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m 1. Introduction

In 1992 Kurokawa [1] defined the absolute tensor products (Kurokawa tensor

products). The definition is given by

(21%...%1)(5):: O ((s—pmp))™

P pr €C
for some zeta functions Z,(s)(j=1,---,r), where the symbol [] , which was
introduced by Deninger [2], represents the zeta regularized product (see below)

and the integer u(p;,---,p,) is defined by

1 (3(p)en3(p)20).
m(pop)=m(p) s (P)X (1) (3o, 3(p,)<0),
0 (otherwise),
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where 1, (p) denotes the order of p which is a zero of Z;(s); now, we
regard the poles of Z,(s) as the zeros with negative orders in this paper. Here

the zeta regularized products are defined by

ﬁ((s_a”))b":”p(—ﬁesLZ“)j

n=1 W

where a:={a,} are complex sequences such that

=1

and b:={b }"

-1
Z,y (w,s)::Z;bn(s—an )_W converges locally, uniformly and absolutely in
some s-region included in C—-a for R(w)>C with some constant CeR_,

and is a meromorphic function of wat w=0.If bcZ then H::l((s —-a, ))b"

is a meromorphic function of s in the whole C and has zeros only at s=a,.
The integer b, contributes to the order of a,. See [3] for more details
concerning the zeta regularized products. The factors of the zeta regularized
products are derived from the summands of Z,,(w,s), so we call Z_, (w,s)
the “factors series” in this paper.

Kurokawa [1] also predicted that the absolute tensor product of r arithmetic
zeta functions which have the expression by the Euler product over primes
would have the Euler product over r~tuples (p,,---,p,) of primes. The validity
of Kurokawa’s prediction has been confirmed in some cases, for example, the
cases of the Hasse zeta functions of finite fields by Koyama and Kurokawa [4]
for r=2, by Akatsuka [5] for r=3 and by Kurokawa and Wakayama [6] for
general r. Also, the case of the Riemann zeta function for r=2 was first proved
by Koyama and Kurokawa [4], and then by Akatsuka [7] in a different way.

In [7], Akatsuka successfully eliminated the parameter a in the absolute tensor
square of Koyama and Kurokawa. In that sense he obtained the true form of the
Euler product expression of the absolute tensor square of the Riemann zeta
function. He did so by establishing an equation which links the zeros of the
Riemann zeta function to prime numbers. In this paper, according to Akatsuka’s

method in [7], we will reach the Euler product expression of the absolute tensor

product (LZ1 %?le )(S) » where L, (s)= L(S,;(j )(] €Z,,) denotes the Dirichlet

L-function corresponding to a primitive Dirichlet character y; to the modulus

N; €Z,. The key item which leads to our goal is an equation which links the

factors series of (LZ1 ?- . -? L, )(s) to r-tuples of prime numbers (see Theorem
1 1

4.1 below). We name such equation the “key equation”. In the following, let p,
denote the non-trivial zeros of L(s,y) corresponding to a non-principal

primitive Dirichlet character y tothe modulus N €Z,, and let
_1-2(-Y)
K =—— 7

- . We shall count the zeros with multiplicity. Then, letting r=1,
where r is a parameter in the key equation, we obtain the zeta regularized
product expression of L(s, z,):

Theorem 1.1 We have the following expression for L(s, y,):
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L(s,;(l)z]:[((s—pll))]wj((s+2n+z<h)). (1.1)

Pn n=0
From (1.1) and the definition of the absolute tensor products, we find that

(L ®L, )(s) has the following expression:

g

Lot)o- O (-pa-rn) T ((s-2u-r.))

S(p)cl)'s("’zz )<0 S ’311)'3(”12 )20

| 11 ((S_pla+2n+Klb))

(a0)<{12(2:0] 3, Jz0.120

< [1 ((s+2n1+2n2 +K, +Klz)).

M,y >0
Now, let p,q be primes and j,m,n be positive integers, and let a be any

fixed number with 0<a <1. For the complex numbers 7, with p, :£+ ir,
2 Y4
we define z';l) '=min {SR(TZ) > O} ;we fix g, arbitrarily with

0< €, < min {ril),rg)} . Also, we define g = ,»ngj.r.],,}{gh } . Define that

El(W,S,{)(j };)

)55 (0" 22(0") o™ (mlog p)" (g p)

27[ p m=1

255 (57 (%) (miog o) (1og )

Za ( pm)}(b (qn) p"*Yg™" (mlog p)" log p
. n(mlog p—nlogq) '

Z(P")Z (") p ™"

= mlog p)” log p,
27 (ab)e{(12)(2)) p.man n(m log p+nlog CI) ( )

_1 m —ms
_ _Zi Z Za( . );L/b(p )p (mlog p)w—z log p,
T (ab)e{(12),(2.2)} pmin n(imlog p—nr)

E, (W, S, {Zi };)

iy Z(p")p

2 (ab)ef(zz) 20} pm  Sin(imlog p

sk

] (mlog p)" " log p,
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E; (W, S, {Zj };)

1 , ™) p" (mlog p)" (log p)log L(u, 7 )du
Zﬂ(a’b)g{é)v(z’l)}js( )(Ho%za(p )p ") (mlog p)” (log p)log L (u, , )

E, (W,S,{Zj};)

== ¥ (EIOQWJZ%(WW”‘S(mlogp)”“logp

27 (ap)efit2) ) pm
2 i m -ms W—
_[y+log[N—”J—§JZzb(p )p™™ (mlog p)"~* log pj
a p.m

2 1 m) ~-ms w-1
+Z[—ZZza(p )p™™ (mlog p)* log p

a=1 p.m
+LZZ (pm)p*ms(mlog p)sz(Iog p)jw u . 1 du |,

25t 0¢'—1 u+mlogp

EB (W,S,{;(J—}?:l):: Z la(pm) p—m(S—/’lb)(mlog p)w—l IOg p,

(ab)<{(L2)(21)} Pm (o, )-0

where S" Z={%COS(I)-Fi&‘(r)SingD-i-%lOS(pSﬂ} and y, T'(s) and G(;(j)

denote the Euler constant, the gamma function and the Gauss sum respectively,
that is,

0

k=1

. K1
y= }yLn (ZE_IOQ Kj,

I(s)= _[: et ldt (R(s)>0),

N; 27

. N
G(?fi);;lj(”)e e
Then, letting r=2 in the key equation, we can deduce the Euler product

expression of (L;a % L, )(S) as follows:
1

Theorem 1.2 In R(s)>2 we have

(Lzlg?tn)(S)ﬂxp[Zsl E, (S’{Zj}zj_l)}

k=1

where E, (S,{;(j };) =E, (0, S,{;(j };) , that is,

__ i alP)a(p)p™ i(s-2) ¢ 4(p")z(P") P ogp
gp,m m2 272' m !

p
2\ Z(P") (") p " M " log p
EZ(S’{;(j}j—l).___ Z ,mz,th,n n(mlog p_mqu)
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m n -ms =N |ng
E(, 2 ):zi Z(P") 2 (a") P ™
3| S {11}1:1 2z (a,b)e{(%),(z,l)} p.ma.n n(mlog p+nlogq)

—ms

E (S {1}2 ):_i /’{a(_l)Zb<pm)p
V)T 27 (a3 ) s MPn(imlog p—nz)log p

2\ Z(P")p
ES(S’{lJ}j—l)'_E(a'b)e{%)_(z’l)}%;\ msin(imlog p)
EG(S’{}(J}j:1)

= —I -m(s-u) m
T 2P log p) 7, (P™ )log L (u, %, )du,
2”(avb)é{%),(z,l)}J.S(z)(”%o)p,m ( ))( ( ) ( }(b)

E; (S’{Zi };)
- > ((IOQ Za(_gf(la)jz %(p")p ™

27 (ap)<{(r2)(20)

m(s”(lb)

i a(P")p™
+§Z

2
om m om M7logp

Ee (s,{;(j }2 )::
2 (@p)ef(2)(22)) b

U 1
j — du |,
0e"—1 u+mlogp

s % (p") )

Prp ):0 m

The proofs of Theorem 1.1 and Theorem 1.2 are given in Section 5 and
Section 6 respectively. The contents of the other sections are as follows. In
Section 2 some lemmas are proved which are made use of in Section 3 or later.
In Section 3 a series is introduced which includes information on the zeros of the
Dirichlet Z-functions and some properties of the series is shown. In Section 4 the

key equation is deduced.

