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Abstract

The purpose of this paper is to present a general universal formula for
k-variate survival functions for arbitrary k = 2, 3, -, given all the univariate
marginal survival functions. This universal form of &-variate probability dis-
tributions was obtained by means of “dependence functions” named “joiners”
in the text. These joiners determine all the involved stochastic dependencies
between the underlying random variables. However, in order that the pre-
sented formula (the form) represents a legitimate survival function, some
necessary and sufficient conditions for the joiners had to be found. Basically,
finding those conditions is the main task of this paper. This task was success-
fully performed for the case & = 2 and the main results for the case k= 3 were
formulated as Theorem 1 and Theorem 2 in Section 4. Nevertheless, the hy-
pothetical conditions valid for the general & > 4 case were also formulated in
Section 3 as the (very convincing) Hypothesis. As for the sufficient conditions
for both the k= 3 and k = 4 cases, the full generality was not achieved since
two restrictions were imposed. Firstly, we limited ourselves to the, defined in
the text, “continuous cases” (when the corresponding joint density exists and
is continuous), and secondly we consider positive stochastic dependencies
only. Nevertheless, the class of the k-variate distributions which can be con-
structed is very wide. The presented method of construction by means of
joiners can be considered competitive to the copula methodology. As it is
suggested in the paper the possibility of building a common theory of both
copulae and joiners is quite possible, and the joiners may play the role of tools
within the theory of copulae, and vice versa copulae may, for example, be
used for finding proper joiners. Another independent feature of the joiners
methodology is the possibility of constructing many new stochastic processes
including stationary and Markovian.
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1. Introduction

This work includes a continuation of our previous papers [1] [2] [3] and [4] on
analysis and construction methods of multivariate survival functions, given their
univariate marginals.

This subject was widely developed in the literature since the late 1950s and 60s
(for example, see [5] [6] [7] [8] [9]) until nowadays. Many methods of construc-
tion of bivariate and multivariate probability distributions were developed more
recently, only to mention the conditionally determined bivariate and multivari-
ate distributions in [10] [11] [12]. Some similar but different methods of con-
structing models, under the name “parameter dependence method”, can be
found in [13] [14]. As it turned out many of the multivariate distributions ob-
tained by that method can also be obtained by the “method of triangular trans-
formations” (especially by pseudoaffine and pseudopower transformations), see
for example [15].

Many other options for construction one can be found in the references of [7].

The approach that is developed here and in [1] [2] [3] has its origin [4] in the
model which is the Aalen version [16] of the famous Cox model [17] for sto-
chastic dependence.

However, as a result of further development we finally were able to formulate
(here and in [1] [2] [3]) a version of an emerging theory independent of its
Aalen origin.

Thus, in our approach, as presented here and in [1] [2] [3], both the construc-
tion and the universal characterization of multivariate models rely on incorpo-
rating the so called “joiners”. These joiners we propose to name “Aalen factors”
(but we will use the name “joiner” for short). They are the functions which fully
determine all underlying stochastic dependencies between the considered ran-
dom variables.

As a result, the so obtained A-variate survival functions gain a nice factored

form
P(Xl > X Ky >Xk):Jl,m,k(Xi""'xk—llxk)sl(xi)sz(xz)“'sk(Xk)’

where S,(%),S,(X,),--~,S,(X,) represent all the, given in advance, univariate
marginal survival functions and the “dependence factor” J, (Xl,m, X1 Xk)
is the joiner. Clearly, the case, where J; (Xl,-u,xk_l,xk)zl everywhere, is
equivalent to stochastic independence.

Now, the task of the construction of any k-variate probability distribution can
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simply be formulated as follows: given all the univariate marginal distributions,
represented by the survival functions S,(X),S,(X,), ;S (X,), finda proper
joiner J;.., (X, % 4, % ) so that the product

Jix (Xl,---,kal,Xk)Sl(Xl)S2 (XZ)---Sk (Xk) is a valid k-variate survival func-
tion.

This task formulation, in terms of the survival functions, resembles the task of
finding a proper copula for given univariate cdfs, say, F (Xl), F, (X2 ) TN o (Xk )
in order to obtain a k-variate cdf. as a stochastic model for some investigated re-
ality (i.e., “outside of mathematics”) represented by a given set of data.

It becomes then clear that, given, “essentially the same” input data,
F (%), F (X)), F (X ) the “method of joiners” stands as an alternative (and
competitive [18]) method to the copula methodology.

On the other hand, as we point out in Section 2, there is a possibility to for-
mulate a common general theory of both copula and joiner representations of
bivariate and, possibly, also &variate (k= 3) probability distributions.

This possibility follows from the fact that both representations (by copulas
and by joiners) are equivalent as describing the same probability distribution.
Therefore, any copula uniquely determines a corresponding joiner, and any
joiner uniquely determines a copula. This fact indicates the way to find more
copulas through joiners, as well as more joiners that correspond to known cop-
ulas. Moreover, the method of joiners may, likely, be used to develop more cop-
ulas theory for higher dimensions.

These remarks only signalize the possibility of such a common theory. We in-
tend to develop this in more detail in the nearest future.

At the moment, we rather concentrate on the joiner representation and the
joiner based methods of models construction.

In the next section we provide a short introduction to the joiners’ theory by
providing a slightly different (as compared with our previous works) formula-
tion of bivariate case. This case is fundamental to our considerations in sections
3 and 4 since for the k-variate (k> 3) survival functions we restrict our attention
to “bi-dependence” only, which means only bivariate joiners may be different
than 1 (see, [2]). This restriction dramatically simplifies theory of k-variate dis-
tributions as compared with the general theory (for arbitrary %) developed in [2].

