
Then the limit exists lim, , z, =z relative to the
norm |z| in A, . Therefore, for each neZ there
exists the limit

lim(p,)" exp(nM, ) = p" exp(nM ) = 2",

consequently, A, is power-associative, since each A,
is power-associative, cos and sin are continuous func-
tions. Evidently, A, is the R-linear space.

The continuity of multiplication relative to the norm
|Z| follows from the inequalities

|§r77r _Wr§r| < |§r77r _§r§r|+|§r§r _Wr§r|
<lélln—¢l+lE-vli¢]

and taking the limit with r tending to the infinity, since

&]<[¢] and | <|&]ln | for cach &., e, and
for each r e N . The left and right distributiveness

(E+y)¢ =& +yCand S (S+y)=CE+ Ly

follow from taking the limit with r tending to the infinity
and such distributivity in each A, .

The involution z+>Z=z" in A is of order two,
since (Z*) =z . It is external, since there is not any fi-
nite algebraic relation with constants in A, transform-
ing the variable ze A, into z". The relation

7 = }gg(zf —2)71 {—z, +2 S(er*)}

- }ifl.c(zr —2)_1 {—z+ > s(zs*)}

seby
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is of infinite order. The latter limit exists point-wise, but
does not converge uniformly in any ball of positive ra-
dius relative to the norm in the algebra A . The rela-
tions of the type z; _Ir+1( rIM) in A use external
automorphism with |, = e.Ar+1 \ A, , moreover, the
latter relation is untrue for z" and ze A, instead of
z,eA.

No any finite set of non-zero constants a,,---,a, € .4,
can provide the automorphism z+—2Z of A, . To
prove this consider an R-subalgebra YMW’M“ of A,

generated by {M,,---,M,}, where a, =|aj|eMj ,
= |a1|2 >0, then
My 0 hence 1le YM1,~-.Mn I

M; eZ,. Sinceaa
Rla| =RcY,

YM|,~--,Mn =R, then it certainly can not provide the
automorphism z+> Z of A . Consider Yy ..u, #R,
without loss of generality suppose a, ¢ R. There is the
scalar product Re(z§) in A, foreach z,yeA, . Let
b, be the projection of a in a subspace of A, or-
thogonal to RI, then by our supposmon b, =0 and
beZ,. Therefore we get b / |b| =-1, consequently,
Y, is isomorphic to C. Certamly, no any proper
Cayley-Dickson subalgebra A, , re N , can provide
the automorphism z+—Z of A, .

Therefore without loss of generality suppose, that

.m, Iis not isomorphic to C and a,¢C . If

M N el' and Re(MN*)=0, then MNe Z, and hence
(MN) — NM =—MN, since A"=-A foreach AeZ,.
Let b, be the projection of M, in a subspace of A,
orthogonal to Ty, relative to the scalar product Re(Zy).
Then t%z #0 by our supposition and b, € 7
b? / b,|” = -1, hence after the doubhng procedure with
b,/|b,| we get, that Y, \, is a subalgebra of A,.

Then proceed by 1nduct10n Suppose that Yy, . 1S
a subalgebra of A,, keN, k<n. Since A, can
not provide the automorphism z+> Z of A, , suppose
without loss of generality, that a,,, ¢ Y, ., and con-
sider the orthogonal projection b,,, of M,,, in a sub-
space of A, orthogonal to Y .\ relative to the
scalar product Re(z¥). Then bk+1 #0 and b, €L
be., / b ? —_1. Therefore, the doubling procedure w1th
bk+1/bk+1 gives the algebra DEYRRRYIS which is the
subalgebra of .Azk L ete. As the result Ty m, is the
subalgebra of A and can not provide the automor-
phism 7+ 2 of A,, where a,,---,a, €Y due to
the formula of the polar decomposmon of dayley—chk—
son numbers a—|a|e with a real parameter
t=t(a)e R and a purely imaginary parameter M e A
of the unit norm [M|=1, Re(M)=0 (see also §2.2
[13]).

4) Note and Definition. Let A denote a Hausdorff
topological space with non-negative measure 4 on a
o -algebra of all Borel subsets such that for each point
X e A there exists an open neighborhood U = x with

©
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0<u(U)<oo. Consider a set of generators with real
algebra {i, :xe A} such that i,i, =i i, for each
x#YyeA\{0} and i} =1 for each XeA\{ }, where
0 is a marked point in A . Add to this set the unit 1=:i,
such that bi, =ib for each beR and xeA. We
consider also finite products of these generators in ac-
cordance with §1, where each i, with xeA\{0} is
considered as the doubling generator.

In the case of a finite set A Cayley-Dickson algebra
generated by such generators is isomorphic with A, _,,
where N =card(A) is the cardinality of the set A.

For the infinite subset of generators

{0, X; :je N,x; eA} the construction from §2 pro-

duces the algebra isomorphic with A .

Therefore, we consider now the case card(A)> N, .
Due to the Kuratowski-Zorn lemma (see §1.4 in [14])
we can suppose, that A is linearly ordered and this lin-
ear ordering gives intervals (a,b):={xeA:a<x<b
being 4 -measurable, for example, A=R"x(R/Z)
has the natural linear ordering induced by the linear or-
dering from R and by the lexicographic ordering in the
product, where nme N, or m may be an ordinal of
the cardinality card(m)>¥, .

Then consider a finite partition A into a disjoint un-

ion A= U A;, where x<y for each xe.A; and

yeA for j<I<p, peN, 0eA,. The family of
such partitions we denote Z . Let TeZ, x;€A; be
marked points. Then there exists a step function fr such
that f;(x)=Cji, for each xeA;, where C;eR.
Consider the norm

[6ell o= ] () Fr () (),

A

where

fr (%)= Co 2y (X) By, — ZOCJ')(A] (X)ixjf

Xj#
24(x)=1 for xe A, z,(x)=0 for xg A, 6, =
for x=y, &,,=0 while x=y. Toeach f; putthe
element

2 3:ZCjix,-ﬂ(Aj)~
i

The algebra which is the completion by the norm ||*|| R
of the minimal algebra generated by the family of ele-
ments z, for fr from the family F of all step func-
tions and all their ordered final products we denote by
A, .

5) Theorem. The set A, is the power-associative
non-commutative non-associative algebra over R com-
plete relative to the norm |[«| ~with the center
Z(A,)=R. Moreover, there are embeddings A, — A,
for card(A)>N,. The set of generators of the algebra
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A, has the cardinality card(A) for
card (A)>card (N ). There exists the function

exp( [ ( dx)J

from A, onto A,.

Proof. For card(A)<¥, the algebra A, is iso-
morphic with A, or A, in accordance with §§l1-4 .
Thus it remains to consider the case card(A) >N, .

For each f; € F it can be defined the ordered inte-
gral exponential product

& 1 ()00
::{exp(Coﬂ(Ao)”ixO/z) ex"( u(Ay )i, /2)} (p+1)

with q(p+1) corresponding to the left order of brack-
ets. Thus the embeddings of A, into A, exist. Then
Z(A,)=R.

The completion of the family F contains all func-
tions of the type

F00=2 1002, (i

where {AJ— ‘je N} is the disjoint union of A, each
A, is u-measurable, f, el’ (A,,u,R) and

i
hm Z”f ;(AJ

of the ordered integral product

=0.

LZ(A,/;,R)

Since exp(l\/l =co s(|M|)+Msm(|M|)/|M| for each
M eZ, with Re(M)=0 and
|exp l|<exp(|M|) , for each
exists

there

feA,

FBhf?Lf epr fr (X) z(dx ]— exp(_[ f dX)J

relative to [, . From the identity exp(mi,/2)=i, for
each Xe A\ 0} it follows, that the family of all ele-

ments of the type a)(.[ f (X)y(dX)J, f € F contains
A

all generators of the embedded subalgebra 4, gener-
ated by the countable subfamily {ixj tje N} .

The completion F of the family F by the norm
|| || is the infinite dimensional linear subspace over R

All possible final ordered products from F and the
completion of their R-linear span by the norm ||*|| N
produces A, . Then for each element from A, there
exists the representation in the form of the ordered inte-
gral exponent1a1 product Since A, is the algebra over
R and card(A) =card(A), then the family of genera-
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tors of the algebra A, has the cardinality card(A).

6) Weakened Topology. Suppose that X is a real
topological vector space. Let X' denote the vector
space of all continuous R linear functionals on X. Each
continuous R linear functional g € X' defines a semi-
norm pg —|g | The topology generated by the

semi-norms family {pg : geX’} is called the weak or

weakened topology for X and it is usually denoted by
7, (X)=0(X,X"). i

7) Non-Commutative Riemann Sphere A, . For
v<oo the Cayley-Dickson algebra .4, is the locally
compact topological space relative to the norm topology.
In the finite dimensional over R case V<o, the weak
and norm topologies on .4, are equivalent.

Henceforward, we denote A, by .4, also, where
the cardinality of v is equal to the topological weight of
the Cayley-Dickson algebra A, relative to the norm
topology, card(v)=w(A,) , where card(A)=N,
Without loss of generality v can be considered as an
ordinal due to the Kuratowski-Zorn lemma. Generally
embed A4, into the non-commutative unit sphere

5,(v)={(&.y) e R®A, £ +|y[f =1}

over the real field R such that S, (v)\0(A4,)={(10)}
is a singleton, where 6:4, —S,(v) denotes a con-
tinuous bijective mapping, 2 <V or may be

card(v) >R, . To realize an embedding one considers
their union S, (v)U.A, embedded into R®.A, such
that they intersect by the set

S, (V)N 4,={(0.y) < R®.A, [y =1}.

As a mapping one takes the stereographic projection

07" :S,(v)\{(1,0)} > A, so that

71(§vy) S_ZE‘AV

As the R linear normed space the Cayley-Dickson al-
gebvra A, is isomorphic either with the Euclidean space
R* for card(v)<¥, or with the real Hilbert space

l,(v) of the topological weight w(l,(v))=card(v)=X,.

Consider on |, (v) the weak topology 7, provided by
the family of all continuous R linear functionals on
I, (v). In view of the Alaoglu-Bourbaki Theorem (9.3.3)
[15] the unit sphere S, (v) is compact relative to the
weak topology 7, on S,(Vv) inherited from the
R®1,(v) weak topology. Therefore, &(.A,) relative
to the weak or weakened topology 7z, induced by the
weak topology 7, of S,(v) has the one-point com-
pactification A, realized topologically as S, (v) (see
also Theorem 3.5.11 about one-point Alexandroff com-
pactification in [14]). That is, AV\AV o .

The non-commutative analog A, of the Riemann
sphere can be supplied with the topology inherited from
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the norm topology 7, on R® A, . That is on .,Zlv two
topologies were considered above the weakened 7,
topology and the norm 7, topology.

8) Definitions. We say that a real vector space Z is
supplied with a scalar product if a bi-R-linear bi-additive
mapping ,> :Z° > R is given satisfying the conditions:

) (x,x)= O,(X,X)zO ifand only if x=0;

2) (X,Y)=(Y.X);

3) (ax+by, Z) = a(x, Z) + b(y, Z) for all real numbers
a,be R andvectors X,y,z€Z.

Then an A, vector space X is supplied with an A
valued scalar product, if a bi-R-linear bi- A, -additive
mapping <*,*>: X* — A, is given such that

(SP)(f,g>:§<fj,gk>i]fik :

where f=fi+---+f i+, f,geX, f,g;€eX;,each
X, is a real linear space with a real Valued scalar
product, (X J.,(*,*)) is real linear isomorphic with

(Xk,<*,*>) and <fj,gk>e R for each j, k. The scalar

product induces the norm:

[#]= {715

An A, normed space or an A, vector space with
A, scalar product complete relative to its norm will be
called an A, Banach space or an A, Hilbert space
respectively.

9) Meta-Invariant Operators. If a topology 7 on an
A, vector space X is such that the addition of vectors
and the multiplication of vectors on Cayley-Dickson
numbers from A, on the left and on the right are
continuous relative to the topology = on X and the
norm topology ||*|| on A, ,then X is called a topological

vector space.

Let X and Y be topological vector spaces over the
Cayley-Dickson algebra A,. An R-linear A, -additive
operator C:X —»Y we call A meta-invariant for
card(s) <card(v), if a family {¥ :teY} of Cayley-
Dickson sub-algebras ‘P, isomorphic with A, exists
such that

(M1) ¥, c A, and
)cl, [spangJ,, ¥, |= A and
3)cly [spanRU;Y XJ =X and
4)cl, [spanRU;YY] =Y and
Ms)C(‘X)c Y
for each te Y, where X and 'Y are vector sub-spaces
over ¥, in X and Y respectively (may be up to a con-
tinuous with its inverse isomorphism of A, topological

vector spaces as two-sided A, modules), cl;H de-
notes the closure of a subset H in a topological space G.
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In another words for s=1 it is complex meta-invariant,
for s=2 or s=3 such operator will be called quater-
nion or octonion meta-invariant correspondingly.

We say that a family 7 of operators is A, meta-
invariant, if Conditions (M1-M35) are fulfilled for
each Ce7 and decompositions (M1-M4) are the
same for the entire family 7 .

One example, is the following. If CeL, (X,Y) or
Cel (X,Y) is a right or left A, linear operator for
normed spaces X and Y over A, suchthat C ( X; ) <Y,
with k=k(j) foreachj, then

C(Xjiy)=C(X;)i; =Y,
or
C(Xij)=i,C(X;) =iy, =Y,
correspondingly. Therefore, (up to a continuous with its
inverse isomorphism of .4, normed spaces as two-sided
A, modules) such operator C is A, meta-invariant for
any card(s)<card(v).

Let X be a Hilbert space over the Cayley-Dickson al-
gebra A, then there exists an underlying Hilbert space
X over R, i.e. a real shadow Xg. The scalar product
on X with values in A, from §2.45 induces the scalar
product (X,y):=Re(x,y) in X, withvalues inR.

Then for an A, -vector subspace Y in X the orthogonal
complement Y can be created relative to the scalar
product (X,y). At the same time the equation
Ee (y+ Z) =y for yeY, z ng defines the R-linear
(X, y) = Re(x, y) gperator E, acting on a Hilbert
space X. That is, E, is the projection on Y parallel to
Y* . Moreover, one has E = E

1) Y={y:y=Ee( ), xe X}:{yeX:Ee(y)zy},
also

2) Y'={zeX:E, (2)=0}.

Mention, that (I —Ee) is the orthogonal projection
from X on Y™, since (YL)L:Y and

(I —Ee)(z+y):z foreach zeY" and yeY.