2. Lemmas

In this section, we prove some lemmas which are used later.
Define that

H(t)=|; t(eu_luwdu (R(t)<0). (2.1)
This function will appear in Section 3 in the properties of a series involving
zeros of Dirichlet Z-functions in Theorem 3.3.
Remark 2.1 In the following, it is found that H(t) has an analytic
continuation, and let the same symbol denote its continuation.
We show the properties of H(t) in the following lemma:
Lemma 2.2 (i) H(t) has the following asymptotic behavior at t=0 :
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_it

e ? iz
H(t)=- logt+-—+0(1).
Zsin% 2t

it

2

(i) H(t)+

logt is a single-valued meromorphic function on the
2sin—
2
whole C.
(iii) H(t) has the simple poles at t=2nz (n ez —{0}) with residue
—iargt.
. . 7 37w
Remark 2.3 Let te C—-iR_, and the argument lie in (—E,7j . It follows
from Lemma 2.2 (ii) that H (t) is a meromorphic function because

_it
2

logt issuch one.

2sin—
2
Proof of Lemma 2.2.
(i) It was proved by Cramér [8, p.116, (19); p.117, (20)] that for |z|<1
li» U 1 logz
et . du = +h(z 2.2
zJ“J ' -1 u+z e’ -1 hl() 22)

where h (z) wasa power series of zwhich converged for |z|<1. By replacing z

for —it in (2.2), we obtain

M) =29 o)

et -1
it
- . (2.3)
2
¢ tIogt+'£+h3(t)
ZsinE 2t

for |t|<1, where h(t)(i=23) is a power series of ¢ which converges for
|t| <1. We can derive the desired result from this.
(ii) Note that the integral (2.1) also converges if ®(t)>0 and that the

_it
2

integrand has pole at u =it with residue . Now, if zmoves

2sin—

2
counterclockwise around the origin from the quadrant %(t)<0, J(t)<0 into
the half-plane ®(t)>0 across the negative imaginary axis, then the pole at
u=it moves from the forth quadrant into the upper half-plane across the
positive real axis. Since the positive real axis is the integral path in (2.1), the
analytic continuation of H(t) into R(t)>0 is given by subtracting 27i
times the residue of the integrand at u=it from the integral (2.1), that is, for

R(t)>0
it

Ht)=—TE [ “ du. (2.4)

S0t 1) (u—i
sin t( 1)( t)
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The right-hand side of (5) is meromorphic unless it is on the non-negative
it
. ize 2
real axis, so we find that H(t) changes by -
sinE

when Jf moves counter-

clockwise around the origin, making one complete circuit. Therefore
it
2

H(t)+

logt is unchanged by the analytic continuation around the origin,
2sin 3

s0 it is a single-valued function on C—{0} . Furthermore, we find that

logt is meromorphic for |t|<l from (4). The proof of (ii) is
ZsinE

complete.

2

From this and Lemma 2.2 (ii), we can obtain the desired result. ]

(iii) By (2.1) it is easily found that H (t) is holomorphic if argte (—%,3—”) .

Next, we will show that the Euler product of L(s,y) converges locally and
uniformly on 9R(s)=1. This fact will be used to justify the change of the order
of limit and integration in the proof of Theorem 3.3.

Lemma 2.4 (i) Let A(n) be the von Mangoldt function, that is

lo n=p* for some prime p and integer k >1),
A(n):z{ gp (n=p prime p g )

0 (otherwise).

Then, we have

z(n)A(n)

24mex logn =O(X) (X_)OO)' (2.5)

(ii) The Euler product of L(s, x),
-1
I_].(]._':?{( :)) j L]
p p

converges locally and uniformly on 9R(s)=1.

Proof of Lemma 2.4. (i) By the Abel’s summation formula, we have

> WA 5 mam) Lot [T g (mA(n)—

2snex  logn 2<n<x log x 2<n<t t(|Ogt)2

It was proved in ([9], Theorem 4.4.2) that

Ly (mA() 50 (xow),

X 2<n<x

so there exists some positive constant M such that

2 z(n)A(n)

2<n<x

< MX.

We find from this that
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1
_ME

(Iogt)2
2

:M[m@—wa—JL+—_J

logx log2

[ 2(n)A(n)—

2 )enat t(logt)2

because

li(x)= log x +O[(Iog x)z}

where li(x) is the logarithmic integral, that is

. x dt
li(x):= OE.

Therefore, we have

1 z(n)A(n) _ 1
X 2<n<x IOQ n X IOg X 2<n<x

Z(n)A(n)+O[ 2}—)0 (x> o0).

(logx)
We obtain the desired result.
(ii) It suffice to prove the local and uniform convergence of
-1 m
1)) 2(P")
log[[|1-4—~~| = —
N-22) 5228
on R(s)=1. We will first show that A —B, tends to 0 uniformly on
R(s)=1 as X—>oo, where

aoy s AP g s 2(AR)

p<x m=1 mpm5 n<x n® Iogn

and then show that B, converges locally and uniformly as X — 0.
Let sbe on R(s)=1.In A, since the sum over m converges absolutely, we

can exchange the order of the sums:

< z(P")
&_Emumm'
so we have
- z(p")
-B. =
& " mgz Tx<psx mpmS
e A7) |
The series Zm:zz P mp™® converges absolutely as X — oo if

R(s)>1/2,s0 A —B, tendsto 0 uniformlyon R(s)=1 as X—>oo0.
Since (2.5) holds and log L(S,Z) is regular at S=1, we can derive the local
and uniform convergency of B, on ®(s)=1 from M. Riesz’s statement ([10],
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Satz I): if the coefficients of a Dirichlet series f(Z)zz::o ae’ meet the
condition

||mm:0 (C>0),

n—oo e/inc (2.6)

and if the function f (z) , which is regular due to the condition (2.6) for
R(z)>c, is also regular in certain points of the line R(z)=c then the series
converges at these points. The convergence is uniform in any finite interval,
which consists only of regularity points.
This completes the proof. U
Lemma 2.5 was proved by Akatsuka [7].
Lemma 2.5 (i) ([7], Lemma 2.5) Forany X,Y eR_, satistying X <Y
Y-X

logY —log X >

.. o p"
(i) ([7], Remark 2.1) )’ ) zm:lm <o,
(iii) ([7], p.639, (4.4)) For any fixed 6 eR_, andany AeR
Zi p ") (mlog p)A log p < oo.

p m=1

Also, we shall prove a formula for the gamma function in the following

lemma.

