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Abstract

This work synthesises Braille code via elementary concepts of naive set theory,
symmetry, graph, group, and equivalence relation. Thus, the Braille code can
also be understood as an even more mathematically valuable teaching-learn-
ing resource.
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1. Introduction

This article will link very important things in themselves: the Braille code, naive
set theory, symmetry, graph, group, and equivalence relation. In 1824, Louis
Braille invented a set of symbols that could serve as mediators in the communica-
tion of information. This code was a solution to the total blindness of the Braille
self, which began when he was a child due to an accident in one eye and was ag-
gravated by infection in both eyes. Until today, his code is still used worldwide.
This set is now known as the Braille Code. Initially, this system was designed for
tactile reading, suitable for people who are blind or have impaired eyes. Symmetry,
graph, group, and equivalence relation are basic mathematical concepts and re-
main relevant in its applications in all branches of Sciences. The primary goal of
this paper is to transform Braille into a teaching-learning resource for the afore-
mentioned mathematical concepts. Conversely, the paper suggests that the Braille
code can be used as an example of the application of these mathematical concepts.
How to do it? Let’s consider the next statements.

“Mathematics is the art of giving the same name to different things”

“A thing is symmetrical if one can subject it to a certain operation and it ap-
pears exactly the same after the operation.”

Attributed, respectively, to Henri Poincaré and Hermann Weyl.
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2. Braille Set

Here we apply a procedure that allows us to interpret the Braille code as a set. It is
well known that the Braille code is a raised dot system that can be read by the
fingers. Any Braille code’s symbol is of the form

b b,
b, b. (2.1)
b3 b6

Each place of the Braille symbol may be empty or busy. Here, we associate to
the Braille code the set
B. (2.2)

Any Braille symbol may be represented by the Braille cell defined in the form

a H

XXy X%,

=X, ||xs|= o (2.3)

=

Il

=
8]
Bo

K
R

X3 ||Xe

Every symbol x,_, , isaspaceunit. The possible states of any space unit x,
are the following
+ raised dot
x, =40 flatdot . (2.4)
— hollow dot
b b,
If we like to read a Braille symbol b, b; we will move our finger from the
by b

X X,

left to the right direction writing |x, x| such that x,=+ if b, is busy or

X3 X

that x,=0 if b, isempty that means

b b, XX, A
+ if b, is busy

b, b, =X, x| X = . (2.5)
0 1if b, is empty

b, b X, X

— ——

finger reading sense reading sense

Writing in braille (using a stylus to push dots into paper, for example) requires
a bit of efforts,

- — if b,_, is busy
b Vi Vel Jiass T 0 if b_, is empty
b, b = Y2 Vs . . (2.6)
b b — if b, , is busy
Y Y 123 =
L;—Q 2T Ve T g b,,, is empty

finger reading sense writing sense

Therefore there is the relation between reading and writing is given by
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Vi Vs X X
W Vsl X X
Vi Vs X3 Xg
—— —
“— -
writing sense reading sense
XX N Vs
X, Xs| B |y, ys
X3 X Vi Vs
S—— S ———

N
reading sense

P
writing sense

i

Xicase6 =

Vicase =

Yicip3 =

Xic123 =

{
%
{
{

o + o +

0

0

if YVizs =~
if yi+3 = 0

(2.7)
if y, ;=-

if y, ;=0

if x_ =+
ifx, ;=0
) (2.8)
if x,,, =+

if x,, =0

How many elements may have the Braille code 3 ? The unit of space x;, may

have two states. For the remains unit of space the number of possible states are

the same, 2. Two cells x,y e B are different if they have two space units x;,y,

that are different,

X

X,

X3

X4

Xs

X6

Vi W

|V Vs

Y3 Vs

o Fix, #y, . (2.9)

Hence the total number of Braille cells (see Slate 1) is

(2x2><2)><(2><2><2)=26:64. (2.10)

+ o +H|[+ o+|[+f o +|[+ oH|[t o H|[+ o +|[+ o+

+ + o|[+ + o|[+ + o[+ + o|[+ + o|[+ + ][+ +

OO QOICOOCOO|COOoO|ICoOO|coO|Cco oo o o
cocollcot|lo+ o+ collo+ +||+ o +||+ + ||+ + +
co +|lloot||locoo+|looF||loo +||loo +||loo +||loo +
cocollcot|/lo+to|l+collot H|+ oH|++ o+ ++

o+ o|l|lo + o||lo + of|lo + o||lo + o||lo + o||lo + o||lo+ ©

coollco+|lo+ o[+ oo|lo+ H||+ o +||+ + ||+ ++

+oo||ltoo||[+oo|+ oo+ oo+ oo+ oo+ oo
coollco+||lo+ o+ oo|le+ +||+ o +||+ + o+ + +

o+ 1|+ H|[e+ +|[o+ F|[e+ H|[e + H[e+ +|[e+ +

coo|llcot|lo+ o+ collo+ +H |+ o H|++ o+ ++

+ o+

coolleot||letoj+oo|lo+ +H|+ o+ |+ + o+ + +
coolleet||etojreoot |+t ot |+ + O+ + +
F + +| [+ + H [+ + [+ ||+ [+
coo|llcot||lot o+ col|lo+ |+ o+ |+ + ||+ + +