Consider the decomposition of a Hilbert space
X=X,®Xi,®---® X, i, ®--- over A, , where
{igs1,,++,iy,++-} is the family of standard generators of
the Cayley-Dickson algebra A,, i,=1,X,,---,X
are pairwise isomorphic Hilbert spaces over R.

A family of operators E(a,*)eL,(X) with acA,
we call an 4 -graded projection operator on X, if it
satisfies conditions (1 7) below:

1) Ex=E(x)=E,(x) foreach xe X,, where

2) Ex:= E(l,x) foreach xeX,

3) E Xx=E,x foreach xe X,

4) (5 x)=E(l,sx) foreach SGAv and xe X,,

5) E(sx)=E,x foreach se.A, and xeX,,

6) ES(EqX):ESq( ) for each s,qefiy, iy, -} and

met

m>’
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xe X,,
7 E=(-VE
n(j)=1 foreach j>1, E; denotes

on X, for each j=0,1,---,m,---,

where 7(0)=0
the adjoint op erator

3. Normal Operators

1) Definition. An operator T in a Hilbert space X over
the Cayley-Dickson algebra A, is called normal, if
TT"=T'T.

An operator T is unitary, if TT"=1 and T'T=1.

An operator T is called symmetrical, if
(Tx;y)=(x;Ty) foreach x,yeD(T).

An operator T is self-adjoint, if T* =T . Further, for
T" itissupposed that D(T) isdensein X.

2) Remark. In §1 the more general definition than
previously of a unitary operator is given without any
restriction on either .4, meta-invariance or left- or
right- A, -linearity.

On a space C(B,R) of real-valued continuous func-
tions f:B—> R on a Hausdorff topological space B
one considers a lattice structure:

1) (fvg)(x)=max{f(x),g9(x)} and

2) (fAg)(x)=min{f(x),g(x)} foreach xeB.

Therefore, one gets the decomposition: f =f*—f~,
where f*=fv0 and f~ =—(fA0) so that a func-
tion f is the difference of two positive functions with
supports

supp(f*)ﬂsupp(f’): f71(0),
supp(f):CI{XeB:f(X);tO}.

Suppose that f, g, and g, are positive or non-
negative continuous functions on B. Put f, = f A g, and
f,=f -1, consequently, 0< f <g, and f="f +f,
so that f, is a positive or nonnegative continuous func-
tion. If g, (x)< f,(x)=f(x)—f,(x) forsome xeB,
then g, (x)+9,(x)< f(x),since 0<g,(x) and
min{ f(x),9,(X)} = g,(x). This contradicts the hypothe-

sis f<g,+0,. Thus f,<g,. Therefore, the decom-
position f =f +f, with 0<f <g, and 0<f,<g,
is valid, which is called Riesz’ decomposition.

Consider now a space C(B,.4,) of all continuous A,
valued functions on a Hausdorff topological space B. An
Rlinear A, additive functional pon C(B,.A4,) we call

Hermitian if p(fN):E)TfJ) foreach f eC(B,A,).

This induces a lattice structure on the set H (B,.AV)
of all Hermitian functionals t on C(B .AV) , since the
restriction t| C(BR) is a real-valued function.

For an R-linear A, additive functional ton C(B,.4,)
a conjugate functional t* is defined by the formula

3) t*(f):t(f) foreach f eC(B,A,).
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. 1 . .
Then the functional t, :E(t+t ) is Hermitian and

t, = %(t —t*) is skew Hermitian, that is
t, ( f) =—t,(f) foreach feC(B,A,). Therefore, the
functional t generates the family of Hermitian functionals
(& foreach k=0,1,2,---, where t(f)=igt(i f) for
cach feC(B,A,).

Each Hermitian functional peH (B,.Av) induces an
A, valued scalar product by the formula:

4) (f.g):= p(g*f).

If a topological space B is compact, then
—||g||1 <g< ||g||l . If p is a Hermitian state, then

5) |p(lg)|2 < p(|g|2)p(12)£1 due to Cauchy-Sch-

wartz’ inequality.
Thus Hermitian state p is continuous and has norm 1.
3) Lemma. Let T eL,(X) be a normal A meta-
invariant operator for a Hilbert space X over the Cayley-
Dickson algebra A, with 2<r <min(3,v). Letalso A
be a minimal von Neumann algebra generated by T, T*
and | over A,. Suppose that ¥, is a sub-algebra in
A, isomorphic with A, foreach teY and
Noi»o>N are generators of ¥, (see §2.9). Then

2" -1t

the restricted sub-algebra

‘A="AN, ®--@'A, N,  isassociative forr=2
A 201 2Tt

and alternative for r = 3 foreach te Y.

Proof. In view of Theorem 2.22 [12] an algebra A is
quasi-commutative. Compositions T"oT™ are consid-
ered as point-wise set-theoretic compositions of map-
pings so that T"oT™x=T™" =T (T (--+(Tx)-+-)) is the
n + m times composition of T with itself for each xe X ,
where n,me N are natural numbers. Moreover, IX = X
for each Xxe X . Then consider z':=T|t>< as a formal
variable so that 7° = 1. This variable is power associa-
tive 7"z" =7z"" forall n,meN,since Tis .4, meta-
invariant. Moreover, 7 and 7° commute, 7't =77r",
since T is the normal operator, TT" =TT .

Therefore, the minimal algebra alg\l,t {T,r*,l} over
W, generated by 7,7° and | consists of formal poly-
nomials in variables 7z,7" with coefficients from Y, .
This algebra is R linear and left and right module over
Y, . Relative to addition and multiplication of polyno-

mials the algebra algq,t {r,r*, I} is associative for r =2

and alternative for r = 3, since the quaternion skew field
A, =H is associative and the octonion algebra A, =0
is alternative and ¥, is isomorphic with A, for each
teY.

Consider the algebra algq,l {r,r*,l} relative to the
topology inherited from the von Neumann algebra ‘A
(see also Definitions 2.22.1 and Theorem 2.22 [12]).

The completion of alg,, {r, 1 } gives the von Neu-
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mann algebra ‘A up to isomorphism of algebras. The
operations of addition and multiplication are continuous
relative to a norm in a C"-algebra. Thus the restricted
sub-algebra 'A is associative for r = 2 and alternative
forr=3foreach teY.

4) Theorem. Suppose that T e L, (X) is a self- ad-
joint A meta-invariant operator on a Hilbert space X
over the Cayley-Dickson algebra A, with 2<v and
2<r<min(3,v), A is a von Neumann algebra contain-
ing T. Then there is a family | E:be R} c A of A-
graded projection operators on X such that

>

2) ,E<E for b<t;
3) bE:AAt>th’ .
4) T,E<(bl),E and (bl)(1-,E)<T(I-,E)

foreach beR;
I

[ bd,E and this integral is the limit of Ri-

-7l

emann sums converging relative to the operator norm.
Considering a restricted algebra

A, =Aj®--@A i isomorphicto C(A,A ) with

271271
an extremely disconnected compact Hausdorff topologi-
cal space A letfand ,e in C(A,A ) correspond to
T|Y and bE|Y in A respectively, then e is the char-
acteristic function of the largest clopen subset A, on
which f takes values not exceeding b, where
Y=Xppy®---@®X i

2f-12"-1°

5) T=

Proof. An operator T is A, -meta-invariant, conse-
quently, a von Neumann subalgebra AAr over A con-

tains the restriction T |Y of T on Y up to an isomorphism
of von Neumann algebras over A, where
2<r<min(3,v).

In accordance with Theorem 2.22 [12] we have that an
algebra A, is isomorphic with C (A,A) for some
extremely disconnected compact Hausdorff topological
space A.

Recall that a subset B of a topological space W is
called clopen, if it is closed and open simultaneously,
cl(B)=Int(B)=B.

Ifa function f corresponds to an operator T ,then a
set A, =A\cl [ f! (b,oo)} is clopen in A . On this set
the function f has values not exceeding b. If V is
another clopen subset so that

f(V)c(-o,b]:=={xeR:x<b}, then
VcA\f'(bw) and f'(b,0)= A\V . On the other
hand, the set A\V is clopen, consequently,

cl [ f~'(b,0) | A\V . Therefore A, is the largest
clopen subsetin A so that f(A,)c(-o,b].

The characteristic function ,e of A, by its defini-
tion takes value 1 on A, and zero on its complement
A\A, . Tt is continuous ,eeC(A,R), since the subset
A, is clopen in A. Thus an operator (E in A corre-
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A

sponding to e is a projection, \E:X — X, ,E* = E.
Then to ,ei;=1i;,e an operator |, Ai_: E(ijl):(ijl)bé

on X; corresponds, where j=0,1,2,---. Over the Cayley-
chkson algebra A, the projection E induces an A,
graded projection in accordance with §2.9 , since
X=X,y @D X, i, D

Statements (1, 2, 4) are evident from the definition of
the subsets A, and the properties of the isomorphism of
A, with C (A,A.). Indeed, the function f is continu-
ous and

f(c £ (b,e0) ) [b,) = {x e R:x=b}.

For proving Statement (3) we mention that
,€=1inf,_, e, since the topological space A is ex-
tremely disconnected and each A, is clopen in A.
This implies that E is the infimum of the family

{té > b} , consequently, ,E=A,_, E,since

App E €Ly (X) inaccordance with Propositions 2.22.7
and 2.22.9 and Corollary 2.22.13, Definition 2.23 and
Theorem 2.24 [12] with ,E =1-E(b,).

It remains to prove Statement (5). Take b, <—|T|
b,} of the segment [by,[T|]

so that by <b <---<b, =|T|.If

[bJ " J]ﬁsp i@ let ¢; be a point of this inter-
section, 0therw15e let ¢; = bJ . when the intersection is
empty, [ J s Jﬂsp( )= . Therefore,

f 1([b ] =@ when this intersection is empty,

since a spectrum sp(T)=f (A ) of T is a range of f,

consequently, f~' (bH,oo) =f- (bj,oo) and , e=pe.
We call two characteristic functions ;(A "and ;(B

orthogonal, if y, ¥, =0 identically, thatis ANB=.

and a partition {b,b,---

-1

Thus characteristic functions (b, €=y, e) are mutu-

ally orthogonal for different values of j. We consider the
n

function h= ZCJ (b,- e— bHe) . This induces the disjoint

pamtlon W =A, \A, | with X, =, thatis
A= U _1\P ancf ¥, ﬂ‘I’ = for each j=k . If
te ¥, then h(t)= Cj and b < f()<b hence

&) [t bl < max o, b, |-
We consider Riemann integral sums
n A A
S (By»+,by5€,, );zécj (5, B~ E)-

If 6:A, —>C(A,.AT) is an isomorphism of quasi-
commutative C* algebras, then

7) 0S(by,---,by;c,,¢,) =h.

sMno

Y

On the other hand,
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since the operator T is A, meta-invariant and hence
,E is A meta-invariant as well for each b, since
,€C(A,R) and ,E(X,)c X, and ,E is a graded
projection operator (see §2.9 ). Therefore, Formulas (6),
(7) imply Statement (5) in the sense of norm convergence
in L, (X).

5) Definition. A family of .4, graded projections
blé indexed by beR satisfying Conditions (2, 3) of
the preceding theorem and two conditions below

1) Apr,E=0 and

2) Voerb E=1
is called an A, graded spectral resolution of the identity.
An A, graded spectral resolution of the identity is called
bounded, when two finite numbers —oo <a <€ <oo exist
such that ,E=0 for every b<a and ,E=1 for
each b>c. Otherwise we say that a resolution of the
identity is unbounded.

6) Definitions. A"-homomorphism ¢ of a C -algebra
Ainto L,(X) is called a representation of A on a Hil-
bert space X over the Cayley-Dickson algebra .4, , that
is ¢(af +bg)=ag(f)+bs(g) and
#(19)=4()¢(9) and ¢(°)=[4(0)
a,beR and f,geA,
ee A, then ¢(e) =1

If additionally ¢ is one-to-one, then such a mapping
will be called a faithful representation of A onto B, where
B::¢(A)C Lq(X).

A representation ¢ is said to be essential if the union
of ranges of A, graded projection operators (elements)
of A'in the image L, (X is the unit operator I.

Let C,(R,A ) denote the subspace of all continuous
vanishing at infinity functions f:R — A, so that

lim,, ,,, f(x)=0 and ||f||:supX€R|f(x)|<oo

7) Theorem. Suppose that bIf:be Rt is an A,
graded resolution of the identity and T is a bounded
self-adjoint operator T e L (X ) such that

T,F<b,F and b(l —blf)sT(l —blf) for every

a
beR or T=[bd,F for each a>a,, where a, >0
is a marked pesitive number, 2<v. Then { ,F:beR
is the resolution of the identity for T € A, where Ais a
quasi-commutative von Neumann algebra generated by T
and | over the Cayley-Dickson algebra A, ,
A=alg, {T.1}, B denotes a completion of a sub-al-

n

]* for all

if A contains a unit element

gebra B in L,(X) relative to the weak operator topol-

0gy. . . .
Proof. The inequality T  F <b,F impliesthat T  F

is self-adjoint. Therefore, restrictions T|x and ,F
0 Xg

commute on X, for each b. Hence the algebra
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A= 5@; {T, I} is quasi-commutative. In view of Theo-

rem 3 the restricted algebra A, is isomorphic with
C(A,A, ), where A is an extremely disconnected com-
pact Hausdorff space and 2 <r <min(3,v).

If E is a resolution of the identity for an operator
TeA, a function f in C(A,A,) corresponds to T,
while ,eeC(A,A,) corresponds to LE ., then e is
the characteristic function of the largest clopen subset
A, in A on which f takes values not exceeding b. On
the other hand, if a function ,f e C(A,A,) corre-
sponds to ,F,then ,f is the characteristic function of
a clopen subset ®, in A on which f takes values not
exceeding b, since | ff <b, f , consequently, ®, c A,.

The equality ,F=A,_, F implies that ©, is the
largest clopen subset contained in ﬂDb ©, . By the con-
ditions of this theorem t(l - If) ST(I - If) and

A\®, cl[f’1 (b,oo)} for any t > b. Hence t< f(p)
for each peA\O®,, consequently, A, c®, for each
t > b and inevitably A, is a clopen subset contained in
ﬂbb@ Therefore, A, c®,, since ©, is the largest
clopen subset contamed in ﬂt>b O, . Thus O, =A,
and ,F = E foreach beR.

The resolution of the identity for the operator T in A
satisfies Condition (4) of Theorem 4 and Ac L, (X).