Lemma 2.6 Let any fixed w € R satisty —% <y <% and let

argve(—l//—%,—y/+gj and R(w)>0. Then, we have

F(W) — J‘meweﬂ/ttw ﬁ
vY 0 t
Proof of Lemma 2.6. For any fixed y € R satisfying —% <y < % , let

argv =—y . Then, we have

C(W) o (Y dt pov? pdt e o dt
B 1 R SIS A

0
When wis fixed in R (w) >0, the both sides are holomorphic in
veC|R(ve")>0l={veC|-y-Z<argy<- +£}.
{vecin(ve®)>0} { |~y =5 <argy <y +2
This completes the proof. U

3. Properties of a Series Concerning the Zeros of the
Dirichlet L-Functions

For a series 9(t)::zm(r)>0e'“(|argt|<7r/2) where 7eC with p:%+ir

for the imaginary zeros p of the Riemann zeta function, Cramér [8] and

Guinand [11] deduced the properties: the explicit formula, the meromorphic
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continuation, the poles, the functional equation and the approximate behavior.
Akatsuka [7] introduced 6 (t)=6(t)- eig (teC—-iR_)) and proved the
properties on the basis of the results of Cramér and Guinand. Kaczorowski [12]
introduced

k(z,x)= Y e** (0O<argz<nr)

(e, >0

and deduced the properties according to Cramér and Guinand.

In this section, we define

L ()= e (|argt|<%j, (3.1)

%z, )>0

rewrite the results of Kaczorowski into the ones for | (t) and derive the
further properties with reference to the methods of Cramér, Guinand and
Akatsuka.

Kaczorowski deduced the following assertions concerning k(z, z):

Lemma 3.1 Let M be a Riemann surface of logarithmic type.

(i) ([12], Theorem 3.1) The function k(z,y) can be continued analytically
to the meromorphic function on M and

z

1 e
k(z,7)-—
(20)- e
is a single-valued meromorphic functionon C for ze M.
(ii) ([12], Theorem 3.2, (3.4)] The meromorphic function k(z,y) on M
satisfies the following functional equation:

E':Jr;((—l)Z

. _ 1+ y(-1 2 ,
k(z,x)+ek(z", 7)=- ;(2( )ez+eezz_1 - X e (3.2)

*‘('”l)zo

where M3z=re® >z =re®) e M noting that ze M can be uniquely
written as  Z = re® (r >0,a€e R) .

Any single-valued function G(z) on C can be considered as a function on
M due to the natural projection M — C—{0} and then we have
G (Z*) =G (—Z) . From this and Lemma 3.1 (i), it follows that

*

z -z

N _ 1 e
log z =k(—z,g)—ﬁe72_1

k(z ,f)—i. ¢ log(-2),

2rig? _1

. e’
s0, adding ————

27l g2 _1

logz™ to the both sides of (3.2), we obtain

-z

2rie* -1

5+7(-1) .
:_1+;((—1)ez+e F__1ee logz"— > e™".
2 e’ -1 2zie’-1 3(p,)-0

k(z,;{)+e2(k(_z,z)_i e

og(-2)
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Noting that e’ =e?, we have

k(z,x)+e’k(-z,%)

5+;((71)Z
1+7(-1) , e 2 11 . b2
=— : — log(~z)-1 - (3.
2 e 1 2ai e’z—l(og( 2)-lee?) S(Pzz;:oe )
) ( 1) 5+;((—1)Z
+Z - z e 2 1 1 . P,z
= — - I _1 _ X
St o e’z—l( og(-1)+ir) S(%Zoe

If |argt| <% and the argument lies in (—%,37”) then we can derive

I O
e 2k(it,z)= > e = > er=1(t)
3(p, )20 %(r,)>0
because 0<arg(it) <z, so under the same assumption, by replacing z by itand

_it
multiplying by e 2 the both sides in (3.3), we have

() +1, (-0

Ly} et et (oY)
+Z —_ Loe 2 e 2 p,—— it
= 2 e? + o2t _q +efit_1_~z e’

3it it 2+;{(—1)it
—(1+;((—1))[e2 -e 2]+2e 2

3it it

—(1+;((—1))[e2 —e2j+(1+;((—1))e 2 +(1-z(-1))e?

4isint

cos%+i;((—l)sin%

- _Ze

2isint 3(p,)-0 - 2sint 3(p)-0

Replacing t,y by —t,y respectively in this formula, we have

x(=1)

it

Il(t)ntl)?(—t)z—ie i > e(pl_%jit (%<argt<37ﬂj.

3("’1):0

Note that
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because 1-p, is a zero of L(s,y) with the same order as p,. From the
z

above and the meromorphy of — 1
e —

logz if argz e(—%,%{j, we obtain the

following theorem:

Theorem 3.2 | (t) hasa meromorphic continuation to C—iR_, for which

ie_Tit (plfljit
————— Y e (R(t)<0),
el (=) T e (3.4)
l( )+ ;?(_ )_ Z(il)it :
2 1
© - (3 (%(t)>0),
2sint 3y )0
where the argument lies in (—%,377[) .

Next, we deduce the explicit formula, the approximate behavior and the poles
of | (t). Kaczorowski also deduced the explicit formula of k(z,z), in the
proof of which he used an integral path contained in the absolute convergence

domain of the Euler product of L(s,y). The path selection influences the

convergence domain of the Euler product of (Lm%ble)(s), SO we use a
1

different path.
In preparation for the proof of Theorem 3.3, we need to choose a branch of
logL(s, ). First, we cut the s-plane from s=1 to S=-o straight and also

remove the area, determined by the inequalities
0<R(s)<L|3(s)|>¢,.

In the remaining part of the cut plane, each branch of logL(s, z) is unique.
We choose the one represented for 9R(s)>1 by the series

AL

~ mpms

Theorem 3.3 Define S, = {%COS(p+ e, Sin(p+%|OS(pS ﬂ'}.

(i) 1,(t) has the following expression for |argt|</2:

o LA B (8

S mim(t+imlog p) 5 mam(t—imlog p)

mm(t+mz m
1 27 i) 1o U 1
Zlyrtog) Z |- E 2 2y
t(}/ g(Nj 2) '[J0 e' -1 u+it J
t _it
—— 2 e logL(s, y)ds.
271- Sl(ﬂao) g ( Z)

(i) I,(t) has the following expression for teC~iR_;:
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G L T I

():_ z;mzlm 2”{ %?m(t—i—lmmgp)
iy A x(-1) +i|og[7( j (Zk + j

mam(t—

Am(t-mz) (3.5)
1 7Z' iﬂ' t —|st =
t(;/+ log| =— N —?j— H (t)}—ge SI(HO) logL(s,)ds

A

2sint 3y -0

R

(iii) 1,(t) has the following approximate behavior at t=0 :

L= Lo 2] o)

(iv) I, (t) hassimple polesin C—iR_, only at the following points:

t=imlog p,
t=—mnr

where meZ,,.

In (ii)-(iv), the argument lies in (—%,37”)

Remark 3.4 It follows from Lemma 2.5 (ii) that the sums over p and m in

Theorem 3.3 (i)(ii) converge absolutely and uniformly on any compact subset of
C.
Proof of Theorem 3.3. (i) If |argt|<z/2 then we have by Cauchy’s theorem

L(t)==— A2 ':(s 7)ds, (3.6)

2771 ¥ RiURUS, URg

where, choosing & >0 that satisfies the condition that L(s, ) has no zeros

on the interval (0,¢],
R ={seC|R(s)=0,3(s)2¢},
R, = {gei‘”|0£(p£7r/2},
S, Z={]'_TECOS¢+i€ZSin(p+1+Tg|OS(pS7r},
R, ={seC|%R(s)=1,3(s)=0},

and we go around the integral path in the counterclockwise direction. By the

integration by parts, (3.6) becomes

L (t :——eW(J'Rl .[R2+I + ) " logL(s, 7)ds,

where we choose the branch of logL(s, ) satisfying the following condition:
m

logL(s, x)= zlngsms) for ®(s)>1

p,m
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and s moves in the cut s-plane (C—({O<§R(S)<1,|S(S)|>gl}u{s <1}). Now,
by the result of Montgomery and Vaughan ([13], Theorem 10.16], ie., there

exists a constant A(y) such that

S+K

sl () oo

S+K

8 RN 2
-t T[] 8

(0= e

where we use the representation

1

w0 S _S
——=se”[[|1+=|e "
I'(s) H( nj

and IZ(S, ;() denotes the completed Dirichlet Z-function, that is

S+K,

s Gl

e"logL(s z)=(1-x,)logs+O(1) (s—0).

