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OBl Open A
Hahn [1] introduced the Hahn difference operator, a concept later explored by

Annaby ef al [2], who investigated its integral formulation. The works of Hamaz

et al. [3] [4] focused on existence and uniqueness of solutions using successive
approximations, as well as the stability of first-order Hahn difference equations.
Abdelkhaliq et al [5] expanded this by studying the stability of Hahn difference
equations in Banach spaces. Additionally, Hira [6] [7] applied the Laplace trans-
form and ¢, ® -differential transform methods to Hahn difference operator. Fur-
ther studies related to Hahn difference are referenced in [8]-[14].

The concept of Ulam stability, initially introduced in [15], was later formalized
as Ulam-Hyers stability by Hyers [16], and subsequently extended by Rassias [17],
who incorporated additional variables into the stability framework, resulting in
Ulam-Hyers-Rassias stability. This theory has been widely applied in various stud-

ies concerning the stability of different equations, as seen in [18]-[28].
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Recently, Chen and Si [29] examined the Ulam type stability of second-order
linear Hahn difference equations. In this paper, we continue to study UHS and
UHRS of the following » order linear Hahn difference equation with constant
coefficients

@Zwa(s)+ POIY (s)=F(s), sel =[w,.b], (1)
=1

£ q,0
where F:I, >R iscontinuousat s=@, and P eR (i=12,---,n),and Hahn
, D Y(gs+o)-D Y (s
difference operators: CD; wY(s) =1 (q ) ch ( > (S # wo) R
' s (q - 1) +w
D,.Y(5)=Y (@), (s=a,), D),Y(s)=Y(s), (i=1,2,+-,n), 0<g<1
and @ >0 are constants, @, = —a
-q
We firstly investigate the existence condition and representation of solution to

the homogeneous problem of (1) via the corresponding characteristic eigenvalues
condition. Then, we give the representation of general solutions of (1) by using
the method of constant variation. Finally, we investigate UHS and UHRS of (1)

using the representation of general solutions.

2. Preliminaries

Throughout the article, R, R,, N, and N, denote the set of real numbers,
set of non-negative real numbers, set of non-negative integers and set of positive
integers, separately.

Definition 2.1. [2] Assuming function y:1, - R is continuous at w,. Let
[bl,bz] c I,. Then the Hahn integral of v from b to b, can be given by

by

by by
'[bl l//(sl )dq,wsl = I“’U (//(Sl)dq,wsl __[% (//(Sl)dq,wsl’

where
[ (5, =(x(1-0)-0) g (o ()
=3 (0’ (1)o7 (x))w (o’ ().
o’ (x)=qjx+a)[j]q , [j]q = __C;j ,and (X(l—q)—a))gq/y/(a/ (x)) is

convergentat x=¢g, and x=a,.
Definition 2.2, [2] Assume ¢ :1, - R is continuous at w,. Let
1-¢(s)(s—o(s))#0, V sel,. Then e,(s) and E,(s) can begiven by
1

R T (e e e

E, (s) :H(1+4’(0'j (s))qj (s—a(s))).

Jj=0

Definition 2.3. [12] Assume Y,,Y,,---,Y : 1, — R, are continuous at ®,. The
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q,® -Wronskian of Y,,Y,,---,Y  Is defined by

Y, Y,
9,0 - D,
WYY, ) (s) = 0L T,
Dyt DY,

We introduce the following lemma which will be used in the computation of
examples.

