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Abstract

This article gives a general model using specific periodic special functions, that
is, degenerate elliptic Weierstrass P functions composed with the LambertW
function, whose presence in the governing equations through the forcing
terms simplify the periodic Navier Stokes equations (PNS) at the centers of
arbitrary rballs of the 3-Torus. The continuity equation is satisfied together
with spatially periodic boundary conditions. The Yy, component forcing terms
consist of a function Fas part of its expression that is arbitrarily small in an r
ball where it is associated with a singular forcing expression both for inviscid
and viscous cases. As a result, a significant simplification occurs witha v, (v,

for all velocity components) only governing PDE resulting. The extension of
three restricted subspaces in each of the principal directions in the Cartesian
plane is shown as the Cartesian product H=TuxTy * Ty - On each of
these subspaces V,,i=1,2,3 is continuous and there exists a linear independ-
ent subspace associated with the argument of the W function. Here the 3-To-
rus is built up from each compact segment of length 2R on each of the axes on
the 3 principal directions x, y; and z The form of the scaled velocities for non

zero scaled o is related to the definition of the W function such that

w(e)

e =T where & dependson tand proportionalto § -0 for infi-

w
nite time £ The ratio ? is equal to 1, making the limit & —0 finite and
well defined. Considering rballs where the function
F=(x-a) +(y-b) +(z-c)" -7 set equal to Lot where r>0.is
€

such that the forcing is singular at every distance r of centres of cubes each
containing an r-ball. At the centre of the balls, the forcing is infinite. The main
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idea is that a system of singular initial value problems with infinite forcing is
to be solved for where the velocities are shown to be locally Hélder continu-
ous. It is proven that the limit of these singular problems shifts the finite time
blowup time t; for first and higher derivatives to t=o0 thereby indicating
that there is no finite time blowup. Results in the literature can provide a sys-
tematic approach to study both large space and time behaviour for singular
solutions to the Navier Stokes equations. Among the references, it has been
shown that mathematical tools can be applied to study the asymptotic prop-
erties of solutions.

Keywords

Navier-Stokes, Periodic Navier-Stokes Equations, 3-Torus, Periodic, Ball,
Sphere, Hélder, Continuous Functions, Uniqueness, Angular Velocity,
Velocity in Terms of Vorticity

1. Introduction

Turbulent flows are characterized by the non-linear cascades of energy and other
inviscid invariants across a huge range of scales, from where they are injected to
where they are dissipated. In the 3D viscous incompressible flow the kinetic en-
ergy is transferred from large scale eddies to small scale eddies, in particular, if
you inject energy at a wavenumber k. kinetic energy will be transferred to the
wavenumbers &s.t. K >Kg.In 2D viscous incompressible flow the kinetic energy
is transferred from small to large eddies; in particular, if you inject energy at wave-
number K., then your energy will be transferred both to the larger and smaller
wavenumbers; this fact can be flagged as an inverse cascade. This double cascade
is due to the presence of two inviscid quadratic invariants: energy and enstrophy.
Experimental, numerical and theoretical works have shown that many turbulent
configurations deviate from the ideal three and two dimensional homogeneous
and isotropic cases characterized by the presence of a strictly direct and inverse
energy cascade [1]. It can be assumed that the flow is confined in a periodic box
of size L and that the external forcing is acting on a band with a limited range of
scales centered around /¢, . Itis important to discuss the case when the horizontal
size, L of the domain is finite and no drag force is present so that a condensate
forms in a split cascade regime. With layers of fluid of finite height, there is a path
that saturates the inverse cascade. In square boxes, the condensate takes the form
of a vortex dipole. In [2], mild solutions to the Cauchy problem for the forced
Navier Stokes equations have been sought by applying the Duhamel principle and
developing the corresponding (to NS equation) integral equation.

(u(t)=S(t)u, —B(u,u)(t)+F(t)) with the heat semigroup:

2
S (t)u0 (X) = J-]RS (4;)3/2 exp| — |X ;ty| Ug (y)dy where the bilinear form
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B(u,v)(t)EIPVS(t—r)-(u(r)@v(r))dr. With external related force term:
(F(t)= I; S(t—7)Pf(r)dz ), where PP is the Leray projector. See the

development in [2], where it shows clearly how it is defined in terms of the Fourier
multiplier. Using Fourier transforms and introducing general tempered distribu-
tions living in a unique functional space, first a result on the existence of small
solutions to the integral equation associated with Navier Stokes equations in this
functional space setting is referred to and then in (Theorem 2.3 ([2] proven on
page 17 shows that there is not an imposing of any smallness assumption neither
on initial data nor external forces). There, it is concluded that there is a
finite bound in norm of the expression: ||u (t)-S(t)u, - F (t)"q for each

qe[2,3), u(t)-S(t)u,—F(t)eL® (R3) for all t>0. See [3] for asymptotic
results using heat kernel associated with Heat equation. Considering the scaling

A =% where & >0 as defined in Section 2, Planchon [3] has shown that for

scale invariance on a critical space that studying the asymptotic behaviour of the
velocity of NS equation for large time ¢is equivalent to the study of large 4 with
fixed time. It is shown there that as ¢ approaches infinity that the natural space
scaleis ~/t asin the Heat equation. Replacing x by X/ Jt in the solution of the
other velocity term involved in the scaling and letting ¢ approach infinity, we ob-
tain the same result as if welet A approach infinityin u, =u,; (& approach-
ing zero here). It is proposed that this limit should also be a solution of the N.S.
equations. For two-dimensional problems, Hasan ef a/. [4] have introduced a new
approach to solving 2D unsteady incompressible Navier-Stokes equations. Now
on the topic of well-posedness of solutions to Navier Stokes equations, Wang et
al. [5] have examined globally dynamical stabilizing effects of the geometry of the
domain at which the flow locates and of the geometry structure of the solutions
with the finite energy to the three-dimensional 3D incompressible Navier Stokes
and Euler systems. The global well-posedness for large amplitude smooth solu-
tions to the Cauchy problem for 3D incompressible NS and Euler equations based
on a class of variant spherical coordinates has been obtained, where smooth initial
data is not axi-symmetric with respect to any coordinate axis in Cartesian coordi-
nate system. In the present paper, proposition B (hence A) is proposed to be true
in the Millennium problem for the PNS Cauchy initial value system of equations.
The blowup points for Holder functions in higher derivatives can be shifted pro-
cedurally to arbitrarily large time . However, at infinity it remains to show that
there is no blowup there. Here the case of the asymptotic limitas & —0 is pro-
posed to exist [3]. So the claim is that there is no finite time blowup on [O,oo] .
Taking &=0 establishes non smooth or singular solutions at a finite time. First
it is singular solutions that we seekin L* space and subsequently claim that there
exists a sequence of such functions that can convergetoa C” function.

Several general inequalities are used to arrive at these claims. In particular the
Holder inequality is used and because of the compactness of the 3-Torus the ine-

quality involving the L* and L” norms is used through the finite measure of
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the space. Also Jensen’s inequality is used in a few places as well as the Prekopa-
Leindler and Gagliardo-Nirenberg Inequalities. The main idea is that bounds are
established for each compact torus and then in a limiting approach as a sequence
of compact tori volumes approach infinity the Prekdpa-Leindler and Gagliardo-
Nirenberg Inequalities can be used to calculate the tensor product term in the ex-
pression given as G(7) 5 D this paper. Leray’s criterion for Navier-Stokes sin-
gularity states that if a solution to the Navier-Stokes equations becomes singular
at t=T., then it is necessary that the velocity norrr51_3||u s (]R3) for s>3, grows
s (R3) >C,/(T.—t)2s as t—T..Here C, may

unbounded in the manner ||u
depend on s [6].

The aim of the author of the present work is to use the fact that solutions of the
Navier-Stokes equations that become singular must do so in an isotropic manner.
It appears in recent works [7] [8] that the perfect candidate for this manner of
singularity is the solution shown to depend on the Lambert W function as shown
in those works and in the present work as well. Future work will confirm that
when each of the 3 velocities v;,i=1---3 are set as v, = f (vj X Hi) where
i#j and H;=H;(XY,z1t), then there exists an auxiliary PDE which gives a

solution dependent on the W function as in this paper.

For the parameters of v = u/p, where u= and p =1, where optimal

3
3

constants Cand G; exist with eigenvalue x the existence of dipole-dipole inter-
actions are proven to occur. These interactions are essentially collisions of evolv-
ing 4-vortices which are known in the literature to not be integrable [9]. Upon
collision the dipoles can overlap. An integrable dipole-dipole collision corre-
sponds to a configuration where two dipoles propagate along the same geometric
axis in the form of a parallelogram. In this work for small times in the PNS flow
evolution multi-dipoles are shown to result from the Navier Stokes equations that
are arranged in a sequence of symmetric Riemann surface pancakes that do not
overlap. The Riemann surface plots in this paper show the velocity u, versus the
real and imaginary parts of small and large data ¢ respectively. Finite time
blowup occurs in the first derivative and higher wrt to fat the center =0 and
¢ =¢, . The arbitrariness of small and large data addresses the problem posed in
[10]. Essentially there is a flip-flop of two possible values for ¢, either small
¢=0 or {=¢, . For the dynamic viscosity u there exists a function C( y)
such that as C'decreases ¢ decreases and as Cincreases, ¢increases. An equality is
set to unity that involves the velocity u, and parameters p, u, k and C,
associated with the z component of velocity for u, expressed in terms of the
LambertW function. There is a deformation or non parallelization in the dipole
space configuration along the imaginary axis y=Im(¢{ ) . Eventually there is an
optimal time where two dipoles of size d are situated away from the origin by
distance Z; and I, respectively and orientated with respect to each other by an
angle y around the origin [11]. As time increases a return to symmetry is ob-

tained as t — oo. Thus, symmetry breaking for the PNS equations is proven to
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exist and there is a strong correlation between the optimal time of finite time
blowup and the maximal symmetry breaking time. Strong symmetry breaking is
also mentioned in [12]. For a variational formulation of Rayleigh Plesset cavita-
tion dynamics with reference to the incompressible Navier-Stokes equations see
Moschandreou et al [13]. Finally high infinite spatially antisymmetric oscillations

occur at the origin for ¢ andat { =4 .