SO

Therefore, we have

lim| =0,
£—09Ry

so (3.6) can be rewritten into

Il(t):——e (J'R1+j +1. ) e"logL(s, z)ds,
where
R/ ={seC|R(s)=0,3(s)=0}.

From the functional equation

-3 ir

L(s, ;()=N—“G(;()F(1—s)(e 20, z(—l)ez(l_s)JL(l—s, 7).

(27)
we have

logL(s,z)=log {%;()J-F s Iog(%) +logT"(1-5s)

iz

+log [ez(“) +x(-1)e2 (1S)J+ logL(1-s,7)+ 27k,

(3.7)

(3.8)

where k,eZ satisfies the following relation: arg(LHS of (3.8)) = arg(RHS of

(3.8)) + 27k, . Then, the integral of the path R/ becomes
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_[Rl, = J'z e log L(iy, x)idy

=ifle (Iog(%j (3.9)

Vs
. 2r

| — 3.10

en( ) w0

+logI"(1-iy) (3.11)

+ Iog[e S0 +;((—1)e2(liy)j (3.12)

+logL(1-iy, 7) (3.13)

+ 27k i) dy. (3.14)

The integrals concerning (3.9) and (3.10) become
G
_[ e ylIog[ (x )de_—ll g[ﬁj (3.15)
27

and

e

respectively. By the result of Cramér [8, p. 114, (12)]:

ico 1 © u 1
2[“ e logT(1-s)ds =X - = -———du,
IO g ( ) z z72°9¢"'-1 u+z

the integral concerning (3.11) is equal to

0o _ . iy 0(» U 1
elogl(1-iy)dy=—5+— . du. 3.17
J. or (L-Ty)dy t? tZIO e' -1 u+it G17)
The integral concerning (3.12) is equal to
j: e Iog[ez(liy) +x(-1) ez(liy)de
:L: e " log ;((—1)dy+I:|£(1— iy)e "dy (3.18)

+J':e’y‘ Iog(1+ x(-1)e Y )dy

Since the third term of (3.18) becomes

i(—l)mfll(_l)m efimﬂJ‘:e—(Hmzr Yy = Z 2(-1)"

ooom mam(t+mr)’
we have
1 B ;((—1)m
3.18)=—=lo -+ ) = 3.19
G18= 92(-1) 2t 2t? mz:lm(t+m7z) 319
The integral concerning (3.13) becomes
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J.zeﬂ" |Og L(1_|y'f)dyzzif( ) J‘ e (t-imlog p) ydy
p

m=1
B . (3.20)
:_ziM
5 mim(t—imlog p)
The integral concerning (3.14) becomes
27k i
27k i[ e dy = - ”tl . (321)
The integral of the path R, of (3.7) becomes
©i(L+i . i N w;{pm -m [ ,—(t+imlo
.[0 @it IogL(1+|y,;()|dy=|e‘Zr§1¥p .[0 et |gp)ydy
P (3.22)

ey 20

aam(t+imlog p)

The above changes of the orders of the sums and integrations are justified by
Lemma 2.4(ii), Remark 3.4 and the Dini’s statement ([8], p.112, footprint) that if
> f.(x) converges uniformly for x e(a,b) withevery b>a and

Zj f,(t)dt also converges uniformly forall X>a then we have

zj: f,(t)dt =L°°Z f,(t)dt.

Applying (3.15), (3.16), (3.17), (3.19), (3.20), (3.21) and (3.22) to (3.7), we
obtain the desired result.

(ii) Let the argument lie in (_E 37”) By Theorem 3.3 (i), we find that for

IZ(_t)z_Ee zzp:gM i[itzp:i (p”‘)p‘m

imlogp) 27| “*amim(t+imlog p)
_iti Z(—l)m)+ilog[;((-12)G(;?)]_ﬁ(2kl+%j

1 27\ i t =t ,
+3 y+log| == |- = |- H(t) | +—e? e ™ logL(s,7z)ds.
t(7 g[N) 2) ()] 228 Josen® T 100L(5:7)

By using the equation for |, (t) deduced in Theorem 3.2, we obtain (3.5) for
R(t)<0. Since the right-hand side of (3.5) is meromorphic for te C—iR_, if

the argument lies in (—%,37”) , the proof of (ii) is completed.

In the following, let te C-iR_,
(iii) By Theorem 3.3 (ii) and Lemma 2.2 (i), we find that

0= g ) o) 000

47rsin% 4t 2sint

:—E—gtt—ziﬁ(y+log(%]]+0(l) (t—0).
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(iv) By (3.1), we find trivially that | (t) is holomorphic for |argt|<7z/2.
From this and the expression obtained in Theorem 3.3 (ii), the desired result

follows. ]
We consider the bounds of l, (t) which is needed later. Let r;o) denote
max{S(rZ )}
Lemma 3.5 (i) For R(t)>1
o R(O+23(0)
Il(t)zo(e 2 ]
(ii) For R(t)<-1
Yy 1
e 2 e ROSROL O
|l(t)=m+0(el 2 +e'{‘ ‘ .
(i) If t=oc+iU with U>2 and -U <o <U, then
it it z(p™)p™ PIEL Y
LIS o L LA (C |
2 om m(t—imlog p)
pm<92U
R . T 3w
In (i)-(iii), the argument lies in {—E,7j
. T 37w
Proof of Lemma 3.5. Let the argument lie in —5,7 .
(i) If R(t)=1 then we have
L= > e™
‘R(Tz)”z
from (3.1). Since
e—rlt < ‘e—rlt _ e—‘R(rl)R(t)+J(rl)3(t)
R(rl)>sl ‘.R(rl)>gl 'R(T}()>€l
£e%\T(t) > -0(r, (1)
‘R(rl)>gl
1
_ o2P0lge ) 3 o (H(E) 220
‘R(rl)>el
0 [eg}(‘R(t)Jr;‘J(t) J ,
we obtain the desired result.
(ii) For R(t)<-1, we have
_2CY,
1 2 —= it
L), (- y
2sint 3(o, )0
(3.23)
R )
ot e 2 py—5 it
== el+eit it Z e ?
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by Theorem 3.2. Concerning the first and third term of the right-hand side of

(3.23), we have
erit < ‘erit _ R(ri)!R(t)—S(ri)S(t)
‘.R(ri)>gl ‘R(r;)>sl ‘.R(ri)>gl
< e%\f(t)\ R(zy )R(t)
‘R(rz)>gl
:e%\s(t)\eglm([) Z e(ﬁR(rZ)—gl)‘R(t)
‘R(rz)>el

_ [ efz‘«‘*(t)+;3(t)J

and

_ Z e[p"%]n :O(eT(ZO)S(t))

3(”1):0

respectively. Hence, we obtain the desired result.
(iii) When t=0c+iU with U>2 and -U <o <U, we have

,(t)= ;—tﬂegz i&pm) + O(Ue(;%j]u j (3.24)

o mim(t—imlog p

by estimating trivially each term of the right-hand side of (3.5) in Theorem 3.3

except the first term.

If p">e®,then U< m I(;g P ,s0 mlogp-U 2% . Therefore, we have
. ——(o+i ;? pm p_m ‘
(o+iU)e 27 > ( )
om M(o+iU —imlog p)‘
me 2U
H p’m B p’m
<2Ue? <4Ue? —
pZn; m(mlog p—U) pzm: m? log p
P 362U pM eV
u -m u
<auery P _ofue?
pmM~log p
In the last equation, we use Lemma 2.5 (ii). This completes the proof. O

Now, we fix @, arbitrarily with 0<6, <% and tand, <g,.