Lemma 2.4. [12] Assume functions {, P:1, >R are continuous at w,.
Then exponentia] functions e, (s) and e, (s) has the following properties:

) —4 (S)

(i) e, S)ep() e;+p—4p(s—o(s))(s);
(iii) (S)— ‘op (s)
e, () e

3. Main Results
3.1. The General Solution for Equation (1)

In this section, we are begin to study the existence condition of solution for linear

homogeneous equation with constant coefficients
)Y (s)+Y PO, Y (s)=0, sel,. )
i=1
For Equation (2), we get corresponding characteristic equation

n k .
A+ P =T1(A-4,)" =
i=1 =1
. . k
where 4,,j=1,---,k are eigenvalues and Zj:] r=n.
Theorem 3.1. Equation (2) Aas a solution on 1, ifand only if the eigenvalues
A, j=L-k satisty

J

A(s—o(s))#1, Vsel,, j=12,k 3)
Proof Let Z(S)=(Y(S),Q%MY(S),"',@Z;I)Y(S))T . Then, (2) can be turned
into
0 1 0
0 0 0
D,,Z(s)=A4Z(s), A=| : A 4)
0 0 1
-k, £, - -B

Clearly, (4) has a solution on [/, if and only if E —A(S —O'(s)) is invertible
on [, where E isidentity matrix. Thus, the conclusion holds.
In the following lemma, we supplement the Theorem 6.1 from paper [12] by

adding the existential condition for the solution of Equation (2).
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Lemma 3.2. With the Condition (3), Equation (2) has a fundamental set
{Yjﬂ.,j =12, k;i=0,1-,r —1} of solutions as follows

€, (s), i=0,

Y, = 1w n(n—l) (n z+1)( (s O'(S)))”
77 2 aa),

L =12, =1, 4, %0,

(s—o(s))
and YV, =-~——"-,4,=0,i=0,1,---,r,—1.
(4:4),
In the following theorem, we get the general solutions for Equation (1) by using

the method of constant variation.
Theorem 3.3. With the Condition (3), Equation (1) has a general solution

X(s)= 5 a,y, (s)+ jwo(W((tl—’(st))};(’) n (5)

where W (o (t))= W(Yl,0 (o(1)s Y (0(2))s Yo (0 (1)) Y (o-(t)))

and W(a(t),s) can be obtained by replacing nth row of W(a(t)) with

(ym (S)""ﬂyl,rl—l (5),+ Y (S)5”'=Yk,rk—1 (S)) )
Proof. By Lemma 3.2, we get the general solution of Equation (2):
Y(s)= Z, 0 Z/ ney (). Then we use the method of variation of parameters

to get a particular solution Y, (s) of Equation (1)

()= ia,l(s) ) ®

where a; (s )( =L2,---,k;i=0,1, 1) I, - R. By finding the Hahn deriv-
ative on both sides of the Equation (6) we get

g

2,16 £ 3 (2 0, ())7, (06) 0, (52, 1, 5).
Let 7 Zl IQW(aj, ) (o(s))=0.Weget

rjlk

D2y (5) = 22,0 (@4 (5)) D, (7,1 ((5))) + ()2, (¥, (5)))-

i=0 j=1

Let Z:j;lzt D0 (aji (S))Qq,w <le (O'(S))) =0.Wehave
()= S50, 0, ()22 (1, (09))) - (5) 25 (1, 9)))

i=0 j=1

-1 g

I
o

Similarly, by sequentially letting
-1

iﬁqu( (s ))@':,ul( f (O'(S))):0, 1<m<n-1, (7)

i=0 j=

J

and finding the Hahn derivative, we get

i1k

qm () Zzau() q(u(Yj,i(S))’lngn_la

i=0 j=1

and
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rjl

1o(5)= £ 3D, (@, () D22 (1,0 (0(5))) +ay, ()00 (7,4 (5))):

i=0 j=1

Thus, we have

-1

1 (0) SR (5) = 230, (o, ()2 (1, (o) = F () @)

i=0 j=1

N

I
o

For (7) and (8), we can obtain

gq,ma/,i(s):%w, Z=jlll’l +i+1, 1<z<n,

where VVZ(U(S)) can be obtained by replacing z th column of W(a(s))
with (0,---,0,1) . Then, we obtain

and

Thus, Equation (1) has a general Solution (5).

3.2. UHS and UHRS of Equation (1)

In the subsection, we study UHS and UHRS of Equation (1) by using the general
solutions of Equation (1).