++o

Slate 1. All 64 possible Braille cells of the Braille set 5.

Braille set 3 may be viewed like a Cartesian product of the set
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S O+
(= =)
T+ o o
+ + o

R: I?IaIsI?IaI’I!I . (2'11)

According to this set we obtain

S + +
+ o +
+ + +

B={oya,uecR}. (2.12)

Let’s introduce a function - called swap “*” from {+,0} into {+,0} in the

following way:

+ =0
A . (2.13)
0 = +
The swap can use to give us the next function from 7R into itself
u u| |u
vl = |v|=|v]. (2.14)
w w| (W

If we define

S + +

+ 0 +
A=:1=[+[,2=|0],3=|+|,4=|+ (2.15)
+ + +

B={auaora,por ic A} (2.16)

Braille cells

can be represented as shown in the Slate 2.

44 34 24 14 14 24 34 44
43 33 23 13 13 23 33 43
42 32 22 12 12 22 32 42
41 31 21 11 11 21 31 41
41 31 21 11 11 21 31 41
42 32 22 12 12 22 32 42
43 33 23 13 13 23 33 43
4% 372 24 14 14 24 3% 414

Slate 2. Braille cells of B according to the elements of A .

3. Symmetry
We consider the Braille subsets of B in the Slate 2
{du) {ap {3u). (30} {2p)20) {Tn) (1) (3.17)
with ¢ or jie A.We can write applying the swap function
(ﬂﬂ=#¢(§ﬂ=ht(5ﬂ=hl(ﬂﬂ=hh (3.18)
Hence it is convenient to introduce a mapping R from B into B

x=au +— R(x)=au. (3.19)

DOI: 10.4236/am.2026.171001 4 Applied Mathematics
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Then we have

B=BUR(B') (3.20)

in which
B’ (3.21)
is the subset of cells of the Slate 3 and
R(B')z{R(x):xeB'} (3.22)

is the (direct) image R(B') of B’ under R [1].

14 24 34 44

13 23 33 43
12 22 32 42

11 21 31 41
11 21 31 41
12 22 32 42
13 23 33 43
14 24 34 44%

Slate 3. 32 Braille cells of B'.
Let us consider the cells of B’ {4} ,{azl} a3} ,{ag};{aZ} ,{ai};{al} ,{ai}
in the Slate 3 with a =1,2,3,4. We can write
a4:a® a3:a® a2:a@ alza(f). (3.23)
Hence it is convenient to introduce a mapping R from B into B
x=au > S(x)=ai. (3.24)
According to the map results
B'=B"US(B") (3.25)

in which
B’ (3.26)

is the set of cells of the Slate 4.

14 24 34 44

13 23 33 43
12 22 32 42

11 21 31 41

Slate 4. 16 Braille cells of B".

Can B" be reduced further? Yes, for example (see Slate 4), what’s the differ-

+ 4+ + o+
ence between [+ +|=af of B" and |+ +|=a'8' €B"? How they can be
0 + + 0

related? Thatis «'=/f, ' =« .Thisenables us to define the following function
from B into B

DOI: 10.4236/am.2026.171001 5 Applied Mathematics
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x=au +— T(x)=ua. (3.27)
Viamap T, we obtain
B"=B"UT(B"). (3.28)
Let
B" (3.29)

have the 10 cells of the Slate 5.

44

33 43

22 32 42
11 21 31 41

Slate 5. 10 Braille cells of B".

Replacing B"=B"UT(B"), B'=B"US(B"),B=B"UR(B') into a single

one, we conclude in the next expression
B=(B"UT(B")uS(B"UT(B"))UR(B"UT(B")uS(B"UT(B"))).(3.30)

But, taken into account that any function is distributive respect to arbitrary un-
ion of subsets of its domain [2], we have
B=B"UR(B")uS(B")uT(B")URS(B")uS-T(B")

(3.31)
UReT(B")UReST(B")

Therefore, we can reconstruct all 64 cells of the Braille code B from the sub-
set B" with a smaller number of elements (10 cells), R, S and T accord-
ing to the last equation.

