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It is well known that the symmetry reduction is one of the most uni-

versal tools for investigation of partial differential equations (PDEs).
In particular, for this aim, we can use the classical Lie-Ovsiannikov
method [1-4] (see, also, the references therein).

However, it turned out that in order to apply the classical Lie-
Ovsiannikov method for PDEs with non-trivial symmetry groups, we
had to solve a pure algebraic problem of describing all nonconjugate
(nonsimilar) subalgebras of the Lie algebras of symmetry groups of
the equations under investigation. More details on this theme can be
found in [2, 3] (see, also, the references therein).

In 1975, Patera, Winternitz, and Zassenhaus [5] proposed a general
method for describing the nonconjugate subalgebras of Lie algebras
with nontrivial ideals.

In 1984, Grundland, Harnad, and Winternitz [6] pointed out that
the reduced equations, obtained with the help of nonconjugate subal-
gebras of the same ranks of the Lie algebras of the symmetry groups of
some PDEs, were of different types. They also investigated the similar
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phenomenon. Some details on this theme can be found in [7-14] (see,
also, the references therein).

The results obtained cannot be explained using only the rank of
nonconjugate subalgebras of the Lie algebras of the symmetry groups
of PDEs under investigation.

To try to explain some of the differences in the properties of the
reduced equations for PDEs with nontrivial symmetry groups, we sug-
gested to investigate the relationship between the structural properties
of nonconjugate subalgebras of the same rank of the Lie algebras of
the symmetry groups of those PDEs and the properties of the reduced
equations corresponding with them [13].

At the present time, the relationship has been studied between the
structural properties of the low-dimensional (dimL < 3) nonconjugate
subalgebras of the same rank of the Lie algebra of the Poincaré group
P(1,4) and the properties of the reduced equations for the Eikonal
and Euler-Lagrange-Born-Infeld equations. The details on this theme
can be found in [12-16].

A solution of many problems of the geometry, unified string theories,
geometrical optics, elastic theories of shallow shells, optimal trans-
portation, one-dimensional gas dynamics, meteorology and oceanog-
raphy etc. is reduced to the investigation of the Monge-Ampere equa-
tions in the spaces of different dimensions and different types. Some
details on this theme can be found in [17-34] (see, also, the references
therein).

This paper is devoted to the study of the relationship between the
structural properties of the low-dimensional (dimL < 3) nonconjugate
subalgebras of the same rank of the Lie algebra of the group P(1,4)
and the properties of the reduced equations for the (14 3)-dimensional
inhomogeneous Monge-Ampeére equation.

By now, the relationship has been investigated between the struc-
tural properties of the three-dimensional nonconjugate subalgebras of
the Lie algebra of the group P(1,4) and the properties of the reduced
equations for the (1 + 3)-dimensional inhomogeneous Monge-Ampere
equation. We obtained the following types of the reduced equations:

- algebraic equations,

- the first-order linear ODEs,

- the first-order nonlinear ODEs,

- the second-order nonlinear ODEs,
- the partial differential equations.

From the invariants of some nonconjugate subalgebras of the Lie
algebra of the group P(1,4), it is impossible to construct the ansatzes,
which reduce the (1+3) - dimensional inhomogeneous Monge-Ampere
equation.

This paper is the first in which the relationship is studied between
the structural properties of the three-dimensional nonconjugate subal-
gebras of the Lie algebra of the group P(1,4) and types of reductions
of the (1+ 3)-dimensional inhomogeneous Monge-Ampeére equation to
the first-order ODEs.

Institute for Applied Problems of Mechanics and Mathematics, Na-
tional Academy of Sciences of Ukraine, 3-b, Naukova Str., 79060,
L’viv, Ukraine
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2. Lie Algebra of the Poincaré Group
P(1,4) and Its Nonconjugate
Subalgebras

The group P(1,4) is a group of rotations and translations of the five-
dimensional Minkowski space M (1,4). It is the smallest group, which
contains, as subgroups, the extended Galilei group G(1,3) [35] (the
symmetry group of classical physics) and the Poincaré group P(1,3)
(the symmetry group of relativistic physics).