Definition 3.4. Equation (1) is called UHS on 1,, if there is a number C >0,
for ¥V €>0 and YV X satisfies

X(s)+ZP©” JX(s)-F(s)<e, sel, )

there exists a solution Y ofEquation (1) such that |X(s) -Y (s)| <Ce¢,s€el,.

Definition 3.5. Equation (1) is called generalized UHS if there is a function
0:R, >R, ,for V >0 and V X satisfiesInequality (9), there is a solution
Y ofEquation (1) such that

|X(s)—Y(s)|S 0(e), sel,.

Definition 3.6. Equation (1) is called UHRS on 1, with regard to a continuous
function n:1, > R, ifthereis anumber C>0,for V ¢>0 and V X sat-
isfies

n

D)X (s)+ D PO, X (s)-F(s)<en(s), sel, (10)

i~ q,0
i=1

there exists a solution Y ofEquation (1) such that |X (s) - Y(S)| <Ce¢n (s), sel.
Definition 3.7. Equation (1) is called generalized UHRS with regard to n if
there is a number C >0, for ¥ X satisfies
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n

D)X (s)+ D BD X (s)-F(s)

Sn(s), sel,

i=1
there is a solution Y ofEquation (1) such that
|X(s)—Y(s)| <Cn(s), sel,.

Remark 3.8. A function X satisfiesInequality (9) ifand only if there is a func-
tion H:R >R such that

i) |H(s)|§£,VseIl;

(i) D), X(s)+). PO X(s)=F(s)+H(s),Vsel,.

Theorem 3.9. With the Condition (3), Equation (1) maintains UHS on I,.

Proof. Assume X :I, - R satisfy Equation (9). According to Remark 3.8, we
have

D) X (s)+Y P (s)D, X (s)=F(s)+H(s). (11)

i=1

Then, by Theorem 3.3, Equation (11) has a solution

o (1).5)(F () + H (1)

X(s)= 2 gaj,in’i (s)+j;0 " 7 (o0) d,,t. (12)

We define a function Y:/, >R by

Y(s)= giaj,in’i (s)+ J;%’(St);;(t)dwt.

By Theorem 3.3, we know Y is a solution of Equation (1). Thus, we get

X (s)-r(s) < of [LE3)),

@ W(o(t))
=e(s(1-9)-0) X'

k=0

q,0

W(oJHl (s),s)

W(O_k+l (S)) :

Since is a continuous function, then it is bounded on /.

(5)-5)

W(O_k+1
W(o"‘+ ( ))

W(O'k+1 (s),s)
Therefore, > g‘|l——— 2 7
Zk:Oq W(o_k+1 (s))
there is a constant C such that |X(S)—Y(s)| <Ce.

Corollary 3.10. With the Condition (3), Equation (1) maintains generalized
UHSon 1.

Now we make the assumption:

is convergent and continuous on /. Then

(A1) Let 7:> R, be increasing function.

Theorem 3.11. With the Condition (3) and (A,), Equation (1) maintains UHRS
with regardto 1 on I,.

Proof. Assume X :I;, > R satisfy Equation (10). Similar to the proof of The-

orem 3.9, according to Condition (3) and (A,), we have
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W(O'(t),s) W(O'(t),s) 4
w(o(1)) w(o(1))

Thus, Equation (1) maintains UHRS with regardto 77 on I,.
Corollary 3.12. With the Condition (3) and (A,), Equation (1) maintains gen-
eralized UHRS with regardto 1 on 1.

en(t)d, t<en (s)J.;0

|X(s)—Y(s)| < J.;O

q,0""

3.3. Examples

In the subsection, we give two examples to demonstrate the theoretical results.