Now, if

T=[" bd,F
for each a>a;, where a, >0 is a marked positive

number, 2<Vv, we take for each €¢>0 an arbitrary
partition {by,---,b,} of the segment [-a,a] so that

>Mn

IT-Q|<e for an operator Q= ZJI J( 'f_bj—llf)
with C. e[bJ 1 J] for each j . This implies that
[(T-Q),F|<e and

consequently, T, F< By b, F. We have also

“(T—Q)(I—bklf)“<e

and

every
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a > a, . Take a limit in the strong operator topology with
a tending to the infinity: 1imeH%a|f =1, consequently,
T(l—bﬁﬁzb(nbjf) foreach be R, since ¢>0 is
arbitrary, where F =, E for every be R in accor-
dance with the first part of the proof.

8) Lemma. Let T be an A, meta-invariant operator
onan A, vector space X and let 0<r<u<v.ThenT
is A, meta-invariant.

Proof. The Cayley-Dickson algebra .4, has also the
structure of the A, vector space for 0<r<u, since
A, is the sub-algebra in A, . Therefore, the decomposi-
tion from §2.9 satisfying Conditions (M1-M5) gen-
erates analogous decomposition fulfilling Conditions
(M1-M35) over A, as well relative to which T is
A, meta-invariant.

9) Theorem. Let {,E:be[-a,a]l be a bounded
graded resolution of the identity on a Hilbert space X
over the Cayley-Dickson algebra A,, 2<v,
0<a<w, ,E=0 for each b<-a and LE=1 for
each b>a. Then the integral td E converges to a
self-adjoint operator T on X so that ||T |<a and
{ E:be[-a, ]} is the spectral resolution of such op-
erator T.

Proof. Take any partitions {by,---,b,} =« and
{qo,-~~,qm} = [ of the segment [—a,af of diameters

0< |a| =max;, ., (bj —bj_1 ) < ®
and
0< |ﬂ| =max; .., (qj -9 ) < ®

and denote by @={t,---.t}=alUp their common
refinement. Then one gets

n n n | . R
. j(bJ E- bj1 E)_Zlgs(bS E_tH E) £|05|
J= s=
and
Hzr;:luj(ql J—IE)_zlszlgS(tsé_tHé) S|,B|,
where
Cj (S [bj_]nbj:|, gs S [ts_],ts],uj c |:qj—l’qj:|’
consequently,
D sz:lcj (bi E- bj_y E)_z:ﬂ:lus (qs E- U1 é)
<la|+[A].
Consider the family of partitions {by,---,b,} of the

segment [-a,a] ordered by inclusion. The algebra
L,(X) is complete relative to the operator norm
topology. Therefore, a Cauchy net of finite integral sums
ZJ ]Cj(b E-, E) converges in L, (X),

-1
timy, o 375,65 (5, By E)=TeLy(X) and T°=T,
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since ¢; eR foreach j and «.

Theorem 7 states that é E be[ ]} is the A,
graded spectral resolution of T .

In the space of continuous functions on a compact
Hausdorff topological space with values in 4, a family
of polynomials is everywhere dense in accordance with
the Stone-Weierstrass theorem (see §§1.2.3 and 1.2.7

[13]), since | J 0 0 (A) is everywhere dense in

s<min(ay,v), s
A, , where 6, isa famlly of all possible embeddings of
A, into A,, @, denotes the first countable ordinal,
card(@,) =N, (see [14]). The real field R is the
center Z(AV) of the Cayley-Dickson algebra so that
cach polynomial P, (t) of a variable teR with
values in AV has the form
P(t)= Z t'a Z ,a;t!, where a; € A, are con-
stants. In th1s calculus We have

f(T):j(dté)w‘(t)

-a
for each f e C([—a,a ,.AV) Particularly, if f is a non-
negative function on |-a, a] , then f(T) is a positive
operator. Therefore, T is the difference of two positive

a
operators T =T —,T ,where T = I td,E and
0

;T =lim |, I(—t)dté . These operators ;T and ,T com-
-a
mute, since they are presented by the corresponding in-
tegrals, which have integration over non-intersecting sets
a —€
so that the graded projectors Idt E and lim, w.[ (-t)d,E
0 -a
commute (see §2.73 and §2.74). Their sum T +,T
is the positive operator, consequently, .4 meta-in-
variant for 2<r <min(3,v) (see §2.9 and Lemma 8).
Consider the restricted algebra A, and isomorphic
to it algebra C(A,A,) and with 2<r<min(3,v),
where A is a compact Hausdorff extremely discon-

nected topological space, A= alfg;: {T,1}. The condi-

tions 0<a<w, E=0 foreach b<-a and ,E =1
for each b>a imply that a function w in C(A,.Ar)
representing the operator T has range in [—a,a] , conse-
quently, ||T|| <a.

10) Theorem. Suppose that T is a unitary .4, meta-

invariant operator on an A, Hilbert space X, 2 <v <o,

1<r<min(3,v), while A is the quasi-commutative von
Neumann algebra generated by Tand T°.

1) Then T is a norm limit of finite linear combinations
of mutually orthogonal projections in A with coefficients
in sp(T).

2) If additionally r=1 and T is either right or left
A, linear operator on X, then a positive operator K and
a purely imaginary Cayley-Dickson number M € A4,,
Re(M)=0, |M|=1,exist such that |K|<1 and
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T =exp(2nMK).

Proof. 1) Each unitary operator is normal. It preserves
an A, scalar product on X: (TX,Ty) :<X, y) for each
X, yeA,.

Consider the von Neumann algebra over A, gener-
ated by T and T". In view of Theorem 2.22 [12] and
Lemma 3 the restricted algebra A, is isomorphic with
C(A,A), where A is a compact extremely discon-
nected topological Hausdorff space. The algebra A, is
isomorphic with AI, foreach te Y (see also §2 9).

Recall the followmg A closed subset Q of a topologl-
cal space P is called functionally closed if Q=¢& ( )
for some continuous function &:P—[0,1]cR. A
subset U of a topological space P is called functionally
open, if it is the complement of some functionally closed
subset Q, i.e. U=P\Q. A covering of a topological
space P by functionally open subsets is called a function-
ally open covering. It is said that a topological space P is
strongly zero-dimensional, if P is a non-void Tychonoff
space (completely regular), i.e. T31 , and each function-

2
:j=1-.k} hasa finite disjoint

ally open covering {U i
m} refining {U i j} , that

open covering {V, =1,

m
is YV, =P, VNV, =@ foreach |=s, for every V,

1=l
an open subset U; with j=j(l) exists such that
V; cUj,,. This means that this covering {V, :I} con-
sists of cfopen subsets V, inP.

Theorem 6.2.25 [14] says that each non-void ex-
tremely disconnected Tychonoff space is strongly zero-
dimensional.

Therefore, to the restricted operator T|Y up to an
isomorphism of C" algebras a function f e C(A,AT)
corresponds such that

3) f(x)=exp(2nM (x)g(x)),
where g(x)eR and
M(x)eS, ={zeA :|z]=1,Re(z) =0}

for each xeA, g,M eC(A,A ) (see §3 in [16] or
§L1.3 [13]). The Hilbert subspace
Y =Xy @@ X, i, ~is isomorphic with ‘X for

cach te Y. Then sp(T|, )= A . Generally to T|

function f, eC(At,‘Pt) corresponds with

sp(T|IX )C‘I’t, where A' is a topological space ho-

meomorphic with A. If 6, :A— A" is such homeo-

morphism, then f, (6, (u))= f(u) foreach ueA.
Certainly it is sufficient to take a function g with

values in [0,1], since the exponential function is periodic:

exp(ZnM (t+n))=exp(2nMt) for each real number
teR and an integer neZ and a purely imaginary
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number M €S, in the unit sphere. Therefore, a positive
operator K on X corresponds to this function g.

The operator K defines an A, graded resolution
{b E:be [0,1]} of the identity (see Theorem 4) and

1
4) K=bd,E.
0

Therefore, ||K||£ l.Weput Ay=@ forb<0, Aj=A
for b>1,let A, be the largest clopen subsetin A on
which the function g has values not exceeding b €[0,1).

Let ,e be zero for b<0, ,e=1 for b>1, and let
»€ be the characteristic function of A, for be[0,1).
Each clopen subset V in ﬂu>bAU is contained in A,
since g takes values on V in A, for each u>b,
consequently, g(V)c A,. This implies that e is the
infimum of the family {,e:u>b}. This induces a

bounded A, graded resolution {bé:be[o,l]} of the

identity, where e correspondsto E foreachb.

A function g can be chosen such that it does not take
the unit value on a non-void clopen subset W in A . In-
deed, otherwise g(W)={1} and W would be disjoint
from | JA, and the function g could be redefined due

b<1
to the periodicity of the exponential function. Then a
point yeW would exist so that g(y)=1.

For each ¢ >0 a positive number & >0 exists such
that for every partition o ={b,---,b,} of the segment
[0,1] of diameter |a| <6 and points C; e[bH,bﬁ the
inequality is satisfied:

5) K- ZC( —, )<e consequently,
6) lim T|tx—(bjé— )Zexp{ZnM H

where u; =u;, € Ay \A,  and the sum is by j for

which the subset At \At is non-void, since the
exponential function on \P is continuous. Certainly

coefficients exp{Zth(uj)g(uj)} are in ft<At) and
hence in Sp(TLX).

Since V<o by the conditions of this theorem, the
purely imaginary unit sphere S, is compact in the
Cayley-Dickson algebra A, . Then

sp (T) ccl [Utdsp (T |tX )} c S, , consequently, for each

0>0 a finite O -net of points in Sp (T) exists.
Therefore, for each ¢ >0 a finite family of points

U, € [JA' exists so that
teY
‘ - E) el (u), )o(uy, )
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TZ(

<e,

since cl [Utd‘{ft] =A,.

2) In accordance with the conditions of Theorem 9, an
operator T is an A, meta-invariant either right or left
A, linear operator, consequently, A, graded resolu-
tion §, E:be [O,l] of the identity can be chosen either
right or left .4, linear for all b (see Theorem 4). Then T
due to its either right or left A, linearity is completely
characterized by its restriction on X, @ X,i, (up to con-
tinuous with its inverse isomorphism of .4, Hilbert
spaces as two-sided A, modules). Therefore, to the
operator T up to an isomorphism of C* algebras a func-
tion f eC(A,A) corresponds such that
f(x)= exp22nilg (X)}, where g(x)eR for each x €A,
A, = R®RI,. Equivalently up to an isomorphism one
can take a purely imaginary (constant) number M instead
of iy, thatis M e¥,, Re(M)=0, |M|:l,where Y,
is isomorphic with A, for every teY (see §2.9).
Thus generally f(x)= exp{an\/Ig (X)} . This operator K
can be chosen .4, meta-invariant on X, since T is A
meta-invariant on X.

In view of (1) we get

T —Zexp{ZnMg (tj)}(bj E- by E)

where the operator K is given by Formula (4).

11) Remark. For an infinite dimensional Hilbert space
X over the Cayley-Dickson algebra A, one has that
X@®X and X are isomorphic as Hilbert two-sided
A, modules, since X, and X,@® X, are isomorphic
as real Hilbert spaces.

12) Theorem. Let A be a compact Hausdorff space,
let also X be an A, Hilbert space, and let ¢ be a
representation of C(A,¥,) on ‘X for each teY,
where 2<v, ¥, is isomorphic with A for each
teY, 2<r<min(3,v) so thatConditions2.9
(M1-M3) are fulfilled. Then to each Borel subset G
of A a graded projection E(G) corresponds such
that

1) E(G)e A, where A denotes the strong operator

closure of spang| J,_, #C(A,Y¥,);
2) E(G)=

7) lim =0,
540

A{E(U):GCU;U is open};
E(Un G, )ZE( ,) for each countable family

{ :n} of mutually disjoint Borel subsets of A ; also
( ,)E(G,)=0 foreach n=k, E(2)=0;
4) Ifthe A, span of ranges of those ¢( f) such that

feC(A,A,) and f vanishes on A\B, is dense in
X for B, aBorel subsetof A, then E(B )_I

5) The mapping B(A)>G < E(G)x x >= f1(G; X, X)
is a regular Borel measure so that
<¢( f)x,x> = J'<I§(dy)- f (y)x,x>
A
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for each continuous function f eC(A,A,), where
B(A) denotes a Borel o -algebra of all Borel subsets
in A.

Proof. A multlphcatlon
[C (AW )] 5(f,9) fgeC(A,¥,) and an involu-
tion C(A V) fif eC(A,‘Pt) are defined point-

wise (fg)(y)="f(y)g(y) and f~ [f ] for
each ye A . The C'-algebra C(A,.AV) is quasi-com-
mutative, consequently, A is a quasi-commutative C'-
algebra.

Suppose that U is an open subset in A and a con-
tinuous function f:A —[0,1] is given such that
f (A\U)={0}. Then 0<g(f)<1.Denoteby F(U)
the family of all such functions f dlrected by the natural
order of functions: f<g if f(y)<g(y) for each
y e A. Therefore, the family ¢(F(U)) has a supre-
mum h; in the quasi-commutative C’-algebra A over
A, . This element h; is a projection, since
{f2  f eAF(U)}:F(U). For a Borel subset G of A
weput E(G)=A{h, :GcU,U isopeninA}.

If xe'X isaunitvector ||x||=1, then
f |—><¢(f)x,x>:: Py () is a state of C(A,A).
Indeed, p,, on C(A,4,) is R -linear and A, -
additive, p,,:C(A,R)—> R,p,,(f)=0 foreach non-
negative function on A, moreover, p,, (1)=(xx)=1
and for every non-negative continuous function g on
A

6) px,x(b9)=§<b¢( 9) X;ij. X ) =b(4(9)x. x),

particularly for g =1 also:

Py (b1)=b(x,x)=b

for each be A, due to the identity

(al )I (aik)i}‘ = a2Re<iji:) for each ae.A, and
.k 2,--+ (see also Formula 4.2 (7) in [13] and
§§2. 8) since a continuous image of a compact topologi-
cal space is compact by Theorem 3.1.10 [14] and hence
each continuous function f:A—> .4, on a compact
topological space A is bounded. From the Riesz repre-
sentation theorem for continuous R-linear non-negative
functionals on the R-linear space C(A,R) we get that

D (#(1)xex)=[1(y)

for each f eC(A,R), where j(%x,x) is a regular
Borel o -additive non-negative measure on A .