Lie algebra of the group P(1,4) is generated by 15 bases elements
M, =-M,, (u,v=0,1,2,3,4) and P, (1=0,1,2,3,4), which
satisfy the commutation relations

[P/MPV] =0, [MMWPU} :gVaPM _g/MTPVv (1)

[M;un Mpo] = gquup + gupMua - gupMua - gVO’MMP7 (2)

where goo = =911 = —922 = —g33 = —gaa =1, g =0, if p F# v.
In this paper, we consider the following representation [36] of the
Lie algebra of the group P(1,4) :

0 0 0 0
Php=—, PP=———, P=——— P3=-——-— 3
0 31‘0 ) 1 63’31 ) 2 3z2 ) 3 8:03 ) ( )
9 _
P, = 3 M,, =z,P, —x,P,, v4=u. (4)
In the following, we will use the next bases elements:

G = Moy, Ly= Mz, Ly=-—Myg, L3= DM, (5)

Pa :Ma4_MOa7 Ca :Ma4+M0av (a: 17273)u (6)

1 1
Xo=5(Ro=Py), Xp=P(k=123), Xy=(R+P). (7)

Nonconjugate subalgebras of the Lie algebra of the group P(1,4)
have been described in the papers [37-39].

The Lie algebra of the extended Galilei group G (1,3) is generated
by the following bases elements:

L17 L27 L37 P17 P27 P37 XOa le X27 X37 X4- (8)
The classification of all nonconjugate subalgebras of the Lie algebra
of the group P(1,4) of dimensions < 3 was performed in [40].
3. On Symmetry Reduction of the
(1 + 3)-Dimensional Inhomogeneous

Monge-Ampere Equation to the
First-Order ODEs

In this section, we consider equation of the form:

det (up) = A(1 —u,u”)®, A#£0,
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where u = u(x), = = (zg,z1,%2,73) € M(1,3),
J— 82u v __ rvo — 8u

= Ox,0z,’ =g ey ta = Oz’

9w = (1,-1,-1,-1)6,, p,v,aa=0,1,2,3.

Here, M(1, 3) is a four-dimensional Minkowski space.

In 1983, Fushchich and Serov [36] studied symmetry properties and
constructed some classes of exact solutions for the multidimensional
Monge—-Ampere equation. From this work, it follows that the equation
under investigation is invariant with respect to the group P(1,4).

In order to perform symmetry reduction as well as to construc-
t classes of independent invariant solutions for the equation under
consideration, we used the structural properties of three-dimensional
nonconjugate subalgebras of the Lie algebra of the group P(1,4) [40].

Below, we present a short review of the results obtained.

3.1. Lie Algebras of the Type 3A4;

Reductions to the first-order linear ODFEs

Taking into account the invariants of 11 subalgebras we constructed
the ansatzes, which reduced the equation under consideration to the
first-order linear ODEs. Below we present some of the results obtained.

L. (P1) @ (P — X3) © (X3) :

Ansatz
2 2 2 2
TH—xf —ut x5 B _
P P p(w), w=x0+u.
Reduced equation
w(w+ 1)’ = 0.

Solutions of the reduced equation
plw)=c, w+1=0, w=0.

Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

2 .2 .2 2
s S 2 =c¢, 20t+u+1=0,
To+u ro+u-+1
onru:O.
2. (P) ® (P2) @ (X3) :
Ansatz

2 2 .2 .2 —
x5 —r] — x5 —uf =pw), w=1xo+u.

Reduced equation

we' —p=0.

Solution of the reduced equation

plw) =cw.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-

Ampere equation

3 — a3 — 2% —u? = c(xo + u).
3. (Ps) & (X1) ® (Xo) :

Ansatz

23— 2% —u? = p(w), w=mz9+u.
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Reduced equation

we' —p =0.

Solution of the reduced equation
p(w) = cw.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

23 — 23 —u? = ¢ (79 + u).

It should be noted that subalgebras (1)-(3) belong to the Lie
algebra of the extended Galilei group G(1,3) C P(1,4).

Reductions to the first-order nonlinear ODEs.

