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Abstract 
In this paper, we calculate the absolute tensor square of the Dirichlet L-functions 
and show that it is expressed as an Euler product over pairs of primes. The me-
thod is to construct an equation to link primes to a series which has the factors 
of the absolute tensor product of the Dirichlet L-functions. This study is a ge-
neralization of Akatsuka’s theorem on the Riemann zeta function, and gives a 
proof of Kurokawa’s prediction proposed in 1992. 
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1. Introduction 

In 1992 Kurokawa [1] defined the absolute tensor products (Kurokawa tensor 
products). The definition is given by 
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for some zeta functions ( )( )= 1, ,jZ s j r
, where the symbol _∏ , which was 

introduced by Deninger [2], represents the zeta regularized product (see below) 
and the integer ( )1, , rµ ρ ρ

 is defined by 

( ) ( ) ( )
( ) ( )( )

( ) ( )( )
( )

1

1
1 1 1 1

1 , , 0 ,

, , : 1 ( ), , 0 ,

0 otherwise ,

r

r
r r r r

ρ ρ

µ ρ ρ µ ρ µ ρ ρ ρ−

 ℑ ℑ ≥
= ×  − ℑ ℑ <





 



 

 

 

*The second author was partially supported by the INOUE ENRYO Memorial Grant 2023, TOYO 
University. 

How to cite this paper: Tanaka, H. and 
Koyama, S. (2024) Euler Product Expressions 
of Absolute Tensor Products of Dirichlet 
L-Functions. Advances in Pure Mathematics, 
14, 451-486. 
https://doi.org/10.4236/apm.2024.146026 
 
Received: April 18, 2024 
Accepted: June 16, 2024 
Published: June 19, 2024 
 
Copyright © 2024 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2024.146026
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/apm.2024.146026
http://creativecommons.org/licenses/by/4.0/


H. Tanaka, S. Koyama 
 

 

DOI: 10.4236/apm.2024.146026 452 Advances in Pure Mathematics 
 

where ( )jµ ρ  denotes the order of ρ  which is a zero of ( )jZ s ; now, we 
regard the poles of ( )jZ s  as the zeros with negative orders in this paper. Here 
the zeta regularized products are defined by 
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= −∑a b  converges locally, uniformly and absolutely in 

some s-region included in − a  for ( )w Cℜ >  with some constant 0C >∈   

and is a meromorphic function of w at 0w = . If ⊂b   then ( )( )1_ nb
nn s a∞

=
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is a meromorphic function of s in the whole   and has zeros only at ns a= . 
The integer nb  contributes to the order of na . See [3] for more details 
concerning the zeta regularized products. The factors of the zeta regularized 
products are derived from the summands of ( ), ,Z w sa b , so we call ( ), ,Z w sa b  
the “factors series” in this paper. 

Kurokawa [1] also predicted that the absolute tensor product of r arithmetic 
zeta functions which have the expression by the Euler product over primes 
would have the Euler product over r-tuples ( )1, , rp p

 of primes. The validity 
of Kurokawa’s prediction has been confirmed in some cases, for example, the 
cases of the Hasse zeta functions of finite fields by Koyama and Kurokawa [4] 
for 2r = , by Akatsuka [5] for 3r =  and by Kurokawa and Wakayama [6] for 
general r. Also, the case of the Riemann zeta function for 2r =  was first proved 
by Koyama and Kurokawa [4], and then by Akatsuka [7] in a different way. 

In [7], Akatsuka successfully eliminated the parameter α in the absolute tensor 
square of Koyama and Kurokawa. In that sense he obtained the true form of the 
Euler product expression of the absolute tensor square of the Riemann zeta 
function. He did so by establishing an equation which links the zeros of the 
Riemann zeta function to prime numbers. In this paper, according to Akatsuka’s 
method in [7], we will reach the Euler product expression of the absolute tensor  

product ( )( )
1 2

1
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
, where ( ) ( )( )>0: ,

j jL s L s jχ χ= ∈  denotes the Dirichlet  

L-function corresponding to a primitive Dirichlet character jχ  to the modulus 

2jN ≥∈ . The key item which leads to our goal is an equation which links the  

factors series of ( )( )
1

1 1
r

L L sχ χ⊗ ⊗
 

 to r-tuples of prime numbers (see Theorem  

4.1 below). We name such equation the “key equation”. In the following, let χρ  
denote the non-trivial zeros of ( ),L s χ  corresponding to a non-principal 
primitive Dirichlet character χ  to the modulus 2N ≥∈  and let  

( )1 1
:

2χ

χ
κ

− −
= . We shall count the zeros with multiplicity. Then, letting 1r = ,  

where r is a parameter in the key equation, we obtain the zeta regularized 
product expression of ( )1,L s χ : 

Theorem 1.1 We have the following expression for ( )1,L s χ : 
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From (1.1) and the definition of the absolute tensor products, we find that 
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Now, let ,p q  be primes and , ,j m n  be positive integers, and let α be any  

fixed number with 0 1α< < . For the complex numbers χτ  with 1
2

iχ χρ τ= + , 
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denote the Euler constant, the gamma function and the Gauss sum respectively, 
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Then, letting 2r =  in the key equation, we can deduce the Euler product 

expression of ( )( )
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 as follows: 
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The proofs of Theorem 1.1 and Theorem 1.2 are given in Section 5 and 
Section 6 respectively. The contents of the other sections are as follows. In 
Section 2 some lemmas are proved which are made use of in Section 3 or later. 
In Section 3 a series is introduced which includes information on the zeros of the 
Dirichlet L-functions and some properties of the series is shown. In Section 4 the 
key equation is deduced. 

2. Lemmas 

In this section, we prove some lemmas which are used later. 
Define that 

( ) ( )( )
( )( )0

: d 0 .
1u

uH t u t
t e u it

∞
= ℜ <

− −∫                 (2.1) 

This function will appear in Section 3 in the properties of a series involving 
zeros of Dirichlet L-functions in Theorem 3.3. 

Remark 2.1 In the following, it is found that ( )H t  has an analytic 
continuation, and let the same symbol denote its continuation. 

We show the properties of ( )H t  in the following lemma: 
Lemma 2.2 (i) ( )H t  has the following asymptotic behavior at 0t = : 
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Proof of Lemma 2.2. 
(i) It was proved by Cramér [8, p.116, (19); p.117, (20)] that for 1z <  

( )10

1 1 logd
1 1u z

u zu h z
z u ze e

∞

−⋅ = +
+− −∫                 (2.2) 

where ( )1h z  was a power series of z which converged for 1z < . By replacing z 
for it−  in (2.2), we obtain 

( ) ( ) ( )

( )

2

2

3

log
1

log
22sin

2

it

it

i it
H t h t

e

e it h tt t
π

−

− −
= +

−

= − + +
                   (2.3) 

for 1t < , where ( )( )2,3ih t i =  is a power series of t which converges for 
1t < . We can derive the desired result from this. 

(ii) Note that the integral (2.1) also converges if ( ) 0tℜ >  and that the  

integrand has pole at u it=  with residue 
2
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. Now, if t moves  

counterclockwise around the origin from the quadrant ( ) ( )0, 0t tℜ < ℑ <  into 
the half-plane ( ) 0tℜ >  across the negative imaginary axis, then the pole at 
u it=  moves from the forth quadrant into the upper half-plane across the 
positive real axis. Since the positive real axis is the integral path in (2.1), the 
analytic continuation of ( )H t  into ( ) 0tℜ >  is given by subtracting 2 iπ  
times the residue of the integrand at u it=  from the integral (2.1), that is, for 
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The right-hand side of (5) is meromorphic unless it is on the non-negative 

real axis, so we find that ( )H t  changes by 
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(iii) By (2.1) it is easily found that ( )H t  is holomorphic if 3arg ,
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. 

From this and Lemma 2.2 (ii), we can obtain the desired result.            □ 
Next, we will show that the Euler product of ( ),L s χ  converges locally and 

uniformly on ( ) 1sℜ = . This fact will be used to justify the change of the order 
of limit and integration in the proof of Theorem 3.3. 

Lemma 2.4 (i) Let ( )nΛ  be the von Mangoldt function, that is 
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(ii) The Euler product of ( ),L s χ , 
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Proof of Lemma 2.4. (i) By the Abel’s summation formula, we have 
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It was proved in ([9], Theorem 4.4.2) that 
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so there exists some positive constant M such that 
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We find from this that 
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log log
x xx O

x x

 
 = +
 
 

 

where ( )li x  is the logarithmic integral, that is 

( )
0

dli : .
log

x tx
t

= ∫  

Therefore, we have 

( ) ( ) ( ) ( )
( )

( )2
2 2

1 1 1 0 .
log log logn x n x

n n
n n O x

x n x x x

χ
χ

≤ ≤ ≤ ≤

 Λ
 = Λ + → →∞
 
 

∑ ∑  

We obtain the desired result. 
(ii) It suffice to prove the local and uniform convergence of 

( ) ( )1

1
log 1

m

s ms
p mp

pp
p mp

χχ
−

∞

=

 
− = 

 
∑∑∏  

on ( ) 1sℜ = . We will first show that x xA B−  tends to 0 uniformly on 
( ) 1sℜ =  as x →∞ , where 

( ) ( ) ( )
1

: , : ,
log

m

x xms s
p x m n x

p n n
A B

mp n n

χ χ∞

≤ = ≤

Λ
= =∑∑ ∑  

and then show that xB  converges locally and uniformly as x →∞ . 
Let s be on ( ) 1sℜ = . In xA , since the sum over m converges absolutely, we 

can exchange the order of the sums: 

( )
1

,
m

x ms
m p x

p
A

mp

χ∞

= ≤

= ∑∑  

so we have 

( )
2

.
m

m

x x ms
m x p x

p
A B

mp

χ∞

= ≤ ≤

− = ∑ ∑  

The series 
( )

2

m

msm p x

p

mp

χ∞

= ≤∑ ∑  converges absolutely as x →∞  if  

( ) 1 2sℜ > , so x xA B−  tends to 0 uniformly on ( ) 1sℜ =  as x →∞ . 
Since (2.5) holds and ( )log ,L s χ  is regular at 1s = , we can derive the local 

and uniform convergency of xB  on ( ) 1sℜ =  from M. Riesz’s statement ([10], 
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Satz I): if the coefficients of a Dirichlet series ( ) 0
n z

nnf z a e λ∞ −
=

= ∑  meet the 
condition 

( )0 1lim 0 0 ,
n

n
cn

a a a c
eλ→∞

+ + +
= >



                    (2.6) 

and if the function ( )f z , which is regular due to the condition (2.6) for 
( )z cℜ > , is also regular in certain points of the line ( )z cℜ =  then the series 

converges at these points. The convergence is uniform in any finite interval, 
which consists only of regularity points. 

