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Abstract 
The paper firstly studies existence condition of solution via the corresponding 
characteristic eigenvalues condition. Secondly, we derive the representation 
for the general solution by using the method of constant variation. Finally, we 
use the representation of the general solution to investigate Ulam-Hyers sta-
bility (UHS) and Ulam-Hyers-Rassias stability (UHRS). 
 

Keywords 
Hahn Difference Equation, General Solution, Characteristic Equation,  
Ulam-Hyers Stability, Ulam-Hyers-Rassias Stability 

 

1. Introduction 

Hahn [1] introduced the Hahn difference operator, a concept later explored by 
Annaby et al. [2], who investigated its integral formulation. The works of Hamaz 
et al. [3] [4] focused on existence and uniqueness of solutions using successive 
approximations, as well as the stability of first-order Hahn difference equations. 
Abdelkhaliq et al. [5] expanded this by studying the stability of Hahn difference 
equations in Banach spaces. Additionally, Hıra [6] [7] applied the Laplace trans-
form and ,q ω -differential transform methods to Hahn difference operator. Fur-
ther studies related to Hahn difference are referenced in [8]-[14]. 

The concept of Ulam stability, initially introduced in [15], was later formalized 
as Ulam-Hyers stability by Hyers [16], and subsequently extended by Rassias [17], 
who incorporated additional variables into the stability framework, resulting in 
Ulam-Hyers-Rassias stability. This theory has been widely applied in various stud-
ies concerning the stability of different equations, as seen in [18]-[28]. 
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Recently, Chen and Si [29] examined the Ulam type stability of second-order 
linear Hahn difference equations. In this paper, we continue to study UHS and 
UHRS of the following n  order linear Hahn difference equation with constant 
coefficients 

( ) ( ) ( ) [ ], , 1 0
1

, , ,
n

n n i
q i q

i
Y s P Y s F s s I bω ω ω−

=

+ = ∈ =∑D D         (1) 
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We firstly investigate the existence condition and representation of solution to 
the homogeneous problem of (1) via the corresponding characteristic eigenvalues 
condition. Then, we give the representation of general solutions of (1) by using 
the method of constant variation. Finally, we investigate UHS and UHRS of (1) 
using the representation of general solutions. 

2. Preliminaries 

Throughout the article,  , + , 0  and +  denote the set of real numbers, 
set of non-negative real numbers, set of non-negative integers and set of positive 
integers, separately. 

Definition 2.1. [2] Assuming function 1: Iψ →   is continuous at 0ω . Let 
[ ]1 2 1,b b I⊂ . Then the Hahn integral of ψ  from 1b  to 2b  can be given by  
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Definition 2.2. [2] Assume 1: Iζ →   is continuous at 0ω . Let  

( ) ( )( )1 0s s sζ σ− − ≠ , ∀ 1s I∈ . Then ( )e sζ  and ( )E sζ  can be given by  
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Definition 2.3. [12] Assume 1 2 1, , , :nY Y Y I →  , are continuous at 0ω . The 
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,q ω -Wronskian of 1 2, , , nY Y Y  is defined by  
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We introduce the following lemma which will be used in the computation of 
examples.  

Lemma 2.4. [12] Assume functions ζ , 1:P I →  are continuous at 0ω . 
Then exponential functions ( )e sζ  and ( )pe s  has the following properties: 

(i) 
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3. Main Results  
3.1. The General Solution for Equation (1) 

In this section, we are begin to study the existence condition of solution for linear 
homogeneous equation with constant coefficients  

( ) ( ), , 1
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+ = ∈∑D D                 (2) 

For Equation (2), we get corresponding characteristic equation  
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Theorem 3.1. Equation (2) has a solution on 1I  if and only if the eigenvalues 
, 1, ,j j kλ =   satisfy  

( )( ) 11, , 1,2, , .j s s s I j kλ σ− ≠ ∀ ∈ =                (3) 

Proof. Let ( ) ( ) ( ) ( )( )T1
, ,, , , n

q qZ s Y s Y s Y sω ω
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Clearly, (4) has a solution on 1I  if and only if ( )( )E A s sσ− −  is invertible 
on 1I , where E  is identity matrix. Thus, the conclusion holds.  

In the following lemma, we supplement the Theorem 6.1 from paper [12] by 
adding the existential condition for the solution of Equation (2).  
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Lemma 3.2. With the Condition (3), Equation (2) has a fundamental set  
{ }, , 1,2, , ; 0,1, , 1j i jY j k i r= = −   of solutions as follows  
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s s
Y i r

q q
σ

λ
−

= = = − .  

In the following theorem, we get the general solutions for Equation (1) by using 
the method of constant variation.  