From the invariants of seven subalgebras we constructed the
ansatzes, which reduced the equation under consideration to the first-
order nonlinear ODEs. Below we present the result obtained.

1. (P3—2Xo) @ (X1) @ (Xa) :
Ansatz
1
6(390 +u)® + a3(x0 +u) + 20 — u = (W),
w = (2o + u)? + 4xs.
Reduced equation
16(¢")? —w = 0.
Solution of the reduced equation
plw) = %w3/2 +ec, =+l

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

1
é(xo +u)® +x3(20 +u) + 20 — U

_ ((wo + u)? —|—4x3)3/2 +e¢, e==1.

6
2. (P —2X0) ® (X1) ® (X4) :
Ansatz

(vo +u)? + 423 = (W), w=z2.
Reduced equation

(¢")2+16=0.

Solution of the reduced equation
o(w) = diew + c.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(xo +u)? + 43 = dicxsy +c.

3. (G+aXs,a>0) 0 (X;)d(Xs):
Ansatz
z3 —aln(zg +u) = p(w), w= 33(2J —u?.
Reduced equation
dw(¢)? + dagp’ —1=0.

Solution of the reduced equation

DOLI: 10.4236/am.2020.1111080 1182 Applied Mathematics


https://doi.org/10.4236/am.2020.1111080

V. M. Fedorchuk, V. I. Fedorchuk

Vaoz _
@(w):e\/w+a2+§aln< o tw a) a

— — | — —In(w)+ec
Vo +w+a (@)

2
Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

x3 —aln(zg +u) = e\/23 — u? + a2
/o2 02 a2 —
+;a1n< Toowta a)—aln($2 )+

O_U
3 —u?+a? 4« 2

4. (L3) ® (Ps + C3) © (Xo + Xa) :
Ansatz
(3 + )2 = (), w= (e} + a2
Reduced equation
() +1)p=0.
Solutions of the reduced equation
plw)=iew+e, @w)=0.

Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(22 +u?)? =ig(@? + 232 +¢, w?+a22=0.

5. <L3 + Oz(Xo + X4), o > O> S5 <X3> S5 <X4> :
Ansatz

o+ u+ aarctan —2 = p(w), w=(a+a})2
Z1

Reduced equation

w?(¢')? +a? =0.

Solution of the reduced equation

p(w) =i (aln(w) + ic) .

Solution of the (1 + 3)-dimensional inhomogeneous Monge-

Ampere equation

o T
U = 1€ (5 In(2z? + 23) + ic) — aarctan —= — zg.
Z1

6. (G) ® (X2) & (X1) :
Ansatz
(23 —u)? = p(w), w=uz3
Reduced equation
(@ =1 (e +1)=0.
Solution of the reduced equation
polw)=ew+c, e==l.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(x3 —u?)/? =exz+¢, ==+l
7. (G) @ (L3) ® (X3) :
Ansatz
(25 —u*)'/? = p(w), w=(af+a3)"/>

Reduced equation
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@ =1 (" +1)=0.
Solution of the reduced equation
plw)=ew+c, e==1.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(22 — )2 =@+ 2) /2 +¢, e=+1.

3.2. Lie Algebras of the Type A; & A

Reductions to the first-order nonlinear ODEs

Taking into account the invariants of six subalgebras we construct-
ed the ansatzes, which reduced the equation under consideration to
the first-order nonlinear ODEs. Below we present some of the result
obtained.

1. (—(G+aXs), X4,a>0)a (X1):
Ansatz
29 —aln(zg +u) = p(w), w=2xs.
Reduced equation
(¢)+1=0.
Solution of the reduced equation
plw) = iew + c.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

o — aln(zg + u) = iexs + c.

2. (—(G+aXy), P3a>0)a (Xy):
Ansatz
Ty —aln(zg +u) = p(w), w= (23— —u?)/2
Reduced equation
w (W(@)? + 2a¢’ —w) = 0.
Solutions of the reduced equation

p(w) =ealn (2 (a wita? —|—a2)> — aln(w)

w

—evw?taZte, e==%£1; w=0.

Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

2 (a\/x% — 23 —u?+a? —|—a2)

2 _ 2 _ 42
TH— T3 —U

To = ealn

—%IH(IE%—I%—U2)—6\/£Eg—$§—u2+052

+aln(xg+u)+¢, e==+1; x3—a3—u?=0.

3. <—(G+OZX3), Xy, OL>O>@<L3+ﬂX3, ﬂ>0>:

Ansatz

x3 — aln(xg + u) + B arctan 2o p(w),
€2

w= (o} + a2,
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Reduced equation
W ()2 +w?+p2=0.

Solution of the reduced equation

2 (B + 57+ 5?)
w

p(w) =iefln

—iey/w2+ B2 +c, ==+l

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

x3 —aln(zg + u) + ﬂamctanE

To
2 (BT + a3+ B2+ 2)
—ie/at+ a3+ B2+, ==l

=1ief1n

. <— (G+04X3), X4,O¢>O>EB<L3>:

Ansatz

3 —aln(zg +u) = p(w), w= (234 23)/2
Reduced equation

(¢)2+1=0.

Solution of the reduced equation

plw) =tew+e¢, ==L

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

r3 —aln(zg +u) = ie(@? + 23)/2 +¢, ==+l

. <—G, P3> @ <X1> .

Ansatz

(2 — 2} —u?)? = p(w), w=ws.
Reduced equation

(@ =1 (¢ +1)p=0.

Solutions of the reduced equation
pw)=cwte, pw) =0, ==

Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(22 — 23 —u?)'2 =exg+c, e==41, 23—12—u?=0.

3.3. Lie Algebras of the Type A3,

Reductions to the first-order nonlinear ODFEs

Taking into account the invariants of three nonconjugate subalge-
bras, we constructed the ansatzes, which reduced the equation under
consideration to the first-order nonlinear ODEs. Below we present the
results obtained.
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1. 2uXy, P3—2Xo, X1+ puXs3, p>0):
Ansatz
(2o + u)? + a3 — 4w, = p(w), w = 9.
Reduced equation
(¢)? 4+ 16(u? +1) = 0.
Solution of the reduced equation
o(w) = die\/p2 + lw+¢, ==l

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(2o +u)? + a3 — duwy = die\/p2 + log +¢, €= +1.

2. <2X4, P3 — L3 — 20()(07 X3,0é > 0> :
Ansatz

2ozarctanﬂ —To— U= @(w), w = (x% + x§)1/2.
€2

Reduced equation
w?(¢')? + 4a? = 0.
Solution of the reduced equation
p(w) =2icaln(w) + ¢, &==1.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

x
2ovarctan —- — zg — u = icaln(a? + 22) + ¢, &=+l
€2

3. (—20Xy4, L3+ BXs3, P3—2X,,8>0):
Ansatz
3 arctan % + %(mo +u) 423 =pWw), w= (2?4232
Reduced equation
W) + w? + B2 = 0.

Solution of the reduced equation

2(By/w? + 52+ )
w

p(w) =iefln

—iey/w?2+ B2 +c, ==+l

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

1
B arctan i—l + Z(xo +u)? + a3
2

2(BVaT+ag+ 7+ 8°)
Vi + 3
—ie\/a? + 23+ 2 +c, =+l

=1iel1n
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3.4. Lie Algebras of the Type A;,

Reduction to the first-order nonlinear ODFEs

From the invariants of two nonconjugate subalgebras, we construct-
ed the ansatzes, which reduced the equation under consideration to
the first-order nonlinear ODEs. Below we present the results obtained.

1. 26Xy, P;, G+ aX; + BX3,a>0,8>0):
Ansatz
1 —aln(zg+u) = p(w), w=xs.
Reduced equation
(¢)2+1=0.
Solution of the reduced equation
plw) =tew+e¢, ==L

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

x1 —aln(zg + u) =dexs +¢, &= =£1.

1
2. 20[X4, >\1P3, 7L3+G+3X3,04>07)\1 >0):
)‘1 )\1
Ansatz
In(zo + u) + A arctan o ow), w=(2?+z3)V2

)
Reduced equation

w?(¢')?+ A1 =0.