This completes the proof.                                         □ 
Lemma 2.5 was proved by Akatsuka [7]. 
Lemma 2.5 (i) ([7], Lemma 2.5) For any 0,X Y >∈  satisfying X Y<  

log log .Y XY X
Y
−

− ≥  

(ii) ([7], Remark 2.1) 21 log

m

p m

p
m p

−
∞

=
< ∞∑ ∑ . 

(iii) ([7], p.639, (4.4)) For any fixed 0δ >∈  and any A∈  

( ) ( )1

1
log log .Am

p m
p m p pδ

∞
− +

=

< ∞∑∑  

Also, we shall prove a formula for the gamma function in the following 
lemma. 

Lemma 2.6 Let any fixed ψ ∈  satisfy 
2 2
π πψ− < <  and let  

arg ,
2 2
π πν ψ ψ ∈ − − − + 

 
 and ( ) 0wℜ > . Then, we have 

( ) e

0

de .
i

t w
w

w tt
t

ψ
ν

ν
∞ −Γ

= ∫  

Proof of Lemma 2.6. For any fixed ψ ∈  satisfying 
2 2
π πψ− < < , let  

argν ψ= − . Then, we have 

( ) 1

0 0 0

d d d .
iw

et t w t w
w

w t t t te e t e t
t t t

ψν ν ν

νν

−∞ ∞ ∞− − −Γ  = = = 
 ∫ ∫ ∫  

When w is fixed in ( ) 0wℜ > , the both sides are holomorphic in 

( ){ }| 0 | arg .
2 2

ieψ π πν ν ν ψ ν ψ ∈ ℜ > = ∈ − − < < − + 
 

   

This completes the proof.                                         □ 

3. Properties of a Series Concerning the Zeros of the  
Dirichlet L-Functions 

For a series ( ) ( ) ( )0: arg 2tt e tτ
τθ π−

ℜ >
= <∑  where τ ∈  with 1

2
iρ τ= +   

for the imaginary zeros ρ  of the Riemann zeta function, Cramér [8] and 
Guinand [11] deduced the properties: the explicit formula, the meromorphic 
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continuation, the poles, the functional equation and the approximate behavior.  

Akatsuka [7] introduced ( ) ( ) ( )* 2
0:

it

t t e t iθ θ
−

≤= − ∈ −   and proved the  

properties on the basis of the results of Cramér and Guinand. Kaczorowski [12] 
introduced 

( )
( )

( )
0

, 0 argzk z e zχ

χ

ρ

ρ

χ π
ℑ >

= < <∑  

and deduced the properties according to Cramér and Guinand. 
In this section, we define 

( )
( ) 0

: arg ,
2

tl t e tχ

χ

τ
χ

τ

π−

ℜ >

 = < 
 

∑                 (3.1) 

rewrite the results of Kaczorowski into the ones for ( )l tχ  and derive the 
further properties with reference to the methods of Cramér, Guinand and 
Akatsuka. 

Kaczorowski deduced the following assertions concerning ( ),k z χ : 
Lemma 3.1 Let   be a Riemann surface of logarithmic type. 
(i) ([12], Theorem 3.1) The function ( ),k z χ  can be continued analytically 

to the meromorphic function on   and 

( ) 1, log
2 1

z

z
ek z z

i e
χ

π
−

−
 

is a single-valued meromorphic function on   for z∈ . 
(ii) ([12], Theorem 3.2, (3.4)] The meromorphic function ( ),k z χ  on   

satisfies the following functional equation: 

( ) ( ) ( )
( )

( )

5 1
2

*
2

0

1 1
, , ,

2 1

z
zz z

z
ek z e k z e e
e

χ

χ

χ

ρ

ρ

χ
χ χ

+ −

ℑ =

+ −
+ = − + −

− ∑        (3.2) 

where ( )* i aiaz re z re π−= = ∈   noting that z∈  can be uniquely 
written as ( )0,iaz re r a= > ∈ . 

Any single-valued function ( )G z  on   can be considered as a function on 
  due to the natural projection { }0→ −  and then we have  

( ) ( )*G z G z= − . From this and Lemma 3.1 (i), it follows that 

( ) ( ) ( )
*

*
* *1 1, log , log ,

2 2 11

z z

zz

e ek z z k z z
i i ee

χ χ
π π

−

−− = − − −
−−

 

so, adding 
*

*
*1 log

2 1

z z

z

e e z
i eπ

−
−

 to the both sides of (3.2), we obtain 

( ) ( ) ( )

( )
( )

( )

*
5 1

2
*

2
0

1, , log
2 1

1 1 1 log .
2 21 1

z
z

z

z z z
zz

z z

ek z e k z z
i e

e e ee z e
ie e

χ

χ

χ

ρ

ρ

χ χ
π

χ
π

−

−

+ −

−
ℑ =

 
+ − − − − 

+ −
= − + − −

− − ∑
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Noting that 
*z ze e−= , we have 

( ) ( )

( )
( )

( )( )
( )

( )
( )

( )( )
( )

5 1
2

*
2

0

5 1
2

2
0

, ,

1 1 1 1 log log
2 21 1

1 1 1 1 log 1
2 21 1

z

z
zz

z z

z
zz

z z

k z e k z

ee z z e
ie e

ee i e
ie e

χ

χ

χ

χ

χ

ρ

ρ

χ

ρ

ρ

χ χ

χ
π

χ
π

π

+ −

−
ℑ =

+ −

−
ℑ =

+ −

+ −
= − + + − − −

− −

+ −
= − + + − + −

− −

∑

∑

  (3.3) 

If arg
2

t π
<  and the argument lies in 3,

2 2
π π − 

 
 then we can derive 

( )
( ) ( )

( )
1
22

0 0

,
it it te k it e e l t

χ
χ

χ χ

ρ τ
χ

ρ τ

χ
 −−   − 

ℑ > ℜ >

= = =∑ ∑  

because ( )0 arg it π< < , so under the same assumption, by replacing z by it and  

multiplying by 2
it

e
−

 the both sides in (3.3), we have 

( ) ( )

( )
( )

( )

( )( )
( )

( ) ( )

( )( ) ( )( ) ( )( )

4 1
12 2
22

2
0

2 13
2 2 2

1
2

02 2

3 3
2 2 2 2

1 1
2 1 1

1 1 2
1

2

1 1 1 1 1 1

4 sin

ititit it

it it

it it it

it

it itit it

it it it it

l t l t

e ee e
e e

e e e
e

e e e e

e e e e

i

χ

χ

χ

χ

χ χ

χ
ρ

ρ

χ

ρ

ρ

χ

χ

χ χ χ

+ −
−  − 

 
−

ℑ =

+ −
−

 − 
 

− − ℑ =

−

+ −

+ −
= − + + −

− −

 
− + − − +  

 = − −
− −

 
− + − − + + − + − −  

 =

∑

∑

( )

( )

( )

( )

( )

1
2

0

1
1 12
2 2

0 0

1

2 sin
2

cos 1 sin
2 2 .

2 sin 2sin

it

it
it it

t

e
ti

t ti iee e
i t t

χ

χ

χ χ

χ χ

ρ

ρ

χ
ρ ρ

ρ ρ

χ

 − 
 

ℑ =

−
   − −   
   

ℑ = ℑ =

− −

+ −
= − − = −

∑

∑ ∑

 

Replacing ,t χ  by ,t χ−  respectively in this formula, we have 

( ) ( )
( )

( )

1
12
2

0

3arg .
2sin 2 2

it
itiel t l t e t

t
χ

χ

χ
ρ

χ χ
ρ

π π
−

−  − 
 

ℑ =

 + − = − − < < 
 

∑  

Note that 

( ) ( )

1 1
2 2

0 0

it it
e e

χ χ

χ χ

ρ ρ

ρ ρ

   − − −   
   

ℑ = ℑ =

=∑ ∑  
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because 1 χρ−  is a zero of ( ),L s χ  with the same order as χρ . From the  

above and the meromorphy of log
1

z

z
e z

e −
 if 3arg ,

2 2
z π π ∈ − 

 
, we obtain the  

following theorem: 
Theorem 3.2 ( )l tχ  has a meromorphic continuation to 0i ≤−   for which 

( ) ( )

( )

( )
( )( )

( )

( )
( )( )

1
12
2

0

1
12
2

0

0 ,
2sin

=

0 ,
2sin

it
it

it
it

ie e t
t

l t l t

ie e t
t

χ

χ

χ

χ

χ
ρ

ρ

χ χ χ
ρ

ρ

−
−  − 

 

ℑ =

−
 − 
 

ℑ =


− − ℜ <
+ − 

 − ℜ >



∑

∑

       (3.4) 

where the argument lies in 3,
2 2
π π − 

 
. 

Next, we deduce the explicit formula, the approximate behavior and the poles 
of ( )l tχ . Kaczorowski also deduced the explicit formula of ( ),k z χ , in the 
proof of which he used an integral path contained in the absolute convergence 
domain of the Euler product of ( ),L s χ . The path selection influences the  

convergence domain of the Euler product of ( )( )
1 2

1
L L sχ χ⊗


, so we use a  

different path. 
In preparation for the proof of Theorem 3.3, we need to choose a branch of 

( )log ,L s χ . First, we cut the s-plane from 1s =  to s = −∞  straight and also 
remove the area, determined by the inequalities 

( ) ( )0 1, .s s χε< ℜ < ℑ >  

In the remaining part of the cut plane, each branch of ( )log ,L s χ  is unique. 
We choose the one represented for ( ) 1sℜ >  by the series 

( )
1

m

ms
p m

p
mp
χ∞

=
∑∑  

Theorem 3.3 Define 1 1: cos sin | 0
2 2

S iχ χϕ ε ϕ ϕ π = + + ≤ ≤ 
 

. 