Then Formulas (6,7) generate 4(dy;x,x) on the
space C(A,A,) (see §2.23 [12]). The family /(dy;x,X)
generate the family 4(dy;x,y) due to the bi- A, -
additivity

A(dy;x+z,x+2) = fa(dy; x, x)+
+ f1(dy; z,x)

dy,x x

a(dy;x,z)
+f1(dy;2,2)

Copyright © 2013 SciRes.

forall x,zespangl]J,_.'X and bi- R -linearity

A(dysax,x) = 1(dy; X, ax) = ez (dy; X, X)

for each o € R provided by the corresponding proper-
ties of p,,. This induces /(dy;x,y) and hence E(G)
on B(A)xX due to Conditions 2.9 (M1-M3).

The measure /(dy;x,x) is inner regular, that is for
each ¢>0 and an open subset U in A a compact
subset B in U exists such that (U \B;x,x)<e. The
topological space A is normal, consequently, for each
closed subset B in an open subset U in A a continuous
function f:A —[0,1] exists so that f(B)={1} and
f(A\U ) ={0} . For such function we have

Bxx ff

=<¢(f)x,x>s<é(u)x,x>,

consequently, 1(U;x,x)< <I§ (U)x, X> , since f is arbi-
trary with such properties. In accordance with the defini-

A A

tion of E we have <E(U)X, X>£ A(U;x,x), hence
a(U;x,x) = <I§ (U)x, X> . The outer regularity of

A(dy; x,x)

f1(dy;x,x) implies that
A(W;x, X)—lnf{ (U;x,x):W cU,U isopen}

:inf{<E(u)x,x>:W cU,U isopen}

= < E(W)x, x>
for each Borel subset W in A . For a disjoint sequence of
Borel subset G, in A we get

=i<l§(Gn)x,x>.

If xeE(G,) forsome m and |x|=1,then

12;<E(Gn)x,x>2<E(Gm)x,x>:1.
This implies that <I§ (Gn ) X, X> =0 for each n=m,
since <I§ (G,)x. x> >0 foreach n.Thus
E(G,)E(G,)=0 foreach n#m, consequently,

é(Qanznié(Gn).

If a set B, is asin (4) and U is an open subset
containing B, and f eC(A,R) with f(A\U)={0},
a function f is non-zero identically, then a range graded
projection of ¢(g) is a graded sub-projection of
E(U), where g=f/ | f]- On the other hand, the range
graded projection of ¢(g) is the same as that of ¢(f),
since ||f||>0 and ¢E|f|) ( )+¢( ’) and each
operator in L (X) is R -linear, where
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f*(y)=max(0,f(y)) and f (y)=-min(0,f(y)) for
each yeA. Thus E(U) contains the range graded
projection of the image of each function f eC(A,A,)
so that f vanishes on A\B,, since the 4, span of
functions from C(A,R) is everywhere dense in

C(A,A,)=C(AR)i,®---®C(A,R)i, ®

Hence E(B,)=1 dueto Property (2).

13) Corollary. Suppose that ¢ is an essential repre-
sentation of C (R, A4,),2<v, (see §6 and Theorem 12),
then a p055|bly unbounded .A, graded resolution of the
identity { E:be R} exists such that

1) <¢(f)x,x>:_[od<té~ f (t)x,x>

foreach f eCy(R,A,).

Proof. Consider a one-point (Alexandroff) compacti-
fication aR=RU{o} ofthe real field. Then
C,(R,A,) is isomorphic with
C,(aR,A)={feC(aR,A,): f(x)=0} (see §6). The
latter is a quasi-commutative subalgebrain C(aR,A,).

In accordance with Theorem 12 there exists a graded
projection valued measure on R such that

(p(F)xx)=[in(dy;xx)- ()

R
foreach f eC,(R,R), moreover,
A(AX,X) = <I§ (A)x, X> for each Borel subset A in

aR.Put E=1I- Ié(b,oo) ,then ,E is a graded reso-
lution of the identity (possibly unbounded). Indeed,
EA(b’OO) <E (t,0) foreach t<b,consequently,

‘AE(S S,E. Statement (4) of Theorem 12 implies that
E(R)=1.

):Zé(n,nﬂ] for each

n=k
)=0. Therefore,

Then we have Ié(k,oo
integer K and Aklé(k,oo
I =1-A,E(b,o0) =V, [ 1-E(b,0) | =V, ,E.

On the other hand, one has

I=E(R)=>" E(nn+1]=V;_ E(no),
consequently,
0=1-V7 E(ne)=Ar_ (1-E(nw))=Ar_, E
and
0<A, ,E<AZ  E=0.

Consider now the sequence b(n)=b +l for neN.
n
Then
E (b, oo) =

E(b+Loo)+>" E(b(n+1),b(n)]

Copyright © 2013 SciRes.

such that
Ao E < b E A { :I(I—E(b(n+1),b(n)])}
=1-E(b,)=,E
Then we get ,E=A,_ ,E and {bé:b} is a graded

resolution of the 1dent1ty, since

A

JE<SAE<AZ,, E<,E

=1 b(n)

b<t t

and E is the graded projection valued measure.
Certainly one has the identities

E (b,t]= E(b,%0) - E(t,0

also f1((b,t];x,x) = (,Ex,x —<hEX,X>. Together with
Statement (5) of Theorem 12 this means that

2) (p(f)x.x)=[a(dt;x,x)- f(t)

©

:_J;d<té~f(t)x,x>

foreach f eC,(R,A,) duetothe A, gradation of E.

14) Remark. If T is a bounded normal A, meta-
invariant operator on an A, Hilbert space X and A
is a quasi-commutative C* -algebra over the Cayley-
Dickson algebra A, generatedby Tand T" and
1,2<v,1<r<min(3,v) , then in accordance with
Theorem 4 and Lemma 3 there exists an A, graded
projection valued measure E on either the one-point
compactification ® =aR of R for a self-adjoint op-
erator T or on the one-point compactification ® =4,
of A, foranormal operator T such that

D (f(T)x.x)=[ a(db;x,x)- f (b)

foreach f eC(®,4,) and xe X , where
ﬁ(B;X,X):<E(B X,X> for every Borel subset B in
® . A spectrum A =sp(T) is embedded into @ . If
U is an open subset of @ disjoint fromsp(T) and
feF(U) (see §12),then f(T)=0. Therefore,
E(U)=0 and we write

2) (f(T)x,x):S!T)ﬁ(db;x,x)-f(b)

):té_bé’

and E is the spectral measure of T on the Borel o -
algebra B(Sp ('I:)) Then for a self-adjoint operator T,
one gets that | E is a bounded graded resolution of the
identity such that ,E=0 for b< —|T| and JE=1
for b>|T|, consequently,

o (1T I

)x,x>: .|' d<béf (b)x,x>
all

for each vector xe X (see Corollary 13). Using the

polarization as in §14 we get

APM



54 S. V. LUDKOVSKY

foreach X,ye X .

Formula (1) extends by continuity of the functional on
the A, vector space B(®,A,) of all bounded Borel
measurable functions f :® — A , since

J(E (d0)- (0)x.y)
For a normal bounded operator T such polarization
giveS'

5) (f(T)xy)=[a(db;xy)-

0]

<[llyllsup]  (b)-

for every X,ye X and each f eB(®,A,). Then the
identities are satisfied:

6) <f(T)x,x>
J'< xx>:£<x-f(b)é*(db)x>

- (e )= (107753

()

=([¢ <T>]* x)
for each xe X, consequently,
7 f(M)=[f(M]

for every feB(®,4,).If f,geB(®,A4,), then one
certainly obtains

8) <(cf +g)(T)x y>
= [(E (db)-(cf (b) + g (b)) x.y)

)X, y> £<E(db)~g(b)x,y>

_CJ<
—c(f(T )x,y> <g( )%.Y)

forall X,y e X, consequently,

9) (cf+g(T))=cf (T)+g(T)

for each real number ¢ e R . Particularly, for the char-
acteristic function y, of a Borel subset contained in
@ we get the equalities:

(x5 (T)%%) = [(E (db)- 15

9]

(b)x, x> = <I§ (B)x, x>,
consequently,
10) 7 (T)= 7 (T)=2(T).

If a Borel subset C is (%ISJOIHt form B, then 0=y 1.,
hence (75 (T)* 2 (T)) = (s + 2¢ ) (T). Recall that

E(B) and

Copyright © 2013 SciRes.

a step function by the definition is a finite A, vector
combination of characteristic functions. For any two step

Functions g=> a7, and h=) b y, with real co-
1=1 k=1

efficients & and b, and mutually disjoint sets A A =
and B, B, =& for each k=I this implies the iden-
tities

0> () =Yz, (T)=Yaz (T)=[o(T)]

=g*(T)+h? (T)ig(T)h(T)iﬂh(T)g(T),

consequently, g(T)h(T)=(gh)(T) . Each bounded
Borel function is a limit of step functions, where a limit
is taken relative to the family of all semi-norms

1) Jole = [[{8 (d0)- () x.x},

xe X, x| =1. Therefore, for each bounded real-valued
Borel functions g,he B(®,R) the formula

12) (gh)(T)=g(T)h(T)
is valid. But then g(b)g _|g |2 for each be®
and g(T)§(T)=(gg)(T ) consequently,

[(gh)(g=R)](T)=(g(T)=n(T))(g(T)=A(T))

and hence

2[ Re(af) (7) - [ofi+hg }(T)
0(T)R(T)+h(T)a(T)

for each g,heB(®,4,). If g and h are polynomi-
als in variables z,z" e A, this implies

13) (g=R)(T)+(h=g)(T)=g(R(T))+h(G(T)).

In view of the Stone-Weierstrass theorem the set of
A, -valued polynomials on the ball

B(A,.0.w)={ze A, :|z] <w}

is dense in C(B(AV,O,W),AV). Thus Formula (13) is
spread on C(®,A,), since sp(T)c B(A,,0,w) for
w>|T| and due to Formula (2). Together with (12) this
induces the formula.

14) (g°h)(T)=g(h(T))

for each real-valued continuous function geC(®,R)
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and every bounded real-valued Borel function
he B(®,R), since h(T) is a self-adjoint operator (see
also §9). In the latter situation

o(n(T))=a(n(T))=[a(h(T))]

and if g>0, then g (h(T )) >0 . Therefore, for any
increasing sequence of continuous real-valued functions
g, €C(®,R) asequence {gn (h(T)): n} is increasing
and composed of self-adjoint operators. If in addition g,
converges point-wise to a bounded Borel function g, then
g, oh converges point-wiseto goh.

There is said that the mapping

B(®,R)> f > (T)e L, (X)

with the monotone sequential convergence property is
o -normal.

15) Theorem. Suppose that T is a bounded normal
A, meta-invariant operator on an .4, Hilbert space X
and A is a quasi-commutative C’-algebra over the
Cayley-Dickson algebra A, generated by T and T" and
1,2<v,1<r<min(3,v),® =4, with v<¥, . Then
the-homomorphism C(®,4,)> f — f(T)e A extends
toa o -normal-homomorphism
B(®,4,)> f— f(T)eC, where C denotes a quasi-
commutative von Neumann algebra over A, consisting
of operators quasi-commuting with each operator quasi-
commuting with A such that

1) "f(T)"Ssup“f(b)|:besp(T)} and
2) (f(T)x,x>—j<”(db) (b)%.X)

j (db;x,x)- f (b),

sp(T)
where ﬁ(db;x,x)~f(b)_< (db)~f(b)x x> for each
xeX . If geB(d,A,),then §(T)=[g(T)
over, if g|sp(T) =0,then g(T)=0.Foreach

g.h e B(®,R) the compositionis (g<h)(T)=g(h(T)).
The mapping B(®)>G x5 (T)=E(G) is an A,
graded projection valued measure. If an operator T is
self-adjoint, then it possesses an A, graded spectral
resolution of the identity { E: b} with ,E =1-E (b,0)
and ® =aR,where 2<v.

Proof. Part of the proof is given in Section 16.

In view of Theorem V.4.4 [17] a point-wise
lim f =lim, f, of a sequence of (M,B(R)) -meas-
urable functions f, :V — R converging at each point
beV ofasetVwitha o -algebra M of its subsets is
an M,B(R)) -measurable function f on V, that is
f! B(R)) < M, where B(R) denotes the Borel o -
algebra of the real field R.

Take any vector xe X and an increasing sequence

(T)]", more-

Copyright © 2013 SciRes.

f, € B(®,R) tending point-wise to a bounded Borel
function f . Then

3) tim(f, (T)xx) = lim [ (E (db)- f, (b) x.x)

o]

:1im£<é(db). f(b)xx)

:<f(T)x,x>

from the monotone convergence theorem. By the de-
composition properties of the .4, valued scalar product
and the .4, gradation of E we get this property on
B(®,4,), since it is accomplished on B(®,R) and
cach f eB(®d,.4,) has the form
4) f =3 f,i; withreal-valued functions f;.
j

Let U be an open subset in A, . It can be written as
a countable union of bounded open subsets V, in A,

yl

, since the topological space

Sup, yoy, |X—
2

A, is of countable topological weight when V<.

The topological space A, is normal, consequently, there

of radius R =

. . 1 .
exist open subsets V, , of radius (1——) R, contained
’ n

in V, for which continuous functions f, , : A, —[0,1]
exist such that f (V,,)={1} and f_ (A4 \V,)={0}
such that cl (Vk,n)cV foreach ne N and

k,n+1

(UVin =V, forevery k. Take their combination

9, =Vi e, =max;_ f . From the construction of
this sequence we get lim, g, (x)=x, (x) for each
xeA,, consequently, lim ( 9,)(X)= 240 (x) for
each Xxe A, .

Denote by G(®) the family of all Borel subsets of
® whose characteristic function satisfies Equation
16(14). This family contains characteristic functions
g =y ofeach closed and every open subset B of ©.
The o -normality property (see Formula (3)) implies
that G(®) is a o -algebra, consequently, G(®)
contains the Borel o -algebra B(®). Thus Formula
16(14) is valid for a characteristic function g =y, for
each Borel subset B of @ . Using norm limits one gets
this formula for any bounded real-valued Borel functions
g and h.

Mention that the decompositions

5) A=Aj, @ ®A i ®- and

6) C=C,i,®®C, i ®

Are fulfilled so that the-homomorphism
0:C(®,R)>fr f(T)eA extends to a o -normal-
homomorphism 6:B(®,R)> f f(T)eC,, where C,

denotes a commutative von Neumann algebra over R
consisting of operators commuting with each operator
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commuting with A, . Algebras C, are isomorphic with
C, and each algebra A 1is isomorphic with A, . Then
0:B(®,¥,) > 'C is provided for each teY (see
Conditions 2.9 (M1-M4)), where C-algebras C(®,.4,)
and B(®,A4,) are considered relative to the point-wise
addition and multiplication of functions from the left and
right on Cayley-Dickson numbers and point-wise conju-
gation as involution and with the norm:

[£]:= supyeo| f (b)]-

This implies f; (T)(i;1)=(i;1) f;(T) for each j due
to the A, -gradation of the projection valued measure
E and due to the commutativity of the complex field
RO®RI; for each j=1. Therefore, decompositions
(4 - 6) extend the o -normal-homomorphism from
0:B(®,R)> f f(T)eC, upto
0:B(®,4,)>f f(T)eC.