Before continuing, we have to mentioned the identity function / in B yet

x=au + I(x)=au. (3.32)

Is there anything else to say about the functions? Of course! What happens if
we compose two functions? It is easy to check with the maps R, §,and T

that their compositions give us
RoR(x)=SoS(x)=ToT(x)=1IcI(x)=1I(x)=x. (3.33)

Applying these properties, we can conclude that
R,S and T areone-to one functions from B onto B. (3.34)
They are permutations of Braille code. Let g € {1 ,R,S, T } ,assume g (x) =g ( y)
then we have gog(x)=x=y=gog(y) then f is injective, or one-to-one.

Now suppose yeB then y=gog(y)= g(g(y)) =g(x). Hence g is sur-
jective, or onto. In other words, they are bijective or permutations of Braille code.

Any of these functions verifies

g(B)=B. (3.35)

That means symmetry. What about the commutative property between them?

DOI: 10.4236/am.2026.171001
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RoT(x)=fia # pa =T o R(x)
RoS(x)=am=SoR(x) (3.36)
TOS(x):ﬁa:t,uO_c:SOT(x)

We observe that the order in which these transformations are performed mat-

ters (see the Figure 1)

° °
x) )

Figure 1. Diagrams associated to a cell x to illustrate associative compositions and non-
commutativity.

In Figure 1, we represent the functions in colors / (orange) S (blue), 7' (green)
and 7 (violet). Too, we have changed the symbol of composition, for example,
=ToR.If f,g,h areelements of the set {I, R,S, T} , are they associative? Func-
tions composition is always associative. That means the following holds true

fo(geh)(x)=(fog)oh(x). (3.37)

4. Graph

From Figure 1, we deduce the next Figure.
Let’s introduce what we call the (simple) graph [3] (Figure 2)

H=(V(H),E(H),y,) (4.38)
associated with a cell
xX=ou. (4.39)
Symbol
X =0op,
R(x)=au, S(x)=au, T(x)=
V(H)= () o (x) - (x)=u - (4.40)
RS(x)=ap, ST(x)=pa, RT(x)=Ha,
RST(x) = ua
DOI: 10.4236/am.2026.171001 7 Applied Mathematics
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denotes the vertex set of H , and its elements are called the vertices (or the nodes)
of H.
The set

™ v
Ho(x) (x)

Figure 2. Graph H “Octopus”, 2* (or “quatropus” (quadruped), 2?) associated to a cell

X .
1,
R, S, T,
E(H)= (4.41)
RS, ST, RT,
RST

represents the edge set of G in which its elements are the edges of H . What’s

v, ¢ Itis an incidence function defined in the follow way

V/H(I)={x I( )}

] we(R) = R()) v (8)={xS(x)) v, (T ={x T(x)},
Va (B =1 RS)=Ln RGN v (ST)= ST v (RT)={x.RT (). [
v (RST) {x, RST(x)}
Observe the four Braille cells such that
X=Xx,=aa. (4.43)

For these cells we have using Figure 1’s diagram the cells y,_,,,, ofthe Braille
set
Xo =@ =Y,
R(x))=aa=y, S(x))=ad=y, T(x)=ny
SOR(xO):O_c&:y4 TOR()CO)zy3 SOT()co)zy3
RoSoT(x,)=y,

(4.44)

DOI: 10.4236/am.2026.171001 8 Applied Mathematics
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That implies
aa — {aa,aa,ad,qd). (4.45)
Remember
+ + |+ + [0 Of |+ +
B" =51+ +[,|0 O|,|+ +[,|+ +
00 + + |+ +
¢ (4.46)
+ [0 +| |+ +[|0 +| |+ +[|+ O
u<l0 4|, +,|+ 4[|+ OL[+ O+ +
+ O+ O] |+ Of|+ +| [+ + +

[3

Inside B" wefind 4 cellsofthe form aa and6oftheothertype au,u#a,
then the number of cells generated by B" is

4x2*+6x2°=64. (4.47)

5. Group

Figure 3. Group G=(E(H),0) for V(H).