(i) ( )l tχ  has the following expression for arg 2t π< : 

( )
( )

( )
( )

( )

( )
( )

( ) ( )

( ) ( )

2
2

1 1

1

0

2
0

2 log 2 log

1 1 1log 2
2 2

1 2 1 1log d
2 1

log , d .
2

it
m m m mit

p m p m

m

m

u

it
ist

S

p p p pit el t e it
m t im p m t im p

G
it i k

m t m

i u u
t N t u ite

t e e L s s
χ

χ

χ

π

χ χ

π π

χ χ χ
π

π π

π πγ

χ
π

−− −∞ ∞

= =

∞

=

∞

−

→


= − +
+ −

− −   − + − +   +   
  − + − + ⋅    +−   

−

∑∑ ∑∑

∑

∫

∫

 

(ii) ( )l tχ  has the following expression for 0t i ≤∈ −  : 
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( )
( )

( )
( )

( )

( )
( )

( ) ( )

( ) ( ) ( )

( )

( )

2
2

1 1

1

2
0

1
2

0

2 log 2 log

1 1
log 2

2 2

1 2log log , d
2 2

2sin

it
m m m mit

p m p m

m

it
ist

S

it

p p p pit el t e it
m t im p m t im p

G
it i k

m t m

i tH t e e L s s
t N

ie
t

χ

χ

χ

χ

π

χ

ρ

χ χ

π π

χ χ χ ππ
π π

π πγ χ
π

− −∞ ∞−

= =

∞

=

−

→

−
−

ℑ =


= −
− +

− −   − + − +   −   
  + + − − −  

   

− −

∑∑ ∑∑

∑

∫

1
2 .

i t
e

χρ
 − 
 ∑

 (3.5) 

(iii) ( )l tχ  has the following approximate behavior at 0t =  : 

( ) ( )log 1 2log 1 .
2 2

tl t O
t t Nχ

πγ
π π

  = − − + +  
  

 

(iv) ( )l tχ  has simple poles in 0i ≤−   only at the following points:  

log ,
,

t im p
t mπ
=

 = −
 

where 1m ≥∈ . 

In (ii)-(iv), the argument lies in 3,
2 2
π π − 

 
. 

Remark 3.4 It follows from Lemma 2.5 (ii) that the sums over p and m in 
Theorem 3.3 (i)(ii) converge absolutely and uniformly on any compact subset of 
 . 

Proof of Theorem 3.3. (i) If arg 2t π<  then we have by Cauchy’s theorem 

( ) ( )
1 2 3

1
21 , d ,

2

s it

R R S R

Ll t e s s
i Lχ

χ χ
π

 − 
 

′∪ ∪ ∪

′
= ∫              (3.6) 

where, choosing 0ε >  that satisfies the condition that ( ),L s χ  has no zeros 
on the interval ( ]0,ε , 

( ) ( ){ }1 : | 0, ,R s s s ε= ∈ ℜ = ℑ ≥  

{ }2 : | 0 2 ,iR e ϕ πε ϕ= ≤ ≤  

1 1: cos sin | 0 ,
2 2

S iχ χ
ε εϕ ε ϕ ϕ π− + ′ = + + ≤ ≤ 

 
 

( ) ( ){ }3 : | 1, 0 ,R s s s= ∈ ℜ = ℑ ≥  

and we go around the integral path in the counterclockwise direction. By the 
integration by parts, (3.6) becomes 

( ) ( ) ( )
1 2 3

2 log , d ,
2

it
ist

R R S R

tl t e e L s s
χ

χ χ
π

−

′
= − + + +∫ ∫ ∫ ∫  

where we choose the branch of ( )log ,L s χ  satisfying the following condition: 

( )
( )

( )
,

log , for 1
m

ms
p m

p
L s s

mp

χ
χ = ℜ >∑  

https://doi.org/10.4236/apm.2024.146026


H. Tanaka, S. Koyama 
 

 

DOI: 10.4236/apm.2024.146026 464 Advances in Pure Mathematics 
 

and s moves in the cut s-plane ( ) ( ){ } { }( )0 1, 1s s sχε− <ℜ < ℑ > ∪ < . Now, 
by the result of Montgomery and Vaughan ([13], Theorem 10.16], i.e., there 
exists a constant ( )A χ  such that 

( ) ( ) ( )

( )
( )

1
2

2 2 2

2

1

ˆ, 0, 1
2

ˆ 0,
2

1 1
2

s s
A s

s
A s

ss
n

n

s sL s L e e
N

s
L e

N

s se e
n

χ

χ

χ

χ
χ

χ
χ

χ

κ

ρχ χ

ρ χ

κ κγχ γχ

κ
ρχ

ρ χ

κ πχ χ
ρ

κ πχ

κ
ρ

+−

+
 + + 
 

+∞ −

=

  +    = Γ −             

+  =   
  

    +   × + −             

∏

∏ ∏

 

where we use the representation 

( ) 1

1 1
s

s n

n

sse e
s n

γ
∞ −

=

 = + Γ  
∏  

and ( )ˆ ,L s χ  denotes the completed Dirichlet L-function, that is 

( ) ( )
2ˆ , : , ,

2

s
s NL s L s

χκ

χκχ χ
π

+

+  = Γ  
  

 

so 

( ) ( ) ( ) ( )log , 1 log 1 0 .iste L s s O sχχ κ= − + →  

Therefore, we have 

20
lim 0,

Rε→
=∫  

so (3.6) can be rewritten into 

( ) ( ) ( )
1 3

2 log , d ,
2

it
ist

R S R

tl t e e L s s
χ

χ χ
π

−

′
= − + +∫ ∫ ∫          (3.7) 

where 

( ) ( ){ }1 : | 0, 0 .R s s s′ = ∈ ℜ = ℑ ≥  

From the functional equation 

( )
( )

( ) ( ) ( ) ( ) ( ) ( )
1 1

2 2
1, 1 1 1 , ,

2

i is s s

s
NL s G s e e L s

π π

χ χ χ χ
π

− − − −

−

 
= Γ − + − −  

 
  (3.8) 

we have 

( ) ( ) ( )

( ) ( ) ( ) ( )
1 1

2 2

2log , log log log 1
2

log 1 log 1 , 2
i is s

G
L s s s

N

e e L s k i
π π

χ

χ πχ
π

χ χ π
− − −

   = + + Γ −   
  

 
+ + − + − +  

 

 

where kχ ∈  satisfies the following relation: arg(LHS of (3.8)) = arg(RHS of 
(3.8)) + 2 kχπ . Then, the integral of the path 1R′  becomes 
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( )
1

0
log , dyt

R
e L iy i yχ−

′ ∞
=∫ ∫  

( )0
log

2
yt G

i e
χ
π

−

∞

  
=     
∫                    (3.9) 

2logiy
N
π +  

 
                        (3.10) 

( )log 1 iy+ Γ −                        (3.11) 

( ) ( ) ( )1 1
2 2log 1
i iiy iy

e e
π π

χ
− − − 

+ + −  
 

         (3.12) 

( )log 1 ,L iy χ+ −                      (3.13) 

)2 d .k i yχπ+                          (3.14) 

The integrals concerning (3.9) and (3.10) become 

( ) ( )0 1log d log
2 2

yt G G
e y

t
χ χ
π π

−

∞

   
= −   

   
∫             (3.15) 

and 

0

2
2 2log d log .yt ii ye y
N Nt
π π−

∞

    = −    
    

∫             (3.16) 

respectively. By the result of Cramér [8, p. 114, (12)]: 

( )
0 0

1 1log 1 d d ,
1

i sz
u
uz e s s u

z z u ze
γ∞ ∞

Γ − = − ⋅
+−∫ ∫  

the integral concerning (3.11) is equal to 

( )0

2 2 0

1log 1 d d .
1

yt
u

i i ue iy y u
u itt t e

γ ∞−

∞
Γ − = − + ⋅

+−∫ ∫        (3.17) 

The integral concerning (3.12) is equal to 

( ) ( ) ( )

( ) ( )

( ) ( )( )

1 10
2 2

0 0

0 1

log 1 d

log 1 d 1 d
2

log 1 1 d .

i iiy iyyt

yt yt

i iyyt

e e e y

ie y iy e y

e e y

π π

π

χ

πχ

χ

− − −−

∞

− −

∞ ∞

− −−

∞

 
+ −  

 

= − + −

+ + −

∫

∫ ∫

∫

           (3.18) 

Since the third term of (3.18) becomes 

( ) ( ) ( ) ( )
( )

1
0

1 1

1 1
1 d ,

m m
m t m yim

m m
e e y

m m t m
ππ χ

χ
π

−∞ ∞
− +−

∞
= =

− −
− =

+∑ ∑∫  

we have 

(3.18) ( ) ( )
( )2

1

11log 1 .
2 2

m

m

i
t t m t mt

χπ πχ
π

∞

=

−
= − − − − +

+∑           (3.19) 

The integral concerning (3.13) becomes 
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( )
( ) ( )

( )
( )

0 0 log

1

1

log 1 , d d

.
log

m m
t im p yyt

p m

m m

p m

p p
e L iy y e y

m

p p

m t im p

χ
χ

χ

−∞
− −−

∞ ∞
=

−∞

=

− =

= −
−

∑∑∫ ∫

∑∑
       (3.20) 

The integral concerning (3.14) becomes 

0 2
2 d .yt k i

k i e y
t
χ

χ

π
π −

∞
= −∫                     (3.21) 

The integral of the path 3R  of (3.7) becomes 

( ) ( )
( ) ( )

( )
( )

1 log

0 0
1

1

log 1 , d d

.
log

m
i iy t t im p yit m

p m

m m
it

p m

p
e L iy i y ie p e y

m

p p
ie

m t im p

χ
χ

χ

∞∞ ∞+ − +−

=

−∞

=

+ =

=
+

∑∑∫ ∫

∑∑
  (3.22) 

The above changes of the orders of the sums and integrations are justified by 
Lemma 2.4(ii), Remark 3.4 and the Dini’s statement ([8], p.112, footprint) that if 

( )nf x∑  converges uniformly for ( ),x a b∈  with every b a>  and  

( )dx
na

f t t∑∫  also converges uniformly for all x a>  then we have 

( ) ( )d d .n na a
f t t f t t

∞ ∞
=∑ ∑∫ ∫  

Applying (3.15), (3.16), (3.17), (3.19), (3.20), (3.21) and (3.22) to (3.7), we 
obtain the desired result. 