Corollary 3.6 (i) For u>

cos@l
l, (ue’"’l ) = O[ezsm'g‘ J (3.25)
i(7— r( )usin
Il(ue( 6*)):O(e 3 "lj. (3.26)
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(i) If R>1 and -Rtand, <y<Rtand, then
IZ(R+iy):O(e ]

(ii) If ceR, MeZ,y, and U IOQ(M +%j then

N <

0 ezj (o21),

l,(c+iU)=:0 Uze(

0| e” 2the’(l)uj (o <-1).

Proof of Corollary 3.6. (i) First, by Lemma 3.5 (i) we find

1

) ]

1.
—u(sl cos@, —sin 91)
=0|e 2

1 .
——usiné.
=0|e? 1}

. 1. 1.
In the last equation we use the fact that =sind <& cos@, —=sin@_  because
2 X X X 2 X

—al‘)l(ue?lgl )+

Il(ue‘m*):o e

tand, <&, . Hence, (3.25) has been proved.
Next, by Lemma 3.5 (ii) we have

,Miuei(”’gl)
I (uei(nfﬁi)) _ e 2

x |(;r—91) 3 efiuei(”_gl)
(3.27)
slﬁi[uei(”w”)}i S(uei(”fﬂl)] 7;0) S[uei(”"’l)]
+0|e 2 te
Now,
e—usinﬁl 1. )
——usin
|(the first term of RHS of (3.27))| < ——0——e"= O[e 21y ]
e Z—g 7

Hence, we can deduce

1 . 1.
i(z—0 —~usiné, —-u| &, cos@, ——=sind. 0),, i 0), o
Il (uel(ﬂ 1)) _ O[e 2 Y e [ 20050, lj +e using,, -0l e using, ,

. . 1.
where in the last equation we use the fact that &, cos@, —Esm 0,>0 because

tand, <&, . Hence, (3.26) holds.

(ii) From Lemma 3.5 (i) and tan 0,<¢,, we can easily deduce the desired
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result.
(iii) If o>1 (respectively o <-1) then we can trivially deduce the desired
result from Lemma 3.5 (i) (respectively Lemma 3.5 (ii)).

If -1<o0 <1 then we can derive

(a+|U) osiv) ;?(pm)p’m (Wl]u
2z pZn; m(oJriU—imIogp)Jro Ve

pm <92U

IZ(0'+iU)

from Lemma 3.5 (iii). Concerning the first term of the right-hand side, we find

that

i . U
(a+iu)ez(“”)‘=OEUe2],

Z )7( P ) P < Z p"
o m(o +iU —imlog p) o JU —mlog p|
p™"<e » p™"<e » (328)
R e — _P
om U-—mlogp om mlog p-U
m 2
p <M+E M+%sp’"<(M+%)
and that by Lemma 2.5 (i)
1 p‘m
(the first term of (3.28)) < (M +—) — 1
2 M+=—p"
Pm +E 2
M
< (M +%jz 11
"“nl M+ - n)
2
M1 M 1
= ZH+ Z 1
n=2 n=2 M +=-n
2
< logM « U,
p—m
(the second term of (3.28)) Z
o ) mlog p-U
1 m 1
M+E£p <[M+E]
1
< > 1
pmo L p" —(M +j
M+%§pm<(M +%) 2
< S 1
<> 1 <U
= (n+ M)—(M +j
Hence, we can obtain
B £,+1 U sl+1 (V]
Il(o-+iU)=O[Uze2 +Ue( ' 2] ]:O{Uze( 2] ]
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This completes the proof. U

4. The “Key Equation”
In this section, we prove an equation we name the “key equation” which links

the “factors series” of (Lm%?'"%? Lzr)(s) to r-tuples of prime numbers

(r € Zﬂ) .
Define that

D o= {(w z)eC?| —%sin 0" < %(ze""m ) <—rz%sin .9“)}

{(w, z)eC? |—%tan 0" <®(z)+3(z)tan 8" <-rz” tan H(F)},

iglr)
Q) r __L wei® w
L (w, {7, },-:1) =T W) [ e |j:l| 1, (t)edt, (4.1)

) (wz )
C w _[zn-l-#]it+ Z e(”lj"%)it ",

j=1 n=1 < —
| {0 o

(4.2)

r . R e 1
R (W,Z,{xj}jl).—mhllm % Res e Z‘glﬁ (t)t".

t=imlog p
pM<N+1/2

Then, we will show the following theorem:
Theorem 4.1 (“key equation”) Let (W,z)e Dg(,) 0 satisty

S(z)<—(%+g(’)]r and R(w)>r. Then,

LS<)” (w, z,{;(j }rj:l) + L(:()r) (W, z,{;(j }:_:l) =R (W, Z,{)(j };:1)- (4.3)

Proof of Theorem 4.1. Let A be any fixed real number with 0<A<log2

and we define

ro. . 1 -zt L w-1
Fg(r) (W,Z,{,’{j}jl,l).—mjvlﬁ(r)e l_J];IZ, (t)t dt,

where Vw(r) is the union of V,(c—21), V, (ﬁ—H(r) —>—6’(r)) and
V(42— ) when
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V, = {ﬂei“’ -0V <p<r- H(r)} :
V, = {ve‘wm lv > /1}.

By Corollary 3.6 (i), for large enough u

_Using™ ; (r)
_ip(r) siné' il\7-0 (0),1airs (1)
Ilj (ue i0 ):o[e 2 J’ I)(j [ue( )j :O(err usin @ )

Therefore, F

A0 (W, Z,{ ;(j};:1 ;ﬂ.) converges absolutely and uniformly on any

compact subset of D ., .
[ZA s

hr

Now, when (W, Z) € Dg(,) © and 0<np<A,wehave

Fg(f) (W, Za{lj}jzl 1/1)— Fg(') (W, Z,{Zj}j:1;77)
1 -zt ! W1
T (w) ¢ I (t)t"dt=0
F(W) Jwrz,i,e(") :E]l: Zj ( )

by Theorem 3.3 (iv) and Cauchy’s theorem, where

(0
|

16 |_9(f) S¢Sﬂ_9(r)}u{ve‘i9 nﬁvﬁ/i}

Wri,/lﬂ(r) = {

H—H(r))

u{nei‘”l—e(r)SgoSﬂ—H(r)}u{vei( |n£v£l}

and we go around the integral path in the counterclockwise direction. If
ER(W) >r then by Theorem 3.3 (iii) we have

F o (W, z,{;(j };:1 ;/1) = Iqlm Fo (W, z,{;(j };:1 ;77)

0 r
——[° eI ()t (4.4)
Fwy o) T 0

1 “eiif)(r) —zt t w-1
+mjo e gllj(t)t dt.

By replacing twith - £ using Theorem 3.2 and taking note of

g e[#&]it o {Zn—l—il i (_l)]it
2

1 2
ie _ B ’

2sint 1-g™2t ~

we find that the first term of (4.4) is equal to

iTw _igln) r it

(-1)" WL’ e[| 15 (t)+

r j=1 n

) .
e_[2 a ] + > e(p“_%)It t"dt.

3y, 0

M

I
AN

Hence, we have
Fo (W, z,{;(j };:1 ;ﬂ,) = '-(;()r) (w, z,{;(j }r,-:l) + L(:()r) (W, z,{;(j }rj:l).