Solution of the reduced equation

p(w) =ie In(w) +¢, ==l

Solution of the (1 + 3)-dimensional inhomogeneous Monge-

Ampere equation

A
In(zo + u) + Ap arctan . z}s?l In(z? +23) +c, e==+1.
X2

3.5. Lie Algebras of the Type A3

Reductions to the first-order nonlinear ODEs

Taking into account the invariants of two nonconjugate subalgebras,
we constructed the ansatzes, which reduced the equation under con-
sideration to the first-order nonlinear ODEs. Below we present the
results obtained.

1. (P3, X4, G+aXi,a>0):
Ansatz
x1 —aln(zg + u) = p(w), w=xs.
Reduced equation
(@) +1=0.
Solution of the reduced equation
plw) =tew+e¢, ==L

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

x1 —aln(zg +u) =dexs + ¢, ==+l
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1
2. ( P3, X4, —
< 3 4 )\1

Ansatz

L3+G,)\1>0>2

111(96’0 + u) + A1 arctan 1 = Sﬁ(w), w = (xf + 15)1/2.
1)

Reduced equation

w?(¢')2 + A = 0.

Solution of the reduced equation

p(w) =ie In(w) +¢, €==l1.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-

Ampere equation

A
In(zo + u) + A; arctan L = is?1 In(z? +23) +¢, ==+l
L2

3.6. Lie Algebras of the Type A3,

Reductions to the first-order linear ODEs

Taking into account the invariants of four nonconjugate subalge-
bras, we constructed the ansatzes, which reduced the equation under
consideration to the first-order linear ODEs. Below we present some
of the results obtained.

1. (X1, —Xo, P3— L3):
Ansatz
23— 2% —u? = p(w), w=mx¢+u.
Reduced equation
we' —p=0.
Solution of the reduced equation
p(w) = cw.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

23 — 23 —u? = ¢ (20 + u).

2. <P1, — Py, 7(L3+OZX3),O£ > 0> :

Ansatz

2 .2 .2 .2 —
x5 —ry — x5 —uf =pw), w=1xo+u.

Reduced equation

we' —p=0.
Solution of the reduced equation

o(w) = cw.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

3 — 2% — 2% —u? = c(xo + u).

It should be noted that subalgebras (1) and (2) belong to the Lie
algebra of the extended Galilei group 5’(1, 3) C P(1,4).
Reductions to the first-order nonlinear ODFEs

From the invariants of eight subalgebras we constructed the ansa-
tzes, which reduced the equation under consideration to the first-order

nonlinear ODEs. Below we present the results obtained.
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1. (X1, X2, P3— L3 —2aXo,a > 0):
Ansatz
(w0 +u)? + 6aws(zo + u) +60°(rg — u) = p(w),
w = (zo +u)? + daxs.
Reduced equation
4(¢")? — 9w = 0.
Solution of the reduced equation
pw) =ew? +¢, =41

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(o + u)? + 6azs(zo + u) + 6a%(zo — u)

/

=e((zo +u)*+ 4ax3)3 ‘e e=41

2. <X17 —Xo, —L3 — % (P3s+C5) — a(Xo + X4),a > O> :
Ansatz
a arctan % —20 = p(w), w=(z3+u?)2
Reduced equation
w (w(¢)? = w? +a?) = 0.
Solutions of the reduced equation

2(iavw? — a? — «

w

p(w) = tealn (
+1;

2
)> —evw?r—a?+c¢, &=

w=0.

Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

T3
aarctan — — zg = /7% + u? — o2
u
, 2(iay/z3 +u? —a? — o?
—zEaln( ( 3 )

)—i—c, € =41,
23 +u? =0.

A
3. <X1, XQ, L3+71(P3+03)+CV(X0+X4)7 Ol>0,

0< A <1):

Ansatz

o arctan %’ —\irg = p(w), w= (J;% + u2)1/2.
Reduced equation

w (W (¢')? = Nw? +a?) = 0.