For a self-adjoint operator T its spectrum Sp(T) is
contained in aR, while the real field R is separable
as the normed space.

16) Theorem. Let A and B be C*-algebras over the
Cayley-Dickson algebra A,, 2<v,letalso 0:A— B
be a-homomorphism. Then

1) sp(6(T))<6(sp(T)) and |o(T)|<|T| for each
TeA;

2) if K is a self-adjoint element in A and
feC(sp(K).A,) and geC(0(sp(K)).A,) and
0o f(b)=g(b) foreach beR,then
o(f(K))=g(0(K));

3)if @is a-isomorphism, then ¢(T)| =|T| and
sp(6(T))=6(sp(T)) for each TeA and O(A) is
a C"-subalgebrain B.

Proof. 1). Suppose that T e A and a¢sp(T), then

al —T) has an inverse Q in A. This implies
0(a)esp(6(T)),since #(1)=1 and
f(al-T)=6(a)l —O(T) has an inverse 6(Q) in B,
hence Sp(H(T )) c H(sp (T)) , where | denotes the unit
elementin A andin B. Then

[T =[r 7] =|o(TT)

T'T

and
lo() =[o(T)o(r)| = ‘U(H(T*T))‘

(see §2.24 [18]). But |o(0(T'T))<|o(T°T), since
Sp(@(T))cH(Sp(T)), consequently, ||6’(T)||S|T|| (see
also Lemma 2.26 [18]). That is the-homomorphism &
is continuous.

2) If an element K is self-adjoint, then sp(K) cR.
At the same time one has H(b):b for each beR,

since @(bl)=bl forreal b.If {P,:n} is a sequence
of polynomials tending to f uniformly on sp ( K) , then

lim, 6(P, (K))=0(f(K))
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and
iim, P, (6(K)) = 9(0(K)).

since the restriction H| Al induces a-homomorphism
from A, into A,.

3)If O is a-isomorphism and K is a self-adjoint ele-
ment in A, then by (1) we have Sp(@( K)) c H(Sp( K)) .
If this inclusion would be strict, then there would exist a
non-zero element f eC (Sp (K) ,.Av) such that

f ooy = 0 - But (2) means that (K)#0 and

19( f (K)) =g (H(K)) =0, contrary to the assumption
that @ is one-to-one. Thus Sp(H(K)) = H(Sp( K)) and
Lo-(@( K ))| = |o-( K)| for each self-adjoint element K .

articularly, this is accomplished for K =TT and from
(1) it follows that

[T =|o(TT) =‘a(€(T*T))‘ =lo(T)

consequently, ||T || = ||6’(T) , where T € A is an arbitrary
element. On the other hand, A is a complete normed
space and @ is the-isometry, consequently, &(A) is closed
in B and contains I. That is @(A) is a C'-subalgebra in
B.

IfV is an element in B, it induces a quasi-commutative
C*-sub—algebra* cly [IalgAv (V,V*, | )l =Y over A, gen-
erated by V, V' and 1. This sub-algebra has the decompo-
sition Y =Y;i, ®--- @Y, i, ®---, where Y,---,Y,, - are
isomorphic algebras over R. Now take the restricted sub-
algebra Y, =Y,i,®---®Y, i ., where

12" -

2
s

2<r<min(3,v). More generally take sub-algebras ‘Y,
where ¥, is isomorphic with 4, and impose Condi-
tions 2.9 (M1-M3). To the latter C -algebras ‘Y

Theorem 2.24 [18] is applicable. In view of this theorem

sps (0(T)) = SPy(a) (6(T)) . consequently,

0(sp(T))= SPy(a) (6(T)), since @ is the-isomorphism,
where spg (P) denotes the spectrum of an element P in

17) Lemma. Let 6: A— B be a-homomorphism of
C’-algebras over the Cayley-Dickson algebra A, 2<v.
Then the testriction 9|,4V| induces a-iosmorphism of
A, into A,.

Proof. A-homomorphism ¢ is R-linear and .A, -ad-
ditive and Q(T*):[E’(T)]* so the restricrion 6| "
also has there properties. This provides a-homomorphism
from A, into A, . Since

0(z)=0(21)=0(12)=0(2)0(1) = 0(1)0(2).

the image of 1 is 1, @(1)=1. Due to the R -linearity
this means that @(b)=6(bl)=bl=b for each real
number beR,i.e. '9|R =id . For each purely imaginary
Cayley-Dickson number M € A,, Re(M)=0, the iden-
tities —M?> =MM"* =|M|2 are satisfied, consequently,
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o(-M?)=0(IM[')=|M[ =-M* and 6(M*)=M".

If M and K are two Cayley-Dickson numbers which
are orthogonal Re(MK : ) =0, then

0(0)=0(2Re(MK"))
=0(MK" +KM")=0(MK")+0(KM")
M)[o(K)] +o(m)[o(M)]
~2Re(0(M)[0(K)] ) =0.

Therefore, H(i j) and 6(i,) are orthogonal for each
k#j>0 and ‘6’(“)‘:1 and ¢9<bij)=b9(ij) for every
2

real number be R, also H(ij)) =1 for each j>1.
Moreover, we infer that

o(ijic)=0(-i;) = 0(i;)o (i) =-e(i)e(i;)
foreach j=k>1.Thatis,
span, {H(ij ): j=0,---,2" —1} is-isomorphic with A,
fore each 2<r<ow, r<v. Using embedded sub-alge-
bras ¥, satisfying Condition 2.9(M1)into A, we get
that @(A,) is-isomorphic with A, since

o(z')=0(2)[0(2)] =0(2')=| =|o(2)

and hence |6’(z)
mberz e A,

18) Remark. Lemma 17 means that up to a-isomorphic
of the Cayley-Dickson algebra .4, one can consider-
homomorphisms & satisfying additional restriction:
9| , =id, that is @(a)=a for cach ae A, . This will
s1mp11fy notatlons for example, H(sp (T )) =sp(T),
also f =g inTheorem 16(2),i.e
o(f(K))=f(0(K

19) Theorem. If T is a bounded normal 4 meta-in-

|:|Z| for each Cayley-Dickson nu-

variant operator on an .4, Hilbert space X, 2<v<¥N,,

1<r<min(3,v). Suppose that :B(sp(T),.A,)—> A
is @ o -normal homomorphism into a quasi-commuta-
tive von Neumann algebra over A, such that 6(1)=1
and @(id)=T , where id(b)=b for each besp(T).

Then H(B(sp(T) AV))C K , where

_cl[aIgAvg T I)] is the quasi-commutative von
Neumann algebra over™ A, generated by T and T and |
sothat @(f)=f(T) forevery feB(sp(T),A).
Proof. Asin §15 B(sp(T),A,) is supplied with the
structure of a quasi-commutative C -algebra with sp(T )
instead of @ . On the other hand, the inclusion
sp(T)c= A, is valid and 1, id e B(sp(T),.A4,). For
cach feB(sp(T),A,) and aeA \sp(f) there ex-
ists heB(sp(T),.A,) such that (f-al)h=1, con-
sequently, (6(f)-6@(a)l)@(h)=1 andhence
0(a)esp(0(f)). If geB(sp(T).R), then (g-al)
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has an inverse h in B(Sp(T),AV) foreach ae A \R,
consequently, #(g) is self-adjoint in A. The homo-
morphism 6 is order preserving and does not increase
norm by Theorem 18.

Next we apply Theorems 2.24 and 3.22 [17] and §2.9.
Consider ¢ restricted to C(sp(T),A, ). Then
O(f)=1f(T) foreach feC(sp(T),A,) and

f(T)ecl [aIgAV (T,T*, I )J . The mappings 6 and

g g(T) are o -normal, as in §§14, 15 we get that
0(9)=9(T)e K, when g=y, is the characteristic
function of an open subset U in sp(T).

We consider the family C of all Borel subsets with
their characteristic functions satisfying the equality
6(9)=9(T). By the o -normality this family C con-
tains the union of each countable subfamily. It contains
also the complement of each set, since &(1)=1. Thus
C contains the family B (Sp(T)) of all Borel subsets
of sp(T) and &(x, )=, (T) foreach
u eB(Sp(T)). The mapping € is R-linear and A, -
additive and norm continuous so that ||g (T )” <|g| - Due
to the meta-invariance of the operator T the set of all
step functions is dense in B(sp(T),A,) relative to the

norm topology on it, since Sp (T |tx ) is compact for each

teY, while CI[UtErSD(TLX )}:sp(T)cAV and the

Cayley-Dickson algebra A, is separable as the normed
space for V<X, . Therefore §(g)=g(T)eK for each
geB(sp(T).4,).

20) Theorem. Let T be a symmetrical .4, meta-
invariant operator, 2<k <min(v,3) and a4, \RI,
then there exists its resolvent function R(a;T) and
|x|s2|R(a;T)x|/|a—é| for each xeD(T). Let T
be a closed operator, then the sets p(T), o,(T),
o.(T) and o, (T) are not intersecting and their union
is the entire Cayley-Dickson algebra A, ,

o(T)=0,(T)Uo (T)Uo, (T) = A,
Moreover, if additionally an operator T is self-adjoint
and quasi-linear, then the inclusion o(T)c RI is sat-
isfied and R(a;T) = R(a*;T) .

Proof. In the general case for a quasi-linear operator
(not necessarily symmetrical) for the decomposition of
the components 4 ; (d4;X,y) of the projection valued
measure /2(X,y)-f defined (see also §2.23 [18]) as
the sum of the point (/”is,il) , absolutely continuous
(/“‘is,h )ac and continuous singqllar (fuis.h )Sing measures

in accordance with the Lebesgue theorem cited in  §2.50
gives Lz (Ak f:uis,i| "Ak ) = Hp,s,l ® Hac,s,l ® }{sing,s‘l ’ where

Moy =L (Aks(ﬂis,il )p Ay ) ,
Mgy =L (Aka(ﬂis,n )ac »Ak)
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and
Hngss = L (Aw(:uis,h ) A ) :

At the same time for a symmetrical operator, the
inclusion o-(T) c R is satisfied and due to the relations
given in §2.23 [18] for components of the projection
valued measure the supports of all these measures for
different s, are consistent and are contained in R.

21) Theorem. For a self-adjoint quasi-linear A, -
meta-invariant operator T in a Hilbert space X over
the Cayley-Dickson algebra A,, 2<v,
1<k <min(3,v), there exists a uniquely defined regu-
lar countably additive self-adjoint spectral measure E
on B(A4,), EL(T)zo such that

1) D(T):z{xzxe X;JEfT)<(Ié(dz).zz)x;x><oo}and

sing

2) Tx= %1336 I ( z) X
foreach xeD(T).

Proof. Due to Proposition 2.22.9, §2.29 and Theorem
2.30 [18] the space D(T) is A, -vector. Use Lemma
2.26 [18] and take a marked element qe i, -, |,
then we consider h(z):=(q-z)" from A into A,.
It also is the homomorphism of the unit sphere
SR {ZeAk | |—1} into 4, and for

A=((@-2)1)(RET)((a-2)1))+(a-2)!

for each ze p(T)\ { } is accomplished the identity

R(q;T )) =1 in accordance with Lemma 2.5 [18].

If Z—q,then p:=
pe G(R(Q;T)).

Let 0#p=h(z)ep(R(q;T)), then there ~exists
B:=R(q;T)A, where A:=(pl—-R(q;T)) , conse-
quently, B isbijective, R(B)=D(T) and
(z1-T)B=(q-2)I ,thatis, ze p(T).For
u=h(z ) 0e p( (9:T)) the operator
R(q;T) =(ql —=T) is bounded and it is defined eve-
rywhere and this case was considered in Theorem 2.24
[18]. Therefore, the mapping h is the homeomorphism
from p(T) onto p(R(q;T))U{eo}, consequently, also
from o(T)N{e} onto o(R(q:T)).

If MeS, and i eS8, then algg (M I) is asso-
ciative and algg (M,i,q) is alternative, since k<3,
while a purely imaginary quaternion or octonion number
has the decomposition M =i, + K , where «,f€R,
Re(iK")=0, KeS& .If M,q,i S, then
algg (M, i,q) is alternative as the subalgebra contained
in A, k<3.If MeS, and 0,i €S, \S,then M
anti-commutes with q and i, also M is orthogonal
to g and i, consequently, algs(M,i,,q) is alternative
in this case also. Therefore, the subalgebra algg (b,a,i;)

h(q) =, consequently,
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is alternative for each be A and ¢ eAiil,iZ; -}
_For cach 5eB(A) put E(5)=E'(h(s)), where
E' is the A, -graded decomposition of the unity for a
normal operator R(q;T). On the other hand, each vec-
tor Xxe X has the decomposition X = Xi,+X]i, +--
and projection valued measure E is A, graded,
where x, € X, foreach | (see §2.8).
Mention that E' ({O}) =0, since in the contrary case

R(a;T)x= [ bE'(db)x=0
{0}

for each xe X such that 0#x=E' ({0})x contra-
dicting the invertibility of R(q;T ). Therefore,
E(A)=1, consequently, E is an A, graded spec-
tral measure. This spectral measure is self-adjoint, coun-
tably additive and regular due to such properties of E'
(see Theorem 15). Then Ié(o-(T )): | and é(é):O
for 5 < p(T),where o(T)c R. We now put

QZ{XE X: j b2<é(db)x;x><oo}.
o(T)

Evidently, é(&)x c G for each bounded Borel
subset & contained in R, since

jb2< dbxx> .fb2< dbxx>
o(T)

and
2
[bE (db)x| = [b* (E (db)x;x).
5 o
Thus the equality
1) g:{x:EIlim | bé(db)x}
is fulfilled.

We next verify, that D(T ) c G. Take an arbitrary
vector X € D(T). From the definition we have the for-
mula D(T)=R(q;T)X, consequently, a vector Y e X
exists such that x=R(q;T)y and

[ bE (db)x=[" bE (db)R(q:T)y.
Making the change of measure we infer the relations:
2 A 1
2) R(q:T)y= [ E'(dp)-py = [ E(db)-—y,
A A q- b
consequently,

[ bE (db)x = | € (db) .