(ii) Let the argument lie in 3,
2 2
π π − 

 
. By Theorem 3.3 (i), we find that for  

( ) 0tℜ <  

( )
( )

( )
( )

( )

( )
( )

( ) ( )

( ) ( ) ( )

2
2

1 1

1

2
0

2 log 2 log

1 1 1log 2
2 2

1 2log log , d .
2 2

it
m m m mit

p m p m

m

m

it
ist

S

p p p pit el t e it
m t im p m t im p

G
it i k

m t m

i tH t e e L s s
t N χ

χ

χ

π

χ χ

π π

χ χ χ
π

π π

π πγ χ
π

− −∞ ∞−

= =

∞

=

−

→


− = − +
− +

− −   − + − +   −   
  + + − − +  

   

∑∑ ∑∑

∑

∫

 

By using the equation for ( )l tχ  deduced in Theorem 3.2, we obtain (3.5) for 
( ) 0tℜ < . Since the right-hand side of (3.5) is meromorphic for 0t i ≤∈ −   if  

the argument lies in 3,
2 2
π π − 

 
, the proof of (ii) is completed. 

In the following, let 0t i ≤∈ −  . 
(iii) By Theorem 3.3 (ii) and Lemma 2.2 (i), we find that 

( ) ( ) ( )

( ) ( )

1 2 loglog 1 0
2 2 4 2sin4 sin

2
log 1 2log 1 0 .
2 2

i t i il t O ttt N t t

t O t
t t N

χ
π πγ

π π

πγ
π π

  = − + − − + − + →  
  

  = − − + + →  
  
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(iv) By (3.1), we find trivially that ( )l tχ  is holomorphic for arg 2t π< . 
From this and the expression obtained in Theorem 3.3 (ii), the desired result 
follows.                                                          □ 

We consider the bounds of ( )l tχ  which is needed later. Let ( )0
χτ  denote 

( ){ }max χτℑ . 
Lemma 3.5 (i) For ( ) 1tℜ ≥  

( ) ( ) ( )1
2 .

t t
l t O e χε

χ

− ℜ + ℑ 
=   

 
 

(ii) For ( ) 1tℜ ≤ −  

( )
( )

( ) ( ) ( ) ( )0

1
12
2 .

it
t t t

it it
el t O e e
e e

χ χ

χ

ε τ
χ

−
−

ℜ + ℑ ℑ
−

 
= + +  −  

 

(iii) If t iUσ= +  with 2U ≥  and U Uσ− ≤ ≤ , then 

( )
( )

( )
2

1
22

,
.

2 log
m U

m mit U

p m
p e

p pitl t e O Ue
m t im p

χε

χ

χ

π

−  +−  
 

<

 
 = +
 −  

∑  

In (i)-(iii), the argument lies in 3,
2 2
π π − 

 
. 

Proof of Lemma 3.5. Let the argument lie in 3,
2 2
π π − 

 
. 

(i) If ( ) 1tℜ ≥  then we have 

( )
( )

tl t e χ

χ χ

τ
χ

τ ε

−

ℜ >

= ∑  

from (3.1). Since 

( ) ( ) ( )

( ) ( ) ( ) ( )

( )

( )

( ) ( )

( ) ( )

( )

( )( ) ( )

( ) ( )

1
2

1
2

1
2 ,

t tt t

t t

t tt

t t

e e e

e e

e e e

O e

χ χχ χ

χ χ χ χ χ χ

χ

χ χ

χ χχ

χ χ

χ

τ ττ τ

τ ε τ ε τ ε

τ

τ ε

τ εε

τ ε

ε

−ℜ ℜ +ℑ ℑ− −

ℜ > ℜ > ℜ >

ℑ −ℜ ℜ

ℜ >

ℑ − ℜ − ℜ− ℜ

ℜ >

− ℜ + ℑ

≤ =

≤

=

 
=   

 

∑ ∑ ∑

∑

∑
 

we obtain the desired result. 
(ii) For ( ) 1tℜ ≤ − , we have 

( ) ( )
( )

( )

( )

( )

( )

1
12
2

0

1
12
2

0

2sin

it
it

it
itt

it it

iel t l t e
t

ee e
e e

χ

χ

χ
χ

χ χ χ

χ
ρ

χ χ
ρ

χ
ρτ

τ ε ρ

−
−  − 

 

ℑ =

−
−  − 

 
−

ℜ > ℑ =

= − − − −

= − + −
−

∑

∑ ∑

         (3.23) 
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by Theorem 3.2. Concerning the first and third term of the right-hand side of 
(3.23), we have 

( ) ( ) ( )

( ) ( ) ( ) ( )

( )

( )

( ) ( )

( ) ( )

( )

( )( ) ( )

( ) ( )

1
2

1
2

1
2

e

t tt t

t t

t tt

t t

e e e

e e

e e

O e

χ χχ χ

χ χ χ χ χ χ

χ

χ χ

χ χχ

χ χ

χ

τ ττ τ

τ ε τ ε τ ε

τ

τ ε

τ εε

τ ε

ε

ℜ ℜ −ℑ ℑ

ℜ > ℜ > ℜ >

ℑ ℜ ℜ

ℜ >

ℑ ℜ − ℜℜ

ℜ >

ℜ + ℑ

≤ =

≤

=

 
=   

 

∑ ∑ ∑

∑

∑
 

and 

( )

( ) ( )0
1
2

0

it te O e
χ

χ

χ

ρ τ

ρ

 −  ℑ 

ℑ =

 − =  
 

∑  

respectively. Hence, we obtain the desired result. 
(iii) When t iUσ= +  with 2U ≥  and U Uσ− ≤ ≤ , we have 

( )
( )

( )

1
22

12 log
j

m mit U

p m

p pitl t e O Ue
m t im p

ε

χ

χ

π

−  ∞ +−  
 

=

 
 = +
 −  

∑∑          (3.24) 

by estimating trivially each term of the right-hand side of (3.5) in Theorem 3.3 
except the first term. 

If 2m Up e≥ , then log
2

m pU ≤ , so loglog
2

m pm p U− ≥ . Therefore, we have 

( ) ( ) ( )
( )

( )

2

2 2

2

,

2 2
2

, ,

2 2
2

,

log

2 4
log log

4 .
log

m U

m U m U

m mi iU

p m
p e

U Um m

p m p m
p e p e

U Um

p m

p p
iU e

m iU im p

p pUe Ue
m m p U m p

pUe O Ue
m p

σ χ
σ

σ

−
− +

≥

− −

≥ ≥

−

+
+ −

≤ ≤
−

 
≤ =   

 

∑

∑ ∑

∑

 

In the last equation, we use Lemma 2.5 (ii). This completes the proof.       □ 

Now, we fix χθ  arbitrarily with 0
4χ
πθ< <  and tan χ χθ ε< . 

Corollary 3.6 (i) For 1
cos

u
χθ

≥  

( ) sin
2 ,
u

il ue O e χχ
θθ

χ

−−  
=   

 
                       (3.25) 

( )( ) ( )0 sin .i ul ue O eχ χ χπ θ τ θ
χ

−  =  
 

                      (3.26) 
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(ii) If 1R ≥  and tan tanR y Rχ χθ θ− ≤ ≤  then 

( ) 2 .
y

l R iy O eχ

 
+ =   

 
 

(iii) If σ ∈ , 100M ≥∈  and 1log
2

U M + 
 

 then 

( )

( )

( )

( )
( )

0

2

1
2 2

2

1 ,

1 1 ,

1 .

U

U

U
U

O e

l iU O U e

O e e

χ

χ χ

ε

χ

ε σ τ

σ

σ σ

σ

 + 
 

+

  
≥     

    + = − ≤ ≤    


  + ≤ −   
 

 

Proof of Corollary 3.6. (i) First, by Lemma 3.5 (i) we find 

( ) ( ) ( )1
2

1cos sin
2

1 sin
2 .

i iue uei

u

u

l ue O e

O e

O e

θ θχ χ
χχ

χ χ χ

χ

εθ
χ

ε θ θ

θ

− −
− ℜ + ℑ−

 − − 
 

−

 
=   

 
 
 =
 
 
 

=   
 

 

In the last equation we use the fact that 1 1sin cos sin
2 2χ χ χ χθ ε θ θ< −  because  

tan χ χθ ε< . Hence, (3.25) has been proved. 
Next, by Lemma 3.5 (ii) we have 

( )( )
( ) ( )

( ) ( )

( ) ( ) ( ) ( )0

1
2

1
2 .

i

i i

i i i

iue
i

iue iue

ue ue ue

el ue
e e

O e e

π θχ

χ

π θ π θχ χ

π θ π θ π θχ χ χ
χ χ

χ

π θ
χ

ε τ

−

− −

− − −

−
−

−

−

     
ℜ + ℑ ℑ          
     

=
−

 
 + +
 
 

     (3.27) 

Now, 

|(the first term of RHS of (3.27))| 

1 sin 12 sin
2

sin sin .
u

u

u u
e O e

e e

χ
χ

χ χ

θ
θ

θ θ

−

−

 
≤ =   −  

 

Hence, we can deduce 

( )( ) ( ) ( )0 0
11 cos sinsin sin sin22 ,

uui u ul ue O e e e O e
χ χ χχχ χ χ χ χ
ε θ θθπ θ τ θ τ θ

χ

 − −−  −  
    = + + =      

 

where in the last equation we use the fact that 1cos sin 0
2χ χ χε θ θ− >  because  

tan χ χθ ε< . Hence, (3.26) holds. 
(ii) From Lemma 3.5 (i) and tan χ χθ ε< , we can easily deduce the desired 
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result. 
(iii) If 1σ ≥  (respectively 1σ ≤ − ) then we can trivially deduce the desired 

result from Lemma 3.5 (i) (respectively Lemma 3.5 (ii)). 
If 1 1σ− ≤ ≤  then we can derive 

( ) ( ) ( ) ( )
( )

2

1
22

,2 log
m U

m mi UiU

p m
p e

p pi iU
l iU e O Ue
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<
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 + = +
 + −  

∑  

from Lemma 3.5 (iii). Concerning the first term of the right-hand side, we find 
that 

( ) ( )
2 2 ,
i UiU

iU e O Ue
σ
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m m

p m p m
p M M p M

p p p
m iU im p U m p

p p
U m p m p U

χ

σ

− −

< <

− −

 < + + ≤ < + 
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≤
+ − −

= +
− −

∑ ∑

∑ ∑
       (3.28) 

and that by Lemma 2.5 (i) 

(the first term of (3.28)) 
,

1
2

1
12
2m

m

mp m
p M
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−
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∑
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(the second term of (3.28)) 
2

,
1 1
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m

m

p m

M p M

p
m p U

−

 + ≤ < + 
 

≤
−∑  

( )

2
,

1 1
2 2

2

1

1
1
2

1 .
1
2

m

mp m

M p M

M

n

p M

U
n M M
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Hence, we can obtain 

( )
1 1

2 22 22 .
U U U

l iU O U e Ue O U e
χ χε ε

χ σ
   + +   
   

   
   + = + =
   
   
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This completes the proof.                                         □ 

4. The “Key Equation” 

In this section, we prove an equation we name the “key equation” which links  

the “factors series” of ( )( )
1

1 1
r

L L sχ χ⊗ ⊗
 

 to r-tuples of prime numbers 

( )1r ≥∈ . 