In Section 3 we provide only a general scheme of k-variate distributions’ ana-
lytical form (for arbitrary &) under the bi-dependence assumption.

As for the k-variate distribution for which the joiner (in this case the joineris
reduced to aproduct of bivariate joiners that correspond to all, or to some only,
bivariate marginals) must fit the given & univariate marginals, we only formulate
the main result as Hypothesis.

Even though the Hypothesis is very convincing, we were not able to provide a
formal proof. The arguments, which made us strongly believe it holds, mostly
(but not exclusively) follow from the fact that the same pattern as we presume
holds for an arbitrary & holds for the cases k=2 and &= 3.
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As mentioned, the (hypothetical) conclusion, extending these two cases to all
k, is not only based on that analogy, but also on the naturalness of the assertion.
The case & = 3 is the subject of Section 4. The main thesis about the
3-dimensional model is formulated and proven there in two theorems.

The general case, ie., kvariate distribution for any k =1,2,--- , actually de-
fines an infinite sequence of random variables X, X,,---, X,,--- which, as it is
pointed out at end of Section 3, satisfies the Kolmogorov consistency condition.
So, we actually defined a class of discrete time (now, k& represents “time”) sto-
chastic processes with a variety of interesting special cases.

Clearly, such processes need not to be very complicated if we assume that
most of the bivariate joiners reduce to 1. Based on such possibility we may con-
struct m-Markovian processes for m=1,2,--- (they are Markovian if m = 1).
Also by adopting natural assumptions we may gain stationarity of some con-
structed stochastic processes. It is an exciting possibility that having only one
bivariate distribution of any neighboring random variables, say X, ;, X,, we
may easily construct both stationary and Markovian stochastic processes.

This subject is only touched upon in Section 3, but is out of scope of this work.

At the end of this Introduction we must notice that, according to our common
assumption that every joiner is not bigger than 1 (ie, its corresponding repre-
sentation, by the defined throughout the text function ¥(, ), is nonnegative)
we limited ourselves, to positive stochastic dependencies. Extension to models
also comprising negative dependencies is quite possible, but requires a more

complex theory.

2. The Bivariate Case

Before constructing new classes of multivariate and, especially, tri-variate sur-
vival functions, in this section we repeat and slightly modify the bivariate cases
which involve their bivariate universal forms, referring for more details to our
previous papers [1] [3] [4].

Thus, according to those papers, any bivariate survival function
S(X.%)=P(X;>¥%,X,>X,) of an arbitrary random vector (X,;,X,) can
be represented as:

S (%% )=5(%)S, (%) I (X, %) » (1)

where S,(X,),S,(X,) are the marginal functions of S(X,X,) and the func-
tion J (Xl, Xz) , that was called the joiner, determines all the stochastic depend-
ence between the random variables X, X, .

As it was argued in [3], form (1) is universal in the sense that every bivariate
survival function has the unique representation (1).

Unlike papers [2] [3] in this work we restrict our attention to the so called
“continuous” case [1] which means we adopt the assumption that both hazard
rates of the marginals S,(%,),S,(X,),say 4 (%), (X,), do exist and are con-
tinuous.

Moreover, we assume that for any considered joiner J(Xi,Xz) there is
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unique representation by the continuous function ¥(X,X,) such that:
X Xo
J(xi,xz):exp[—jj‘if(t,u)dtdu} )
00

The above assumptions allow us to represent the bivariate survival function (1)
in the following exponential form:

X X

S (X%, %)= exp{—x._[lil(t)dt—_([ _([ W (t,u)dtdu —Xflz (u)du} (3)

The problem that occurs at this stage is to find an answer to the following
question [2]:

Given are a fixed, but arbitrary, pair of marginals S,(X,),S,(X,) represented
by the corresponding continuous hazard rates 4, (Xl),/12 (X2 ) What conditions
must be satisfied by any continuous function of two nonnegative real variables,
say G(X,X,), so that the product S;(%)S,(X,)G(%,X,) is a legitimate sur-
vival function, Ze, G(X,X,)=J(%,X,) for a proper joiner J(X,X,) associ-
ated with 4 (%), 4, (%,).

Necessary conditions, for G(X,X,)=J(X,X,), where J(X,X,) isa proper

joiner, are that

G(Xl,O)zl,foreach X, and G(O,Xz)zl for each x,, (4)

and consequently G(0,0)=1, see [1] or [4].
Condition (4) is, however, not sufficient.

Assuming there is an exponential representation of G(X;,X, )
X X
G(x, %)= exp{—j j ®(t, u)dtdu},
00

where ®(t,u) is a continuous function satisfying (4), equality (3) may be re-

written into the form

X Xp

R(X, %)= exp{—f 2 (t)dt —j j @ (t,u)dtdu — JZ 2 (u)du} (5)
0 00 0

The question whether, for the marginals given by the hazard rates 4,(X,),
ﬂ?(xz) , the function R(Xl,XZ) is a legitimate bivariate survival function (in
symbols, whether R(X,X,)=S(X,X,)) reduces to the question whether
CD('[,U) determines a proper joiner, Ze., whether d)(t,u) = ‘P(t,u) , where the
function W (t,u) determinesa proper joiner J(X,X,) by (2).

Suppose the function G (Xi, Xz) satisfies the necessary conditions (4).

Now, the sufficient condition for ®(t,u)="¥(t,u) (for some proper func-
tion ‘P(t,u), given by (2) is equivalent to the requirement that the second
mixed derivatives 0° / o%0X, and o / %,0% of R(X,,X,), as given by (5), are
equal to each other and are nonnegative for all x,, X,.