Solutions of the reduced equation

p(w) = iealn (20& VAw? —a? - 0‘2)>

W

—e/Nw?2—a2+e¢, e==41; w=0.
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Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

T
aarctan — — A\jzo = ey/ A2 (22 + u?) — a?
u

oo [ VNS ) — 02 —a?) ) c,
Vs +u?
e=+1, z3+u®=0.
4. <‘Xv17 XQ, Ls +)\1G+O[X3,0[ > 0,)\1 > 0> :

Ansatz

Mz —aln(zg +u) = p(w), w= (23 —u?)!/2

Reduced equation
w (w(¢')? + 200" — Aw) = 0.

Solutions of the reduced equation

p(w) =ealn (2(a Aw? Fata )> — aln(w)

w

—e/Nw?+at4e, e==41, w=0.

Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

Mr3 — aln(zg +u) = e/ A3 (22 — u?) + a2
GO ) 72
_mln<2<aw1<xo W)+ +a ))

x3 — u?
—%ln(x%—uQ)—l—c, e==41, z3—-u*=0.
5. <)(17 —XQ, — (Lg + an) , 00 > 0> :
Ansatz

u=pw), w= .

Reduced equation

@+ -1)=0.

Solution of the reduced equation
pw)=ew+ec¢, e==1.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

u=cxg+c ==Ll

1
6. <Xv17 Xo, L3+2(P3+03)>:

Ansatz

(22 +u?)'/? = p(w), w =0
Reduced equation

@+ =1)e=0

Solutions of the reduced equation
plw)=cew+c, pw)=0, e ==+1.

Solutions of the (143)-dimensional inhomogeneous Monge-
Ampere equation

(22 +u>)'/? =cxo4c, 23+uP=0, &=+l
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A
7. <—X1, Xo, —L3 — %(Pg +C5),0< A1 < 1> :

Ansatz

(a3 +u2)/2 = p(w), w = ap.

Reduced equation

@+ (-1 p=0.

Solutions of the reduced equation

pw)=ew+e pw)=0, ==l

Solutions of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(22 +u?)'/? =cxo+c, 23+uP=0, ==+l

8. <—X1, Xg, —(L3—|—)\1G),)\1 > 0> :

Ansatz

(2§ —u*)/? = p(w), w=us.

Reduced equation

@+ -1 =0

Solution of the reduced equation

plw)=cew+c, e ==+1.

Solution of the (1 + 3)-dimensional inhomogeneous Monge-
Ampere equation

(22 —u>)'/? =cxs+¢, =+l

4. Conclusions

We study the relationship between the structural properties of the low-
dimensional (dimL < 3) nonconjugate subalgebras of the same rank
of the Lie algebra of the Poincaré group P(1,4) and the properties
of the reduced equations for the (1 + 3)-dimensional inhomogeneous
Monge-Ampere equation.

At the present time, the connection has been investigated between
the structural properties of three-dimensional nonconjugate subalge-
bras of the Lie algebra of the group P(1,4) and the results of symmetry
reduction for the (1 + 3)-dimensional inhomogeneous Monge-Ampere
equation. We obtained different types of the reduced equations.

In this paper, we presented a short review of our results concern-
ing the relationship between the structural properties of the three-
dimensional nonconjugate subalgebras of the Lie algebra of the group
P(1,4) and reductions of the (1 + 3)-dimensional inhomogeneous
Monge-Ampere equation to the first-order ODEs.

It is known [40] that the Lie algebra of the group P(1,4) contain-
s three-dimensional nonconjugate subalgebras of the following types:
3A1, A2 @ Ax, Az, Az, Az, Aza, Az, AS 7, Ass, Asg.

From the results obtained it follows that

—the reductions to the first-order linear ODEs can be obtained
using some subalgebras of the following types: 341, Aszg.

—the reductions to the first-order nonlinear ODEs can be obtained
using some subalgebras of the following types: 3A4;, Ay @ Ay, As 1,
A3,27 A3,37 A3,6'

The future work based on our current study will be devoted to
the classification of symmetry reductions of the (1 + 3)-dimensional
inhomogeneous Monge-Ampeére equation to algebraic equations. Some
classes of the invariant solutions will also be constructed.
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