2. Equivalent Expression for Navier-Stokes Equation

The 3-D incompressible unsteady Navier-Stokes equations (NS) in Cartesian co-
ordinates for the velocity U =u'e;, u™ = {u:,u;,u:} :

p(af* U jui* —uViu + VP = pF’

where p is constant density, 4 is dynamic viscosity, F* =F "¢, are the body
forces on the fluid. Expressing the components of the velocity vector and pressure
to u=(u)'e;, P=(P)e;,coordinates X and time taccording to the following
form utilizing the non-dimensional quantity & <0:
« 1 « 1 . .
u; =Eui’ P =?Pi, X =0x%, t =5
The continuity equation in Cartesian coordinates, is
Viu, =0

Using the previous transformations from * to non-* variables, multiplying
the first three components of NS equation by unit vectors i=(1,0,0),
i=(0,1,0) and k=(0,0,1) respectively and adding modified equations within
the set given by the 3 parts of Navier Stokes equations (components 1, 2 and 3)
give the following equations for the resulting composite vector

1 .1 .1
b=—ui+—uj+-uk,
o o o
u u
126b+ XZab 26b+u128b_ ’uZVZb
oot s°ox o°0y o°0r po
1 0P, 1 0P. 1 0P
+— i+— =
O’poOX Opoy” Opoz

k=Fi+F j+Fk

Multiplying the previous equation by &° andby U, andthe z° component
of the Navier Stokes equations(in * variables) by ¢° and by b, (using trans-

formations in & ), the addition of the resulting equations recalling the product

« 1 0P
rule and finally setting the forcing to be equal to F,, 25766—, (also equal to
p oz
pressure gradient force if 6 <0) I obtain:
L -va-£u v +iuZVXyP 1P
ot Yol op p oz

+ U +5°FLb —%bvzuz =0

Note that here the forcing term F,, does not counterbalance the non zero
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pressure gradient which causes flow to occur. It is equal to it, hence for negative

(6<0), setting F, =%F , and equating the two F. expressions then

k74 S|

10P
———=0. This is the conditional equation that needs to be satisfied as well

p 0z
as the PDE’s associated with the problem. It turns out as the paper shows that this

Sz

equation is fulfilled as each term in it is zero for the final solution in u, (similar
equationsin u, and u, follow.) The reason as will become apparent is that for
a sequence converging to the z solution U, =C+ ‘Pg(x, y) will ultimately be
shown for all real £and z C R thereby showing by Newton’s second law that
F,, =0. Also for pressure function P e L’ defined as a Holder continuous func-
tion in z a sequence converges to the solution for P that is in the form of

P=C +G)(X, y) for all real #and zC R . Hence the pressure gradient in z

Z—P =0. Finally the relationship between a and b is:
Z

a=ub

z

The nonlinear inertial term when added to bVu,-b and factoring out b
gives: b-Va.Multiplying the previous PDE in (aand b) by u, and adding to it
u,bV-a gives a new PDE (call it (I*)) which has been solved in reference ([14]:
Equation (6) there). This extra term when integrating the resultant PDE and using
Ostrogradsky’s theorem(divergence theorem) has a zero contribution since
b= a)|r| . (Recall: velocity is the radius multiplied by angular velocity. It is shown
in this paper that the L* norm of this term approaches zero.)

It is stressed here that the same analysis is possible where we can rearrange the
terms in such a way as to add the first and third equations and get a PDE with
a=ub and a=u,b.So there will be three PDE in these forms and they are all
coupled. This is identical to solving the original NS equations where the forcing
terms are not counterbalancing the pressure gradient terms.

Taking the geometric or dot product of the PDE (I*) defined above with respect
to f=a-Va, it can be shown that a scalar and vector field PDE is produced. (See
Reference [14] on page 388 to page 389 there.)

It has also been shown there that there exists a non linear operator G as
shown in this paper which can be expressed in the form given in reference [14] on
page 389 by Equation (19) there.(note that there in Equation (17) the left side of
3D (generalized from 2D to 3D in this section) Navier Stokes equation is set to
zero which simplifies to the tensor product term. The analysis continues from

Equation (19) in the present work. (see Equations (6)-(10) in Section (4))

3. Main Theorem for the Existence of Finite Energy Solutions

The following theorem as proven in [2] is the foundational theorem for the exist-
ence of finite energy solutions in the space L (R3) for each Qe [2,3) and all
t>0. Mild solutions to the Cauchy problem for the forced Navier Stokes equa-
tions has been sought for by applying the Duhamel principle and developing the
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corresponding (to problem (2) in Section 4) integral equation.
(u(t)=S(t)u, —B(u,u)(t)+F(t)) with the heat semigroup:

2
S (t)uo (X) = J.R3 (4;)3/2 exp[— |X ;ty| Juo (y)dy where the bilinear form

B(u,v)(t)EIPVS(t—r)-(u(r)@v(r))dr. With external related force term:
(F(t) E.[(:S (t—7)P—f(z)dz ), where P isthe Leray projector. The Leray pro-

jector P is defined as the Fourier multiplier with the matrix component
(ﬁ(5)>1,k:5jvk_§i§k/|§|z satisfying (FA’(cf))jyk

all jke{1,2,3}. The tensor product for two vector fields u®v is the 3x3

<1 for all feR?’\{O} and

matrix whose (M,N) entryis u,V,.The Fourier transform of an integrable func-

tion is

(&)= (2m)2 [ (x)ae

The following functional spaces are used in the theorem in the space of tem-

pered distributions (S'),
PM = {u es'(R®):t e Ly (R?).Jul,,, 0 = esi]ggplﬂb ja(s)|< 00}

where beR . For time dependent tempered distributions the following func-

tional space also used is defined as,

b _ b \wi -
X" =C,([0,:0),PM") with the norm [u]],. _esésgﬂzyp"u(.)uwb
A number a is called an essential upper bound of fif the measurable set

£t (a,oo) isaset of u -measure zero. That is, if f (X) <a for u -almostall
xinaspace X. Let U§® = {a eR: y( it (a,oo)) = 0} be the set of essential upper

bounds. Then the essential supremum is defined as:
esssup f =infU$*

if U= and esssup f = otherwise.

Theorem 1 Every mild solution ueX of problem (2) in Section 4 corre-
sponding to a singular initial condition U, € PM* and singular external force
f eX® satisfies u(t)-S(t)u, —F(t)eL® (]RS) for each €[2,3) and all
t>0. Moreover, for every (e [2,3) there exists a constant C=C (q) >0 such
that,

39

Ju(t)-s(t)u, - F (t)||q <ct® Julf.2 forall t>o0. (1)

This is a top down existence result and subsequently in the following sections,
the form of the existing solution in a bottom up approach are provided where a
sequence in L (R3) for each qe&[2,3) is shown to converge to a C” solu-
tion as required in the proof of the Millennium prize problem proposition B) for

the Navier Stokes equations. The main results to follow aim to present the case of
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global existence of solutions for all t> 0. The novelty of the present work com-
pared to other approaches is that the Navier-Stokes equations are solved by a di-
rect approach whereas in other works in the literature a purely functional analytic
approach is usually sought for, however up to now the latter way has proven to be

limited in establishing definitive results in global regularity.

4. Governing Equations and Main Results

Consider the incompressible 3D Navier-Stokes equations defined on the 3-Torus
T® =R®/Z°. The PNS system is,

a—U—Au+u~Vu:—Vp+ f
ot

divu=0 (2)
Uy =Up.
where U= U(X, Y, Z,t) is velocity, p= p(X, Y, Z,t) is pressure and
f= f(X,y,Z,t) is the forcing function. Here u =(ux,uy,uz) , where u,, u,
and u, denote respectively the x, yand z components of velocity. Introducing
Poisson’s equation (see [13] [14] and [15]), the second derivative P, isset equal

to the second derivative obtained in the le expression further below, as part of
G,and

2 2
P, =-2u,Vu, —(%j +lg(6uz 4+ J—&u ou,

oz nor\ ox oy * oxoz )
3
2 : ou, (au, Y
_5Uy 0 UZ + % 2%_)'4_ _y
azoy | ox oy ox

oy

where the last three terms on rhs of Equation (3) can be shown to be equal to
—(PXX +P, ) Along with equations below, the continuity equation in Cartesian

co-ordinates is V'U. =0. Now for §<0,

I
u,=—>u, =

U .
X~ o __y;uz_u_Z;P:P_Z

sV s o )
X=X -0,y=y -8;2=27 -5;t=t"-6°, (4)
0 0.0 100 100 50

X ox oy oy oz oz ot ot

Next the right hand side of the group of transformations Equation (4) are
mapped to 7 variable terms. Here 7 is unity,

U =nVvi;P" =n’Q;x =nty;t =57, i=12,3. (5)

The double transformation here is used for notational clarity. For a deeper con-

nection see [16] where two scalings can be used for the Euler equations and the

ratio there shows a hidden scale symmetry. Note that the form of the rescaled
velocities is related to the definition of the LambertW function W, such that

~ W
e :@ , where & depends on ¢ and proportional to § approaching
NP . o W(E)
zero for infinite time ¢ It is true that the ratio T is equal to 1 and not zero
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or infinity so that it is well defined making u finite in the limit. Note that the orig-
inal Navier-Stokes equations are preserved and rearranged in the following form,

G(n)=G(n), +9(n),, +9(n), +9(n), =0 (6)

G(n), = (5"~

o, (o, o, oY,
Z%JWW”M
[% j . | 2 2 (1-6)

n 05 P
(7)
)
N S ) 0Ys
Vo[ ow vy, () vy
g(n)éz - 776 angj as 776 ay3as
(8)
2(8\/1jv38\/3'+2(6\/2}v av+2[8v jv Ny
N os) "oy Y, 0s ) " 9y,
on®
N, - (o
b (b ®Vy)
1.1 0Q) . ‘at :
= +=V—v,— |-fidS — = av
7)s, <1l ( Vi, Q+ =7 P ayJ o Hb“
)
ov. _
g(n),, = o~ {52F "V, Vi 63v38yZF +6% - v(vstz)} (10)

where g(n)gi ,i=12,3,4 are given in [7] and [8] and it has been shown there
that this decomposition is valid and that on a volume of an arbitrarily small sphere
embedded in each cell of the lattice centered at the central point of each cell of the
3-torus, G(7) 5 18 negligible for the case of no viscosity (Euler equation) and for
viscosity v =1 the existence of a dipole occurs with the centre of the dipole oc-

curring shifted away from the centre of the given cell. From this equation we can

solve for R algebraically and differentiating wrt to y, and using Poisson’s
3

equation by setting the representation of each of the two partial derivatives wrt to
Yy, equal to each other, we can obtain,

L=0 (11)

L=L+L,+L, (12)

where each L;,i=1,2,3 isgiven as,

ov, Y 3,
{22 e

v ? v,
— o-1

8y30y1 Y30Y,
3 3
+[ﬂj u(5- 1)5 Vs (%j(va )2 52\/3 5p
0 s 0s 0y;0s
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() (aayz j5p Zp{(ﬁ/Z yz)[‘zvsjz-v{%j(%zja