Example 3.13. Considering the following equation
59, Y (5)-Y(s)

Q;OY(S)— 2 c =eé (s), se[20,21], (13)
and the following inequalities
5ZDlJOY(s)—Y(s)
Q;OY(S)— 2 S —eg (s) <eg,

QZL,IOY(S)_ - c -e (s) < ce, (s)
2 3 4
- . 2 54 1 -
We get that characteristic equation A —?4-8: 0 has characteristic roots
A= ) and 4, = 3 Then homogeneous equation
59, Y(s)=Y(s)
D7 Y(s)-—2 =0 has the general solution
210 6
Y(s)=ae, (s)+ase, (s), a,,a, eR.
2 3
We also get
€ (U(t))eg (o(2))
W —_2 3 ,
(o ()=

and

Then, we obtain

J.S W(G(t),s)F(t)d
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281 (s)(s—20)2
= —36el (s)e ) (s)+36el (s)—6el (s)(s—20)+ 3

Thus, Equation (13) has a general solution
Y(S)=alel(S)+a2el(s)—36el(s)e_ . (s)+36el(s)
: 3 2 6(|—%(S—U(S))) 2

261 (s)(s—20)2
—6e, (s)(s—20)+—>

3

where a,,a, € R. Additionally, we get

s W(O'(t),s)
b (o) |

—_~
)
N—

o
—~~~
Q
—
~
N—
N—
|
Q
—
n
N—

o
—~
Q
—_~
~
N—
|~

1
S | 5 o
20

=6,

ol
-3 Mi-3(5) mo) T35 (-et)
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=12e, (s)—lSe, (s)+6

2 3

312(% (b)—le&Q

Hence, Equation (13) has Ulam-Hyers stability and Ulam-Hyers-Rassias stabil-
ity with regard to e, (s) on [20, 21].
Example 3.14. Cénszdermg the following equation
11 1 1
D;zY(S)_EQE,nY(S)+Z©%,12Y(S)_4_8Y(S) =e (s), se [18,19], (14)

8

and the following inequalities

3 11 _, 1 1
Q%,IZY(S)_ED%,HY(S)+Z©%J2Y(S)_EY(S)_e% (s) <eg,
9512Y(s)_E’Dg,le(s)+Z©%,12Y(S)_&Y(S)_eé (s) <égs
Characteristic equation A’ ——A°+—1 L 0 has characteristic roots
12 4 48
4 =% , A =% and A, = é . Then homogeneous equation of (14) has a general
solution
Y(s)=ae, (s)+ae, (s)+ase, (s), a,a,,a,eR.
2 4 6
Additionally, we get
1
W(o(0)=—e, (o (0)e, (o0))e, (o (1),
6 2
and
€1 (a())e 1(0( ))er (S) el (a(r))e 1( (f))el (s)
W(O'(t),s)z 6 412 23 4
e1 (s)el (O'(t))el (U(t))
+ 6 4 2
4
Then, we have
_[S W(G(t),s)F(t)d y
s w(o(1)) -
12e, (s) 48e,(s) 36e¢,(s)
2 4 + 6 t)d w
| o) el alem) @0
2 4 6
=-32¢, (s) s (s)+32e, (s)-384e, (s)
8(1*%(.?*0‘(,?))] 2 4
+384el (s)e_ ) (s)+864el (S)—864ei (s)e_ . (s).
4 8[177( 70'(5))) 6 6 24[17E(S7U(S))j
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Thus, Equation (14) has a general solution

Y(s)= ae, (s)+ ae, (s)+ ae, (s) —32e, (s)ei 3 (s)

2 4 6 2 8(17%(570'(?)))

+326l (s)—384el (S)+384el (S)ei ) (s)

2 4 4 8[1—%(3—0‘(3))]
+864e, (s)—864el (s)ei . (s).

6 6 24(1*%(?*0‘(3))]
Next, we get
s W 2

I (zf(t) ;) Q.

126 (s) 48e,(s) 36e (s)

L (o) OGO

1 ]
: s
<24e, (b)+192e (b )+216e (b)-432<118.9.

2 4

Hence, Equation (14) has Ulam-Hyers stability and Ulam-Hyers-Rassias stabil-
ity with regard to s* on [18, 19].
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