Next, we define that U |Og[M +%j for M eZ,,, and let (w,z)e Dg(,)ﬁo)
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1
with 3(z)< —(E+g(r)jr and ReR with Rtan@") >U . By Theorem 3.3 (iv)

and the residue theorem, we have

Iaupzuaefztg'zi ()" dt = 27i pzm Res eZtHI ()" (4.5)

t=imlog p

1
MM +=
P 2

where

Plzz{—u+iutanz9(')| )Suglcose(r)}

tan ""
u{/le“"l—e( <p<z-6" }

u{u—iutane Mcose <u SR}
PZ::{R+iy|—Rtan9(’)Sysu},

P3:={0'+iU |—Lréa£ R}
tan 6"")

and we go around the integral path in the counterclockwise direction. First, we
consider the limit of (4.5) as R — oo . Concerning the integral of the path P,,
we have, by Corollary 3.6 (ii),

J.—URtanem e_Z(R+iY)H IZJ (R + iy)(R + iy)VH idy‘
j=1

< R‘R(w)—le—*ﬁ(z)RJ'U e(

rw ~Rtano(")

r

< Rm(w)_le_.ﬁ( )RIRtang( ) [3(Z)+§]Ydy (4.6)

Rtan H( )

JRTn—— e(S(Z)Jr%thang(') _ef[s(z)%jmane(')

3 r
3(z)+ 5
. RJ“W“Ir . (32)+3(a)tan Ztana(r)JR’
J(z)+§

where in the last inequality we use the fact that J(z) +% <0. From

R(z)+3I(z)tan o) +%tan 0" >0 because (w,z)e D ) (o) » it follows that (4.6)

vanishes as R — o . Hence, we have

. Pse*“fplj (Ot *dt=27zi > Res e’ZtHI ()" (4.7)
4 j=1 p,m j

t=imlog p

1
MM +=
P 2

where
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U i< /lcose(r)}
tan ")

{mW|9 <p<m- 9}

{ —u+iutane"|

{ u—iutano" |u>/1cos€( }

P5:={0'+iU |O'Z—Lr}
tan 9"

and we go around the integral path in the counterclockwise direction. Next, we
consider the limit of (4.7) as M — . Concerning the integral of the path P,

we have
Ups‘z wae'z(“+iU)ﬁllj (o +iU)(o+iU)" " do
< .[ R (O' +iU ) max{|a|,U }VR(WH do (4.8)
tanH
-1
_I — +I-1+I1'

About the first term of (4.8), by using Corollary 3.6 (iii) we can deduce

FUMLAN .
] o< [ Py ey {e( :) +e’£0)ur](—0)ﬁ(w)lda

7tan6(') 7tan6'(r)

B - FUMRAN |
+ Jlj g N2z [e( 2] 4 JU Mg o

<[t -R(2)o+3(2)U (g(r)‘”%]r Our R(w)-1
<[y e e +e" Y |(-o)"  do

“tangl)

FOMLS
+_[_1 L e sy [e( z]’ +er$O)UrJU‘R(W)—1dO_

“ane®

R(w)-1 (), u
<eM ( - (r_)) [ [e(é( e e"{(z)wwurJda

tané tanol")

N U
+e3(z)UU*R(w)—l.[‘1 y {e(g( fen(@)orr + e B@edU jda

tano(”)
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R(w)-1 (4.9)
Y Uﬂ%(w)1+( U J
tan ")
g v
tanol")
Since
1 (A > O),
U Ay
J.il v e¥do <, g™ (A=0) o U m|lre =
“and® 0 tan @
—A
e w (A<0)
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we have

T TRENETI b
tan 9 tan ")

32+ " u R(2)+3(2)tan 0+ tan o) —gr Y
X[e( ‘(z)+2J +e( (o= "2 ’ )tana(r)

- : (1) 4 (O tan g )Y
\s(z)+r£0)")u +e(.¥i(z)+3(z)tan9 +7prtand )tane(r)]

-0 (M ->wx),
where in the last limit we use the fact that
S(z)+r§°)r<3(z)+%<0 (4.10)
and
R(z)+3(z)tano" +%tan 6" —r <0,
R(z)+3(z)tan 0" +rz” tan " <0

because (W,z)e Dp(,) © and tan 6" < &), About the second term of (4.8), by

using Corollary 3.6 (iii) we have
FONEATRY
Jlll <, Iil e—m(z)o+i(z)u {U Ze[ ZJU } U ‘J((w)—ldo_

< O p

—0 (M — oo),
where in the last limit we use 3(2)+(%+8(r)jr <0. About the third term of
(4.8), by Corollary 3.6 (iii) we have
o ® R 32U e R(w)-1
[ [e @esiNez” max{|o| U} do

T
_ e(s(z)+ 5)“ ( J‘U e Doy WLy 5 _f:j e’m(z)aam(w)flda) (4.11)

1
«d3 (U™ ) (4.12)
—0 (M - oo),

where in transforming (4.11) into (4.12) we use SR(Z) > —(S(Z) + %J tano™ >0

because (W, Z) € Dg(,) (o) > and in the last limit we use (4.10). Hence, we obtain

\Tr

Fo (W, z,{;(j }:_:l ;/1) =R (w, z,{;(j };:1).

This completes the proof. O
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In the following sections, it is necessary that the left-hand side of (4.3) be a
meromorphic function of wat w=0. To obtain the property we show a lemma.
It is the generalization of the lemma proved by Hirano, Kurokawa and
Wakayama ([14], Lemma 1].

Let y e(—z,z] be any fixed real number and f(t) be a locally integrable
function on {re“” |re (O,oo)} . We define

ooei"/
M, [f:w]= jo
Now, assume that f (t) satisfies

o(t™*) (t—0),
O(t™*) (t—>oce")

f (t)t"dt.

f(t)=

for a,beR with a<b and any £>0; M [f:w] converges absolutely, so
is an analytic function, in a <9 (w) <b . Then, the following lemma holds.
Lemma 4.2 Suppose that f(t) has the following approximate behaviors as

t—>0 and t— e :

=z

3 1(k)Al(n,k)(Iogt)"ta1(k) (t—0),

—h
—~
—
~
!
=~
I
o
s
I
o

(4.13)
i A, (n.k)(logt)"t%)  (t—o0e" ),
k=0 -0
where N; (k) are non-negative and finite integers for each k£ and a, (k) and
a,(k) are complex sequences with SR(ai(k)) and SR(az(k)) monotonically
increasing. Then M, [f:w] has a meromorphic continuation into weC
with poles at w=-a, (k) and w=-a,(k) for each k Especially the poles at
s=-a (k) aresimpleif N,(k)=0.
Proof of Lemma 4.2. First we define f_(t) as

Ny (k)

£(0)=f(1)-3 > A(nk)(logt) 2.
=0 n=0
Then, in a<%R(w)<b, we have
eV w-1 & & N n a(k)+w-1
M, [fiw]=[" f, (Ot dt+]" > > A(nk)(logt)"t dt
k=0 n=0 (4.14)

+ j:fw f(t)t" dt.

The first and third terms of the right-hand side of (4.14) are analytic function
of win —R(a(m+1))<R(w) and in R(w)<b respectively. The second

term becomes

m Np(k) v
Z z Ai(n!k)J‘O (|Ogt)n tal(k)HN_ldt,
k=0 no

and then by partial integration we can transform it into
(_1)r n(n-1)--(n-r +1)(i(//)n_r g (wran(k)
k=0 n=0 r=0 ’ (W+ al(k))wl .
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Hence, we see that M, [f:w] is a meromorphic function of w with having
poles at w=-a, (k) in —iR(a1 (m +1)) <R(w)<b, especially the orders of
which at s=-a, (k) aresimpleif N,(k)=0.Since
R(a,(M+1)) > oo(M—> o), it is shown that the meromorphy of M, [f:w] in
the left half plane ®(w)<b.

In a similar way, we can obtain a meromorphic continuation into the right
half plane b<®R(w). O

The meromophy of the left-hand side of (4.3) follows from Lemma 4.2.