. Ny N - v, \ v
+[V3(FT1(yl'yz’y3’s)+a_slj§+va(l:b (yllyZ’y3’s)+a_szj§

1
0%V

+Y2A (v, Y,, Y3:5)+1/2®(S)]5]ay_633

K(& 1)( (Y10 Y20 Y308) - )%

0v GRY
+2V,08| Fr (Y1, Y51 Ya:8) a;]j aya;
3¥J1

((5 1)(V, (Va1 Yo ¥a08)S - )%

ov oV,
+2V3P5( (Y1 Y20 Ys:) a_szjjxﬁ
3¥)2

o,
YA

L= 2v3@' j(a 1)‘;/"3 2v3@' j(a 1)‘?3y
el

(i
{( +(3p+1)5 )[?yj +(5-1)
{5 A (5 )

+(%J(F€ 7 y3,S)+%)]%+va [%ji
)\ * s ) )0y, N ) %5

+V3(6VJ6F +1/200 0¥ 009) | 5
o, ) oy, oy as

+3v,(—2/3+(p+2/3)5 )[a\’)

ov.
fO(S)F(yvy21y3)v3(y1’y2’y3's)73

A(Y1r Y2 ¥58) =2 5 =
Vg
fo(S)G(YL Yo Y3)V3(y1’ yszsls)g
2
+2 S (13)

o) .
- 5%, (i} Fo (Y1 Y2, Y3:5)

3

oV, | oF,
+65° [JJFsz(}ﬁ:yz'ys'S)"'Vs -
Y, %,
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*

where f = ( FTI, F FS:) is the external forcing vector and V=(V;,V,,V;) is the
velocity in each cell of the 3-Torus.
The singular forcing is expressed in terms of WeierstrassP () and LambertW

(W) functions in Yy, directions and defined as,

*

S -1 -3
FleFTZ:Fsz:P((W(F(yllyZvySvS))+l) ,3m2,m3)
for a full 3D dimensional plus time general function F(yl, Yo, y3,s). When
W (F AN s)) =-1 the forcing is singular at m=0. An r-ball exists about

<r.H
exp (1) r. Here

F=—n+(y,-a) +(¥,-0) +(¥;—¢)° where (a,b,c;) is the center of a

any pointin T where |F +

given r-ball. The idea is that we can choose an arbitrary ball in T*. We set

F :—1+ r. At the center of ball forcing is singular as r — 0. Forcing will be
€

arbitrarily large in an r~ball for 7 — 1 with 72> 1 . Considering circumscribed
e e

cubes each containing an r-ball. The union of cubes is the 3-Torus since it is com-
pact. The dimension of the cubes is such that by periodicity the forcing is singular

at the centres of the cubes.
5. A System of Singular PDE for the PNS Equations Due to
Initial Conditions and Forcing

The following system of PNS initial value problems is considered with singular

forcing as given above,

LFv3i =F, i=1---,n

V-v=0 (14)
YoP oo oy, | =0
o ke

where L. is the nonlinear partial differential operator defined by Equations
(11)-(12) and Equation (13). The different uncoupled IVPs starting with n=1
and indexed by n are solved. Each IVP will produce solutions such that the initial
conditions are not smooth due to non-smooth forcing. The idea is to solve these
IVPs for each nand see if Holder continuous functions exist for each n. The ¥ are
related to the form of the solution for V; and will be shown to exist and one can
see how the ncompositions of ¥ affect the solution once the n=1 PDE is solved.
The question that arises is, what happens when n approaches infinity? Can we use
a problem with singularities to obtain in the limit a globally smooth problem? It
has been proven that for initial conditions and singular forcing existing in a
unique space of tempered distributions that a finite energy solution exists in
L2 (]R3 )3 for all t>0 [2]. So then in a top down approach one can take a se-
quencein L? convergingtoa C” function of the above initial value problems.

However one does not know what the form of the functions are here. So a bottom
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up approach must be adhered to solve the PNS system. Next continuing with the
solution procedure consider the (a, b.c, ) as the center of each cell of the lattice
in T%, upon substituting the WeierstrassP functions and their reciprocals into
Equations. (11)-(12) together with the forcing terms given by A (in Equation (13)),
it has been determined that a major simplification of Equations. (11)-(12) occurs.
The torus T® = [—a,a]3 is considered which contains a union of the ¢ balls.
Here [—a,a]3 =UC, throughout the lattice for all cells or boxes C; in it with
side lengths of 2¢.1In [17] solutions of the Navier Stokes equations are posed on
large periodic domains Q, = (—a,a)3 and on the whole space R®. One would
expect, when the initial velocity is sufficiently localized that the solutions on a
large enough domain should mimic those in R®. In this paper, we primarily focus
on each cell C, of the Torus. For functions P, there exists a compact set about
zero, Le. Q =[-L, L]3 —T® where the forcing functions have mean zero and on
a suitable subspace the solutions z of the PNS equations also are mean zero func-
tions. (at least in one direction Y;) The purpose of the m parameter in the Pfunc-
tion is to vary it according to decreasing arbitrarily small amounts so that Q, =

for arbitrarily large « . The form of the full Navier Stokes equations is expressed
as a perturbation equation valid in an arbitrary ¢ ball of T°. This is precisely
U +€V , where Uand V are differential operators making up the full 3D Navier
Stokes equations. Two PDEs are being considered here. The first one is listed as

in Equations. (11)-(13). For this one the solution in [7] is proven to be

locally Holder continuous with « :% and the second one here is V;
1
V= - (V;+V,)=0

ZPS((W(F(yl,yz,ys,S))+1)71'3m2’m3)(F(yvVz'ysls))z (W(F)+1)

[( PR NN LT
2 )oy, O, 0, ))0y408

2
( v, L, O, (_1V353+152jav23
aysayl oy, 2% 720 [y

(2]

x 9pF? (W (F) + 1) P((W(F)+1)” 3m?,m’

Vz=—6W(F)P'((W(F)+1)'1,3m2,m3)|=v (2;]52( (F )+1)2 ;;‘SS

oF
Vo

+{—Fv352 (W (F)+1)

—2F (W (F)+1) (( ~1/25%, +52)%+v3 [%+%2jm aVa]

3

2 O°F £8F

. [W(F)52V3(W(F)+

3

<P((W(F)+1)" 3m"m*) p(W (F)+1)o
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For this second part V = 0. There are two situations that may occur here. First

the asymptotic limit as § >0 gives V =0. Secondly, in Section 9 due to

10

the Laplacian, an expression named M =—--1 which is infinite at ¢=0 allows

€
us to divide by M so that it can be shown that V'is not infinite. The solutions of
V =0 as the first order perturbation, v,,i=12,3 due to isotropic blowup [18]
are in the form of a Hélder continuous function with parameter « =1/3. Equa-
tions (11)-(13) are solved first and then v, is substituted into the later equation
to obtain the condition of arbitrarily large data on a suitable subspace to be de-
scribed. The idea here is to use the LambertW (or ¥ function) dependent solution
obtained in the first step and substitute it into the second step equation. The arbi-

trary large data is in the form ¢ (S) where seR".The y, component in the

1
PNS system is setas y, =——+C where Cis a constant. When this solution is

¢(s)

N . dg(s) _ .
substituted in, algebraically we can solve for s - S(é’(s)) where Sis a

function associated with the V =0 equation. If S(¢ (s)) >0 then the function

4 (S) is increasing in sas s gets arbitrary large. It turns out that £ is in general
linear in s. Here ¢ progressively approaches =+ .

Calculating the tensor product term in Equation (9) see [14] and using Equa-
tion (21) in [14] shows its volume integral to approach zero due to ||Vuz||§ ap-
proaching zero where the Holder, Prekopa-Leindler and Gagliardo-Nirenberg

1 oP

Inequalities have been used. Also V- iUZZVXVF‘ +b=u, — |= |F|4 ®(t) where
op p oz

F=xi+yj+zK . In Equation (6) of [14], for the vector B=uV- (UZB)B ,
LU = B . Furthermore in Equation (10) [14] there the term Q, is the divergence

of the vector B . Using Ostrogradsky’s formula in terms of the vorticity @ and

velocity b, IQUZEV : (Uﬁ)|f|)di = —L2|f|uzc?)~V(5uZ )d)? . Now for a specific pres-
sure Pon an R-sphere, .[Q Gs1 + Gy + G5, dX = |F|2 ®(t), where ®(t) assumed to

be bounded and contain the pressure terms in Equation (9). The sphere is |F| =R.
Since the 3-Torus is compact there are m closed sets covering it. The outer meas-
ure is used where the infimum is taken over all finite subcollections M of closed
balls {E i }::1 covering a specific subspace of T°. The specific subspace ST3 is
within ¢ measure of the 3-Torus and is obtained by minimally smoothening the
vertices of [-L, L]3 and slightly puffing out its facets. Also inner measure is used
where the supremum is taken over all finite subcollections A of closed balls
{Fj }?:1 inside S ;. Generally by Hélder’s inequality, G, is shown to be posi-
tive for pressure defined tobe in L*. (The pressure will turn out to be unbounded
from below as fapproaches infinity). Furthermore, u will be shown to have deriv-
atives that blow up in finite time on a specific subspace of the solution space. The
following string of inequalities occurs bounding the PNS operator equation on the

interval [tO : 00] where t, isproposed to be the first blowup of PNS equations:
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<inf
M

f; Joutje, Tx Vo [9 - G Jaxdt

j=1

t = - =
W Lo[L_on”Vol[G—gsldx}dt

j=1

=i o JolFIIV5 [Gin + Gz + GsaJsin(O)idrt <[ [ [F(|V5[Gys + Gz + G +g54]|d>”<dt‘

<[f L3 (5 e

=j[t0 [P} @,-V(u,b)dxdt|<
<[, LI ) K J.Jar-(vu, @5 d)‘()ﬂz}z {( Jov(6)-af dX)MT]dt
<J (L dX)‘l‘ ([ af [vu, dX]‘s‘ #] [ *ﬂdt

a,-(vu, ®B)‘2 dx)ﬂz {( i &, Zdzjw}z]dt

lr 1 3 S
<ol 07| [l o, | anwvwgmmw}} s

(uzﬁ)‘didt

Sl

uZV(B)‘

L, E [T SR SR S 1 3% U SR I I *3%
<d;} hﬂﬁqmmmwmwmwm&wWw}+MﬂﬂmmmmmmWWfWME}dﬂw>

4 E
0S|I E I oo 9, o o 5 [ )

b4 ﬂdt (18)

6 33
SWE?T%WNQHVFWWLRJWNwmm+wMWHhJVﬂ)mm“

o v = =
<dlEm(Q)e | 1| 1, quo,t]uvuz”wdt | — C bH dt (19)

-1

d
<—LXYZ — C = const (20)
ma

L E I
<di—J. i ||w1||2 len[l8 [||U|| ||U||32 [vu, ||§28 [Vu, ||6“ +u, || Ju, ||32 HVme\

In the above inequalities the integration is defined on any finite volume € con-
tained in the larger volume S ;. From this it can be concluded that
FxV5[G-G]=0 asthe volume tends to that of R°.The term
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129