Obviously they do exist and are continues by the earlier assumed continuity of
the functions 4 (t), 4,(u) and ¥(tu).

DOI: 10.4236/am.2020.117046

682 Applied Mathematics


https://doi.org/10.4236/am.2020.117046

J. K. Filus, L. Z. Filus

The nonnegativity requirement for 6 /6X16X2 R(X,X,) is equivalent to the
simple common fact that the joint density of any random vector (X, X, ), if it
exists, must be nonnegative.

As it follows from the form of (3), other properties, characterizing that densi-
ty’s antiderivative (the cdf.) are satisfied automatically.

Thus, to obtain the sufficient condition for R(X;,X,)=S(X,X,) itis enough

to set
0 [ox,0%, R(%,,%,) 20, (6)

where R(X,X,) is given by (5).

After calculating the second mixed derivative from (5), then simplifying un-
derlying expressions and setting expressions with negative signs to the right-hand
side of the inequality, one obtains (6) in the form of the following integral ine-
quality:

X

X2 q
Al(x1)+jd>(x1,u)du -AQ(XZ)+’.j'CD(t,xz)dtZCD(xi,xz) (7)
0 0

Now, the task of finding the bivariate distribution, given the marginals as rep-
resented by the hazard rates Ai(xl) , Ay (Xz) , reduces to solving integral ine-
quality (7) with respect to the only unknown function ®(X,X,). This means,
any solution ®(X;,X, ) =¥ (x,X%,) of (7) is functionally dependent on the
marginal distributions S,(X,), S,(X,), here represented by 4, (%), 4,(X,).
So, in the continuous case, the set of all the solutions ® (X, Xz) of (7) uniquely
determines the set of all bivariate distributions having the same fixed marginals.
All the functions ®(X;,X, ), satisfying conditions (4) and (7), will be denoted by
the symbol W(X,,X,). So that whenever writing ¥(X,,X,) we will mean the
function representing a proper joiner and the corresponding, by (3), function
denoted by “S(X,,X, ) ” will be treated as a legitimate bivariate survival function.

In the case CD(Xl, Xz) >0, forall x,X,, (positive stochastic dependence case)
if the inequality:

ﬂ1()(1)}%(Xz)zq)(xl’xz) (8)

holds then (7) holds too.

Thus, the conditions ®(X,X,)>0 and (8) are sufficient conditions for
CD(Xl, Xz) = ‘P(Xl, X, ) , where ‘P(Xi, Xz) determines a proper bivariate survival
function S(X,%,) by (3).

Notice, however, that condition (8) is not a necessary condition.

Nevertheless, any solution of (8) is a solution of (7) and is very easy to find.

The simplest set of such solutions obviously is given by
W (X, %, )=a4 (%), (X,), where for the constant parameter a (to be statisti-
cally estimated) we require 0<a<1.

One then obtains as a special case of (3) the following model:

S(%, %, ) =exp —]jﬂi(t)dt—{';ij.!jﬂ&(t)/i2 (u)dtdu —x.fﬁz (u)du 9)
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Model (9), which is somehow related to the first Gumbel bivariate exponential
[6], is the most natural (and, possibly, kind of “canonical”) solution to the prob-
lem of finding the joint distribution of random variables X, X,, given the mar-
gins represented by the hazard rates.

We expect many applications of this model according to the common opinion
that the simplest (“but not yet simpler”) models mostly are the best reflections of
modeled realities.

Model (9) can be generalized to the following one:

X Xz

S(xl,xz):exp{—zﬂj(t)dt—ac(xl,xz)}[‘lﬂl(t)ﬂ?(u)dtdu—lgﬂz(u)du:l (10)

where an additional factor of the middle term in the exponent of(10) is any con-
tinuous function C(X,,X,) satisfying: 0<c(x,X,)<1 for all nonnegative x,,
X, . Moreover, again 0<a<l.

In particular, we propose the following natural model, with
C(X, %, ) = exp[-rxX, ]:

X X

S(%,%, )= exp{—xjﬂi(t)dt—aexp[—yxlxz]J; ! ()2, (u)dtdu —Xfﬂ? (u)du} (11)

where the constant real parameter y (to be estimated) satisfies » >0.

The theory of joiner representations (as developed in this work and in [1] [2]
[3] [4]) is competitive [18] to the theory of copulas [9].

However, it can be shown that the two theories are equivalent in the sense that
there is a one-to-one relationship between joiners and copulas, at least in the bi-
variate case. Thus, having a joiner one immediately obtains the corresponding
unique copula and vice versa. As it is well-known, every copula is “good” to any
pair of marginal distributions, but, as follows from (7), not every “joiner” fits the
marginals given by hazard rates 4, (X ),4, (X, ). On the other hand substituting
into any copula the given marginals, one obtains back (through that copula) the
joiner that fits the substituted marginals. Thus, in such a way, one can obtain all
the proper joiners through all the copulas that are known.

It is important to notice that, in applications to practical problems, it is easier
to find a joiner that reflects a modeled reality than a proper copula (That “easi-
ness” in finding a proper joiner follows from the fact that the models involving
joiners are closely related to the Aalen [16] version of the Cox [17] model for
stochastic dependencies.).

On the other hand, such a proper joiner determines the corresponding copula.
This facilitates the choice of proper copula. In that sense the joiner approach
may be considered as an enrichment of the copula methodology. This subject of
a possible common theory of copulas and joiners will be included in our next

publication which is now in preparation.

3. A Class of k-Variate Survival Functions

Before starting a more detailed analysis of tri-variate survival functions, which is
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our main goal, we first introduce a simplified version of k-variate survival func-
tions for any 4> 3. This version turns out to be a special case of the most general
k-variate model presented by formula (1) in [2].