This demonstrates that x e G and hence D(T)cg.
In view of Formula (2) and Theorem 15 we have
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fé db)-(g—b) = E([-n,n]),
E(l

consequently,
one has:

7E (nal) (ot ~(a1 7))

-n, n])XcD T). At the same time

@) é(db)@—b)}

-n

= [ bE (db)
and this together with (1) implies that the sequence
{TE([—n,n])x:n converges for each xeG. The op-
erator T is closed and lim _,, E([-nn])x=x, con-

sequently, xeD(T) and Tx=lim, jbé(db)x. Thus
G<D(T) and together with the opposite inclusion
demonstrated above this gives the equality G=D(T).
Suppose that another A, graded measure F exists
with the same properties as E . In accordance with
statement (a) of this theorem we have
F ([-m,m])xeD(T) and together with (b) this im-
plies that

(g7 ~T)F ([-mom])

—IImJ'F (db)-(g- b){ ([—m,m])x}

n—»0
-n

:flf(db

In accordance with Theorems 15 above and 2.24, Pro-
positions 2.22.20, 2.22.12, 2.22.18 [18] one has

F‘([—m,ml){iﬁ(db)'(q bH_{,F “r qib}
and

consequently,
R(g:T)E ([=mm]) = [ F (db)——

n q->b

Taking the limit with m tending to the infinity and
substituting the measure one gets:
R(¢:T)= | If(db)-—l = [ F(n(db)) b,

—0 q- A

consequently, F (/4 (s))=E"(s) and hence
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lf(5)= E((S) for each Borel subset § contained in
A, . Thusthe A graded spectral measure is unique.

22) Definitions. A unique (graded) spectral measure,
related with a self-adjoint quasi-linear operator 7' in X is
called a decomposition of the unity for 7. For an A, -
valued Borel function f defined E -almost everywhere
on R a function f(7) of a self-adjoint operator 7 is
defined by the relations:

1) D(f(T)) {x thereeX|stsI|m f (T)x}
where £, (z):=f(z) for |f(z)|<n; f£,(z):=0 while
LEES

2) f(T)x=lim, f,(T)x for each xeD(f(T)),
where ne N . R

23) Theorem. Let E be a decomposition of the unity
for a self-adjoint quasi-linear A -meta-invariant op-
erator T in a Hilbert space X over the Cayley-Dickson
algebra A, and let a Borel function f be as in 8§22,
2<v, 1<r<min(3,v). Then f(T) isa closed quasi-
linear operator with an everywhere dense domain of its
definition, moreover:

a) D(/(T) —{x [lrG) (e dz)xx><oo}

) (/)iy} = [ (E(@) S (2)wix)x e D1 (T));

©) |f(T) | T|f | < E(dz) xx>xeD(f(T));
d) f(T) =7(T):
&) R(q:T)= IE (dz)- (qi ),qep(T).

Proof. Take a sequence of functions f, from 8§22
and subsets 3, :={z:|f(z)|<n}. Then

7)o =tim| 7, (7)f" =tim | (=) { B e)xix)
= Hf | <I§ dz xx>

for each xeD(/f(T)), from this it follows (c) and
that D( /(7)) is contained in

([ (B )i <o)
If ye{ I |f |< dz xx><oo} then
- 1 (B )<
for each m > n, consequently,

W (T)y=1,(T)y|=

This demonstrates statement a).

£, () y=£,(7)f
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To the non-commutative measure 4 givenona o -
algebra @ of subsets of the set S a quasi-linear
operator with values in A corresponds and due to
Theorem 2.24 and Definitions 2.23 [18] this measure is
completely characterized by the family of R -valued
measures 4, ; , such that

(x,y)~f=;u,-k,l-, (o f3x9)ip,

i
where f =Y fi, withreal-valued functions , /",
k
M (kf;x!J/) = j kf(ﬂ“)luik,i, (d/l;x,y)
S

for x,yeD(f(T)), for each /i -integrable .4, -valued
function f with components , f, where
k,0=0,1,---,m,---. Then it can be defined the variation
of the measure

V(U)=sup X |ir( 2y,

WU

by all finite disjoint systems {W,} of subsets W, e ®
in U with Jw,=U.

We have thé embedding A, — A . Here we consider
the Borel o -algebra @ =B(A,) on the Cayley-
Dickson algebra A, . Mention that each Borel measure
£ on A has a natural extension to a Borel measure
on A, so that V(az,A\A)=0. If 4 is bounded,
then it is the quasi-linear operator of the bounded va-
riation with

v (i.S)<sup|ir(z, ).
Ued

moreover, V(a,*) is o -additive on @, if 4 is
o -additive, that is in the case considered here with

S=A and ®=B(A).

The function f we call £ -measurable, if each its
component  f; is B -measurable for each ; and
[=0,1,---,m,--- The space of all i -measurable A -
valued functions f with

P(als) " =, <o

we denote by L’ (/1) while 0<p<oo, also L (/1)
is the space of all f for which there exists

|f|oo = eSSy () Sup|f| <,

In details we write 17 (S,®, 1, A,) instead of L”(4),
where
V(ah)y=v(v,A)
with 2 >0 non-negative / -measurable function
hi A, —[0,0), v(dy)=i(dy)h(y),

|,[‘(th )|2 = Z

1

My (hZU )|2 '

since the function Ay, is real-valued. A subset W in
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S wecall p -zero-set, if V" (/i,W)=0,where V" is
the extension of the complete variation " by the formula

)= ot Y )

for AcS. An A -valued measure 1 on S we call
absolutely continuous relative to g, if V"(4,4)=0
for each subset 4= S with V" (/1,4)=0. A measure
i we call positive, if each 4, is non-negative and
there exist indices m,n for which 4, is positive (i.e.
non-negative on its o -algebra and positive on some
elements of this o -algebra).

For a reference we formulate the following non-com-
mutative variants of Radon-Nikodym’s theorem.

RNCD. Theorem. 1) If (S,fl),,[l) is a space with a
o -finite positive A -valued measure i, where2 <v <
3, also A is an absolutely continuous relative to [
bounded A, -valued measure defined on @ , then there
exists a unique function feL1 (S,(I),,[J,A,), such that
/I(U) = ,&(f;(u) foreach U € @, moreover,

v(48)=|/1, = £|f(y)|V([1,dy).

2) If (S,(D,[z) is a space with bounded A, -valued
measure [, also A is an absolutely continuous rela-
tive to [ A, -valued measure defined on @ , where
2<v <3, then there exists a unique function f e r ([1) ,
such that A(U)=a(fx,) foreach Ue®.

Proof. This follows from the corresponding Radon-
Nikodym’s theorems for R-valued and C-valued meas-
ures.

Recall the classical Radon-Nikodym theorem (I111.10.2,
10.7 [19]). Let (S,®,u) be a measure space with a
o -finite positive measure x and let v be a defined
on @ finite real-valued measure absolutely continuous
relative to u , then there exists a unique function
f el (S @, uR) suchthat

v(4) =£f(y)ﬂ(dy)

foreach 4e®, moreover, V(v,S)=| /|, Let
(S,®,1) be a space with a finite complex-valued
measure and let v be a defined on @ finite com-
plex-valued measure absolutely continuous relative to
4 , then there exists a unique function

f el (S ®,uC) suchthat

v(4) =£f(y)ﬂ(dy)

foreach 4e®.

In the quaternion skew field and the octonion algebra
each equation of the form ax=5 or xa=5b for non-
zero a has the solution x=a'b or x=ha" respec-
tively.

On the other hand, a measure v,, is absolutely con-
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tinuous relative to V() for each n,k, consequently,
v, (dx —hnk(x)V(,[t dx) with

h, €L (S,®V(a),R) and hence

?(dv) = h(x)V (@,dx), where hel'(S,@,V(f).A).
Analogously, one gets z(dx)=g(x)V (/,dx) with
gel'(S, @,V (1), A). Thus i almost everywhere
on S one obtains

1

7 (dv) = g(dx).(mh(x)}

Continuation of the proof of Theorem 23.

The A -meta-invariance of T implies, that the fami-
lies of subalgebras ¥, isomorphic with A exist,
which are defined on vector sub-spaces ‘X over ¥,
satisfying Conditions 2.9 (M1- M 4). Therefore, we take
restrictions T| and reduce the consideration to the
case over A “up to an isomorphism of the Cayley-
Dickson algebras.

Recall that a mapping f:U — W of a topological
space U into a topological space W is called closed if its
graph G(f) isaclosed subsetin UxW , where

G(f)= {(x,f(x)) xe U} . In view of criterion (14.1.1)

[15] a mapping f:U — W has a closed graph if and
only if for each net _x in U convergingto xe X and
with f(,x)—> y theequality y= f(x) is fulfilled.
We now prove that f(T) _is a closed operator. For
each n=12-- we have E(J,)X<D(f(T)) and
lim, E(é)‘ )x=x for each xe X, consequently, a do-
main of definition D(j( )) of f( ) is everywhere
dense in X . Take a sequence {,x:n}cD(f(T)) so
that lim, ,x=x and lim, /(T),x=y. Then for each

nn

natural number m we get the equalities:
£ (T)x =limf, (T)nx
=limE(3,)f(T),x

Il

m>
—_
&
N—
<

Thus
y=lim, E(8,)y=lim, £, (T)x=f(T)x,

hence xeD(f(T)) and the operator f(T) is closed.

Let xeD(f(T)), yeX. Due to RNCD(ii) for
the variation v(8):=V(,,,5) of the measure Z,,
there exists a Borel measurable function ¢, such that
v(6)= ,u”(¢;{b)—<E(¢;(b)xy for each 6 e B(R).
From RNCD(i) it follows tha |¢ z |_1 v -almost
everywhere. Consider f*(z):=|f(z)|¢(z), then due to

(a) D(f1<T>)=D(f(T)) and

(£1(1)xy)=lim J |7 (=) (E(dz)d(2)x: )
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since R is the center of the Cayley-Dickson algebra
and 0<|f(z)eR foreach z.Therefore,

<f(T)x;y>:Ii)l;ﬂ!<é(dz)~f(z)x;y>

= {(E) s ()e)

and from this it follows b))

d) From Ej (1)( E, foreach S=cs,

O#£ceR, se{i } where 7(i,)=0 and
nﬂ( )=1 foreach ]2 tfollows that E-f=E"-f
Take xyeD( ): ( ) then

2)x5y)=(xf(T)y),

( ) If yeDﬁf( )), then
e N one gets tha

> < (T)E(5,)x¥)

(1
< )

consequently, f. (T)y:= E(5 )f(T) y converges to
f(T) y for o0 and inevitably yeD(f( ))

e) Due to Theorem 2.24 [18] the statement (e) fol-
lows from the fact that  E(5):=E (5, N5) is the de-
composition of the unity for the bounded restriction
T|x, , Where X, =E (5, )X On the other hand,

R(q;T)[(qI—T)E(& )] E(s,) foreach reN and
gep(T).Clearly R(q;T)|, R(q;T|X1).Theref0re,

R(q;T)leLrTOIOR(q;T) Ié(@)x

consequently, (
foreach xe X an

(s 7(T)7)=

7)
(7rymr)=T (e
3

x= T é(db)- 1 X

q-b = q->b
that finishes the proof.

24) Theorem. A bounded normal A, -meta-invariant
operator T on a Hilbert space over the Cayley-Dickson
algebra A,, 2<v, 1<r< min(3,v) , is unitary, Her-
mitian or positive if and only if O'(T) is contained in
S, = {z €A, :|z| 21}, R or [O,oo) respectively.

Proof. Due to Theorem 2.24 [18] the equality
T'T=TT" =1 isequivalentto zZ=1 for each
z EG(T) If O'(T)c [0,00) , then

<Tx;x>: j <I§(dz)-zx;x>20
a(7)
for each xe X . Applying Theorems 4 and 12 we get
the statement of this theorem.

25) Definition. A family {T(z):0<zeR} of bounded
quasi-linear operators in a vector space X over the
Cayley-Dickson algebra A,, 2<v, is called a strongly
continuous semigroup, if

a) T(t+q)=T(¢)T(q) foreach 7,4>0;

APM



62 S. V. LUDKOVSKY

b) T(0)=1;

c) T(r)x isa continuous function by e[0,) for
each xe X ;

For >0 let an operator A be defined by the

equality
T(t)x—
M foreach xe X .
t

d) Ax=

Denote by D(A) the set of all vectors xe X for
which the limit lim, ;A x exists and put

e) Ax=lim Ax foreach xeD(4). This operator
A is called an infinitesimal generator of the one-
parameter semigroup U (7).

26) Theorem. For each strongly continuous semi-
group {U(t) 0<tre R} of unitary quasi-linear A, -
meta-invariant operators in a Hilbert space X over the
Cayley-Dickson algebra A,, 2<v <o,
1<r<min (S,V), there exists a unique self-adjoint A -
meta-invariant quasi-linear operator B in X so that

1) (U(t)xy)= T <I§ (db)-exp(tM(b)b)x;y>,

-0

o

Bxy Jb< dbxy>

for each x,y e D(B), where E isan A graded pro-
jection valued measure, M (b) is a Borel function from
R into S, :={zeA, :|z|=1Re(z)=0}.

If additionally »=1 and U(t) is either left or right
A, -linear operator for each ¢, then there exists a marked
purely imaginary Cayley-Dickson number M €S, such
that

3) U(t)=exp(tMB) foreach 1>0.

Proof. For a marked ¢ >0 this was partially demon-
strated in Section 10. Then we demonstrate it relative to
the parameter 7. Extent a semigroup U(z) for t>0 to
agroup U(t) foreach reR putting U(—t)=U"(r).

Consider the space Cg"(R,R) of all infinitely dif-
ferentiable functions f:R — R with compact support.
Foreach xeX and feCy(R,R) consider the inte-
gral

©

4) x' = jf 1) xdr.

Since the group U(t) is strongly continuous, this
integral can be considered as the Riemann integral. Take

the A -vector space
Y = span, {xf :xeX,feCSO(R,R)}.