128
d, = [t vt where t, >0 and for arbitrarily small 6 >0, t>t;+0 . Note
o

that at a potential first blowup at t=t,, d; i =0. In Inequalities (18) and (19),
Jensen’s inequality for concave functions has been used. Note that the sup norm
of @ doesnotoccur at the origin but occurs further away in each cell. For t >t
the sup norm is bounded by the L° norm where the integral is in the Lebesgue
sense. The above sequence of inequalities applies to mean zero solutions and in
particular Inequality (18) on the space H (see Section 8). On the space H we
can calculate the antiderivatives of each of U,, u, and u, wrttox yand zre-

spectively, as given below,

%uz(x, Y, z,t)+2x° (%uy(x, Y, z,t)j +2uy(x,y,z,t)

%ux(x, y,z,t)+2y’ (%uz(x, y,z,t))+2uz(x, y,z,t)

d (6
aXuy(x,y,z,t)+22 (axux(x,y,z,t)j+2ux(x,y,z,t)
and
1 2
Iuydy = _E(UZ +2x uy)
ju dz=—£(u +2y?u )
z 2 X z
ju dx=—l(u +27% )
X 2 y X
Also by [19] the following inequality results for Inequality (18),

6. Inequalities for Derivatives

By the Gagliardo-Nirenberg inequality, in the class W ?**" ('}1‘3) of functions fun-

der consideration the following is true,

[Vo, <c(y.m)|am]" o]
with
0, < 3+2Jy |
4m
6-1-6, _4m-3-2/y]
4m

o[
, I:2m—|;/| and A=-——2_. There it is ob-

for 4m>3+2y . Also p= —|}/ |Amb||2

2
tained that,

¢ (y,m) < (2x) 2% with p=-y

1
_— , I=2m—|y{,and
Zkezg 91|k|2p +/162|k|2| |7| an
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3+2Jy

6, = for 4m>3+2|y|.

Here the case of m=1y=0 is considered for Inequality (18) for the infinity

norm of the gradient of 4. It is evident upon calculation that,
6,-1
(B
b,

[Vl < (r.m)abl; bl <c:Jab], =c. [ i|ab[" ox

and

In Rumer and Fet’s exposition [20], (See also [7]) where the Laplacian is defined
asanintegral overan e ball with centre x, y(X)=b(X) and Jensen’sinequality
is used (with ¢ = ()2 in the general form of the inequality), the following is de-

termined,
2
[ |Ab[ dx = jﬁ( lim_, 1—?ij dx
2
:%Iimﬁo J'TS(%J'_UBXFy/(x’)—y/(x)dx’j dx
v () =v(x)) 4
"ms»ohsm“ - —x dx'dx

——IimHO—GJ'TJH dy(x)"dx'd

:—I|m(_)0 6!” dl// )stdl//(X)dXdX'

47:
z=L

:%lim m H - LJH} dx' =0

z=—L

where dy is the differential of  at xand |X— X'| =¢€. This is a 3 X 3 matrix.
As ¢—>0, x'—>0 intheball ofradius ¢ and due to periodicity the integral on
T* becomes zero and subsequently the integral is zero. In the sequence of ine-
qualities ending with Inequalities (19)-(20) (C =0 there), the measure of excess
sets E; approach zero as n gets large(infimum is taken of integrals over all cov-
erings of 3-Torus) @ is vorticity & multiplied with u, and to begin with
Vg is the inverse of the divergence operator integrated over an arbitrary cell of
the 3-Torus lattice. Here the identity AxB = |A||B|sin(6)ﬁ was used. This will
be validated further in this work. The chain of inequalities above imply that, in
general V' (Gs +G;, +G,,)=T®(t) sincethetwovectors F and V, canbe
in the same direction.

Note that the Holder, Prekopa-Leindler and Gagliardo-Nirenberg Inequalities
have been used for the tensor product term in Equation (8) which is negligible.

For locally Holder continuous solution given by Lambert W based solution to be

%5~(5®Vv3)

o

developed further, the tensor product term is independent
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of sand for large & can be omitted. Also in view of the following inequalities
there will be a blowup for large infinite volume |Q| . In other words we consider

increasing finite volumes of 3 Tori,

1 ol L
o [vu,, <clu; ”@Qp v,

ool v

In the above inequalities the integration is over the volume S ;. As the volume
increases towards infinity (integration over R®) and we divide by it throughout

the inequality then, ||Vu j"2 — 0. In the expression G (77)(y in Equation (9) the
3

following is true using Holder’s inequality associated with the product of three
terms in the tensor product term,
Theorem 2 Let p,q,r€(1,00) with 1/p+1/q+1/r =1. Then for every func-

tion fel?(R®), gel?(R’),and hel (R®), [|fah[<[f[ |g], In].-

It is known by divergence theorem applied to a vector field B = ff, where
F=Xi +yj+2zk and f =V5[G-G,], that, g(fy)g1 +g(77)52 +g(77)54 =g(77)§3 ,
then,

Ny
ot

22 - 2] kv

1 1 1.1 Q).
g(n)bg Z?XI:.”‘S(E\GV)@QQ+?V;V3_3j.nds _‘

Furthermore, by multiplying by negative one throughout,
N = (=
b (b®vy)

S

Vs

ot

dv <

LI, o

where the volume of the ball approaches infinity. Also, the pressure term Q € L2

and its spatial derivatives are assumed singular.

7.Log Convexity of L Norms

The following theorem is required to apply to Inequality (15) in order to give an
upper bound for the higher order norms appearing there.
Theorem 3 Let 0<p,<p, <o and fel™(X)NL"(X).Then

fel?(X) forall py<p<p, and furthermore we have,

¥l (X< Rl
forall 0<0<1 where the exponent p, isdefined by
1 1-¢6 +£

p_o. Po P

In Inequality (Equation (15)), by Log convexity theorem,

A
&l <Nz a2

and
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js(z,t):{teR*,zeB(zci;R):va1+v2 =0and Ax+By+C =0,

LT 1
ol = . | - Il

1 2 1 2 1
T VN G S VIR
<1 ) e )i
A
-l
L L
[90.J, <[P 7w
1 1 1
S
L
)
1 L
<[V vl e,

: 5
=[Vu [ Ve, 2

Similarly,

_ ke o
[vel,, <[velz vel:

8. Subspaces of Solutions to the Navier Stokes Equations

In the way of an illustration on how to obtain solutions to 3D Navier Stokes equa-

tions, consider the following space J, (Z,t) defined as,

(21)
x,yelxl(l cR)andy=x*and uz(x,y,z,t)eCO(T3)}

where Ris a sufficiently large positive number.
It can be calculated that on this subspace of solutions to PNS equations, the

following part of Equations. (11)-(12) is identically zero,

2
=((5—1)V1%+2pV3%) 0%y ((5 1)y, 2 4 2y 38" j o,
0s 0s ) 0,0y, 0s 0Y;0Y,

_%{ ov, %, +V%62v2_6v36v38v1_6v36v38v2}
"0y, Oy:0s 0¥, Oy,05 Oy, Oy, 05 Oy, By, Os
V8v6v6v3+ Ny v, O,
Sy, 0s osoy, oy, 0s Osdy
=0

(22)

There is an index ¢; which is the center of either a cell (or cube) of the lattice
T or the center of a viscous dipole. Also in Equations. (11)-(12) are the forcing
terms F;,F  which vanish as a sum in the §; expression leaving us with the
forcing term F_, € L® and is singular by definition.

Analogously we have the other two spaces for the 3D Navier Stokes equations,
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jz(y,t):{teR*,yeB(yCI;R):22v3+vl:0and Az+Bx+C=0, o)
x,zelx1(l cR)and x = 2% and uy(x,y,z,t)eCO(’]l‘3)}

jl(X,t)={t€R+,X€ B(xci;R):Zyv2 +v;=0and Ay +Bz+C =0,
(24)
y,zelxI(l cR)and z=y® and ux(x,y,z,t)eCO(Ts)}

These two spaces are obtained by applying Geometric Calculus method and
theorem in [14] respectively to Equations (1) and (3) and Equations (2) and (3) of

the Navier Stokes equations, respectively. (PNS equations are written in rows as

L
L, (=0
L,
Finally we look for a candidate solution on the Cartesian product space:
H=TxT s x Ty (25)

Now H is non empty and defines the Cartesian product of three closed seg-
ments on each of the x, yand zaxes. The candidate will prove to be a solution that
is a function of the LambertW function, Was a function of a linear combination
of the variables x, y; zand ¢ Here, we can build the 3-Torus from each of the
restricted subspaces defined above. For arbitrarily large data £ the linear inde-
pendence of each of the three spaces is used to eliminate constants in the linear
independent formulation leaving us with the W solution as a function of
X,i=12,3 and ¢ only. Applying the Cartesian product provides us with a 3D
volume 3-Torus and further, we will see what the time derivatives look like for
both pressure and velocity. If there is a blowup, then in [18] the isotropic nature
of blowup is guaranteed. This nature of a possible blowup is proposed here too
since the W function solution will be a linear combination of £ and #in the
intersection space. (Variables in Y,,Y,,Y,;,S are carried over through the &§

transformation.)