The model here presented is much simpler as it only describes the “pairwise
stochastic dependence” which was defined in [2]. According to the terminology
in [2] such distributions are “three-independent”.

As it will be seen, this simplified case still preserves a significant amount of
generality.

Consider the following simplified formula for a k-variate survival function of

the random vector (X, X, ):
S(Xy % ) = P(Xy > X0, Xy > %)
=I5k (K X %) 81 (%) S5 (%) S (%)
As mentioned, this formula may be considered as a special case of formula (1)

in [2].

Now, however, as we assume pairwise dependence only, the joiner in (12)

(12)

reduces to the following product of bivariate joiners:

‘]lji»‘-.k(xl""'xk): H ‘]i,j(xi'Xj)' (13)

1si< =k
Comparing (13) to the joiner as present in formula (3) of [2], one sees that (13)
is obtainable from the most general case considered in [2] by setting to 1 all the
joiners which are not bivariate.
Resuming, formula (12) can be rewritten as:

S(Xi""’xk):{ I1 ‘Ji,j(Xi’xj)}Sl(xl)SZ(XZ)'“Sk(Xk)' (14)

1<j<j<k

where any single bivariate joiner J; ; (Xi , Xj) is assumed to fit well to the cor-
responding two marginal survival functions S; (X ),S i (X j) so that the prod-
ucts J; ; (Xi X )Si (x)S i (X j) are legitimate bivariate survival functions of the
(marginal) random vectors (Xi X )

Upon the conditions J,,(0,%)=J,,(%,0)=1 for all r,I (1<r<l<k)
realize that by substituting X, =X, =0 for all X, and X different from any
member of the fixed pair {Xi , X j} one obtains from (14), as the bivariate mar-
ginal, the (well defined) survival function:

S (%% ) =35 (% %) S (%)S; (x;)- (15)

In the continuous case this means that all the khazard rates 4 (X ), -+, 4 (%, )
do exist and are continuous, and every bivariate joiner J; ; (Xi /X ) has a unique
representation by a continuous function, say ‘¥, ; (Xi o X ) , so that

% Xj

Ji,j(xi,xj)zexp[—fJ"Pi,j(ui,uj)duiduj]. (16)
00

Naturally, for all pairs of hazard rates 4, (Xi ),/11- (X j) the corresponding func-

tions ¥, ; (Xi /X ) are chosen in such a way that, for 1<i< j <1, the following
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inequalities:

s o o 4 ) o oo [, ). 02

hold for all x;,X;, given any fixed pair of indexes %, /.
Inequalities (17) have the same structure as inequality (7).
With the above continuity assumptions, formula (14) can be rewritten in the

following exponential form:

S(X17""Xk)
X X %i X (18)
=exp{—jﬂl(t)dt—---—jik(tk)dtk - J‘.f‘{’i'j(ui,uj)duiduj}

Notice that if we again substitute into (18) x, =X =0 for all X, and X
different from any member of the fixed pair {X, , XJ} we obtain (15) in expo-
nential form:

% Xj

s (x,x, )= exp{ J'/l dt—”‘l’ (ui,uj)duiduj]—Iij(uj)duj (19)

which upon condition (17) is a well-defined bivariate survival function.

Remark

It’s easy to find out that if we set in (18) any kK—r (1<r <Kk) variables
(among all the variables X,---,X, ) to 0, we obtain the r-dimensional marginal
survival function of the remaining random variables, say X,:--, X;, which,
syntactically, has an identical form as the k-dimensional survival function (18).
This observation implies the following:

1) Since the pattern given by (18) is valid for every k=2,3,--- we, in fact,
defined (at least theoretically) an infinite sequence of probability distributions.

2) The above observation on r-dimensional marginals of every &-dimensional

distribution, (for each r=12,---,k—1) clearly indicates that for the underlying

sequence of random variables X,,---, X,,--- (k=12,---) the Kolmogorov and
Daniels consistency requirement is satisfied in this case. Therefore a fairly wide
class of stochastic processes { X, }k:1 ,... with discrete “time” & is defined.

3) These stochastic processes will be significantly simplified to Markovian if
we set all the joiners J; (XI VX ) in (14) (not necessarily in the continuous case)
to 1 or (in the continuous case) all the functions ‘¥, ; (ui WU ) in (18) to 0 for all
pairs (i, j) such that j—i>1. Recall, we only considered situations where
i<j.

Thus, under the foregoing assumption, only the “adjacent” random variables,
say X,,, X, are dependent, while, for example, variables X, ,, X; for any
i suchthat i—-2>1 areindependent.

If, however, we additionally let the joiners J;_, ; (X_,. |) be # 1, but all the
joiners J;_ q,(x a0 ,) 1 for g=3, then we obtain the “bi-Markovian” sto-
chastic process in the sense that the probability distribution of any X, only
depends on realizations of the random variables X; ; and X, while it is in-
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dependent of any realization of random variables “earlier” than X, ,.

Quite similarly to bi-Markovian, one can define m-Markovian stochastic pro-
cesses for m=12,---, so that the probability distribution of any X; (i > m)
depends only on realizations of the random variables X, ., X, ..;,---, X,_;, but
does not depend on realizations of any of the random variables X, X,,--, X, ;.

In the latter case it is enough to set all the joiners J; (XS , Xi) to 1, for
s=12,---,i-m-1.

Of course, in applications, the choice of joiner (Ze., which one was to be set to
1 ) depends on the character of a modeled reality. Anyway, there is no need al-
ways to rely on Markovian (i1 = 1) processes.