Define that 
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{ }{ }1, ,
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=

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{ }

( ){ }0 0
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∈
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
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 
 = ∈ − <ℜ + ℑ < − 
 



 

( )
( ) { }( ) ( )

( )

( )1 1
01

1

1, , : d ,
ri

r j

rr e zt w
j j

j
L w z e l t t t

w

θ

χθ
χ

−∞ − −

=
=

=
Γ ∏∫        (4.1) 

( )
( ) { }( )
( ) ( )

( )

( )
( )

( )

2

1

1 12 1
1 2 12

0
11 0

, ,

: 1 d ,

r

jri
j

j

j

r
j j

i w n itr iter zt w

nj

L w z

e e l t e e t t
w

θ χ

χ

θ

χ
π ρ

χ
ρ

χ

−

=

−   − − − ∞ −   ∞− −   

== ℑ =

 
 = − + + Γ  
 

∑ ∑∏∫
 

(4.2) 

( ) { }( ) ( ) ( ) 1
1 l

1 2

og, 1

2, , : lim Res .r j

m

rr zt w
j j N t im pp m j

p N

iR w z e l t t
w χθ

πχ − −

= →∞ = =
< +

=
Γ ∑ ∏  

Then, we will show the following theorem: 
Theorem 4.1 (“key equation”) Let ( ) ( ) ( )0,

, r
r

w z D
θ τ

∈  satisfy  

( ) ( )1
2

rz rε ℑ < − + 
 

 and ( )w rℜ > . Then, 

( )
( ) { }( ) ( )

( ) { }( ) ( ) { }( )1 2

1 1 1
, , , , , , .rr r

r r r
j j jj j j

L w z L w z R w z
θθ θ

χ χ χ
= = =

+ =        (4.3) 

Proof of Theorem 4.1. Let λ  be any fixed real number with 0 log 2λ< <  
and we define 

( ) { }( ) ( ) ( )
( )

,

1
1

1

1, , ; : d ,r jr

rr zt w
j Vj

j
F w z e l t t t

w λ θ
χθ

χ λ − −

=
=

=
Γ ∏∫  

where ( ), rV
λ θ

 is the union of ( )1V λ∞→ , ( ) ( )( )2
r rV π θ θ− → −  and 

( )3V λ →∞  when 

( )( )
1 : | ,

ri
V e

π θ
ν ν λ

− 
= ≥ 
 
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( ) ( ){ }2 : | ,r riV e ϕλ θ ϕ π θ= − ≤ ≤ −  

( ){ }3 : | .
riV e θν ν λ−= ≥  

By Corollary 3.6 (i), for large enough u 

( )( ) ( ) ( )( ) ( ) ( )( )0sin sin2 , .
r r rr

r
j j

u i uil ue O e l ue O e
θ π θ τ θθ

χ χ

− −−    
= =       

 

Therefore, ( ) { }( )1
, , ;r

r
j j

F w z
θ

χ λ
=

 converges absolutely and uniformly on any 

compact subset of ( ) ( )0,r
r

D
θ τ

. 

Now, when ( ) ( ) ( )0,
, r

r
w z D

θ τ
∈  and 0 η λ< < , we have 

( ) { }( ) ( ) { }( )
( ) ( )

( )
, ,

1 1

1

1

, , ; , , ;

1 d 0

r r

jr

r r
j jj j

r
zt w

W
j

F w z F w z

e l t t t
w η λ θ

θ θ

χ

χ λ χ η
= =

− −

=

−

= =
Γ ∏∫

 

by Theorem 3.3 (iv) and Cauchy’s theorem, where 

( )
( ) ( ){ } ( ){ }

( ) ( ){ }
( )( )

, ,
: | |

| |

r

r

r

r ri i

ir ri

W e e

e e

ϕ θ

η λ θ

π θϕ

λ θ ϕ π θ ν η ν λ

η θ ϕ π θ ν η ν λ

−

−

= − ≤ ≤ − ∪ ≤ ≤

 
∪ − ≤ ≤ − ∪ ≤ ≤ 

 

 

and we go around the integral path in the counterclockwise direction. If 
( )w rℜ >  then by Theorem 3.3 (iii) we have 

( ) { }( ) ( ) { }( )
( ) ( ) ( )

( )

( )

( )

1 10

0 1

1

1
0

1

, , ; lim , , ;

1 d

1 d .

r r

r ji

ri

j

r r
j jj j

r
zt w

je

re zt w

j

F w z F w z

e l t t t
w

e l t t t
w

π θ

θ

θ θη

χ

χ

χ λ χ η

 − 
 

−

= =↓

− −

=∞

∞ − −

=

=

=
Γ

+
Γ

∏∫

∏∫

       (4.4) 

By replacing t with -t, using Theorem 3.2 and taking note of 

( ) ( )
( )

11 1 12 2 12 2
2

1
,

2sin 1

jj
jitit n it

it
n

ie e e
t e

χχ χ
− − −  −   − − −   ∞  

 
−

=

= − = −
− ∑  

we find that the first term of (4.4) is equal to 

( ) ( )

( )

( )
( )

( )

1 12 1
1 2 12

0
11 0

1 d .
jri

j

j

j

i w n itr iter zt w

nj

e e l t e e t t
w

θ χ

χ

χ
π ρ

χ
ρ

−
−   − − − ∞ −   ∞− −   

== ℑ =

 
 − + + Γ  
 

∑ ∑∏∫  

Hence, we have 

( ) { }( ) ( )
( ) { }( ) ( )

( ) { }( )1 2

1 1 1
, , ; , , , , .r r r

r r r
j j jj j j

F w z L w z L w z
θ θ θ

χ λ χ χ
= = =

= +  

Next, we define that 1log
2

U M + 
 

 for 100M ≥∈  and let ( ) ( ) ( )0,
, r

r
w z D

θ τ
∈  
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with ( ) ( )1
2

rz rε ℑ < − + 
 

 and R∈  with ( )tan rR Uθ ≥ . By Theorem 3.3 (iv) 

and the residue theorem, we have 

( ) ( )
1 2 3

1 1

log,1 1
1
2

d 2 Res ,
j j

m

r r
zt w zt w

P P P t im pp mj j
p M

e l t t t i e l t tχ χπ− − − −

∪ ∪ == =

< +

= ∑∏ ∏∫        (4.5) 

where 

( )
( )

( )

( ) ( ){ }
( ) ( ){ }

1 : tan | cos
tan

|

tan | cos ,

r r
r

r ri

r r

UP u iu u

e

u iu u R

ϕ

θ λ θ
θ

λ θ ϕ π θ

θ λ θ

 = − + ≤ ≤ 
 

∪ − ≤ ≤ −

∪ − ≤ ≤

 

( ){ }2 : | tan ,rP R iy R y Uθ= + − ≤ ≤  

( )3 : |
tan r

UP iU Rσ σ
θ

 = + − ≤ ≤ 
 

 

and we go around the integral path in the counterclockwise direction. First, we 
consider the limit of (4.5) as R →∞ . Concerning the integral of the path 2P , 
we have, by Corollary 3.6 (ii), 

( )
( ) ( )( )

( ) ( ) ( )

( ) ( )
( )

( ) ( )

( ) ( )
( ) ( ) ( ) ( )

( )

( )

( )

( ) ( ) ( )
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1
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1

1 2
, tan

tan1 2
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2 2

1
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2

d

d
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2

2
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r

r

r

r r

r

rU wz R iy

R
j

rz yUw z R
r w R

rz yRw z R

R

r rz R z R

w z R
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e l R iy R iy i y

R e e y

R e e y

e eR e
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R e
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χθ

θ

θ

θ

θ θ

θ

−− +

−
=

 ℑ + ℜ − −ℜ  
−

 ℑ + ℜ − −ℜ  
−

   ℑ + − ℑ +   
   

ℜ − −ℜ

ℜ − − ℜ +ℑ +

+ +

≤

−
=

ℑ +

≤ −
ℑ +

∏∫

∫

∫



( )an
,

r Rθ 
 
 

         (4.6) 

where in the last inequality we use the fact that ( ) 0
2
rzℑ + < . From  

( ) ( ) ( ) ( )tan tan 0
2

r rrz z θ θℜ + ℑ + >  because ( ) ( ) ( )0,
, r

r
w z D

θ τ
∈ , it follows that (4.6) 

vanishes as R →∞ . Hence, we have 

( ) ( )
4 5

1 1

log,1 1
1
2

d 2 Res ,
j j

m

r r
zt w zt w

P P t im pp mj j
p M

e l t t t i e l t tχ χπ− − − −

∪ == =

< +

= ∑∏ ∏∫        (4.7) 

where 
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( )
( )

( )

( ) ( ){ }
( ) ( ){ }

4 : tan | cos
tan

|

tan | cos ,

r r
r

r ri

r r

UP u iu u

e

u iu u

ϕ

θ λ θ
θ

λ θ ϕ π θ

θ λ θ

 = − + ≤ ≤ 
 

∪ − ≤ ≤ −

∪ − ≥

 

( )5 : |
tan r

UP iUσ σ
θ

 = + ≥ − 
 

 

and we go around the integral path in the counterclockwise direction. Next, we 
consider the limit of (4.7) as M →∞ . Concerning the integral of the path 5P , 
we have 

( ) ( ) ( )( )

( )

( ) ( ) ( ) { } ( )

( )

5

1
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1 1

1 1
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d
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r
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−
=
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− −