9, The Reduction of PNS to LambertW Based Solution

Recalling the full PNS PDE from Section (3):
L+L+L+L,=0,

1

_ - 6(V1+V2):O
2P5((W(F(y1,y2,y3,s))+l) ,3m2,m3)(F(y1,Yz:Y3nS)) (W(F)+1)

where Lis given in Equation (10) and the L; are given after Equation (11). Here
the sum is not multiplied by a small term ¢ since the product of the reciprocal P
functions cancel out in the expression for L (retaining the PDE where no P func-
tions occur for the zeroth order perturbation equation). On the subspaces given
by Equations (21) (23)-(24), the full PNS equations reduce for example (on

VA (y3, S) ) (see Equation (22) and its related equations using geometric calculus)
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to:
L=L+L,+L
v, , o o, Y ov, Y
=232 23 5p+v, S Sp+| =1 A(S5-1)uf,(s)M
it o] 2 e 2 Ao-Dut (0
2
2(5_1)("’”3j B, (s)° M (e)
0s
i (26)
3
2 2 2 2 2
(6\/3) 3pV36\/23+3[6v3] p+L Ys +7a Ys Vg [ V5.
os 0y3 Y, 10¥5  0Y,0¥5 0s | 0Y,
N _
6 6
=0

where the two Laplacian expressions have been expressed in terms of the differ-
ence of the average of the velocity v, intheepsilonballand v, evaluated at the
centre of the ball. Here the centre x of an arbitrary ball is such that x e T*. The
ball is an arbitrarily chosen one as a subset of the 3-Torus. Of course the uncount-
able union of all such balls is all of T®. See [20] and [7], where the reduced PDE

was used to prove finite time singularities. Also symmetry breaking

is proposed to occur. The expression M (e)zg—l and is shown in [7] [20].
€

Here there is a singularity in € as ¢— 0. (Note that division by f; (S) , 00
andif f(s) is Holder, then &/f (S)—>1 asoneapproaches the first derivative
blowup point at some $=5;). The idea here is to compare and equate the infi-
nitely large expression M (6) with an arbitrarily small y, part of the center of
a given ball for the v, PDE. Using Geometric algebra it is possible to obtain two
similar PDEs but onein v, and the otherin v,. Using the definition of the spaces
J,i (yi,s) for i=1,2,3, and using the definitions of y, =Yy’ +c, for i=1,
y,=Yy.+d, for i=2 and y,=y,+e for i=3 where (Ci,di,ei) are cen-
tres of the arbitrary balls in T*® for ie N where Nis a Net to account for un-

countable number of balls, use the chain rule to express the part of reduced PDE

(avg j o, [6V3 T o, o,
— || 3pVs— +3| = | o+ +—
0s Y3 Y5 ,0¥;  0Y,0¥,

6

given as,

S, = (27)

whereby it becomes equivalently on the spaces defined (using chain rule where

Y3=y22)as:
ov 10, _1(ov.) 1o
(3) 3pVy 57 +32(3] pH———3
0s Yo O, Yy \ OY, Y, OY,

6

S, = (28)

Here the same idea is applied to all three PDEs obtained for v,, v, and v,
on their respective subspaces. Recall that there exists an extension through the
Cartesian product which extends the solution to all of T°. The shifts in c,,d,
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and € are necessary in order to obtain and integrate the final reduced PDE over
T* and set it to zero and to generalize to any ball as a subset of T* as a function
-1
of the centres. Letting Yy, for example be order (i—g—l} so that their
product is unity and similarly letting fl(S) be order u for nonzero u with
no restriction on the size of  then their division will be order unity too. Using
the Kolmogorov length and velocity scales where the Reynold’s number
Re, =nu, /v =1 where the length scale 7= (1/3/6)1/4 it is observed that the ve-
locity is proportional to the viscosity and the proportionality constant is
A=B=1/n . Here the function f; (S) is taken to be order x for all sin a time
s-ball B(SO,S) centered at possible yet to be determined blowup points s, . It turns
out that the reduced PDE in Equation (26) has solutions that are locally Holder

continuous with the exponent 1/3. This is in terms of the LambertW based

solution given in Equation (37)-(38) and the expression L, divides by (2 —lj
€

and in the limit as ¢ — 0 approaches zero. It is noteworthy to check that the

LambertW based solution satisfies this limit and it was seen that this is the case.

3 2 2
SO =%V§a—v325p+v3 0 V3 5)0
0s ~ 0s0y; 0S0Y,

divided by (2—1) in the limit is zero. Here the reduced PDE becomes,
€

Also the expression

2
y%(é—l)A+]/3(25—2)%Byz+% P v3%yv3
S S
ﬂ(ya_ei)(ez_lj 2
1 10% 1 1 ov, )
" 0 6oy | 10 2(53] o 29)
/J(ya_ei)(ez_lj 2 ﬂ(ys_ei)[ez_lj 2
0%V, 0%V,
R R S . A

6u(y3—ei)cg_1) 6ﬂ(y3—ei)cg_ j_

where (Y, —€; )(t—? —1) is order 1 as the limit is takenas ¢ —>0 and y, >

leaving us with the result order 1 on the RHS of PDE Equation (28). Note that
Y5 —8 =Y and this has been used to obtain Equation (29). Finally, an integra-
tionaboutall xeT® isperformed to recapture the general spatial and time com-
ponents of Equation (29).

Expressing T° = U D, (a,r), where D, (a, r) is a cube containing a circum-
scribed sphere of radius r =e. The 3-Torus is partitioned in such disjoint cubes
or cells. Writing the PDE in Equation (29) as,
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with the associated nonlinear differential operator L. Here u, is taken to be con-

tinuous and it is written that,

1 6uz V:; u \')
VoI(Dc(a,r))LaJDc-[ayr) ot d VOI(D°(a’r))LaJD;[a,r)L( ,)d
and
1 ou, v
Vol (D, (2.r)), j( o ot Y= 25010, (1)) Vol (D (a )P J,r) at

= ; u,av
Za[vm( .o b ZdJ

and in the limit as the radius of the ball approaches zero applying to both sides of
equation gives,

0

Zalauz(a,t):za:Luz(a,t)

z(%_ Luz(a,t)jzo

a

Here if the argument of the summation is not zero then due to uncountable

summations a contradiction follows, thus,

M—Luz(a,t):o
ot

for any a,t.
See Appendix 2 for the generalization of the solution to Eq. (29) and the crea-
tion of a sequence of points that are not contractive or Cauchy and shift the

blowup points in time to +infinity.

10. Mathematics Preliminaries

Let f:E—C be a measurable function. For any 1< p <o, we define the L°

norm

Y
[l =([1F°)

Furthermore, we define the L* norm of fas
1l e, =inf{M >0:m({xeE:[f (x)|> M})=O}.
with Lebesgue measure m.
Proposition 4 If f:E—>C is measurable, then | f (X)| < || f ||L°°(E) almost

everywhere on E. Also, if E=[a,b] isa closed interval and f eC([a,b]), then

|| f ||L°° (0] = || f ||Oc is the usual sup norm on bounded continuous functions.

Theorem 5 (Holder’s inequality for I” spaces) If 1< p<o and l+1 =1,
P q

and f,g:E — C are measurable functions, then
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,[E| fg' < " f ”Lp(E) ”g"Lq(E)'

If 0<a<1,afunction ue C([a,b]) is said to satisfy a Holder condition of

order a (or to be Holder continuous of order « ) if
u(x)—u
Supw < o0, (30)
ey

Denote by A“([a, b]) this set of functions. It can be shown that

u(x)-u(y
ol = o o) rsup 2040 o
xe[a,b] X£Y |X — y|
is a norm which makes A“ into a Banach space. Also C'([a,b])= A“([a,b])
and that the inclusion map is continuous with respect to the norms defined above
(Ze., the norm on Cl([a,b]) previously defined ) and that on A® ([a,b]) also

defined.

11. Fluid Systems: Estimates for Reduction along 3 Principal
Directions

Fluid Mechanics Systems
to >t

llncompressible Euler(lim,_,qv, t € [t1,00)) ‘

21 129
0> ¢ty fing (7)™ o V- (7 x V5'0) dafat
[

2 [ 2
\ > oy i () Jo [T (207) = 1, (02) | dat

>
256 S01
= (t—lm f[t;.t] (ﬁ) ’“‘"T‘/jlg’ 2dt
PNS # oo
) %

f[tu,t] Uﬂ (?X VZ)lg) df‘dL

Vb

3
128

2

Vi

-
a)]dt

N 3 3 3 5 3 15 3 5
<y fion [II@HSIIW1H§<>(Hqu”HuHééI\Vuz\\é?sl\v'uz\\ﬁé + el s 12

1 s B - & H & H 7l i
< 4y mfie [(lenmw (1l g 190 4 e (| 95 ) ™ ‘”]]

< dym#Em) | (610.0% [B (25 S szuwdt)% + 12 (25 fuao vEdet)% }]

1
< L’,;;E(m)XYZ — C=const
m256

where t>t,. Under the flow system for Euler equation in previous flow chart,
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120

% v ) e
14 (q} UFV-(I’XVDg)dX‘ (32)

[ ) T )

Also for PNS system,

[ Jul, e}
u t
()" < 2| = (1)

. 38
Ju], ot
(k)" < —j“’t_tz <1, (35)
0

where in the flow system u for Navier Stokes equations the LambertW solution as
a function of Wis decreasing after the first blowup on (to , 00) . For constant finite
bounds of ||u||w and ||uZ ||OO see theorem 2 Section 2 under the heading “Inequal-
ities on the torus T"” [21]. There if one of indices p or /is chosen to be equal to
1 there is a bound of the L, norm of the gradient of uor u, using the Prekopa-
Leindler and Gagliardo-Nirenberg Inequalities as proposed in this paper.

Under the Euler flow system the following integral is written and Jensen’s ine-
quality is used,

129

1 128 = B -
Sl ) rvio)ada

1 1 % 801
> (ﬁj

Vv 256
129

1 256
ool il

r\/> G,dt

1
t-t, 7l

12. Results
The singularity of the solution in terms of the LambertW function occurs at the

point (—1,—1] where the Wfunction has a first derivative singularity.
€

Interaction of two unequal monopolar vortices of opposite signs is shown in
Figure 1. Advection can occur for the weaker vortex by the larger vortex. Two
monopole vortices of opposite vorticities close to one another, form a dipole
vortex that moves together in the direction of the flow between the two vortices.

For example, for a positive vorticity vortex on the left side, which has a counter
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Figure 1. Interaction of two unequal monopolar vorti-
ces of opposite signs. A stronger positive vorticity vor-
tex on the left, results in a counter-clockwise rotation as
it drags the weaker vortex along its streamlines.

clockwise flow and a negative vorticity vortex on the right, which has a clockwise
flow. The counter-clockwise flow of the left vortex advects the right vortex up-
wards, while the clockwise flow of the right vortex advects the left vortex upwards.

The solution in [7] occurs for large ¢ as a function of time # The solution was
rescaled in ¢ . (In the form ¢ =-¢+ ¢, where | is a large complex valued

shift.) In [7] this was valid for v =0 that is the Euler equations. In this paper the
1

CClxp

same shift occurs but as v approaches that of v=u/p, where u=

and p =1, and given the reduced PNS equations the relationship in terms of the
definition of the LambertW function as shown in Equations (37)-(38) exists. The
variable ¢ is complexified. As a result the first derivative wrtto z~ can be writ-
ten using the chain rule as,

ov, _ov, %(7)

*

o oc ot (36)

Hereitisassumed that {=¢ (z*) ,where ¢ isarbitrarylarge complex valued

data in the complex norm in the complex space C. (The test value of the form

of this function turns out tobe ¢ = {(Z*) =— B , where Bis precisely
i

determined to produce the Riemann surface further obtained and c¢,, i=1,2
where central point occurs for ¢, =0 and c, is the dipole off center point for
high viscosity. There are two ¢ balls, one about the origin with associated low
viscosity and one about the shifted away from origin dipole center associated with
high viscosity). Also the variable z" is the complexification of the z -compo-
nent of velocity given by PNS equations on T°. (recall one can use either z  or

Y, or U, or Vv, withafactorof & introduced. It can be shown thatas ¢

gets large % — 0. Alsonote §=1 for the viscous case)

The solution of the Navier Stokes equations has been determined to be exactly,
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W((echypg—l)E)Jrl
C3rup

u, =%(6C§Kﬂp§ -1) (37)

1
12‘EC3044+C32"“((1+(V‘YC )¢ Jucs +C4§(t7¢4+1/2p§)c;§)

E=e C3Cag (38)

where Wis the LambertW function. Setting ¢ =

v and differentiating wrt
y—-YC

to yand set U, =—2yu, (X,y,2,t) from Equation (24)in J;(X,t) space. So one
can confirm that this expression approaches zero as y —Y,. The idea is to use

all 3 subspaces to conclude that continuity equation holds and is satisfied. (Not

shown but can be derived similarly that ¢ = where one

and =
X=X J 71-7

c c

seeks solutions for u, and u,. The initial condition for large data ¢ is set to

1
U, i=12,3 and x, y and z are set respectively equal to either X=—+X_,

1 1
y=—+Y, or Z=—+Z_. Then in the general solution there is an unknown

constant C, which can be determined and substituted back in the solution lead-
ing to Equation (37)-(38) for example. The other two cases can be dealt with sim-
ilarly and give similar forms. The derivatives vanish at x=X_,, y=Y, and
z=7_ respectively. Also in each space two of the three constants in C;,C,,C,
are always zero. We do however use all three spaces concurrently in light of using
the Cartesian product to get all of T° and in the limit all of R®.