4) Suppose, for the defined above Markovian (m = 1) stochastic processes, we

assume that all the underlying hazard rates have the same functional form, ie.,
],(u):j_l(u)z,lz(u)z...zﬂk(u):....

Also assume one functional form J;;(u,t)=1J(u,t) for all the bivariate
joiners present in defining formula (14).

Then the so defined Markovian (as well as any m-Markovian) process will be
stationary, and all we need to analyze and for any further computations regard-
ing the whole so encountered process, it is enough to know one bivariate surviv-
al function, say

X Xit % X
S(Xi_1,% ) =exp —j A(t)dt— j j‘P(t,u)dtdu—jl(u)du , (20)
0 00 0
forall i=2,3,--.
In more general cases (not necessarily “continuous”) one may consider, in-

stead, the survival function in the form:
S (%1% ) =S (%.1)S(%)J (X, %) forall i=12,-.

5) As one can realize, an interesting new theory of both random vectors and
stochastic processes emerges. This is, however, not in the scope of this work and
we postpone that subject for future research. [

As for (19) we already know that if [for all pairs (Xi /X ) ] given the marginals
A (%), A (XJ— ) the corresponding functions J, ; (Xi X ) satisfy the condi-
tions J; ; (O, X; ) =J;; (x,0)=1 uniformly for all nonnegative X, X;, and if
they also satisfy inequality (17) with respect to their representations
Y (Xi VX ), then (19) represents all the valid marginal bivariate survival func-
tions.

Unfortunately, in the general k-variate case (k= 4) we do not know yet suffi-
cient conditions for all the functions ‘¥, (ui,u j) that are present in (18) so
that, given the marginals represented by 4 (X ),--*,4 (X ), (18) represents a
valid &-variate survival function for k =4,5,---.

Nevertheless, we have reasons to propose the following hypothesis which, un-
fortunately, at the moment, we are not able to prove rigorously.

In the general k-variate case an eventual rigorous proof would, possibly, re-
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quire to establish some common pattern that would comprise the &' mixed de-
rivative 0" / OX,-+-0X, from the right-hand side of (18).

Such a pattern should be valid for any k =3,4,---, and it is more than finding
the &* derivative for any particular relatively small &

As for the hypothesis we presume what follows:

Hypothesis: For any given univariate marginals of a random vector
(X;,-++,X,) represented by the hazard rates 4 (X ),-,4 (X,) consider the
following expression:

X

exp —I%(H)dh—-“—! A (t)d — 3 .,H‘P( Uj)dudu; | 1)

I<i<j<k

where for any pair of indexes 4 jsuch that 1<i< j<k the continuous func-
tions W (ui,uj) satisfy

OS‘PH(ui,uj)sﬂi(ui)ﬂj(uj). (22)
Moreover, let the nonnegative real constants C; satisty:
> ¢ <L (23)
1<i<j<k

Then expression (21) represents a valid 4&~dimensional survival function of
(Xl,-n,Xk). O
If the above hypothesis holds, then from (22) one obtains the following spe-

cific k-variate model:

S(,0e%)

X X % Xj (24)
:exp{—jﬂl(n)dtl—---—M(tk)dt

c”“)',q,l (u)2; (u; ) dugdu,

where the nonnegative constants ¢; satisfy (23).

I<i<j<k

Model (24) is an extension of the similar bivariate model (9) as well as the
tri-variate model (26) given in the next section.

If the Hypothesis holds, then we also can generalize (24) to the following:

S(x1,~~~,xk)=exp{—f[lﬂl(tl)dtl—---—xfﬂk(tk)dt

o (25)
- X cijaij( i J)H (“j)d“id”j
I<i<j<k 00
for any set of continuous functions 3; (X X ) all satisfying 0<a, ( i1 X ) <1.

ex [ b; X,XJ] with a given set of

X;

For example, one may choose &; (X J)

real nonnegative constants [bij

However, if the hypothesis holds, model (24) seems to be the most natural in

the class of &~-dimensional survival functions in the continuous case. We expect
many applications of (24) in multivariate survival analysis.

Although we do not have at our disposal a formal proof of the considered

Hypothesis, an argument that may support it is that it holds, in particular, for &
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= 2 (Section 2) and for &k = 3 (next section). So the truthfulness of the hypothesis
(for all %) is (unfortunately) based solely on that analogy. Nonetheless, we are
strongly convinced it holds in all cases &> 2. In a case of occurrence an essential
difficulty in finding a formal proof for dimensions higher than 3, in applications
(only), some statistical arguments for the cases k =4,5,--- may possibly be ap-
plied. Another way out might be the use of CAS (Computer Algebra Systems)
such as MAPLE or MATEMATICA for underlying computations.

In the case when possessing a k-variate “model” (k = 4) such as (21) is espe-
cially important for a given practical purpose one might, eventually, take a
(slight) risk and adopt some model (21) together with condition (23), and then
try to verify it statistically. This approach may turn out to be useful, at least from
a practical point of view. However, such “purely statistical” arguments would

not be equivalent to a proper analytical (mathematical) proof.

4. 3-Variate Survival Functions. A Closer Look

4.1. The Continuous “Canonical” Case

Consider the following 3-dimensional version of (24):

S (%1 %p0 %)
= exp| [ Ay (4)lt, ~ [ 2, (&), — [ 4, (&)t~ | [ 4 ()2 (u,)dudu, (26)

_013.([ _(.)-/11 (ul)ﬂ’& (u3)du1du3 —Cx _([ !ﬁz (uz)ﬂs (U3)du2du3

where we assume that all three continuous hazard rates 4 (), 4, (X, ), 4 (X;)
are never zero. This assumption may, possibly, be weakened. We adopt it only
for simplification of our calculations.