Is there a group inside a Braille code?
G=(E(H),e) (5.48)

is group. Taking into account Figure 3

DOI: 10.4236/am.2026.171001 9 Applied Mathematics
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E(H)={I,R,S,T,RS = SR,ST = TR,RT =TS, RST = TSR}

o
v () au, ap, po, (5.49)
ap, pa, pa,
oz

Now, consider the group’s definition in the following manner. First, our first

purpose is to proof that the symmetry’s results

[7
R, S, T, _ ~
E(H)= RS. ST. RT. ={f:f (v (H))=V(H)}. (5.50)
RST
The proof consider that
au, au,
ap, op,  pa, ap, op, Ha,
I(\V(H))= =V(H) R(V(H))= =V(H
V= s g~ ) RU)= 2 =V 0D
He He (5.51)
apl, HA,
ap, ap, upa, ua,  po,  op,
S(V(H))= =V(H) T(V(H))= =V(H
V= s ez = ) T =2 5 o =V )
uo o

Hence, for the others functions of E(H)
RSO/ ()= R(P () =V (1) ST(V ()= 5 (1) =V (1)

RT(V(H))=R(V(H))=V(H) RST(V(H))=R(V(H))=V(H) (5.52)

We have proven that all maps of the edge set are symmetries when they are
applied to any point of the vertex set. Using the same technique as before to de-
duce thatif f,gekE (H ) the composition of any two transformations fog is
an edge of the graph H , that’s

f.geE(H)= fogeE(H). (553)
It is easy to see that
feg(V(H))=/(V(H))=V(H). (5.54)
The composition is a binary operation. Associativity occurs too,

f.g.heE(H)= fo(goh)=(fog)eh. (5.55)

There exists an element of edges [ € E (H ) (called the identity element) such
that
fol=f=Iof (5.56)

forall fe E(H) .Forevery fe E(H) there exists g e E(H) (called the in-
verse of f ) such that

DOI: 10.4236/am.2026.171001 10 Applied Mathematics
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xeB"=

fog:[:gof, (557)
Remembering

E(H)={I,R,S,T,RS = SR,ST =TR,RT =TS, RST = TSR} (5.58)

Previously, it was obtained [/ =RR=1=SS=1T .
RSSR=RR=1=S55=SRRS
STTS=8S=1=TT =TS.ST
RTTR=RR=I1=TT =TR.RT
RSTTSR=RSSR=RR=1=TT =TSST =TSR.RST

(5.59)

But remarks that ST #7S RT #TR then E (H ) is non commutative or

non-Abelian group.

6. Equivalence Relation

Is there a partition? We would like to show

B=U ] (6.60)

in which

[x]:{yeB;EIfeE(H),y:f(x)} (6.61)
is an equivalent class and representative
+ H[ [+ H |0 [+ H |+ |0 +H [+ +|0 O]+ +|[|+ +
+ +[,|0 +|,|+ +[,|+ +[,|]0 O[,|[+ O|,|+ Of|+ +[,|+ O]+ +|;.(6.62)
0 O+ O|[+ O]+ Of[+ +||+ +| |+ +| |+ + |+ + |+ +
To do this, it is necessary

x,x'eB,x'e[x]:[x']ﬁ[x]=®. (6.63)

Suppose [x'|N[x]=@ . Let ye[x'|n[x], then there exists f,geE(H)
such that

f(x)=y=g(x) (6.64)
but thereis / such that
hf (x')=x"=hg(x). (6.65)
That’s a contradiction because fge€ E(H) and
x e[x]. (6.66)

7. An Application

In the next figure (Slate 6), we condensate our information on equivalence rela-
tion with a teaching-learning purpose.

We can learn mathematics playing a game “QPus”. QPus is a non-zero-sum
game in which all students win learning symmetry, graph, group, and equivalence
relation. What materials do we use? One option is using Slate 1. Who are the
players? Students. How do the students play QPus?

DOI: 10.4236/am.2026.171001
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e Braille code. Slate 1.

e Equivalence relation.

o A student chooses a Braille cell s, of the Slate 1.
All the students construct discussing the equivalence class in which s, is a
representative according to the Equation (4.40),
[s]= {au, pa, pax, ot o, i, e, apy

o Then students will locate the Braille cells of [sl] in the Slate 1.

o The process is repeated whatever the students decide what will be the next
Braille cell s,_,, -

o Game ends when the students classify every Braille cell in a quatropus or in an
octopus, giving as results Slate 6.

e Symmetry, Graph and Group in a whole.

+
B = ! | , ) , + !
+ 0

aea €B" = |aa] ={aa,aa aa aa}
ap €B" = [|au] = {ap, pa, p@, afi, aj, ja, fia, ap}
B= ]

xeB'"

+ o
HEEE
+ + <

S = -
++ +
++o
++ +

o o o
++o
+ oo
++o
o+ +
++o
++ +
++o

+oollo++
++ol[++o
+ oollo+ +

O O+ o+

= © &
o o+
4+ oo
o o +
o+ +
oo+

T
o o+

o © +
[= =N}

++o
o O O

Slate 6. (Like a “square” piano). Braille code B partition. If to all elements of the same
equivalence class we associate a specific colour, sound, musical note, Morse code, animal
footprint, smell, and son on to “feel” the Braille cell, then we obtain Slate 1 “coloured”.