Substituting the shiftin ¢ for y=(-¢+¢ )71 +Yc gives the following,

w ((schypg -1) H)+1
) Clxup

1242C3((-24 +41 )Ca+tCa¢ (£ ~£1 ) WP +64C3C4 &2 (& ~41 )k -Cad (641 )
H=¢e Cag(6-61) (40)

u, = %(6C33K,up§ -1 (39)

The argument of the shifted Riemann surface obtained is derived from the def-
inition of the LambertW function. The argument of the W function which is a
function of ¢, say Q(é’ ) is set equal to we" . The “plot3d” command is used
where four functions are plotted together, that is, x=Re({), y=Im({) , u
and v; where w=u+iv. Here wis the complex LambertW function associated
with the viscous solution. One solves for ¢ in terms of u,v.

The command lines in Maple are:

034 P yz
C, (IN((6WC, Kk 11 p —1)e®" 71y 1 1)
w=u+1lx*v;

x = evalc(Re(<));

y :=evalc(Im(¢));
plot3d([x, y,u,v],u=-2.5..2.5,v=-2.5..2.5,axes = BOX,
orientation =[-110,73],

£=12
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labels =["x","y","v"], style = PATCHNOGRID, colour = u,
view =[-2.5..2.5,-2.5..2.5,-6000.5..6000.5], grid =[150,150].)

Z =subs(u= C;,p =1,x=-100,C, =0.05,C, =-0.052,¢)

Clrp
plot(Re(Z),w=-2.5..2.5)

Table 1. Table to calculate the Riemann surface associated with ¢ in the following Maple

algorithm.
adjustment C G, C, K
0.5 0.05 —0.052 100
0.85 0.05 —0.052 100
0.95 0.05 —0.052 100
0.35 0.05 —0.052 100
0.85 0.05 —0.052 100
0.25 0.05 —0.052 100
0.85 0.05 —0.052 100
0.85 0.05 —0.052 100
0.85 0.05 —0.052 100

Table 1 is used to calculate the Riemann surface associated with ¢ in previous
algorithm.

The value of Cin Table 1 is determined from the following condition,

(6C33K,up—1):0 (41)

Also p is set to either unity or p =1000 for the density of water in the re-
sults obtained in this section. The plots given use p =1 however increasing p
to 1000 can give similar results once C, is decreased by 3 decimal places.

When multiplying the left side of Equation (41) by a constant Cit can be easily
determined that the new left side will be either less than zero or greater than or

equal to zero. So C varies such that (6C§’K,up—1)¢0. This corresponds to a

change in u where u= . The end result is that the time is also varied

CClxp

according to this value of Chence u . With these values variations in Riemann

surfaces occur resulting in the change in symmetry breaking outlined in this paper.

13. Proof of an Optimal C Constant

In this section an optimal constant Cis proven to exist where the greatest sym-
metry breaking occurs amongst the data shown. See Figure 2 where the Riemann
surface is shown for the constant C =2.25. Here there is the greatest deflection

where the angle is close to 90 degrees between dipole pairs. The four vortex system
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Figure 2. Non-integrable Dipole-Dipole interaction,
with greatest deformation in y direction. Greatest non-
symmetry associated with greatest time evolution in flow.

is in general a non-integrable system, hence analytical methods cannot be applied.
See Figure 3, Figure 4 for the case of a 4-vortex integrable system, with symmetry
re-emerging as time gets large. The plots in Figures 5-8 are of the integral of
4 (W) wrt to won the window range [-2.5, 2.5] for example. This integral must

be calculated using substitution: W, =1In (—(6WC33 KUp —l) gbCimoL

) , calculating
the differential dW, and back substituting to do the integral in w. The following
expression was obtained,

_ _R
Fl_I;(W)dW_ 3

62,2 2 s
R, = 72xC,u| —=1/6 CixupIn |36C3K Hp \2V+ 6wC; xup 1|
| 6wC;xup -1 |

Kup

+1/6C2xupln [(|C3|)3 6WC3Kup —1
3

j+]/6C331<,up|n(2)
+1/6CJxupIn(3)+ Cx* 1* p*w+1/6WC; k10 —1/6 Cixup —]/36j

R, =C, (6C3xup +1) p

The general non-integrable equally-sized, equal circulation dipole-dipole setup
is displayed in Figure 9. Two dipoles of size d are situated away from the origin
by distance L, and L, respectively and orientated with respect to each other
by an angle y around the origin. The general initial configuration is given by
theangle y €[0,2n) andthelengths L;,L, €(0,00).In thelimitof L,L, >,
theratio &, =L,/L, isdefined, as the limit is taken. See [11] for detailed analyses
of the configurations used in Figures 9-11 and subsequently compare to the
analysis used in this paper associated with Figure 12 through 13. When the vor-
ticity in a given region from one solution is negligible or constant, we can add

another solution with local nonzero vorticity in that region, and one has
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Figure 3. 4-vortex integrable system: Symmetry re-
emerges for time approaching infinity.

Figure 4. Top view of re-emerging symmetry 4-vortex
integrable system in previous figure.

Integral of ¢ (w)over w is essentially zero:C=0.01:
Smallest Dipole Moment

3. x 10° 7]

J&(wydw 2. % 108 ]

1. % 10° 7

-2 -1 1 2
¥ x 108 7

-2. % 10° 7

-3. x 10°

Figure 5. Extremely small value of Cfor the plot
of wvs ¢ (w).
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Integral of {(W) over w is approaching zero: C=0.95:
Smaller Dipole Moment

20000 +

10000

-10000

-20000

o

[¢(w)

-30000

-40000+
Figure 6. Larger value of C for the plot of wvs
¢(w).

Integral of £ (w) over w is non zero:C=2.25:Greatest
Dipole Moment

5000
: s
w
-5000
J.{(w dt
-10000 -
-15000

Figure 7. Optimal value of Cfor the plot of wvs
¢(w).

Integral of ¢ (w) over w is non zero: C=2.85:Next Greatest
Dipole Moment

4000+

2000+

-8000+

-100001

-12000+

Figure 8. Next larger value of Cfor the plot of w
vs ¢ (w).
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(X, ¥,

(x5, 75)

(3,

Figure 9. Setup of the non-integrable four-vortex dipole-di-
pole collision defined by two parameters, the ratio of the dipole
separations from the origin &, =L, /L, , and the angle of inci-
dence y . The four vortices are arranged such that two dipoles
of size dwith both orientated such that their trajectories inter-
sect at the origin (see [11]).

Figure 11. Initial setup of the integrable four vortex interaction,
with the initial dipole separations defined as d, and impact pa-
rameter between dipole midpoints represented as p , and

horizontal separation between dipoles L.

zero vorticity outside of it (e.g. a dipole vortex), and the effect of one on the other
will be simple advection. This means that more general solutions can be con-
structed as a patchwork of different nonlinear solutions as long as there is no
overlap of vorticities such as in Figure 12 and Figure 13. This is a sporadic
turbulence state. Each solution, be it a dipole vortex, a monopole vortex or a chain
of vortices, or a sheared flow, can coexist and interact only weakly through occa-
sional collisions. However when there is overlap (see intersecting or overlapping
dipoles in Figure 2, Figures 14-16), as in the case of a dipole vortex plunging into
a shear layer, if the shear is strong enough with respect to the dipole the large

scale flow would likely shear apart the smaller structure, leading to a new,
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Figure 12. Multi-vortex interaction, with uniform dipole separations.
Highest symmetry case corresponding to small time evolution in flow.

Figure 13. Multi-vortex interaction, with slight defor-
mation in y direction. Slightly symmetric case corre-
sponding to slightly larger time evolution in flow.

Figure 14. Multi-vortex interaction, with some defor-
mation in y direction. Increasing non-symmetry asso-
ciated with larger time evolution in flow.
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Figure 15. Multi-vortex interaction, with significant
emergence of deformation in y direction. Non-sym-
metry is associated with this time evolution in flow.

Figure 16. Multi-vortex interaction, with second great-
est deformation in y direction. Second greatest non-
symmetry associated with second greatest time evolu-
tion in flow.

probably a slightly different large scale solution with additional incoherent fluc-
tuations that result from the breaking up of the small scale eddy. When the in-
coming dipole is large enough, the large scale periodic solutions can be disturbed
enough that they become unstable and transform the nature of the flow. It is
noteworthy to consider Figures 17-23 where iterations of solutions are applied to
the initial solution given in Figure 17 given by the form of solution in Equation
(37)-(40). It becomes evident that compositions of n W functions results in a shift
towards t— +oo. Any finite number of compositions will result in a solution as
well to Equations (37)-(40). In the limit, the velocity approaches a constant for all
¢ It is important to realize that proposition B of the millennium problem for the
Navier Stokes equations involves proving that the forcing is zero which it will be
when one differentiates the constant velocity wrt to #and using Newton’s second
law. Of course the constant solution is periodic for all xand ¢ This situation exists

since data was assumed to be given by ¢ alone and arbitrarily large. One can
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0.89
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0.4+

0.29

0 1 2, s 2 s
Figure 17. Plot of 1 iteration of W function solution:

u= Re(W (—el“))+1.

0.6

T T T T 1
1 2 t 3 4 5

o

Figure 18. Plot of 2 iterations of W function solution:
Re(W (W (-e*)))+1.

0.8
0.67
0.4

0.2

T T T

T 1
0 1 2 ¢ 3 4 5

Figure 19. Plot of 3 iterations of W function solution:

Re(W (w (w (e )))) +1.
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Figure 20. Plot of 4 iterations of W function solution:

Re(W (W (w (w (e ))))) 1.