The question now to be answered is, for which hazard rates and for which
values of the constant parameters C,,,C;,C,; does expression (26) represent a
valid 3-variate survival function.

The answer to this question, together with proper restrictions, we formulate as
the following:

Theorem 1. Given is a random vector (X, X,,X;) whose univariate mar-
ginal survival functions are represented by any given continuous hazard rates
2 (%), 4 (%), 4 (%) » which never are zero.

The function S(Xi, X2,X3) defined by formula (26) is a valid joint survival
function of the random vector (X;,X,, X, ), if the nonnegative coefficients o
(1<i< j<3)in (26) satisfy: C, +C;+Cy <1.

Proof

First realize, that all of the three implicitly present in (26) candidates
G; (X- X; ) for the joiners are in the form

i N

i X

Gy (%% ) =exp| -, | jﬂﬁ(”i)ﬂj(uj)duidui @7)
0

0
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forall 1<i< j<3.
This form of the functions G; ( ), whose arguments are only present as up-
per limits of the involved integrals, indicates that for all pairs (4 /) the following

necessary conditions for the functions G; (X, VX ) to be legitimate joiners

G, (0.%;)=G;(x,0)=1,forall XX (28)

are satisfied by elementary properties of Riemann integrals.

Therefore, we may return to our original notation for the joiners, ie,
6, ()= 3y (5.5

Now consider the sufficient condition for (26) to be a survival function.

Since for the, here considered, “continuous case” the derivative
o / 0% 0%, 0% S (X, X,, X;) exists and is continuous, the sufficient condition re-
duces to the following inequality

~1)8° [0%,0%,0% S (X, X5, %) 2 0, (29)
which must hold for all the triples (X, X,,%;)€ R} .

Recall, S(X,,X,,X;) isdetermined by the right hand side of (26).

Now, we need to find proper additional conditions for the hazard rates
(%), 4 (%), 4 (%) and for the coefficients C,,,C;;,C,; in order for inequal-
ity (29) to hold.

After calculating the derivative 0°/0%,0%,0%,() from the right-hand side of
(26) we set inequality equivalent to (29). Then, we simplify it by dividing both
sides of the so obtained inequality by the common (always positive) factor

mm(xzwx»-exp{—juwdq—Xfwz)dtz—Xfws)dt

X Xp ]

_C12.([ ! 21(”1)&2 (uz)dulduz _013.([ .([ ﬂi(ul)ﬂs(us)duldus

X3 X3

_023£ !ﬂz (Uz)ﬂs‘(us)duzdus:l

and set all the negative terms to the right-hand side of the inequality.
As a result we obtain an inequality equivalent to (29) as follows:

e s, 1A e, 4 ()
{1+ch.[/12 )du +c13j,13 U, du3}

>c, {1+cl3jz1 (u, olul+c23jﬂ,2 duz} (30)
[muf A (), +cs | ﬂs(uadus}

+Cy3 {1"'012712(“2)(1“2 +C13]§j’3(u3)du3}
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(At this point realize that if for some X, >0 (i=1,2,3), one admits /4 (Xi ) =0,
then at those X; the inequality equivalent to (29) and (30) holds trivially as 0 > 0.)

Inequality (30) reduces to a simple relation upon the following substitutions:

A:Cﬁ.STﬂl(ul)dul+C23T%(u2)du2
B :Clz]}@(uﬂdul"‘czaxf/qs(us)dua

C :Clz)]gﬂ"z(uz)duz +C13]3ﬂ3(u3)du3

Now (30) can be expressed as:

(1+A)(1+B)(1+C)=c, (1+ A)+c3 (1+B)+c, (1+C) (31)

where all the expressions A4, B, Cand all the constants ¢,,C;,C,; are nonnega-
tive. Also, A, B, Care increasing functions of the variables X, X,, X;, while they
all are 0 at (Xi,XZ,X3) = (0,0,0).

It is easy to solve inequality (30) since it is equivalent to inequality (31). (31) is
quite easy to solve and get to the conclusion that when it holds, (30) does too

whenever the nonnegative constants ¢; satisfy:

Cp +C3 +Cypy <1. (32)

The very important conclusion from the above form (31) of (30) and its set of

solutions (given by (32)) is that both inequalities’ truthfulness does not depend
on either values or functional forms of the involved three continuous hazard
rates 4,(% ), 4, (X, ), 4 (X;). Obviously, only if we admit the possibility that
some random events ( X; =+ ) (i=1,2,3) may happen with positive probabili-
ties; otherwise, the only additional assumption for the hazard rates we need to
adopt is that, for each 1=1,2,3

[ 4 (u)du, =+o0.

This ends the proof. []

Thus, in the continuous case all triples of marginal distributions
(51 (%,):S5(%;),S5 (X, )) represented by the corresponding hazard rates, “form”
their (natural) joint survival function (26) whenever(32) holds.

Recall, the necessary conditions (28) are a direct consequence of joiners’ defi-
nition (27) for the continuous case.

Condition (32) is also necessary for (29) [or (30)] to hold. Otherwise, at the
point (X,,X,,%)=(0,0,0) or just at points such as, for example, (0,X,,%;), (31)
will be violated, and, by the continuity argument, this situation will persist in an
open neighborhood of any such point. That would imply (31) was not true on a
set of a positive Lebesgue measure in R’

At the end of this subsection notice that setting any of the variables x,, X,,
X, to 0, one directly obtains the bivariate survival function with respect to re-

maining two.
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For example setting X; =0 in (26) one obtains (9), with ¢, =a.