Theorem 3.3. With the Condition (3), Equation (1) has a general solution  
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Proof. By Lemma 3.2, we get the general solution of Equation (2):  
( ) ( )1

, ,0 1
jr k

j i j ii jY s a Y s−

= =
= ∑ ∑ . Then we use the method of variation of parameters 

to get a particular solution ( )0Y s  of Equation (1)  
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where ( ) ( ), 11,2, , ; 0,1, , 1 :j i ja s j k i r I= = − →   . By finding the Hahn deriv-
ative on both sides of the Equation (6), we get  
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For (7) and (8), we can obtain  
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Thus, Equation (1) has a general Solution (5).  

3.2. UHS and UHRS of Equation (1) 

In the subsection, we study UHS and UHRS of Equation (1) by using the general 
solutions of Equation (1).  

Definition 3.4. Equation (1) is called UHS on 1I , if there is a number 0C > , 
for ∀ 0ε >  and ∀ X  satisfies  

( ) ( ) ( ), , 1
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=
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there exists a solution Y  of Equation (1) such that ( ) ( ) 1,X s Y s C s Iε− ≤ ∈ .  
Definition 3.5. Equation (1) is called generalized UHS if there is a function 
:θ + +→  , for ∀ 0ε >  and ∀ X  satisfies Inequality (9), there is a solution 

Y  of Equation (1) such that  

( ) ( ) ( ) 1, .X s Y s s Iθ ε− ≤ ∈  

Definition 3.6. Equation (1) is called UHRS on 1I  with regard to a continuous 
function 1: Iη +→ , if there is a number 0C > , for ∀ 0ε >  and ∀ X  sat-
isfies  
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there exists a solution Y  of Equation (1) such that ( ) ( ) ( ) 1,X s Y s C s s Iεη− ≤ ∈ .  
Definition 3.7. Equation (1) is called generalized UHRS with regard to η  if 

there is a number 0C > , for ∀ X  satisfies  
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( ) ( ) ( ) ( ), , 1
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there is a solution Y  of Equation (1) such that  
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Remark 3.8. A function X  satisfies Inequality (9) if and only if there is a func-
tion :H →   such that 
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−
=

+ = + ∀ ∈∑D D .  

Theorem 3.9. With the Condition (3), Equation (1) maintains UHS on 1I .  
Proof. Assume 1:X I →  satisfy Equation (9). According to Remark 3.8, we 

have  
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Then, by Theorem 3.3, Equation (11) has a solution  
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We define a function 1:Y I →  by  
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By Theorem 3.3, we know Y  is a solution of Equation (1). Thus, we get  
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Since 
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+
 is a continuous function, then it is bounded on 1I . 

Therefore, 
( )( )
( )( )

1

0 1

,k
k

k k

W s s
q

W s

σ

σ

+
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= +∑  is convergent and continuous on 1I . Then  

there is a constant C  such that ( ) ( )X s Y s Cε− ≤ .  
Corollary 3.10. With the Condition (3), Equation (1) maintains generalized 

UHS on 1I .  
Now we make the assumption: 
(A1) Let :η +→  be increasing function.  
Theorem 3.11. With the Condition (3) and (A1), Equation (1) maintains UHRS 

with regard to η  on 1I .  
Proof. Assume 1:X I →  satisfy Equation (10). Similar to the proof of The-

orem 3.9, according to Condition (3) and (A1), we have  
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( ) ( )
( )( )
( )( ) ( ) ( )

( )( )
( )( )0 0

, ,

, ,
.

s s
q q

W t s W t s
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σ σ
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Thus, Equation (1) maintains UHRS with regard to η  on 1I .  
Corollary 3.12. With the Condition (3) and (A1), Equation (1) maintains gen-

eralized UHRS with regard to η  on 1I . 

3.3. Examples 

In the subsection, we give two examples to demonstrate the theoretical results.  
Example 3.13. Considering the following equation  
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Thus, Equation (13) has a general solution  
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2

2
1
3

1
3

36 36

2 20
6 20 ,

3

s s

Y s a e s a e s e s e s e s

e s s
e s s

σ
−

 − − 
 

= + − +

−
− − +

 

where 1 2,a a ∈ . Additionally, we get  

( )( )
( )( )
( ) ( )( ) ( ) ( )( )

( )( ) ( )( )

( )

( )( )

( )

( )( )

( )
( )

( )( )
( )

( )( )

( )
( )( ) ( )( )

,20

1 1 1 1
2 3 3 2

,20
1 1
2 3

11
32

,20
1 1
2 3

11
32

1 1
0 1 1

2 3

0

0 0

,

6

6

13 20
2

1 1 13 20
2 1 1 1 11 1

2 2 3 2

s
q

s
q

s
q

k

k k
k

k

i i
k k k

i i

W t s
d t

W t

e s e t e s e t
d t

e t e t

e se s
d t

e t e t

e se s
s

e s e s

s
s s s s

ω

ω

ω

σ

σ

σ σ

σ σ

σ σ

σ σ

σ σ

∞

+ +
=

∞

=

= =

−
=

= −

 = − − 
 

 = − − 
     − − − −   

   