0.8
0.6
0.4

0.2

ol

T T T T
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t

Figure 21. Plot of 6 iterations of W function solution:

Re(W (W (W (W (w (w (e ))))m 1.

0.84
0.6
0.4

0.2

[} 1 2 P 3 4 5

Figure 22. Plot of 19 iterations of W function solution:

Re(W (W (W (W (W (W (W (W (W (W (W (W (W (W W W W
W W (=MMMMMMNN)) +1 '
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T T T T J
0 200 400 t 600 800 1000

Figure 23. Infinite limit of n compositions of solution ap-
proaches a constant for initial arbitrarily large data ¢ .

superimpose a more general periodic solution about the constant ¢ solution
and fulfill the requirements for the millennium problem. Note that in Equation
(29) solutions are also of the form U, =U, +¥,(X,y), u, =U, +¥,(x,z) and
u, =U, +¥(Yy,2) . These functions can be taken to be periodic on RxR. Super-

imposing is possible since X/ Jt isa constant in the limit as t —> oo.

14. More on the LambertW Function Solution

Note that we use the following: Given a constant ¢ we can solve cwe" =X
simply by solving we" = X/c which says W=W (X/c), Wis the LambertW
function. The values are large in v, for viscous flows but become physical when
we divide by large numbers. The quantities are scaled down by dividing u by an
appropriate large quantity.

The vanishing of the derivative of v, wrtto Yy, isconnected to Rummer and
Fet’s theory [20] of expressing the volume integral of the Laplacian on an epsilon
ball, where in Equation (42) the following reduced PDE occurs when viscosity is
included in the PNS equations and thus the reduced form obtained,

(8v3 ) 1 o, 1 (av3 T 1 0%, 1 &%,
- 2 s+ = | +=
0s 2 8y3 2 3y3 6 5}/33)/1 6 aysayz

LR EIEIREIRE

See Figure 24 for a general dipole configuration. The viscosity term is not taken

to be zero but the gradient of omitted term in the derivative of v, wrt to Yy,
vanishes itself. This is due to the chain rule and the large shift in the initial condi-
tionin ¢ . As a result dividing by viscosity u # 0, the following equation is in-

troduced,

2
E(%j =2 (43)
u
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Figure 24. A Dipole pair associated with a con-
tour plot of Y,-component velocity V.

—(6-1) usi
0-1

Kk eigenvalue Now it has been pointed out in chapter 8 of reference [7] and [8]

V3 (Y1 Yz YarS)=— +F (Y1 Y20 Y3) (44)

that since & approaching 1 from the right of 1 provides us with a blowup at plus
infinity from the right side of some t=T" with linear graphs intersecting arbi-
trarily large v, valuesat s=0, thatitremainsto show that the simplified equa-
tion, Equation (42), with & introduced in place of the derivative term squared
has a solution which is Holder continuous and whose solution has a first deriva-
tive blowup from the left at blowup point t=T". This has already been shown in
[7]. Taking v =1, we have full viscosity in the PNS problem as expected. In [7]
the solution was in terms of a LambertW function and for zero viscosity. Here it
is seen that as v goes from 0 to maximum viscosity that the solution v, hasa

derivative in y, which approaches zero.

15. Calculation of the Pressure Term P Using Integration by
Parts

In this section the pressure is derived from the previous section’s calculation using

Jensen’s inequality and integration by parts. In the sequence of inequalities and

g9

in particular for the last one, f =———- where g= ||g||00 . It has been shown

(t — t1)256
in [7] that the solution of PNS is locally Holder continuous with exponent
a =1/3 for Euler’s equation. So then g must be the pressure gradient term (in
terms of reciprocal of P functions multiplied with this Holder continuous func-
tion). By integration by parts it can be written that,

127 F(t
= (t—t1)256 g’(t)dt = 1( )
t-4 t-4

In the previous integral expression ¢ (t) is solved for by differentiating both

(45)

sides wrt to £ with solution given as,

127

g(t):j(%Fl(t)+Clj(t—t1)_256 dt+C, (46)

DOI: 10.4236/apm.2024.149038

731 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2024.149038

T. E. Moschandreou

127
is set equal to the fractional form (t—t,)2s

Next the solution for >

(t-t):
from which we solve an integral equation for F . Here we differentiate both sides
wrt tand solve for F, . Symbolic algebra is used here. The following is verified to
be,
)= m 893 893 637

10! 893 (t—tl)vfes—m(t—tl)ﬁﬁucluc3 (47)

After back substituting F, in expression for g the pressure is verified to be

obtained as the following,

e (cos(y22vB ) 2
i 725in(1/2 z\/gx/ﬁ)cos(l/Z zJEJE)

Finally to determine the constant m in the WeierstrassP (P) function the ex-

(3(t ) C, 1 2t 2t1](t 1) 5 (48)

pression which is dependent on m and z (spatial parts of spatial derivative of pres-
sure function) this is set equal to —m a transcendental number. Here the scaling is
for §>1 and it can be seen thatif z=+z, where z,= m*? then the pressure
in previous equation will always be decreasing.
t, =430
=1,
z, =+1.0m"?
C,=1
m, =1.323 at 7, =+m"?
m, =0.0063 at z, =-m"? (49)

and solving for the pressure P gives a Holder continuous form plotted in Fig.26
given by the data in Equation (49). According to the result in [22] if the solution
of the Navier Stokes equations is not smooth then the pressure will not be
bounded from below. Figure 25 illustrates this as can be seen that the pressure
approaches minus infinity as t — oo . Here there is an inflection point in pressure
at the point where the velocity derivatives are not smooth. Also we note that for
Euler fluid dynamic system, the integrated infinity norm of ||a31|| divides t-t,
inorder to obtain a constant and ‘ I . (F X v;,lg )d)’(" <const implies that

801

== 1 - B -
—EXYZ <y1% ﬁj}(r X v[}g)dx <EXYZ . Interchanging the divergence
t—t )28

and integral sign we have that 0<V ~IF FxV5G <0 which implies that

801
o 1 S o
V129 = IF \% -(r X VDIQ)‘ <0. Here we note that for | and L' norms
)
the

inequality is not always ordered such that the L* norm is less than or equal to

the L norm. L, Lebesgue space of integrable functions This can be true
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pressure P velocity u pressure P velocity u ]
404 40
20 20
0 T - T - T \ 0 - T r v - \
100 200 300 400 500 600 100 200 300 400 500 600
-20 ! -204 ‘
-40 -40
-60 -60
-804 -80
(@) z, =m¥? (b) z,=-m;*

Figure 25. If the negative part of the pressure is controlled then the solution for velocity is
smooth.

however if we consider an ¢ ball about the centre of each cell of T® or if we
ensure that the function that is integrated in each normed space is such that the
function wWe [—1,1] . See Figure 26. This will however be the confinement interval
achieved through the scaling & . We recall that U =u/S . If we set &< -1
then we will have the norm of L' space greater than or equal to norm of L*
space for u velocity field. Note that for the solution u given by the LambertW

|3/4

function W the limit as t—oo, |u|"* —C", where C" >0 through scaling.

Next using vector identity,
‘v (FxV5G)
=[(VxF)-vag-F-(VxV5g)
=|-r-(vx Vo)

=‘r.(vwgg)‘

(50)

For the Euler equation the theorem in [23] is used in the following which states
that in the limit of zero viscosity there exists a non zero bound on the bulk rate of
energy dissipation in body-force driven turbulence. There flows are considered in
three dimensions in the absence of boundaries and a rigorous a priori estimate for
the time averaged energy dissipation rate per unit mass, ¢ is proved. We restate
the theorem given in [23].

Theorem 6 Suppose yeZ® = [0,1]d with periodic boundary conditions and
d(y)el® (I ¢ ) is a divergence-free vector field with mean zero and
V7'4(y)=VA7¢(y) has norm 1 in Lz(Id). Let L=45l for some integer &
and xe7¢ =[O,L]d
mean-zero solution of the Navier-Stokes equations with body force f (X) given
by

with periodic boundary conditions, and u(x,t) be a

f(x)=Fg(I™x).

Then the time-averaged energy dissipation rate per unit mass,
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L1 derivative: 1.0
L2 derivative: 1.5

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
w

Figure 26. L? norm comparedto L' norm.

“=IN tLo L

||v dt, (51)

||L2(T d )
satisfies
u? u?

|_2+bM —, (52)

g <ayv |

where the space-time averaged root—mean—square velocity Ulis defined by
dt’, (53)

|||_2 Td

and the coefficients a,, and bM uniform in the parameters v,F,l,L and &

are
"¢"|_2 %) "Al_ ¢"L2 7¢)

; (54)

vl ()

||¢||L2(Id SupyeId v A;M ¢( y)|

= (55)

"V ¢ (%)

3
For large Grashof number G, = i a lower bound exists in the form,
v

C, VT'? <g (56)

where 1=,V U’ / ¢ is the Taylor microscale in the flow and the coefficient c,
depends only on the shape of the body force. The interpretation made is that the
upper and lower bounds on ¢ are in terms of the conventional scaling theory of

turbulence where they are observed to be saturated.
129

2 128
From Equation (50) upon multiplication by v* [t Y j and integration

0
over Fresults in,
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120

2 128
0=V'€ZV4( 4 ]

IFV.(rxvg}g)dz‘

t—t,
129 (57)
sve| 1P el [7, (397) -, (33)] o
=t F ' '
where,
8 @, 8y
J=lay a, ay
8y 8p A5
where the trace in Equation (57) involves terms as Ji? and J;J; for i#].
2, = —(Vi9),
% =2 (39)
2 = (V30),
a4 a_ax(v_Dlg)z
ay :%(Volg)z
=2 (V39),
0 (o1
a31=&<ng)3
=4 (V39),
3, zg(valg)s (58)

In the space of H=TxT g xT s of the solutions to the Navier Stokes

equations as seen in [7]

\73(2,'[):{'[ER+,Z€B(ZCI;R)ZZXV1+V2 =0and Ax+By+C =0,

(59)
x,yelxl(lcR)andy=x*and uz(x,y,z,t)eco('ﬂ‘s)}
jz(y,t):{teR*,ye B(yci;R):22v3+v1:Oand Az +Bx+C=0,
(60)
x,zelx1(1 cR)and x=2? and uy(x,y,z,t)eCO(T3)}
\71(x,t)={te]R+,XGB(xci;R):Zyv2 +v;=0and Ay + Bz +C =0,
(61)

y,zelxl(lcR)and z=y? andux(x,y,z,t)eco(’llﬁ)}

In [14] only J, (Z,t) space is defined. As mentioned previously the other two
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spaces are obtained by applying geometric algebra method respectively to Equa-
tions (1) and (3) and Equations (2) and (3) of the Navier Stokes equations respec-
tively. Next calculating using the chain rule in the previous spaces,