= + +

+

= + +

∏∫ ∫

∏∫

∫ ∫ ∫

      (4.8) 

About the first term of (4.8), by using Corollary 3.6 (iii) we can deduce 
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− −ℜ +ℑ

−

 
 + −
 
 

 
 + +
 
 
 
 ≤ + −
 
 

+

∫ ∫

∫

∫

∫



( ) ( )0 12 dr

U r wUre Uτ σ
 +  ℜ − 

 
 +
 
 

 

( )
( )

( )

( )

( ) ( )( ) ( ) ( )

( ) ( )

( )

( ) ( )( ) ( ) ( )

( ) ( )
( )

( )

( )

( ) ( )( ) ( ) ( )

0

0

0

1
1

2

tan

11 2

tan

1
1

1
2

tan

d
tan

d

tan

d .

r
r

r

r
r

r

r
r

r

w Ur z rz U z Ur
Ur

Ur z rz U w z Ur
U

w
z U w

r

Ur z r z Ur
U

Ue e e

e U e e

Ue U

e e

ε σ σ τ

θ

ε σ σ τ

θ

ε σ σ τ

θ

σ
θ

σ

θ

σ

ℜ −
−ℜ +−ℑ −ℜ +

−
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−
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−

  ≤ +       
 

+ +  
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∫

∫

∫

   (4.9) 

Since 

( )

( )

( ) ( )

( ) ( )

( )
( )1 tan
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1 0 ,

0 ,d 1 ,tan tan

0

r

r

r
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A rU A r
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A
U UAe e

e A

σ θ

θ

θ

σ θ θ

−−

−

−

> 
 

  =  +      
 < 

∫    
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we have 

( ) ( )
( )

( )

( ) ( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( )

( )

00

1
1

( )
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tan tan
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4.9
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ℜ +ℑ +ℑ +

   +         

× +




+ +



→ →∞



 

where in the last limit we use the fact that 

( ) ( ) ( )0 0
2r
rz r zτℑ + < ℑ + <                    (4.10) 

and 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )0

tan tan 0,
2

tan tan 0

r r r

r r
r

rz z r

z z r

θ θ ε

θ τ θ

ℜ + ℑ + − <

ℜ + ℑ + <

 

because ( ) ( ) ( )0,
, r

r
w z D

θ τ
∈  and ( ) ( )tan r rθ ε< . About the second term of (4.8), by 

using Corollary 3.6 (iii) we have 
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1
1 1 12 2
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1
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d
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 
 
 
 

→ →∞

∫ ∫

  

where in the last limit we use ( ) ( )1 0
2

rz rε ℑ + + < 
 

. About the third term of 

(4.8), by Corollary 3.6 (iii) we have 

( ) ( ) { } ( ) 12
1 1

max , d
U r wz z U

r e e Uσ σ σ
∞ ∞ ℜ −−ℜ +ℑ∫ ∫  

( ) ( ) ( ) ( ) ( )( )1 12
1

d d
rz U U z w z w

U
e e U eσ σσ σ σ
 ℑ +  ∞−ℜ ℜ − −ℜ ℜ − = +∫ ∫    (4.11) 

( ) ( )( )12 1
rz U we U

 ℑ +  ℜ −  +                            (4.12) 

( )0 ,M→ →∞  

where in transforming (4.11) into (4.12) we use ( ) ( ) ( )tan 0
2

rrz z θ ℜ > − ℑ + > 
 

 

because ( ) ( ) ( )0,
, r

r
w z D

θ τ
∈ , and in the last limit we use (4.10). Hence, we obtain 

( ) { }( ) ( ) { }( )1 1
, , ; , , .r r

r r
j jj j

F w z R w z
θ θ

χ λ χ
= =

=  

This completes the proof.                                         □ 
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In the following sections, it is necessary that the left-hand side of (4.3) be a 
meromorphic function of w at 0w = . To obtain the property we show a lemma. 
It is the generalization of the lemma proved by Hirano, Kurokawa and 
Wakayama ([14], Lemma 1]. 

Let ( ],ψ π π∈ −  be any fixed real number and ( )f t  be a locally integrable 
function on ( ){ }| 0,ire rψ ∈ ∞ . We define 

[ ] ( ) 1
0

: : d .
ie wM f w f t t t
ψ

ψ
∞ −= ∫  

Now, assume that ( )f t  satisfies 

( )
( ) ( )

( ) ( )
0 ,a

b i

O t t
f t

O t t e

ε

ε ψ

− −

− +

 →= 
→∞

 

for ,a b∈  with a b<  and any 0ε > ; [ ]:M f wψ  converges absolutely, so 
is an analytic function, in ( )a w b<ℜ < . Then, the following lemma holds. 

Lemma 4.2 Suppose that ( )f t  has the following approximate behaviors as 
0t →  and tt eψ→∞ : 

( )

( )
( )( ) ( ) ( )
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1
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2
0 0

, log 0 ,
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∞

= =

∞

= =


→



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∑ ∑

∑ ∑
       (4.13) 

where ( )iN k  are non-negative and finite integers for each k and ( )1a k  and 
( )2a k  are complex sequences with ( )( )1a kℜ  and ( )( )2a kℜ  monotonically 

increasing. Then [ ]:M f wψ  has a meromorphic continuation into w∈  
with poles at ( )1w a k= −  and ( )2w a k= −  for each k. Especially the poles at 

( )is a k= −  are simple if ( ) 0iN k = . 
Proof of Lemma 4.2. First we define ( )mf t  as 
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1
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Then, in ( )a w b<ℜ < , we have 
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   (4.14) 

The first and third terms of the right-hand side of (4.14) are analytic function 
of w in ( )( ) ( )1 1a m w−ℜ + <ℜ  and in ( )w bℜ <  respectively. The second 
term becomes 
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( ) ( ) ( )

1
1 1

1 0
0 0

, log d ,
iN km e n a k w
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and then by partial integration we can transform it into 
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− − − +

+
∑ ∑ ∑


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Hence, we see that [ ]:M f wψ  is a meromorphic function of w with having 
poles at ( )1w a k= −  in ( )( ) ( )1 1a m w b−ℜ + <ℜ < , especially the orders of 
which at ( )1s a k= −  are simple if ( )1 0N k = . Since  

( )( ) ( )1 1a m mℜ + →∞ →∞ , it is shown that the meromorphy of [ ]:M f wψ  in 
the left half plane ( )w bℜ < . 

In a similar way, we can obtain a meromorphic continuation into the right 
half plane ( )b w≤ℜ .                                              □ 

The meromophy of the left-hand side of (4.3) follows from Lemma 4.2. 

Corollary 4.3 If ( ) ( ) ( ) ( ) ( ) ( )01 tan tan tan
2

r r r
r r s s rτ θ θ θ + <ℜ −ℑ < 

 
 and 

( ) ( )( )1 rs r εℜ > + , then ( )
( ) { }1

1
, ,

2r

r
j j

rL w i s
θ

χ
=

  − −  
  

 and 

( )
( ) { }2

1
, ,

2r

r
j j

rL w i s
θ

χ
=

  − −  
  

 are meromorphic functions of w on the whole  . 

Proof of Corollary 4.3. By the consideration about ( ) { }( )1
, , ;r

r
j j

F w z
θ

χ λ
=

 in 

the proof of Theorem 4.1, ( )
( ) { }( )1

1
, ,r

r
j j

L w z
θ

χ
=

 and ( )
( ) { }( )2

1
, ,r

r
j j

L w z
θ

χ
=

 are 

holomorphic functions of w under the assumption that 

( ) ( ) ( ) ( ) ( ) ( )0,

1, , and .
2r

r

rw z D z r w r
θ τ

ε ∈ ℑ < − + ℜ > 
 

 

We can remove ( )w rℜ >  because it follows from Theorem 3.3 (iii) that 

( )
1

j

r
zt

j
e l tχ
−

=
∏  

and 

( )
( )

( )

1 12 1
2 2

11 0

j
j

j

j

n itr it
zt

nj
e l t e e

χ

χ

χ
ρ

χ
ρ

−   − − − ∞ −   
   

== ℑ =

 
 + +  
 

∑ ∑∏  

which appear in ( )
( ) { }( )( )

1
, , 1,2r

ri
j j

L w z i
θ

χ
=

=  satisfy the condition concerning 

0t →  in (48). By putting 
2
rz i s = − − 

 
 we obtain the desired results.     □ 

5. The Zeta Regularized Product Expression of ( )L s 1,χ  

Our goal in this section is to prove Theorem 1.1. We will first obtain an equation 
which links the factors series of ( )1,L s χ  to prime numbers by calculating the 
both sides of (4.3) with 1r =  and then prove Theorem 1.1 . 

5.1. The Key Equation for r = 1 

Lemma 5.1 Let ( ) ( ) ( )01
1,

,w z D
θ τ

∈  satisfy ( ) ( )11
2

z ε ℑ < − + 
 

 and ( ) 1wℜ > . 

Then, 
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( )
( ) ( )

( ) ( )
1

1 1

1
1

0

1, , ,wL w z
zχ

θ
τ χ

χ
τℜ >

=
+

∑  

( )
( ) ( )

( ) ( ) ( )

( )

1

1 1

1
1

2
1

10 1

0

1 1, ,
1

2 1
2

1 .
1
2

i w
w w

n

w

L w z e
z

z n i

z i

χ

χ

π

θ
τ χ

ρ
χ

χ
χτ

ρ

∞

=ℜ >

ℑ =





= +
  − −
− + − −       


+    − − −      

∑ ∑

∑

 

Proof of Lemma 5.1. Since ( ) ( ) ( )01
1,

,w z D
θ τ

∈  and ( ) ( ) ( )
1

1 1tanχτ ε θℜ > > , we 

have 

( ) ( ) ( ) ( ) ( )
1 1

1 1 1tan tan 0,z zχ χτ τ θ ε θℜ + + ℑ + > − >  

and from this we find ( ) ( ) ( )
1

1 1arg ,
2 2

z χ
π πτ θ θ + ∈ − + 

 
. Therefore, by using 

Lemma 2.6 as ( )1ψ θ= −  we obtain 

( )
( ) ( ) ( ) ( )

( )
( )

( ) ( )
1

1
1

1 1 1

1 1
1 0

0 0

1 1, , d .
ie z t w

wL w z e t t
w z

θ
χ

χ χ

τ

θ
τ τ χ

χ
τ

−∞ − + −

ℜ > ℜ >

= =
Γ +

∑ ∑∫  

In a similar way as ( )
( ) ( )1
1

1, ,L w z
θ

χ  we can reach the desired result concerning 

( )
( ) ( )1
2

1, ,L w z
θ

χ .                                                    □ 

Lemma 5.2 If ( ) ( ) ( ) ( ) ( ) ( )0 1 1 1
1

1 tan tan tan
2

s sτ θ θ θ + <ℜ −ℑ < 
 

,  

( ) ( )11s εℜ > +  and ( ) 1wℜ >  then we have 

( )
( )

( ) ( )
1

1 1

1 2
1

0

1 1, , ,
2

iw

wL w i s e
sχ

π

θ
ρ χ

χ
ρℑ <

  − − =  
   −

∑            (5.1) 

( )
( )

( ) ( ) ( )

1

1 1

2
1

2

10 1

1, ,
2

1 1
3 1

2
2

iw

w w
n

L w i s

e
s s nχ

θ

π

ρ χ

χ

χρ

∞

=ℑ ≥

  − −  
  

 
 
 

= + 
+ − − + −    

∑ ∑
        (5.2) 

where the argument lies in ,
2 2
π π − 

 
. The series in (5.1) and (5.2) converge  

absolutely, locally and uniformly in the given ( ),w s -region above. 