Then we choose a function w(b)e Gy (R,R) with
the support

supp w=cl {b w(b) = 0} c(-11)
={beR:-1<b<1}
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and w(b)>0 for each b and w(b)>0 on some in-
terval (—¢),¢) and

[ w(p)ap=1,

where ¢ >0 . Then we put w,(b)=——-—=

u > 0. It can be lightly seen that
[ w, (1)(U () x—x)de
gﬁ’ (@ )dt} sup U/ (1)~

e[-u]

o x" _

—0

The one-parameter group U (t) is strongly continuous,
consequently, the .4 -vector space Y is everywhere
densein X .For x/ €Y we deduce

6) %x‘f =Tf(t)wxdt

consequently,

"mef :—Zf'(T)U(r)xdr =x,

q—0 q

since the function [ f(q—7)-/(z)]/g uniformly con-
verges to —f'(z ) on R when ¢ tends to zero. Then
we put Ox’ .—x . From the definition of O we get
that QU (¢)x’ ()Qx for each x/ €Y and reR,
since U(r) is the one-parameter group and R is the
center of the Cayley-Dickson algebra A, which implies

Ulg)-1 U -U
v =] _Ulg+0)-Ul) _
q q q
Then the equalities are satisfied:

< 0°0x;x¢ >

=(ov'0+°) = qimo< )_IX‘“U(?_I’Cg>
=(x ) = (005,

since U(-1)=U"(¢) and

{U(q)—l] U(-

q

q)-1 :I—U(—q)
q -9

and U(¢) is the one-parameter group, consequently,
Q is the normal A -meta-invariant operator. We have
that
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<(Q+Q*)xf;xg>

=|im<{U(q)_ +U(_q)_l}xf;m>
=0 q q

q—0 q q—0 —q

hence Q=-Q" and the operator Q is skew-adjoint.
0
Then ( 0 %) is self-adjoint on Y?. By Theorem

2.24 [18] it has the A, graded projection valued mea-
sure F and

<Qx;y> = }!‘ <|E (dz)~zx;y> = —<Q*x;y>
e

foreach x,yeY ,since Cc A, consequently,
If(dz*) = —F(dz). Take ,F := j F(dz) and
B(4,,0,p)
= ,FX for 0<h<oo, where B(.A,0,h) denotes
as usually the closed ball in A with center at zero and
of radius & . Then

,0 = I F (dz)-z

B(A,,0,b)

zxy>

is the bounded operator on , X, ,0eL (,X) up to
an isomorphism of A Hilbert spaces. In view of
Theorems 3.4 [18], 4, 9, 12 above the von Neumann
algebra ¢/ algA,(bQ:bQ*J)] over A generated by
,0,,0  and I is-isomorphic "with C(A,,4,) for an
extremely disconnected compact topological space A, .
Then H(bQ)—bf is a skew-symmetric function

[,/ (s)] ==,/ (s) for each seA,

the form ,f(s )—,,¢(s),,N(s) with ,¢(s)eR and
,N(s)eS for each seA,, where ,geC(A,,R)
and ,NeC(A,,A),

0:cllalg, (,0,,0°.1)]>C(A, A)

denotes a’- -isomorphism. We have that

F(a)F (8)=F (an p)for each Borel subsets o and
B contained in A . Therefore, up to a -isomorphism
of C* -algebras the aforementioned functions and alge-
=,¢ and

and hence has

M|, =N foreach O<b<c<w.

Then we get 07 (,¢)=,4 is the self-adjoint A, -
meta-invariant operator with an A -graded projection
valued measure E on B([-b,b]) so that

<be;y> = ])' T<é(dr)x;y>

-b
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foreach x,ye ,X . Therefore,
b ~
(be;y) = JT<E(dT)~M(I)x;y>,
-b

where M (7) is a Borel function with values in S,
(see Theorems 15, 16).
We now take a consistent family of A -graded pro-
jection valued measures E on | J [-b,p]=R and put
beN
B= I cE (d T).
This operator is self-adjoint with a domain of defini-
tion D(B) given by Theorem 21. Consider the opera-
tor

<V(t)x;y> = J<E(dr)-exp(tM(r)T)x;y>,
x,yeX,teR.Since exp(tM(r)r)|=1 for each
t,re R and E is the A -graded projection valued
measure on B(R), operators V() are well defined.
Their family by ¢ R forms the one-parameter group
of normal A -meta-invariant unitary operators with a
domain given by Theorem 24. Indeed, the projection
valued measure E is .4, graded and

[exp(tM(r)r)T =exp(—M (7)7)

for each 7,7e R, since M’ (r)=-M(r) for every
reR.
It remains to show that ¥ (¢)=U(r) foreach reR.

There is the inclusion Y = D(B). Let xeY, then

V(t)xeD(B) and dl;—gt) = QV(t)x. On the other hand,
U(t)xeD(B) foreach ¢.We consider
w(t)= U(t)x—V(t)x and get

d

x=QV(t)x=Q0w(1),

consequently,

dlo(f

— = (0e():e(0)+{e(1):00(r) =0,

since the operator O is skew-symmetric. But @(0)=0,
consequently, w(r)=0 for each reR . Thus the
equality U(7)x=V(r)x is fulfilled for each reR
and xeY. The A, vector subspace Y is everywhere
dense in X, consequently, U(z)=V(¢) foreach reR.
When the one-parameter group U (¢) satisfies addi-
tional conditions either left or right A -linearity and
r=1, then there exists a marked purely imaginary
Cayley-Dickson number M €S, such that
U(t)=exp(tMB) for each r>0 due to Theorem 10
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and the proof above, since in this case N(s)=N and
M (7)=M are constants in accordance with Conditions
25(i - v) .

27) Remark. Another way of the preceding theorem
proof in the particular case » =1 and either left or right
A, linear operators U (¢) for each ¢ is the following.

If {T(r):0<¢} is a semigroup continuous in the
operator norm topology (see also the complex case in
Theorem VII1.1.2 [19]), then there exists a bounded
A, -meta-invariant either left or right A -linear operator
A on X suchthat T(r)=exp(td) foreach 1>0.If
Re(z) = (Z+Z)/2 > |A| , then

|exp(—t(z] —A))| < exp(t(|A| - Re(z))) -0

for t > .
theorem:

For such ze. A, due to the Lebesgue

(21 - A_[exp t(zl-A))de =1,

also by Lemma 2.8 there exists

Jexp t(zl - 4))de .

Foreach ¢>0 let Ax:=(T(c)x—x)/e, where xeX,

for which there exists lim,_,_,, A x, the set of all such
x we denote by D(A4). Evidently, D(A4) isthe A -
vector subspace in X. Take some infinitesimal quasi-
linear operator Ax:=lim,__,.Ax. Considering A, as
the Banach space over R, we get the analogs of
Lemmas 3, 4, 7, Corollaries 5, 9 and Theorem 10 from
§ VIIL1[19], moreover, D(A) isdense in.X, also 4 is
the closed quasi-linear A, - meta invariant operator on
D(4). Let w,:=lim__ In(|7(+))/ and ze A, with
Re(z)>w,. Foreach w, <& <Re(z) due to Corollary

VIII1.1.5 [19] aconstant C >0 exists such that
|T |<Cexp(5t) for each +>0. Then there exists
)x —Iexp t(zI-A))xd: for each xeX and

Re(z )>w0,consequently, R(z)xeD(4).

Let 7, be a quasi-linear operator corresponding to
z'I)A instead of T for A4, where 0%ze A ,
moreover, D(4) :(D(z’ll)A) . Then

(z11)AIexp(—t([—(z11)A))xdt
= Iexp(—t(! - (z’ll) A)Z’l) Axde,

consequently, R(z)(z/—A)x=x for each xeD(A4)
and R(z)=R(z4). Thus,

R(z;4 jexp t(zI - 4))xdt
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foreach zep(4) and xeX .

From 8§2.39 [18] it follows, that for the quasi-linear
operator 4 the quasi-linear operator B exists such that
A=MB , where MeA, , [M|=1, Re(M)=0. In
view of the identities U (¢)U(¢) =U(¢) U(t)=1 we
get that 4 commutes with 4" and exp(¢(4+4"))=1.
From the equality R(z;B) =R(Z B) it follows, that
we can choose B=B". If E is the decomposition of
the unity for Band ¥ (¢):=exp(MtB), then by Theorem
2.30 [18] we have

(V(t)xy)= ]O <E(dz)-exp(Mtz)x;y>,

—0

then due to the Fubini theorem one gets the equality
J?<V(t)-exp(—bt)x; y)dt
_j J' < )-exp( (b—Mz)t)x;y>dt
I < b Mz) > =

for each e R®RM with Re(b)>0. Therefore, we
infer

[ (2)-exp(=bt)x; y)de = [“(U (1) -exp(=bt) x; y) de
for Re(b)>0.DuetoLemma VII.1.15 the equality
<V(t)-exp(—et)x;y> = <U(t)-exp(—et)x;y>

is fulfilled for each r>0 and for every b R®RM
with Re(b)>0, consequently, U(7)=V ().

28) Definitions. A topological A -vector space X
is called locally convex, if it has a base of open neighbor-
hoods of zero consisting of A -convex open subsets U ,
that is (ax)b+c(yg)eU for each a,b,c,ge A, with
|a|[p|+|c||g|<1 and every x,yeU . Let X be an
A, -vector locally convex space. Consider left and right
and two sided A, -vector spans of the family of vectors
{n":ae 4}, where

R(b;MB)x; y

spani\v {77" ‘ae A}

:z{zeX:z: Z

i ,---,gﬁ eA,;acAkeN

g ('“(gﬁﬂ”)-")}:

(~--(f7"gi)--~)gf}:

gi ,--4,g§ €A, ;acAkeN

span {77" ‘ae A}

oo 3

8 Ta €A, acA

{gm”n }q(a) }

where q(3) is a vector prescribing an order of the
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multiplication in the curled brackets.
29) Lemma. In the notation of 8§28

spanilv {77“ lae A} = span, {77" lae A}
=span, {77” ‘ae A}.

Proof. Due to the continuity of the addition and multi-
plication on scalars of vectors in X and using the conver-
gence of nets in X, it is sufficient to prove the statement
of this lemma for a finite set A. Then the space
Y:=span, \n“:ae Aj is finite dimensional over A,
and evidently left and right .4 -vector spans are con-
tained in it. Then in Y it can be chosen a basis over A,
and each vector can be written in the form
n’ :{771“,---,77;} ,where neN,n! €A .

Each ze. A can be written in the polar form
z=|z|e", where reR, ¢ isa real parameter, and M
is a purely imaginary Cayley-Dickson number, M € A,
of unit absolute value [M|=1 and Re(M)=0. Hence
(2£)¢ =¢(éz)=alz|¢ for each &=ae™ with real
parameter «,a R, and a Cayley-Dickson number
S eA , since the real field R is the center of the
Cayley-Dickson algebra A, .

On the other hand, X = X,i, ® X,;; ®---@ X ,i, -,
where X,,---, X,,,--- are pairwise isomorphic R -linear

o

locally convex spaces. Therefore, we have
spani‘v {77“ ‘ae A}ﬂspan;h, {77“ ‘ae A}
> span, {77“ ‘ae A},

that together with the inclusion
span’y {77" ‘ae A}Uspanilv {77" lae A}
< span, {77” ‘ae A}

proved above leads to the statement of this lemma.

30) Lemma. Let X be a Hilbert space over the Cayley-
Dickson algebra A, also Xy be the same space con-
sidered over the real field R. A vector xe X is or-
thogonal to an A, -vector subspace Y in X relative to the
A, -valued scalar product in X if and only if x is or-
thogonal to Yy relative to the scalar product in Xg.
The space X is isomorphic to the standard Hilbert space
L(a,A,) over A, of converging relative to the norm
sequences or nets n={n":aec a} with the scalar pro-
duct <I7;W> = Zﬁ“wa , moreover,

d(X) = Card(Ot)N0 card(v) , where card(a) is the car-
dinality of a set a, N, = card(N) , d(X) denotes the
topological density of X.

Proof. Due to Lemma 29 and by the transfinite induc-
tion in ¥, an A, -vector independent system of vectors
{n*:ae A} exists, such that span {n‘:aeAl is
everywhere dense in Y. In another words in ¥, a Hamel
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basis over 4, exists. A vector x by the definition is
orthogonal to Y if and only if (7;x)=0 foreach ey,
that is equivalent to (7“;x)=0 for each ac A. The
space X is isomorphic to the direct sum
Xo@Xp®--@X,i,®D---, where X,,---, X, are
the pairwise isomorphic Hilbert spaces over R, also
Xp=X,®X,®---®@X, ®---. The scalar product
(x;y) in X then can be written in the form

1) <X;y>:;<xk;yn>ain )
where (x;»,)€R dueto §2.8 above. Then the scalar
product (x;y) in X induces the scalar product.

2) (1i7), = sein).

in X . Therefore, the orthogonality of x to the subspace
Y relative to (x;y) is equivalent to (x;y,)=0 for
every yeY and each k, n, that implies the orthogonal-
ity of x to the subspace Y, relative to (x;y). =(x,»).
Due to Lemma 31 from yeY itfollows, that y i €Y
foreach n=01---,m,---. If y, e  then yii eYji,
where either i =ji, or i =—ii . Moreover, by the
definition Y is the two-sided module over the Cayley-
Dickson algebra .4,. Then from (x;y,), =0 for each
yeY and k£=0,1--- due to Formula 2.8 (SP) it fol-
lows, that (x,;»,)=0 for each k n, since Y is the
A, -vector space, consequently, (x;y)=0 for each
yeY.

Then by the theorem about transfinite induction [14] in
X, the orthogonal basis over A exists, in which every
vector can be presented in the form of the converging
series of left (or right) .A -vector combinations of basic
vectors. The real Hilbert space X, is isomorphic with
l,(a,R), consequently, X =X, ®X,j, ®---®X,i, D
is isomorphic with 7,(a,A,). The Cayley-Dickson al-
gebra A, is normed, while the real field R is separable,
hence d(A,)=,2""). The space X is normed, con-
sequently, the base of neighborhoods of x is countable
for each xe X, hence for the topological density it is
accomplished the equality d(X)zcard(a)NOZ”rd(v).
Particularly, for a finite dimensional algebra A , i.e.
2<v<oo,and card(a)=N, onegets d(X)=card(a).

31) Lemma. For each quasi-linear operator T in a
Hilbert space X over the Cayley-Dickson algebra A,
an adjoint operator T" in X relative to the A -scalar
product induces an adjoint operator T, in Xy rela-
tive to the R -valued scalar productin Xg.