Corollary 4.3 If [% +7 j rtand") <%(s)tand") —3(s)<rtand") and

R(s)>r(L+e"), then L), [w,—i(s —%}{Zj}r,-_lj and

L(ZZ w,—i| s I A X ' are meromorphic functions of won the whole C.
g( ) 2 ] j=1

Proof of Corollary 4.3. By the consideration about Fo(f) (W, Z,{ Zi};:l ;ﬂ.) in

1 r 2 r
the proof of Theorem 4.1, Lfg(),) (W’Z'{Zj}jzl) and L(g()r) (W'Z’{lj}jzl) are

holomorphic functions of wunder the assumption that
~ 1 r
(w,z)e Da“),rﬁ") ,3(2)< —(E+ &l )jr and R(w)>r.

We can remove R(w)>r because it follows from Theorem 3.3 (iii) that
r
e [T, (t)
E
and
X o —(Zn—l—#}t [ o ’%J"
Z
e H LJ(t)+Ze + > e
= i o o

which appear in LS()') (W,Z,{ ;(j};:l)(i =1,2) satisfy the condition concerning

t—0 in (48). By putting z= —i[s —%j we obtain the desired results. U

5. The Zeta Regularized Product Expression of L(S, ;(1)

Our goal in this section is to prove Theorem 1.1. We will first obtain an equation
which links the factors series of L(s, ) to prime numbers by calculating the
both sides of (4.3) with r =1 and then prove Theorem 1.1.

5.1. The Key Equation forr=1
. ~ 1
Lemma 5.1 Let (W,z)e Dg(l) (o satisfy J(Z)<—[E+g(l)j and R(w)>1.

1

Then,
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L2

(w2, ) =e™) 3 2

2.

+ ‘|
3oy )0 (—z - i(pm B ;D

Proof of Lemma 5.1. Since (W, Z) € Da(1> © and ‘.R(r}(1 ) s WS tan 9(1)) we

ey

have

iR(z +Tn)+3(z +711)tan Y > M _tangV > 0,

and from this we find al’g(z+rll)e(0(l) —%,49(1) +%) Therefore, by using

Lemma 2.6 as i = —6" we obtain

1 1

_ig)
O (W2 z)=—r 3 [ e lago L
o ! F(W) g{(,ﬁ)>oj‘0 ‘R(rﬂ)>0 (Z + T:n )W

)

In a similar way as Lal(l) (W, Z, ;(1) we can reach the desired result concerning

Lf:(}) (W2, 7). 0

Lemma 5.2 If [% + rl(O)Jtan 6" <%i(s)tan 6" - 3(s) <tan ",

ER(S)>1+€(1) and R(w)>1 then we have

) 1 Ll 1
(52T T A 6

(g )<0 (S ~Pxn )

(5.2)

Pt W
S('071)20(5_p771) n_l(s+2n_3)_|—;(1(_]')j
2

where the argument lies in (—%,%j The series in (5.1) and (5.2) converge

absolutely, locally and uniformly in the given (w,s)-region above.

. 1
Proof of Lemma 5.2. Putting z :—I(S—Ej in Lemma 5.1, we obtain the
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conditions concerning (w,s) and have

1

) [ww(s%}ﬂw%w[i(s1)+%JW

-arg| —i s—1lir e o _Z g0 L T
2 1 2 2
g2
Y v
T"l)>0(s—l+ir j
2 pal

:arg s—%+irhje(9(”,9(l) +7r)

_m(

@1
Soato(s-p5 )
:arg(s—pﬁ)e(ﬁ(l)ﬁ(l)+7r).

=€

Now, since sR(S—p;a)>.9(l)>0 is derived from ER(S)>1+5(1) and
0<5)i’(p)?1)<l,weﬁnd

W 7 T
arg(s—pll)e[e 'EJC[_E'EJ'

In the same way, we obtain (5.2).
The absolute and locally uniform convergences of the series in (50) and (51)

in ®(s)>1 and R(w)>1 are easily derived from
#(p,13(p,, ) e(T.T+1]} =0(logT).
The desired convergency follows immediately from 9R(s)>1 and R(w)>1
including the given (w,s)-region. O
Lemma 5.3 If [% + rl(O)Jtan 6" <% (s)tan 6" —3(s) <tan o™,

ER(S)>1+8(1) and R(w)>1 then we have

iTw

. 1 eT _ m\ —ms w-1
Ra(l) [W,_I(S_Ejlllj:_mp;q;ﬁ(p )p (mIOg p) log p. (5.3)

The series converges absolutely and uniformly on any compact subset of
{(W,s)e(C2 |R(s) >1} )
Proof of Lemma 5.3. By Theorem 3.3 (ii) and (iv), we find that the residue in

. 1 .
Re(l) (W,—I (s _EJ’%J is equal to

(t)t"*= Res ei{sz}(i—te_izt—;?l(pm)pm Jt”“

Res ei(sj}l p

t=imlog p 1 t=imlog p 2 m(t —im IOg p)
iW71 = mY -ms w-1
:_E;ﬁ(p )p™™ (mlog p)"log p.
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From this (5.3) follows.
It follows from Lemma 2.5 (iii) that the series in (5.3) converges absolutely
and uniformly on any compact subset of {(W,S) eC?|R(s) >1} . O

By using the above three lemmas we derive the desired equation.

Theorem 5.4 If ( +7! jtan 6" <% (s)tan " — 3(s) < tan "

ER(S)>1+8() and R(w)>1, we have

1 &z 1
2 Tt v
oa(s-p,) n_l(s+2n—3+;{l(_l)J
2

1

:__)Z;( .(p™)p™ (mlog p)* " log p.

r(w)sm

(5.4)

Proof of Theorem 5.4. We put r=1 and z=-i (S —%) in Theorem 4.1 and

then by applying Lemma 5.2 and 5.3 we have

o (5= py) n_l[s+2n—3+ll(_l)j

2 (5.5)
> 7 (p") p ™ (mlog p)*log
r(w)sm
under the conditions that
(rl(o) +%jtan 6" <% (s)tan 6" - 3(s) <tan o™,
R(s )>1+g and R(w)>1.
Then, replacing %, with y in (5.5), we obtain (5.4). ]

5.2. Proof of Theorem 1.1

Proof. The left-hand side of (5.4) is a meromorphic function of w on the whole

C by Corollary 4.3. Hence, by using the definition of the zeta regularized

exp[_ﬁg{ LHS 3:2 (5.4)]]

product we have

2 ( . (5.6)
—g((s ) [seen- 2100
On the other hand, since W —W+O( )(W—)O) we have
exp[_ﬁ_es[RHSof (5.4) D_ex { p"r“n) pm] E[(l—xl(P)p*S)_l-

By the property of the zeta regularized products, (5.6) is a meromorphic
function on the whole C. Hence (1.1) holds. O
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6. The Euler Product Expression of (Lll (]FXl) L, j(s)

In a similar way as Section 5, we will show Theorem 1.2.

6.1. The Key Equation for r = 2

Lemma 6.1 I QZTﬁO) +1) tan6®? < R(s)tan 6" - J(s)<2tan 6%,
R(s)> 2<1+ Pl ) and R(w)>2 then we have
miw 1

L% (w,—i(s—1),{z, 2_71 e D —
o()( { J},_) g(pﬁ),s(%)w(s—pﬁ—piz)

L@

o) (W'_i (s-1).{z };)

7w 1
- g2 Z P EEEEE—
S(pﬁ),f‘(Pzg)Zo(s_pﬁ _pZZ)
Y Yy :

(ab)<{(12)(21)} 3(py, 20 nL [

S—p; +2n-

© o0 1

[22 . m—nz;{z(—ﬂ

The series which appear here converge absolutely, locally and uniformly in the
given (w,s)-region above.