Proof of Lemma 5.2. Putting 1
2

z i s = − − 
 

 in Lemma 5.1, we obtain the  
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conditions concerning ( ),w s  and have 

( )
( )

( )

( ) ( )

( )

( ) ( )( )

( ) ( )
( ) ( ) ( )( )

1

1
1

1

1
1

1

1 1

1

1
1

0

1 1

2

0

1 1

2

0

1 1

1 1, ,
2 1

2

1: arg ,
2 2 2

1
2

1: arg ,
2

1

: arg , .

w

i w

w

i w

w

L w i s
i s

i s

e

s i

s i

e
s

s

χ

χ

χ

θ
τ

χ

χ

π

τ
χ

χ

π

ρ χ

χ

χ

τ

π πτ θ θ

τ

τ θ θ π

ρ

ρ θ θ π

ℜ >

ℜ >

ℑ <

  − − =  
     − − +    

    − − + ∈ − +    
    

=
 − + 
 

 − + ∈ + 
 

=
−

− ∈ +

∑

∑

∑

 

Now, since ( ) ( )
1

1 0s χρ εℜ − > >  is derived from ( ) ( )11s εℜ > +  and 

( )1
0 1χρ< ℜ < , we find 

( ) ( )
1

1arg , , .
2 2 2

s χ
π π πρ θ   − ∈ ⊂ −   

   
 

In the same way, we obtain (5.2). 
The absolute and locally uniform convergences of the series in (50) and (51) 

in ( ) 1sℜ >  and ( ) 1wℜ >  are easily derived from 

( ) ( ]{ } ( )
1 1

# | , 1 log .T T O Tχ χρ ρℑ ∈ + =  

The desired convergency follows immediately from ( ) 1sℜ >  and ( ) 1wℜ >  
including the given ( ),w s -region.                                   □ 

Lemma 5.3 If ( ) ( ) ( ) ( ) ( ) ( )0 1 1 1
1

1 tan tan tan
2

s sτ θ θ θ + <ℜ −ℑ < 
 

,  

( ) ( )11s εℜ > +  and ( ) 1wℜ >  then we have 

( ) ( ) ( ) ( )1

2 1
1 1

,

1, , log log .
2

i w

wm ms

p m

eR w i s p p m p p
w

π

θ
χ χ −−  − − = −   Γ  

∑     (5.3) 

The series converges absolutely and uniformly on any compact subset of 
( ) ( ){ }2, | 1w s s∈ ℜ > . 
Proof of Lemma 5.3. By Theorem 3.3 (ii) and (iv), we find that the residue in  

( )1 1
1, ,
2

R w i s
θ

χ  − −  
  

 is equal to 

( )
( )

( )

( ) ( )

1

1 1
11 12 2 2

log log

1
1

1

Res Res
2 log

log log .
2

m miti s t i s t
w w

t im p t im p

w
wm ms

p pite l t t e e t
m t im p

i p p m p p

χ

χ

π

χ
π

−   − − −   − −   

= =

−
−−

 
 =
 − 

= −

 

https://doi.org/10.4236/apm.2024.146026


H. Tanaka, S. Koyama 
 

 

DOI: 10.4236/apm.2024.146026 480 Advances in Pure Mathematics 
 

From this (5.3) follows. 
It follows from Lemma 2.5 (iii) that the series in (5.3) converges absolutely 

and uniformly on any compact subset of ( ) ( ){ }2, | 1w s s∈ ℜ > .          □ 
By using the above three lemmas we derive the desired equation. 

Theorem 5.4 If ( ) ( ) ( ) ( ) ( ) ( )0 1 1 1
1

1 tan tan tan
2

s sτ θ θ θ + <ℜ −ℑ < 
 

,  

( ) ( )11s εℜ > +  and ( ) 1wℜ > , we have 

( ) ( )

( ) ( ) ( )

1 1
1 1

1
1

,

1 1
3 1

2
2

1 log log .

w w
n

wm ms

p m

s s n

p p m p p
w

χρ χ χρ

χ

∞

=

−−

+
+ − −

+ − 
 

= −
Γ

∑ ∑

∑

            (5.4) 

Proof of Theorem 5.4. We put 1r =  and 1
2

z i s = − − 
 

 in Theorem 4.1 and  

then by applying Lemma 5.2 and 5.3 we have 

( ) ( )

( ) ( ) ( )

1 1
1 1

1
1

,

1 1
3 1

2
2

1 log log ,

w w
n

wm ms

p m

s s n

p p m p p
w

χρ χ χρ

χ

∞

=

−−

+
+ − −

+ − 
 

= −
Γ

∑ ∑

∑

            (5.5) 

under the conditions that 

( ) ( ) ( ) ( ) ( ) ( )0 1 1 1
1

1 tan tan tan ,
2

s sτ θ θ θ + <ℜ −ℑ < 
 

 

( ) ( ) ( )11 and 1.s wεℜ > + ℜ >  

Then, replacing 1χ  with 1χ  in (5.5), we obtain (5.4).                 □ 

5.2. Proof of Theorem 1.1 

Proof. The left-hand side of (5.4) is a meromorphic function of w on the whole 
  by Corollary 4.3. Hence, by using the definition of the zeta regularized 
product we have 

( )

( )( ) ( )
1

1

20

1

1

LHS of 5.4
exp Res

3 1
2

2

w

n

w

s s n
χ

χ
ρ

χ
ρ

=

∞ 

=

  
−     

 + − 
= − + −     
 

           (5.6) 

On the other hand, since 
( ) ( ) ( )21 0w O w w
w

= + →
Γ

, we have 

( ) ( )
( )( ) 11

120 ,

RHS of 5.4
exp Res exp 1 .

m ms
s

w p m p

p p
p p

mw

χ
χ

−
−−

=

     − = = −         
∑ ∏  

By the property of the zeta regularized products, (5.6) is a meromorphic 
function on the whole  . Hence (1.1) holds.                           □ 
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6. The Euler Product Expression of ( ) 
 
 

L L s
1 2

1
χ χ⊗  

In a similar way as Section 5, we will show Theorem 1.2. 

6.1. The Key Equation for r = 2 

Lemma 6.1 If ( )( ) ( ) ( ) ( ) ( ) ( )0 2 2 2
22 1 tan tan 2 tans sτ θ θ θ+ <ℜ −ℑ < ,  

( ) ( )( )22 1s εℜ > +  and ( ) 2wℜ >  then we have 

( )
( ) ( ) { }( )

( ) ( ) ( )
2

1 2 1 2

21 2
1

, 0

1, 1 , ,
iw

j wj
L w i s e

sχ χ

π

θ
ρ ρ χ χ

χ
ρ ρ=

ℑ ℑ <

− − =
− −

∑  

( )
( ) ( ) { }( )

( ) ( ) ( )

( ) ( ) ( ){ } ( ) ( )

( ) ( )

2

1 2 1 2

1 2

22

1

2

, 0

1, 1,2 , 2,1 0

1 1 1 2
1 2

, 1 ,

1

1
3 1

2
2

1 .
1 1

2 2 3
2

a
a

j j

iw

w

w
na b b

w
n n

L w i s

e
s

s n

s n n

χ χ

χ

θ

π

ρ ρ χ χ

ρ
χ

χ

ρ ρ

χ
ρ

χ χ

=

ℑ ℑ ≥

∞

=∈ ℑ ≥

∞ ∞

= =

− −


= −  − −

+
+ − 

− + − 
 





+ 
− + −  + + − −    

∑

∑ ∑ ∑

∑ ∑

 

The series which appear here converge absolutely, locally and uniformly in the 
given ( ),w s -region above. 

Proof of Lemma 6.1. In a similar way as Lemma 5.1 and 5.2 we can prove 
them.                                                           □ 

Lemma 6.2 If ( )( ) ( ) ( ) ( ) ( ) ( )0 2 2 2
22 1 tan tan 2 tans sτ θ θ θ+ <ℜ −ℑ < ,  

( ) ( )( )22 1s εℜ > +  and ( ) 2wℜ >  then we have 

( ) ( ) { }( ) ( ) { }( )2

822 2

1 1
1

, 1 , , , .

i w

j k jj j
k

eR w i s E w s
w

π

θ
χ χ

= =
=

− − =
Γ ∑        (6.1) 

Proof of Lemma 6.2. Let p and m be any fixed prime number and positive 
integer respectively. By Theorem 3.3 (ii) and Remark 2.3 we have 

( ) ( )

( ) ( ) ( )

( ) ( ) ( ){ }

( )
( )

( )
( )

( )
( )

( )
( )

( ) ( )

1 2

2

2

1 2

2
2

,, 1,2 , 2,1

2

, 1

2 log

2 log 2 log

11
log

2 log 2

m n

it
m

m m

it
m m n nit

a b

q na b
p q

it
n n

b b bb

q n n

l t l t

ite pp p
m t im p

ite p p q qit e
m t im p n t in q

q q Ge it it i
n t in q n t n

χ χ

χ χ
π

χ χ

π π

χ χ χχ
π π π

− −

− − −
−

∈
≠

− ∞

=

⋅

 
 =  − 
 




+ − −


  −−− − +   + −  

∑ ∑

∑ ∑
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( ) ( ) ( )
( )

( )
( )

( )

2

0

1
2

2
0

1
2

0

1 2 1 1log d
2 2 1

log , d
2 2sin

the holomorphic parts at log .

b

b

b b

b

u
b

itit
ist

bS

i t

i u u
t N t u ite

t iee e L s s
t

e

t im p

χ

χ

χ

π

ρ

χ χ
ρ

π π πγ

χ
π

µ ρ

∞

−
−

−

→

 − 
 

ℑ =

  
− + + − − ⋅     −−   

− −


−



+ =

∫

∫

∑

 

Applying this to 

( ) ( ) { }( ) ( )
( ) ( ) ( )( )2 1 2

2 1 1
1 log,

2, 1 , Res i s t w
j j t im pp m

iR w i s e l t l t t
w χ χθ

πχ − −

= =
− − = ⋅

Γ ∑  

leads to (6.1).                                                     □ 

In the following lemma we will show the convergencies of { }( )2

1
, ,k j j

E w s χ
=

  

which can be proved in almost the same way as Akatsuka’s method used in ([7], 
Theorem 1.2). 