4.2. A More General Continuous Case

One of the most general forms of “continuous” 3-dimensional survival functions,
which also comprise the case considered in Section 4.1, can be defined as follows:

S* (%%, %)

X X

=€xp _T%(tl)dtl_ifj?(tz)dtz _]gﬂa(ts)d% _Clzj‘J‘LPLz (ulluz)du1duz (33)

X X3 Xy X3

_Cis_[ I ‘{’1,3 (u1'u3)duldu3 _Cza_[ j \P2,3 (uz ’ U3)duzdu3
00 00

where, forall 1<i< j<3, \Pij (ui u j) are arbitrary continuous functions, and
OS‘Pij(ui,uj)sﬂ,,(ui)/ij(uj). (34)

Moreover, (32) holds.

We assumed nonnegativity of all ‘¥ (ui,u j), which, as in the case of the
models (26), restricts the considerations to positive [but, possibly, to all positive]
stochastic dependencies only. As a matter of fact that nonnegativity assumption
is not necessary, and is adopted only for simplicity reasons.

We will prove the following theorem:

Theorem 2

Given that (32) and (34) hold, formula (33) defines a class of valid 3-variate
survival functions.

Proof. The argumentation is mainly based on the already proven validity of
(26) as defining survival functions. As in the case (26), we need to check if the
following inequality (similar to (29)) holds:

(~1)8° /0%, 0%, 0%, S® (X4, X,, %3 ) > 0, (35)
where S9(x,,X,,%;) is given by (33).
After similar computations as in the previous case we arrive at the following

inequality equivalent to (35):

j'1()(1)"'012]‘{11,2 (%,u, )du, +C13Jq"1,3(xllu3)du3:|
0 0

/12 (X2)+012_[\P1,2 (ulvxz)dul +C23IW2,3(X2’u3)du3:|
0 0

A (X3)+C13I‘P1,3 (Uy, %) du; +Cyq _[ ¥y5 (U, X3)duz}
0 0
) (36)

2 CZ3T2,3(X2’X3)|:21(X1)+C12 J \Pl,Z (Xl’UZ)dUZ +C13J.\Pl,3(xl’u3)du3i|
0 0

+013lP1,3 (xl’x3)|:2'2 (X2)+C12J.\Pl,2 (ul’XZ)dul +C23J-1P2,3(X2’u3)du3:|

0 0

+C12LPl,2 (X1’ X2)|:ﬂ3(x3)+cl3J.\PL3(u1’ X3)dul +CZ3.[\P2,3 (UZ’X3)du2:|

0 0
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Now, all that remains to do is to prove inequality (36).
Using the assumption of positivity of the functions 4,(X,),4,(%,), 4 (%),

inequality (36) can be transformed into the following equivalent form:

uxl){u[clffwl,z(xl,uz)duz+c§f\vl,3<xl,u3)du3J /ﬂi(xn}
zz(xg{l{cuzm<u1,x2>du1+c23]fw2,3(xz,us)du3] /@(x»}
%(X3){1+[Q3X§‘P13(u1’XB)dul+CZ3:|)qu2,3 (Uvas)duzj/ﬂs(Xs):l

> G, (%% ) 2 (%)| 1] € [ Wi (3,0, )+, | wm(xl,ug)dugJ /A(xl)}

ey (%00 ()| 1+ quwl,z<u1,xz>dul+c23]3w2,3<x2,u3>du3] /ﬂq(m}

+C, 15 (%, % ) A5 (%3)| 1+ 013]'1‘1/1,3(u1,x3)du1+CZ3T‘P2,3(UZ,xa)duzj/ﬂg(xg}

(37)
From (34) we have that:
0<¥,5(X,, xg)ﬂ.l(xl)//?l(xi)lz (%) A (%) =y (%, %, %) <1,
0< W5 (%0 %) A (X)) A (%) A (%) A (%) = By (X0 Xp, %) <1, (38)
0<W¥,, (lexz)ﬂa(xa)/ﬂi(xl)’lz (%) A (%) =5 (1, %,, %) <1

Also let us make the following substitutions:

Ci I 1, (%, )du, +C13_[\P1,3(X1’U3)du3
0 0

X Xa
Cis _[ l}’1,3 (ul’ Xa)du1 +Cy I LPz‘e. (u21 Xa)duz
0 0

/4
G oo (0, )+ 6 ¥, (1,0 /@ (%)=B" (39)
/zg

where from the first inequalities in (34) [for all 1<i< j<3] follows the
nonnegativity of A", B",C".
Now, upon dividing both sides of (37) by the (always positive) product

A (%)% (%) 4 (%) and applying substitutions (38) and (39), inequality (37)
can be rewritten into the following equivalent form:

(1+A")(1+B7)(1+C")

2 Cyaby (X, %, x3)(1+ A*)+ Cab, (X, xz,xs)(1+ B*) (40)

+012b3(x1,x2,x3)(1+C*)

The equivalence of (40) with (36) and (37) does not depend on the always

nonnegative values of the, given by (39), expressions for A",B",C", even if they

DOI: 10.4236/am.2020.117046

693 Applied Mathematics


https://doi.org/10.4236/am.2020.117046

J. K. Filus, L. Z. Filus

differ from the expressions A, B, Cpresent in (31) (in both inequalities (31) and
(40) only nonnegativity of these symbols is relevant).

Suppose, we set in (40) by (X, %,, %) =b, (X, %, X5) =0y (X, %,, %) =1 for all
X, X5, X5 . Then inequality (40) is essentially “the same” as inequality (31), and
the common sufficient condition for them to hold is (32), now as applied to (36).