Working with elements of Slate 7 in which every Braille cell is a point on the
flat surface, we can “feel” the following facts. “Feeling” the students the first “hor-

izontal line” until

DOI: 10.4236/am.2026.171001
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o o +
+ + +
+ + o
+ + +

—
points reading sense

we feel that the distance between points is a constant, which may be taken as unit

to measure distance. Exploring the points given above we feel that the sound not

change for first time between and , and it begin to repeat in

the order given before. In other words, something special happens when crossing

. I we do the process in others horizontal lines we will find a similar

phenomenon. So we can identify the “vertical line R”. There are others two lines
“S” (horizontal) and “T”.

[- —
o

coa
+ +a

+oa
+ + o
=0 ]
+ +o
L2
++Q

+ o o + +
+ 4+ ot + o
+ o oo + +

[ 0 +|+ + e
00 0 0|+ O B o
ao + 0,0 0 = 0
o0
EEEER
+ 0

Slate 7. Bilateral symmetry [4] [5]. Braille set has three plane of symmetry “R”, “S”, and
“T”. Graphs and Groups may be deduced from here.

8. Conclusion

The content of this paper may be converted into tactile, audio, or haptic formats,
enabling comprehension and interaction through touch and sound rather than
sight. Therefore, this work is a mathematical teaching-learning resource that en-

ables blind students to read and write on elementary concepts of naive set theory,
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symmetry, graphs, groups, and equivalence relations. Equations (2.12), (2.16),

(3.31), and the partition of the Braille set (6.60) are the same sets using the 64

Braille cells of Slate 1 in different forms. The Braille set is symmetrical under the

induced functions associated to (3.19), (3.24), (3.27), and (3.32) because satisfy

(3.35). Figure 1 illustrates through a diagram about commutativity, non-commu-

tativity and associativity properties in (3.33), (3.36), and (3.37). Figure 2 shows

the graph (4.38) like an octopus or quatropus and the group (5.48) appears in

Figure 3. In this way, this paper demonstrates that mathematics is capable of unit-

ing many things by summarizing or showing immersed objects that can be dis-

covered, motivating the curiosity in students’ and teachers’ minds.
This work also includes questions such as: what are the consequences if we
change set (29)? Are there always 4 quadrupeds and 6 octopuses? Yes, but why?

e Any Braille cell belongs to a quatropus or an octopus. We know that the Braille
set B is a set of 64 elements of the form x=qu.Ilf x=aa (or u=a)
then we have a quatropus [aa|={aa,ad,ada,aa}.If x=oau (or u#a)
then we have an octopus [ay] = {a,u,ya,,u&, al, o, uao, ﬁa,&y} . We have
proven that any Braille cell belongs to a quatropus or an octopus.

e The Braille set contains 4 quatropus. If we choose an element ¢eR ,
[aa]={aa,aa,aa,aa}=[ad]. Then to the pair of elements « and &
of R corresponds the first octopus [aa] . Working in the set
R\a,a}={peR;p#a,p#a}.Let feR suchthat B=a and
B #a then [[5’,3] = {ﬂﬂ,ﬁﬁ, BB, Bﬁ} and [aa] are disjoints sets. Let the
element yeR \{a,o_e,,B, B} then we have three disjoints sets: [aa] , [ﬂﬂ] ,
and [77] . Finally, if Je R\{a,ﬁ,ﬂ,ﬁ,)/,?} we obtain our last quatropus
[66], and R\{a,o?,ﬂ,ﬁ,y,?,&&_} =D.Llet g=a, &=8, &=y,and
& =0.

e The Braille set contains 6 octopuses. The set of all octopus it will be the set given
by T =B\([aa]u[BB]u]u[s]) , which have 2°-4x2*=48 . The

4
number of octopus it will be ?8= 6.Let g, .,€7 suchthat €7,
and for the other ¢, , € T\( ;;ls[gk]) . However, the sets [gk:mm!lo]
are pairwise disjoint sets, and 7 \(ULO: 5[gk ]) =.

o Ifwedefinetheset B = {6‘,{:172;“,10} we have probed that B = UmB* [x] and
2°=4x2*+6x2°.
QPus may be modify to motivate students-teacher’s curiosity using others rep-

resentatives or surfaces on 3D objets.
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