Proof. Let D(T) be a domain of the definition of an
operator 7, which is dense in X. Due to Formulas 30
(i,ii) and the existence of the R-linear automorphisms
z+>zi, in A, asthe R-linear space for each
k=0,1,---,m,---, the continuity of scalar products
(Tx;y) implies that of (Tx;y), by xeD(T). For
v <oo these continuities are equivalent. Therefore, due
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to Lemma 29 the family of all ye X, for which
(Tx;y) is continuous by xeD(T) forms an A, -vec-
tor subspace in X and this provides a domain of the defi-
nition D(T* of the operator 7" everywhere dense in
X . Then the adjoint operator 7" is defined by the
equality (Tx; ) =:<x;T*y>,aIso Ty is given by the

way of (Tx;y), =<x;T,§y>R, where xeD(T), also

ye D(T*) . Due to Formula 30(i,ii) one deduces

<xk;(T*y)k> - <xk;(T*y)k>R foreach xeD(T),

yeD(T") and k=01-,m,. In view of Proposi-
tions 2.22.18 and 2.22.20 [18] and Lemma 29 above
D(T) and D(T* are A -vector spaces, then the
family of R -linear automorphisms of the Cayley-
Dickson algebra A as the R -linear space given above
lead to the conclusion that 7* on D(T*) induces Ty
in Xg.

32) Definition. A bounded quasi-linear operator P in a
Hilbert space X over the Cayley-Dickson algebra A,
is called a partial R - (or A, -) isometry, if there exists a
closed R-(or A -)vector subspace Y such that
||Px||_||x|| foreach xev and P(Yy)={0} (or

P(Y*)={0} respectively), where

Y+ .—{zeX.( zZy >—O,Ver}
Yo :={zeXR:<z;y>R=O,Ver}.

33) Definition. An operator 7:X —Y withan A -
vector domain D(7) in a Hilbert space X over the
Cayley-Dickson algebra A, is called densely defined, if
D(T) is (every)where dense in X, where Y is a Hilbert
space over A .

An operator Q extends T (or Q is an extension of 7) if
D(Q)=D(T) and Ox=Tx foreach xeD(Q). This
situation is denotedby Q< T.

Denote by I'(7T):={(x,Tx):xeD(T)} a graph of T.
If c/[T(T)] is the graph of a quasi-linear operator T,
then one says that 7' is pre-closed (or closable) and refers
to 7 as the closure of T.

34) Theorem. Let T be a densely defined quasi-linear
operator T:X —Y in a Hilbert space X over the
Cayley-Dickson algebra A, , where Y is a Hilbert space
over A, 0<v. Suppose that T is either left or right A, -
linear. Then .

1) If T is pre-closed, then (T) =T";

2) T is pre-closed if and only if D(T *) is dense in
Y,

3) If Tis pre-closed, then T =T ;

4) If T is closed, then the operator (I +T°T ) is_pne-
to-one with range X and positive inverse (I +T'T ) of
norm not exceeding 1,

5) If T is closed, then the operator T'T is self-adjoint
and positive;

6) If T is either left or right A, -linear on D(T), then
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T" is either left or right A -linear on D(T*) respec-
tively.

Proof. If an operator T is either left or right A -linear,
then I'(T) is an A -vector space due to Lemma 29.
Therefore, consider the case of I'(T) being an A, -
vector space.

6) Let The right A, -linear x, € D(T'), and
Yo eD(T*)O, ze A, then

<T(x0a);y0> :<(Txo)a;yo> =<Txo;yo>a* :<xO;T*yO>a*
:<xo;(T*yo)a*> =<Txo,yoa*>
(o)

in accordance with Formula 2.8(SP), consequently,
T(y,b)=(Ty,)b foreach be A, ,since

Xy 3 x, > xyi; € X;i; induces the R -linear isomor-
phism of X, onto X, (yob)ij:yogbij) for each
7=0,1,2,---. Analogously Statement (6 of this theo-
rem is verified in the case of a left A, -linear operator 7.

1) If Q is densely defined and T is an extension of Q,
then <Qx;y> = <Tx;y> = <x; T*y> for each ye D(T*)
and xeD(0), consequently, y e D(Q*) and
Q'y=T"y, hence Q" is an extension of 7*. From
T < T it follows that (T)  T". For an arbitrary vec-
tor xe X take a sequence {,x:n{ in D(T) con-
verging to x such that {7, x} converges to Tx .
Therefore,

<]_"x;y> =lim, <T x'y> =lim, <nx' T*y> = <x'T*y>
for each yeD(T ,_consequently, yeD(( )) and
(T) y=T"y.Thus (() =T".

2) If T(T) isclosed in X xY, then it is the Hilbert
space over A, so that T'(T)c XxY . Consider the
mapping P:T(T)>(x,y)> xeY, consequently, P is
bounded and quasi-linear. Thus P has a bounded adjoint
P" mapping Y into T'(T). This operator P has null
space ker(P)={0}, since (0,y)eI’(T) only when y
= 0. In view of Theorem 2.30 [18] the range of P is
dense in I'(T) as the A, -vector space. Thus F(f
contains a dense A -vector subspace the range of P°
consisting of all pairs (x,7x) with
TxeD(T")=D(T"). If a vector y is orthogonal to

T),then 0=(Tx;y)=(Tx;y) foreach xeD(T),
hence yeD(T* and it is annihilated by 7°. Thus
D(T") contains a dense subset of the A, -vector range
of T "as well as the orthogonal complement of this
range due to Lemma 31. The formula of the scalar prod-
uct 2.8 (SP) on X and Cauchy-Schwartz’ inequality
implies that there is the A, -vector subspace D(T") in
Y, since D(T) is the A -vector subspace. Since
D(T* isan A -vector subspace, it is dense in Y.

Suppose now that D(T) is dense in Y and {,x:n}
is a sequence in D(T) converging to zero so that
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T,x:n} convergesto w.Thenif yeD(T") we get
Tnx;y>=<nx;T*y>, hence <nx;T*y> converges to 0
and (w;y) simultaneously. Therefore, the operator T is
pre-closed, since D(7") is dense in Y and hence w = 0.

3) At first we demonstrate that if 7" is densely defined,
then T" is a closed operator. Take arbitrary vectors
»,zeD(T") and xeD(T). Let T be left A, -linear,
S0 we get

<xj T (azk:ykik j + T*z>
g} rs{g o
- <T(xja*);Zk:ykik>+<ij;Z>

- <xja*;T* (;ykik j>+<x./?T*Z>

- <x,;aT* (;ykik j>+<x./';T*Z>

foreach aeRi, and y=Yyi €D(T")c¥ and
k

zeD(T"), since the subalgebra algg (i,,i,) is asso-
ciative for each k,/, consequently, ay+zeD(T")
and T"(ay, +z)=aT y, +T'z . Thus ’D(T* is an
A, -vector space by Lemmas 30 and 31and 7~ is a left
A, -linear operator, since each Cayley-Dickson number 5

has the decomposition 5= b, with b, R for every
1

1. Analogously it can be demonstrated in the right A -
linear case (see also (6) above). If {,z:n} is a se-
quence in D(7") converging to z so that {7, z:n}
converges to w, then <y;T*nz>=<Ty;nz>, hence the
sequence {<y;T*nz>:n} converges to (7y;z) and in-

evitably this gives (Ty;z)=(y;w) for each yeD(T).
Thus zeD(7") and T"z=w. This means that the
operator T is closed.

Suppose that conditions of (3) are accomplished. The
domain of definition D(T") is dense in X in accor-
dance with (2), when T is pre-closed, so that 7" has an
adjoint operator 7. Then T*y;x>=(y;Tx> for each
xeD(T) and ye D(T*) , consequently, xe D(T**)
and 7"x=Tx. Therefore, the operator 7™ is closed,
consequently, T T T . From Section 1 of this
proof, it follows that 7*** < T* =T". On the other hand,

we have T* g(T* ) since the operator 7" is closed.

Thus T"=T"".

We have that 7 < T** and F(f)gF(T**).This im-
plies that (x;y>+<T**x;7_"y>=0 for each yeD(T)
when (x,T**x)eF(T**) is orthogonal to T'(T). Par-
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ticularly it holds for 7y e D(7") and implies
<x;(T*T+Iy)> =0.

From (2) of this proof we get that (T"T +7)X =X .
Indeed, if ze X and P'z=(w,q),then Tw=g and

(zy)=(Pz(3. 1)) = (wy)+(¢:Ty)
for each yeD(T), consequently, (Ty;q)=(y;z-w)
and qu(T*).Then T'q=T"Tw=z-w and
(r'T+1)w=z. Thus x=0 and [(7")=r(T) and
T =T.
4)If xeD(T'T+1), then
" < (i) (T ) = (77T + 1) )

<[(r T+ 1)

Hence ker(T*T + I) = (T*T + 1)71(0) = {0}, that is, this

operator (7°T+1) is one-to-one and has a bounded
inverse of norm not exceeding one. Each ze X has the
form (7°T+1)x =z, consequently, the inverse operator

H :=(T"‘T+1)71 is positive, since
(z;Hz) = (T*T+I)x;xP. _ _

5) From 4) we have that D(7°T) is dense in X. For
each xeD(T'T) we get

<(T*T+I)x;y> = <T*Tx;y>+<x;y>,

consequently, (T*T)* and (T*T+I)* have the same
domain and (7°T) +1=(T"T+1) . With yeD(T°T)
one has the equality <T*Tx;y> = <x;T*Ty> such that
T'Tc (T*T)* and (T*T+I) c (T*T+I)*, consequently,
(7T +I)* X =X . Ifavector y is such that
(7T+1) y=0, then

<(T*T+1)* y;x> - <y;(T*T+ I)x> -0

foreach xeD(T°T), consequently, y =0, since
R(T'T+1)=(T"T+I)X=X.

Thus the operator (7°T +1 T s bijective and extends
the operator qu*T + 1) and these two operators have the
same range. Therefore, one infers that

T'T+1=(T'T+1) =(I"T) +1 sothat T"T =(T°T)
Then the inequality <T*Tx;x> =(Tx;Tx)>0 for each
xeD(T'T) shows that the operator 7°7 is positive.
35) Theorem. If T is a closed quasi-linear A, -meta-
invariant operator in a Hilbert space X over the Cayley-
Dickson algebra A,, where 2<v, 1<r< min(3,v) ,
then T = PA, where P is a partial R-isometry on Xg with

#
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the initial domain cl|R(T")), also A is a self-adjoint
quasi-linear operator such that cl (R(A)) =cl (R(T *) ,
where R(T) denotes a range of T. If additionally T is
either left or right A, -linear, then there are either left
or right A -linear isometry P and either left or right
A, -linear operator A respectively such that T = PA.

Proof. Due to the spectral theorem 21, a self-adjoint
quasi-linear A -meta-invariant operator 7' is positive
if and only if its spectrum is contained in o (7)) =[0,).
In the Cayley-Dickson algebra .4, each polynomial has
aroot, i.e. zero, (see Theorem 3.17 [16] or §2.2.4 [13]).
Therefore, if H is a positive self-adjoint quasi-linear
operator, then there exists a unique positive quasi-linear
A -meta-invariant operator A, suchthat 4° = H ,

AzT\/ZE(db)

With f(b)=+b>0 for >0 and a domain of its
definition D(4) is given by Theorem 21. Therefore,
generally there exists a positive square root A of the
operator T°T . The space c/(R(4)) is R-linear, where
R(A)=A4X.

If the operator 4 is in addition either left or right A -
linear, then c/(R(4)) is the A, -vector subspace due
to Lemma 29. In view of Lemma 30, there exists the
perpendicular projection E ([0,0)) from X on cl(R(4))
moreover, E isright or left A, -linear, if c/(R(4)) is
the A -vector subspace.

Then Q is a correctly defined isometry with the do-
main of definition R (B), where B is the restriction of 4

on D(T*T), B=A|D(T*T), where D(T*T) is consid-

ered as the R-linear space embedded into X in general,
but for either left or right A -linear operator T it is con-
sidered as the A, -vector space, analogously for domains
and ranges of the considered here other operators, that is
clear from the context. In view of Theorem 34 T'(B) s
dense in T'(A4),since T°T = A"A4. Therefore, if
(x,y)el(4), then there exists a sequence (,x,,») in
I'(B) converging to (x,y), consequently, lim, ,y=y
and the vector space R (B):=BX isdensein
R(A)=AX . Let P* be an isometric extension of the
operator Q on cl[R A)| and F be a perpendicular
projection in X on ¢/| R(4)|. If put P=P'F, then P
is a partial isometry with an initial domain cI[ R (4)].
Moreover, PAx=Tx forevery xeD(T'T).

Let {,y:n} be a sequence in D(4) such that
lim,  ,y=y and lim P4 y=z. Then there exists the
limit lim A, y=w, since P is the isometric R-linear
mapping. Then yeD(A4) and Ay=w, since the op-
erator A4 is closed. Thus yeD(PA4) and PAy=z,
consequently, the operator PA is closed.

It is necessary to verify that 7 = PA. Let K be a re-
striction of T on D(T*T) . Then by Theorem 34 T'(K)

Copyright © 2013 SciRes.

isdense in ['(T).If xeD(T), there exists a sequence
{(,x.4,x):n} in T(K) suchthat

lim,(,x A4,x)=(x,4x). From P4, ,x=T ,x and close-
ness of PA it follows that

PAx=Ilim, P4 x=lim T x=Tx,

consequently, PAcCT.

We have that I'(B) is dense in I'(4). Therefore,
for each xeD(4) asequence {(,x,4,x):nj<T(B)
exists so that lim, (,x,4,x)=(x, 4x) . Then we deduce
that PAx=Ilim, PA x=Ilim T x=Tx,since
P4 ,x=T ,x and the operator T'is closed. Thus PAcT,
consequently, together with the opposite inclusion dem-
onstrated above, it implies that PA=T .

In view of Theorem 34 one gets

cA[R(4)]=cl[R(1")],

since 4"x=Ax=0 ifandonlyif 7% =Tx=PAx=0.

We next demonstrate that this decomposition 7' = PA
into the product of operators is unique. In accordance
with Theorem 34 AP" = T', consequently, 7T = AP"PA.
On the other hand, PP is the projector on cl[ R (4)],
hence T°T = 4%. A uniqueness of 4 follows from Theo-
rem 21. Since the mapping 4 is unique, the operator P is
defined on R(A4) by the equation P(A4x)=Tx in the
unique manner. A continuous extension of P from
R(4) on cl[R(A)] is unique. The restriction of op-
erator P on the orthogonal complement c/| R(4)| is
zero. Thus the operator P is uniquely defined by the op-
erator T.

At the same time 4 is either right or left A -linear, if 7
is either right or left A -linear, since sois E forsuch T
and also 7" is either right or left A -linear due to Theo-
rem 34(6). Since 7 and 4 are either right or left A -linear,
then P also should be such.

The presented above results of this paper and from
works [16,20-30] can be used for further developments
of the operator theory over the Cayley-Dickson algebras
including that of PDO.
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