Proof of Lemma 6.1. In a similar way as Lemma 5.1 and 5.2 we can prove
them. (]

Lemma 6.2 If (27" +1)tan0® <9(s)tan 0®) - 3(s) < 2tan 6?,
R(s)> 2(1+ 3(2)) and R(w)>2 then we have

iTW
8

R (W,—i(s ~1).{x, }jl) :re(_iv); E, (w,s,{zj }jl) (6.1)

Proof of Lemma 6.2. Let p and m be any fixed prime number and positive
integer respectively. By Theorem 3.3 (ii) and Remark 2.3 we have
L, ()1, (t)
2

it

I ite 2p™"
=7(p")Z(P") 2zm(t—imlog p)

_it
N ite 27, (P")p" | it -4 5 Z(a")a"
(ab)eliz) 22y 27M(t—imlog p)| 27~ &5 n(t—inlogq)

p"=q"

it n\nN-n
_i itz Zb(q )q —it Zb(_nl)

27| ean(t+inlogq) f=n(t
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_£+1 +|Og Z_ﬂ- _iﬁ _EJ-OO u _d
2717 N,) 2 ) thoe 1 u-it

" (1)

t = - _ je 2

—— g2 e™logL(s,7 Jds———
27 L(z)(’HO) 9L(s.7) 2sint

it

1

X (e )ei[p*“ —2}]

S(plb =0

+ (the holomorphic parts at t =imlog p).

Applying this to
. 2 _ 27 i(s-1)t W
Ry (Wil -2 = e (6, (011, (00
leads to (6.1). |

In the following lemma we will show the convergencies of E, (W,S,{ Zj}j:l)

which can be proved in almost the same way as Akatsuka’s method used in ([7],
Theorem 1.2).

2

Lemma 6.3 For ke{1,2,---,8}, E (W S, ;(] .| converges absolutely and

uniformly on any compact subset of {(W z)e C*|R 5)> ﬂk} where

|%(
(k=1,34,7),
(
(

1

2 k=2,6),
b= max{l_)(;(_l) - ZZ( )} k=5),

30 (k=8).

Proof of Lemma 6.3. The desired results follow from Lemma 2.5 (iii)

immediately except for E, (W, S, {;(j };) , E; (W, S, {;(j };) and

E4(W’S'{Zi};)'

Concerning E, (W,S,{ ;(j};), we can easily prove its absolute and locally
uniform convergence by Lemma 2.5 (iii).

. 2 .

We consider ES(W,S,{;(J.}H) . Let (W,S)EC2 satisfy SR(S)>1+5 and
A<R(w)<B for any fixed real numbers &, A and Bwith >0 and A<B.
Then, for any prime numbers p,q andany m,neZ,, we have
%(p")7(a") p™a™" (mlog p)"log p|

n(mlog p+nlogq) ‘

27 g™ (log2)*"

(p=2,m=1),
n’logq
"+2)g™ (mlog p)° lo
P q ( gp) ogp (otherwise),
n’logq
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where (a, b) € {(1, 2),(2,1)} . From Lemma 2.5 (ii), we have
2™ (log2)*"
<o
an n?logq

M) (mlog p)’ log p

3 P

p.M.q.n n’logq

p™>3

< ) (mlog p)® lo qQ’
(p,zmp (mlog p)log p %nzlogq

<o,

|

Hence, we find that E, (W, S, { X };) converges absolutely and uniformly on

any compact subset of {(W, s)eC?*|R(s)>1- a} .

We consider EZ(W,S,{;(J»};). Let (w,s)eC? satisfy R(s)>2+5 and

A<R(w)<B for any fixed real numbers &, 4 and Bwith §>0 and A<B.

Then, for any prime numbers p,q and any m,neZ, we have

Xa ( pm)}(b (qn) p"*g™(mlog p)" log p|
n(mlog p—nlogq) ‘

279g™ (log2)™"

n(nlogq-log2)

p g (mlog p)” log p
n|mlog p —nlogq|

(otherwise),

(p=2,m=1),

where (a,b)e {( 2),(2, l)}.Inthe case of (p,m)=(2,1), from

logx—log2> [l— °g
lo
that

2 M9q™ (log2)™ 279 (log2)"*
> <

—:Jlogx for any XxeR,, and Lemma 2.5 (ii), it follows
9

on n(nlogg—log2) =, log2 z
q">3 log3

In the case of (p,m)=(2,1), we have

m(1+6)

p")g " (mlog p)° log p
piman  Njmlog p—nlogq|
p™>3
q"=p™
_ « P"g"(mlog p)®log p
i n|mlog p—nlogq|
q #p
RIS
p'nm’q":] mpymnyq'nzm pnm qz::l
q<p p<g <p q'2p

= n? Iogq

(6.2)

Concerning the third term of (6.2), we have nlogq—mlog p > 29 g because
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(the third term of (6.2)) <2[Z p ") (mlog p)° log p)[z - j<0°-

an n?logq
(6.3)
Concerning the second term of (6.2), from Lemma 2.5 (i), we have
q" < w_q
- q n m
anl njmlog p—nlogq| qZ q"-p
pm<qn<pZm pm<qn<pZm
p2mip:rn 1 1 I
< —————<mlog p.
= (pm +|)— p"
Hence, from Lemma 2.5 (iii), we find
(the second term of (6.2)) < Y pmd) (mlog p)B+1 log p < co. (6.4)
p.m
Concerning the first term of (6.2), from Lemma 2.5 (i), we have
q—n
% n|mlog p—nlogq|
q"<p™
LR A
< q" <p" Z - ———<mlog p.
q,n p 1=1 |( —|) 1=1 | 1=1 —1
q"<p™
Hence, from Lemma 2.5 (iii), we find
(the first term of 6.2) < ) p ") (mlog p)B+1 log p < co. (6.5)

p.m

From (6.3), (6.4) and (6.5), it follows that (6.2) converges. This completes the
proof. O

From Lemma 6.1, Lemma 6.2 and Lemma 6.3 we derive the “key equation” for
r=2.

Theorem 6.4 If (2120) +1) tan6”) <R (s)tan 6 - 3(s) < 2tan 6
R(s)> 2(1+ 5(2)) and R(w)>2 then the following equation holds:

_Z;jLZ 1

Soa) Moo (s=p, =) Sloa)onko(s=p, =P, )

>y :

(a0)<f(T2)2) 3(p, ot [s L von 3+ 2, (-1) j

2

593 !

‘l"z'l[s +2n, +2n, —3—11(_1);)(2 (_1)j

Proof of Theorem 6.4. We put r=2 and z=-i(s—1) in Theorem 4.1 and
then by applying Lemma 6.1 and Lemma 6.2 and replacing » with y we
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obtain the desired result. ]

6.2. Proof of Theorem 1.2

Proof. The left-hand side of the formula in Theorem 6.4 is a meromorphic
function of won the whole C by Corollary 4.3. Hence, by using the definition

of zeta regularized products we have

( ( LHS of the formula in Theorem 6.4)]
exp —Rgos

WZ

1

= [ ((S_pll_pZZ))7 [ ((S_pll_ph))

S(pn )'S(pzz )<° 3(/’11 ):‘(pzz )ZO

-1
% H H [(S_pla +2n_3+L()\]J
(ab)e{(1.2).(22)} S(pla )20,nzl 2

I [sv2nvan -5 202

n,ny>1 2
(Lo, )s)

On the other hand, by Theorem 6.4 and noting that

1 2
sz#—O(W )(W—)O), we have
( (RHS of the formula in Theorem 6.4)]
exp| —Res >
w=0 w
8 2
= exp[z E, (0, s {7 }jl)j
k=1
for R(s)>2. This completes the proof. O
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