=

∫

∫

∫

∑

∑
∏ ∏

( )
( )( ) ( )( )

( )

( )( )

( )

( )( )

0

0 0

11
32

,20
1 1
2 3

1 1 13 20
2 1 1 1 11 1

2 2 3 2

6

k

i i
k k k

i i

s
q

s
s s s s

e se s
d t

e t e t ω

σ σ

σ σ

∞

=

= =

 
 

   − −         − − − −        

 
 

= − 
 
 

∑
∏ ∏

∫
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( ) ( )

( )

1 1
2 3

1
2

12 18 6

12 1 8.9.

e s e s

e b

= − +

 
≤ − ≤  

 

 

Hence, Equation (13) has Ulam-Hyers stability and Ulam-Hyers-Rassias stabil-
ity with regard to ( )1

4

e s  on [20, 21]. 
Example 3.14. Considering the following equation  

( ) ( ) ( ) ( ) ( ) [ ]3 2
1 1 1 1,12 ,12 ,12
3 3 3 8

11 1 1 , 18,19 ,
12 4 48

Y s Y s Y s Y s e s s− + − = ∈D D D  (14) 

and the following inequalities  

( ) ( ) ( ) ( ) ( )3 2
1 1 1 1,12 ,12 ,12
3 3 3 8

11 1 1 ,
12 4 48

Y s Y s Y s Y s e s ε− + − − ≤D D D  

( ) ( ) ( ) ( ) ( )3 2 3
1 1 1 1,12 ,12 ,12
3 3 3 8

11 1 1 .
12 4 48

Y s Y s Y s Y s e s sε− + − − ≤D D D  

Characteristic equation 3 211 1 1 0
12 4 48

λ λ λ− + − =  has characteristic roots  

1
1
2

λ = , 2
1
4

λ =  and 3
1
6

λ = . Then homogeneous equation of (14) has a general  

solution  

( ) ( ) ( ) ( )1 1 2 1 3 1 1 2 3
2 4 6

, , , .Y s a e s a e s a e s a a a= + + ∈  

Additionally, we get  

( )( ) ( )( ) ( )( ) ( )( )1 1 1
6 4 2

1 ,
144

W t e t e t e tσ σ σ σ=  

and  

( )( )
( )( ) ( )( ) ( ) ( )( ) ( )( ) ( )

( ) ( )( ) ( )( )

1 1 1 1 1 1
6 4 2 6 2 4

1 1 1
6 4 2

,
12 3

.
4

e t e t e s e t e t e s
W t s

e s e t e t

σ σ σ σ
σ

σ σ

= −

+

 

Then, we have  

( )( ) ( )
( )( )
( )

( )( )

( )

( )( )

( )

( )( ) ( )

( )
( )( )

( ) ( ) ( )

( )
( )( )

( ) ( ) ( )
( )( )

( )

,18

11 1
62 4

1 ,18
1 1 1 8
2 4 6

1 3 1 1
12 2 48 1
2

1 1 1 1 1
1 14 6 68 1 24 1
4 6

,

3612 48

32 32 384

384 864 864 .

s
q

s
q

s s

s s s s

W t s F t
d t

W t

e se s e s
e t d t

e t e t e t

e s e s e s e s

e s e s e s e s e s

ω

ω

σ

σ σ

σ
σ

σ σ σ

−
 − − 
 

− −
   − − − −   
   

 
 

= − + 
 
 

= − + −

+ + −

∫

∫
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Thus, Equation (14) has a general solution 

( ) ( ) ( ) ( ) ( )
( )( )

( )

( ) ( ) ( )
( )( )

( )

( ) ( )
( )( )

( )

1 1 2 1 3 1 1 3
12 4 6 2 8 1
2

1 1 1 1
12 4 4 8 1
4

1 1 1
16 6 24 1
6

32

32 384 384

864 864 .

s s

s s

s s

Y s a e s a e s a e s e s e s

e s e s e s e s

e s e s e s

σ

σ

σ

−
 − − 
 

−
 − − 
 

−
 − − 
 

= + + −

+ − +

+ −

 

Next, we get  

( )( )
( )( )
( )

( )( )

( )

( )( )

( )

( )( )

( ) ( ) ( )

,18

11 1
62 4

,18
1 1 1
2 4 6

1 1 1
2 4 6

,

3612 48

24 192 216 432 118.9.

s
q

s
q

W t s
d t

W t

e se s e s
d t

e t e t e t

e b e b e b

ω

ω

σ
σ

σ σ σ
= − +

≤ + + − ≤

∫

∫  

Hence, Equation (14) has Ulam-Hyers stability and Ulam-Hyers-Rassias stabil-
ity with regard to 3s  on [18, 19]. 
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