Assume that (32) holds. Then, the direction of inequality (40) must be pre-
served also when some or all b, (X,%,,%;) satisfy b (%,%,,%)<1, (i=12,3).
Therefore, (36) and so (35) holds, and the only sufficient condition for that is the
logical conjunction of (32) and (34). This terminates the proof. []

Thus, as was proven above, formula (33) satisfying conditions (32) and (34),
represents the class of well-defined 3-variate survival functions.

Notice, the wide generality of that class of stochastic models even if it “only”
comprises the “continuous” cases.

Notice too, that a vast majority of applications (such as reliability, for example)
of multivariate survival analysis mostly deals with the “continuous” case.

As one can say, scheme (33) also provides a method for construction of a wide
variety of tri-variate models for many practical situations. This method only re-
lies on choosing (for all 1<i< j<3), three proper 2-argument nonnegative
functions, say ¥, (Xi VX ) <A (X )ij (Xj ) , given the marginal distributions, in
the continuous case represented by the hazard rates 4 (X ), 4, (X, ), 4 (X3) -

Obviously, choices of the functions ¥, (Xi , X j) are dictated by the underly-
ing “physical” structure of the modeled reality (recall that in this paper the word
“physical” is meant to have a very general meaning including biological, social,
and financial). For some guidance in choosing proper functions ‘¥, ; (Xi,Xj ) ,
one may resort to the roots of such models which lie in the Aalen version of the
Cox model [2] [16] [17]. Recall the close relations between our models and the
Cox-Aalen approach to stochastic dependence, see [2].

In order yet to simplify such procedure of construction, we also may, starting
with the case YV | (Xi VX ) = (Xi )/IJ- (Xj ) , preserve the separation of the variables
X, X; by choosing: ¥, ; (Xi,xj ) =0 (xi)gj (Xj) for some 0<g;(x)<4(x)
and Ong(xj)sij(xj).

That foregoing assumption may facilitate the construction still preserving a
significant amount of generality of the so obtained models.

Choosing different possibilities one can obtain, say up to ten or more versions
of scheme (33) as the proper model’s candidates.

The next step in the modeling procedure is statistical verification of the ad-
mitted analytical models by testing their fit to the given data, after estimating all
the underlying parameters [by the method of maximum likelihood estimates, for
example]. Then, of course, we choose the one with the best fit to the given data.
Another criterion for the right choice can be the degree of the model’s simplicity,
sometimes dictated by the number of underlying parameters to be estimated.

However, the second, statistical, part of the modeling procedure is out of

scope of this work, and is left as a set of open problems for future research.

DOI: 10.4236/am.2020.117046

694 Applied Mathematics


https://doi.org/10.4236/am.2020.117046

J. K. Filus, L. Z. Filus

5. Conclusions

The here and in [2] considered approach to the problem of construction of
k-variate (k£ = 3) survival functions, given all the univariate marginals, turned
out to be very fruitful. First of all, the form of the kvariate model, with an arbi-
trary k; as obtained in [2] is universal in the sense that every &-variate survival
function is expressible in that way.

In this work we achieved the following:

1) The most general form of any A-variate model as obtained in [2] is a bit
complicated as it describes all possible stochastic dependencies that might be
encountered by means of all the joiners.

In this work, we simplified that model dramatically by assuming all the
r-dimensional (r > 3) joiners are equal to 1 (this case was named the
3-independence). That yields a quite simple, nice, and still realistic form of the
k-variate survival functions as given by formula (14). For the so defined “con-
tinuous” case this formula takes on the exponential form (21) which is easier for
further analysis.

2) Formulas such as (14) and (21) only determine the form of k-variate mod-
els and not yet anactual model. To find a legitimate “active” model one needs to
impose proper conditions on all the underlying functions ¥, ; (Xi , X J-) and the
real coefficients ¢; The conditions for the general case were stated in the Hy-
pothesis in Section 3. The formal proof was not explicitly given although the
Hypothesis appears to be very convincing.

3) The conditions mentioned above were, however, found in Section 4 for the
case k=3 (in Section 2 the corresponding conditions when k = 2 were provided
too). These were formulated as Theorem 1 and Theorem 2. The model found in
Theorem 2 is very general and comprises every tri-variate “continuous” model
such that the corresponding functions are nonnegative (positive dependence
only) and the tri-variate joiners reduce to 1 (the bi-dependence case). The case
in which the tri-variate joiner is nontrivial is postponed to our next publication.
The special case of the model presented in Theorem 2 is given by Theorem 1.
This “limit” case of the general one seems to be very natural, and one may expect
many applications of it in practical situations.

4) The underlying statistical problems of the parameters estimation and
testing the model’s fit to given data are a very important part of the emerging
theory, but we consider it to be out of scope for our current interest.

Two other aspects of the created theory are the following:

5) A pretty close relation of the joiner theory to the copula methodology [9] is
apparent. The joiner theory is not only competitive to the theory of copulas but,
as it appears, it may become a part of a common theory of joiners and copulas.
Having a joiner one can easily find the corresponding unique copula and every
copula determines a corresponding unique joiner. Moreover, the joiner method
may highly develop the copula approach in cases of dimensions higher than 2.

6) As mentioned in the Remark in Section 3, the joiners theory is not to be re-
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stricted to investigation of distributions of A~dimensional random vectors only.
As it was pointed out in that Remark, the method can as well be applied to the
construction of stochastic processes with discrete time (the Kolmogo-
rov-Daniels consistency conditions are always satisfied). The so constructed
processes may possess very nice properties such as m-Markovianity (the
Markovianity when m = 1) and stationarity. Easiness of such constructions in-

dicates the significant value of the created “joiners theory”.
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