Lemma 6.3 For { }1,2, ,8k∈ 
, { }( )2

1
, ,k j j

E w s χ
=

 converges absolutely and 

uniformly on any compact subset of ( ) ( ){ }2, | kw z s β∈ ℜ > , where 

( )
( )

( ) ( ) ( )

( ) ( )

1 2

0
2

1 1,3,4,7 ,
2 2,6 ,

1 1 1 1
max , 5 ,

2 2
3 8 .
2

k

k
k

k

k

χ χβ

τ

 =
 =
 − − − − =  = 
  

 + =


 

Proof of Lemma 6.3. The desired results follow from Lemma 2.5 (iii) 

immediately except for { }( )2
2 1

, , j j
E w s χ

=
, { }( )2

3 1
, , j j

E w s χ
=

 and  

{ }( )2
4 1

, , j j
E w s χ

=
. 

Concerning { }( )2
4 1

, , j j
E w s χ

=
, we can easily prove its absolute and locally 

uniform convergence by Lemma 2.5 (iii). 

We consider { }( )2
3 1

, , j j
E w s χ

=
. Let ( ) 2,w s ∈  satisfy ( ) 1s δℜ > +  and  

( )A w B≤ℜ ≤  for any fixed real numbers δ, A and B with 0δ >  and A B< . 
Then, for any prime numbers ,p q  and any 1,m n ≥∈  we have 

( ) ( ) ( )
( )

( ) ( ) ( )

( ) ( ) ( )

11

2

1

2

log log

log log

2 log 2
2, 1 ,

log

log log
otherwise ,

log

wm n ms n
a b

An

Bm n

p q p q m p p

n m p n q

q
p m

n q

p q m p p
n q

δ

δ

χ χ − −

+− + −

− + −

+


= =

≤ 



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where ( ) ( ) ( ){ }, 1,2 , 2,1a b ∈ . From Lemma 2.5 (ii), we have 
( ) ( ) 11

2
,

2 log 2
.

log

An

q n

q
n q

δ +− + −

< ∞∑  

From Lemma 2.5 (ii)(iii), we have 
( ) ( )

( ) ( )

1

2
, , ,

3

1
2

, ,

log log
log

log log
log

.

m

Bm n

p m q n
p

n
Bm

p m q n

p q m p p
n q

qp m p p
n q

δ

δ

− + −

≥

−
− +  

≤   
  

< ∞

∑

∑ ∑  

Hence, we find that { }( )2
3 1

, , j j
E w s χ

=
 converges absolutely and uniformly on 

any compact subset of ( ) ( ){ }2, | 1w s s α∈ ℜ > − . 

We consider { }( )2
2 1

, , j j
E w s χ

=
. Let ( ) 2,w s ∈  satisfy ( ) 2s δℜ > +  and  

( )A w B≤ℜ ≤  for any fixed real numbers δ, A and B with 0δ >  and A B< . 
Then, for any prime numbers ,p q  and any 1,m n ≥∈  we have 

( ) ( ) ( ) ( )
( )

( ) ( )
( ) ( )

( ) ( ) ( )

1

11

1

log log

log log

2 log 2
2, 1 ,

log log 2

log log
otherwise ,

log log

wm sm n n
a b

An

Bm n

p q p q m p p

n m p n q

q
p m

n n q

p q m p p
n m p n q

δ

δ

χ χ − − −

+− + −

− + −

−


= =

−
≤ 

 −

 

where ( ) ( ) ( ){ }, 1,2 , 2,1a b ∈ . In the case of ( ) ( ), 2,1p m = , from  
log 2log log 2 1 log
log3

x x 
− ≥ − 

 
 for any 3x ≥∈  and Lemma 2.5 (ii), it follows 

that 
( ) ( )
( )

( ) ( )1 11 1

2
, ,

3

2 log 2 2 log 2
.log 2log log 2 log1

log3

A An n

q n q n
nq

q q
n n q n q

δ δ+ +− + − +− −

≥

≤ < ∞
− −

∑ ∑  

In the case of ( ) ( ), 2,1p m ≠ , we have 
( ) ( )

( ) ( )

2 2

1

, , ,
3

1

, , ,

, , , , , , , , ,

log log
log log

log log
log log

.

m
n m

n m

n m m n m n m

Bm n

p m q n
p

q p

Bm n

p m q n
q p

p m q n p m q n p m q n
q p p q p q p

p q m p p
n m p n q

p q m p p
n m p n q

δ

δ

− + −

≥
≠

− + −

≠

< < < ≥

−

≤
−

= + +

∑

∑

∑ ∑ ∑

             (6.2) 

Concerning the third term of (6.2), we have loglog log
2

n qn q m p− ≥  because  
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2 log logm p n q≤ . Therefore, from Lemma 2.5 (ii)(iii), we have 

(the third term of (6.2)) ( ) ( )1
2

, ,
2 log log .

log

n
Bm

p m q n

qp m p p
n q

δ
−

− +  
≤ < ∞  

  
∑ ∑  

(6.3) 
Concerning the second term of (6.2), from Lemma 2.5 (i), we have 

( )

2 2

2

, ,

1

1

log log

1 log .

m n m m n m

m m

n n
n

n m
q n q n

p q p p q p

p p

m m
l

q qq
n m p n q q p

m p
p l p

−
−

< < < <

− −

=

≤
− −

≤
+ −

∑ ∑

∑ 

 

Hence, from Lemma 2.5 (iii), we find 

(the second term of (6.2)) ( ) ( ) 11

,
log log .Bm

p m
p m p pδ ++ < ∞∑      (6.4) 

Concerning the first term of (6.2), from Lemma 2.5 (i), we have 

( )

,

1 1 1

, 1 1 1

log log

1 1 1 log .

n m

m m m

n m

n

q n
q p

m p p p
n m

m n mm
q n l l l

q p

q
n m p n q

pq p m p
lp q p ll p l

−

<

− − −
−

= = =
<

−

≤ ≤ = +
− −−

∑

∑ ∑ ∑ ∑ 

 

Hence, from Lemma 2.5 (iii), we find 

(the first term of 6.2) ( ) ( ) 11

,
log log .Bm

p m
p m p pδ +− + < ∞∑          (6.5) 

From (6.3), (6.4) and (6.5), it follows that (6.2) converges. This completes the 
proof.                                                           □ 

From Lemma 6.1, Lemma 6.2 and Lemma 6.3 we derive the “key equation” for 
2r = . 

Theorem 6.4 If ( )( ) ( ) ( ) ( ) ( ) ( )0 2 2 2
22 1 tan tan 2 tans sτ θ θ θ+ <ℜ −ℑ < ,  

( ) ( )( )22 1s εℜ > +  and ( ) 2wℜ >  then the following equation holds: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ){ } ( ) ( )

( ) ( )

( ) { }( )

1 2 1 21 2 1 2

1 2

, 0 , 0

1, 1,2 , 2,1 0

1 1 1 2
1 2

8 2

1
1

1 1

1
3 1

2
2

1
1 1

2 2 3
2

1 , , .

a
a

w w

w
na b b

w
n n

k j j
k

s s

s n

s n n

E w s
w

χ χ χ χ

χ

ρ ρ ρ ρχ χ χ χ

ρ
χ

ρ ρ ρ ρ

χ
ρ

χ χ

χ

ℑ ℑ < ℑ ℑ ≥

∞

=∈ ℑ ≥

∞ ∞

= =

=
=

− +
− − − −

+
+ − 

− + − 
 

+
− + − 

+ + − − 
 

= −
Γ

∑ ∑

∑ ∑ ∑

∑∑

∑

 

Proof of Theorem 6.4. We put 2r =  and ( )1z i s= − −  in Theorem 4.1 and 
then by applying Lemma 6.1 and Lemma 6.2 and replacing χ  with χ  we 
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obtain the desired result.                                            □ 

6.2. Proof of Theorem 1.2 

Proof. The left-hand side of the formula in Theorem 6.4 is a meromorphic 
function of w on the whole   by Corollary 4.3. Hence, by using the definition 
of zeta regularized products we have 

( )( )
( ) ( )

( )( )
( ) ( )

( )
( )( ) ( ) ( ){ }

( ) ( )

1 2 1 2

1 2 1 2

1 2

20

1
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3 1
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1 1
2 2 3

2

a
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χ χ χ χ

χ

χ χ χ χ
ρ ρ ρ ρ

χ
ρ

ρ ρ ρ ρ

χ
ρ

χ χ

=

− 

ℑ ℑ < ℑ ℑ ≥



∈ ℑ ≥ ≥



≥

  −  
  

= − − − −

 + − 
× − + −     

 − + − 
× + + − −     

=

∏

 





( )( )
1 2

1
.L L sχ χ⊗



 

On the other hand, by Theorem 6.4 and noting that  

( ) ( ) ( )21 0w O w w
w

= + →
Γ

, we have 

{ }( )
20

8 2

1
1

RHS of the formula in Theorem 6.4exp Res

exp 0, ,

w

k j j
k

w

E s χ

=

=
=

  −  
  

 =  
 
∑

 

for ( ) 2sℜ > . This completes the proof.                              □ 
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