3ipdo = %(V;;g)2 %(v;g)l - %gz (62)
35, = (VE0), = (V30 - N (63)
32352 =%(V;g)3%(vgg)z = %QZ (64)
Next,
I, =4xG° (65)
I, = 4—1ygz (66)
I = igz (67)
2, =42°G° (68)
I35 =4y*G? (69)
i, = %gz (70)

Y2
Substituting these expressions into |V X V51g| = (Tr (JJ T ) =T, (J 2 )) and tak-
ing the supremum norm,

||v x vgg"w - suE|V X V‘Dlg| (71)
Xe

consists of spatial terms that become infinity on the lattice of T® and in particu-
lar on cells contained within each which contains the origin zero. In Euler’s

equation this will be denoted by where v is the kinematic viscosity

2
,/80V/256

and is approaching zero. As a result in the infinite limit as t—>o and v —>0,
129
1 128
K =|*¥#8| |——— | GrJ,| is a non zero positive constant since spatial
0

o

fractions as part of the infinity norm of VxVgG cancel with %%

as v ap-
proaches zero and Kis less than or equal to arbitrarily small € > 0. Here we nec-
essarily have by sequence of inequalities that |Q| <€, <€ where G is a scalar
function. In calculating the solutions for u,, u, and U, these are bounded by
order v~ and this can be confirmed by substituting the solutions in terms of the
LambertW function obtained in [7]. The reciprocal of the functionin t—t, must
be shown in the paper to be absorbed by the pressure gradient term which is of

)129/256

fractional order (t-t, rendering the pressure term to not be C* and
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thus the pair (P,u)#C”. We note finally that the matrix J, consists of only the
spatial coefficients in front of the G term in Equations (62)-(71). We use the

infinity norm ”F‘Jl"w .

16. Velocity Expressions

The velocity for either v, =u,/§, v,=u /6 or V;=u,/5 and y,=X/5,
Y,=Y/8, Y;=2/6 and s=t/6? isshown in Appendix. Note that the velocity
in the Appendix is based on the general solution with constant C, included.
There the initial condition at t=0 for large data g”(t) has been used and
2=1/¢ +C, where Cis an arbitrary constant. We notice that the solution given
by Equations (37)-(40) for the Holder continuous function in all spatial variables
and time since the Cartesian product space is considered, then the application of
the n-finite composition of the function W =W on this solution for each v,
will send the finite time singularity to infinity. It can be verified that applying

W(W (W~~~W (V.))) n-times keeps moving the blowup points further and

further to the right on the positive ¢ axis. (recall from section 2: F, —Z—P =0 is
/A

valid where each term in the expression is zero). Hence no finite time blowup can
occur in the limit as n— oo for the fixed point. Note that due to the additive
property of the argument of the exponential of the Lambert function W (Equa-
tions (37)-(38) in spatial and time variables, together with an arbitrary large data
variable & that any finite composition of solutions v, will also be solutions of
PNS simply by shifting the data term ¢ and constants in the expression in the
exponential term. This is true for any »z thus in the limit it is proposed that no
finite-time blowup at infinity occurs and also no finite time singularites on [0, OO)

can exist.

17. Conclusion

In this present work, the functions v,,i=1,2,3 for the Navier Stokes equations
on T° are proposed to be Holder continuous when there is one non zero con-
stant amongst C,,C, and C, and thus, the pressure Pis unbounded from be-
low on the infinite interval for £ When on the Cartesian product space, there will
be no finite time blowup by applying a sequence of infinite compositions of W
functions of v;. The limitation of the present work is that although supporting
proof is given in [3] for the asymptotic result, future work is necessary to provide
proofs from different viewpoint associated with the form of the solution given in
this paper. Also, it remains to prove rigorously using induction that the limit
V(X,t) of U, (X,t) will also be a solution of NS equations. In the present work,

no finite time blowup is proposed to occur on [0,00] .
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Appendix 1

The velocity solution obtained in [7] is re-introduced here,

, = \{12 |:exp\P1‘P3[112(§(l)W(expwl(EﬁEZ +53)‘1’4*54+55+56)ﬂ N 57}

g = —é In [eCS"C“Cg +(~6C/Cyp—6C;Cyp—6C p) urct (1)
+(-2¢f —2¢,C7 +(-2¢3 —2¢2 )¢, - 2¢3 - 2C,C3 ) /mJ C,CaL (1)
E, =1/12C,C,¢ (t)(CypC,C2 +1)es %
2, =|-Y2p(¢ (1)) ciC, +(((C~2)C, - Cat)u(Cl +CF 4 CE )x
~1/6C,Cy(C, +C,))¢ (1) +xuCy (CF +CF +CF ) [mu(CP + €2 +C3)
Y= =
b G (DS

1

¥, =1/6
=Y Cypurc(CL +CZ +CZ)

P, =12 CorCct
W, =C,C %ot
=, =1/12In [e%p%z +(~6C2C,p~6CZC,p ~60C3 ) unt (t)
+(-2¢? -2¢,C7 +(-2¢2 - 2¢2 ), - 23 - 2¢,C7 | ch C,Cyf (t)e% e
=, =1/12C,e%CC L (t)
=, [ 12(¢ (1)) CIC, +(((C - 2)Cy ~Cat) (C2 +C +C2 )
~1/6C,C, (c:1 +C,))¢ (1) + kG (CF + €2 +C3 ) |u(C] +C3 +.C3)

5, =% | (-2(:13 -2C,C} +(-2C7 -2C3)C, —2C; - 2C,C} ) UK

Nomenclature

ST3 : space approximating 3-Torus
o: composition of functions

6 : real number strictly less than 0
f(f ) : Fourier Transform

K : eigenvalue

R": positive real numbers

T%: 3-Torus

C: Complex field of numbers

IP: Leray Projector

IR®: Set of all ordered triplets of real numbers
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‘H : 3D Space

J;(x,t) : line subspace in R

PM" : Functional space used in Theorem 1

A*=C, ([O oo),P.Mb) : Space-Time dependent Functional space used in
Theorem 1

4 : dynamic viscosity

V : gradient operator

V?: Laplacian operator

||u||p : L, norm

||b||m : infinity norm

v : kinematic viscosity

®: Tensor Product

p : constant density of uid

x: cross product

B (u,v): Bilinear Form

B ( Z,; R) : 1-dimensional ball of radius Rat centre 7,

C ([a, b]) : space of continuous functions on [a, b]

ct ([a, b]) : vector space of continuously differentiable functions on [a, b]
C”(X): space of in_ntely-times continuously differentiable functions on X
£ forcing in Navier Stokes equation

J- Jacobian

L (Ra) : Space of gintegrable functions in space

L, : Lebesgue space of integrable functions

P WeierstrassP function
p: fluid pressure

S' Space of Tempered Distributions

S (t) Heat Semigroup

u: fluid velocity

W: LambertW function
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Appendix 2. Solution of Equation (29) Subject to Equation (22)
and It’s Solution of PDE off and on Subspaces and the
Continuity Equation

There exists an inverse condition equation among the following parameters such
that v, solves Equation (29). It is
1 2B
LT LRV (A21)
18 3
Solving for §—1 it is observed that an inverse relationship exists between it
and the constant C, for all other constants fixed. This condition ensures that as
8 — oo the solution remains bounded as C, decreases. It is a fundamental and
necessary condition for the solution V;. The solution for the first N =16 com-

positions for V, is shown in Figure Al.

0.6 1

V3 0.4 1

0.2 +— x

Figure Al. A sequence of non-contractive non-cauchy
functions sending singular points in first derivatives to
infinity.

It was seen that X, =0 on the subspace J,. This is given by Equation (22).
Next it is shown that A, =0 off of the subspace J,. The solution of Equation
(29) is,

1 -3CsCEp

1
Vs (Yar ¥z ¥5,8) =3 5 [e
(5_1)(3 B,u+Aj piC,C,

2 2 2
—904[gByﬁ-A][(gBm—A]sy(&—l)Cf +(Cy1+C2Y2+C3y3+C5+Cq )[EB/H—A] 1(5-1)C4-1/3C,Cy )y(a—l)e%scz? £,3C5C3p-C,

W| —e C2

+e %4 1 (285 +2B)C,Cuu +(-3A5 +3A)CCu |
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A more general solution of Equation (29) is written as,
Vo =W (%) + 2 £ (¥, ,.¥5.5) | (A2.2)

where W™) is Ncompositions of the LambertW function acting on the base so-
lution v, . Here from the form in Equation (A2.2) and substituting into Equation
(29) also gives a LambertW function solution for f(yl, Yy, y3,s) in a similar
form as above with different constants. There exists an inverse condition equation
among the following parameters such that V, solves Equation (29) for any
N e R* by mathematical induction.

For any N there exists a pattern when V, is substituted into the A&, PDE.
There is a common factor of N compositions of LambertW function for each Nin
the X equation regardless of the number of compositions performed. This com-
mon factor is always zero if and only if X}, =0, regardless of the number of com-
positions performed. This setting to zero for the factor reduces to a vertical shift
in the solutions such that the time s where the velocity V, has a first derivative
blowup at say, s= Son) ? is precisely where the graph of the function of V, is
zero. These points are all shifted by the exact same amount regardless of the inte-
ger N. See Figure A1 where the shifting is not yet performed but can be visioned
by shifting up the curves as they move outto +co . When substituting V,,V, and
V, (allequalin sbutvaryin X)into X one obtains the following factored term
for each Nand there is a pattern for N-compositions,

N 28 CoC2
T " =W|W|W.-W| - 3 75 —e98
(n-2)-times Cz (ZB/J + SA) (5 _1) H C6C8C4
324C3 [%Bm AJB (5-1 1%Cq (s[%B u+ Aj({u) ucd +[§ Bu+ A]((S—l)(cslerCG ¥2+C7Y3+Cyo+Cq ) 1Cq %csc6 )cfe*cgcé ~CoCE-Cq

<xW| —e Ce

85°8° _85°8° 85B° 8B°
21 9 9 27

— %G +108( jct.,cscjc;;y6

+108[%53BZA—45282A+4532A—§A52jcscsc§c§y5
+108(2A2353 —~BA’BS? +6A285—2AZB)C5C8CfC§y4
+108( A%5° —3A%? +3A%S — A*)C,C,CIC? ;ﬁ)m

Solving for the inner Lambert function, that is,

ec?occ3e
324C3(2/38 0+ A (5-1)° 1°Cy 5(2/3Bu+ A)(6-1)uCE +(2/3B+ A)(5-1)( Co¥y + Coya +Cr Y+ Cao +Cg )uCq +1/3CsCq | e 9 0% 7€

X=W| -e Cs

gives the shift as,

3
Z = -1+108(8 1) CXCu*CIC, @ Bt Aj oSS
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