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Abstract 
In this paper, we consider an initial-boundary value problem for a nonlinear viscoelastic wave 
equation with strong damping, nonlinear damping and source terms. We proved a blow up result 
for the solution with negative initial energy if p > m, and a global result for p ≤ m. 
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1. Introduction 
A purely elastic material has a capacity to store mechanical energy with no dissipation (of the energy). A com-
plete opposite to an elastic material is a purely viscous material. The important thing about viscous materials is 
that when the force is removed it does not return to its original shape. Materials which are outside the scope of 
these two theories will be those for which some, but not all, of the work done to deform them can be recovered. 
Such materials possess a capacity of storage and dissipation of mechanical energy. This is the case for viscoelas-
tic material. The dynamic properties of viscoelastic materials are of great importance and interest as they appear 
in many applications to natural sciences. Many authors have given attention to this problem for quite a long time, 
especially in the last two decades, and have made a lot of progress. 

In [1], Messaoudi considered the following initial-boundary value problem: 
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where Ω  was a bounded domain of ( )1nR n ≥  with a smooth boundary ∂Ω , 2m ≥ , p > 2, and :g R R+ +→  
was a positive nonincreasing function. He proved a blow up result for the solution with negative initial energy if 
p m> , and a global result for p m≤ . This result was later improved by Messaoudi [2], to certain solutions 

with positive initial energy. A similar result was also obtained by Wu [3] using a different method. 
For the problem (1.1) in nR  and with 2m = , concerning Cauchy problems, Kafini and Messaoudi [4] es-

tablished a blow up result for the problem 

( ) ( )
( ) ( ) ( ) ( )
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d , ,  0;

,0 ,    ,0 , .

t p n
tt t

n
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u u g t s u s s u u u x R t

u x u x u x u x x R

− − ∆ + − ∆ + = ∈ >


= = ∈

∫                 (1.2) 

where g  satisfied ( ) ( ) ( )
0

d 2 4 2 3g s s p p
+∞

< − −∫  and the initial data were compactly supported with negative  

energy such that 0 1d 0u u x ≥∫ . 

In the absence of the viscoelastic term ( )0g = , the problem has been extensively studied and results con-
cerning existence and nonexistence have been established. In bounded domains, for the equation 

( )2 2 ,    in  0,m p
tt t tu u a u u b u u− −− ∆ + = Ω× ∞                       (1.3) 

2m ≥ , 2p > , , 0a b ≥ , it is well known that, for 0a = , the source term 2pb u u−  causes finite time blow up 
of solutions with negative initial energy (see [5]). In contrast, for 0b = , the damping term 2m

t ta u u−  assures 
global existence for arbitrary initial data (see [6]). The case of linear damping ( )2m =  and nonlinear source 
has been first considered by Levine [7] [8]. He showed that solutions with negative initial energy blew up in fi-
nite time. Furthermore, the interaction between the nonlinear damping ( )2m >  and the source terms was stu-
died by Georgiev and Todorova [9], for a bounded domain with Dirichlet boundary conditions. For the same 
problem, Messaoudi [10] extended the blow up result to solutions with negative initial energy. 

In [11], Berrimi and Messaoudi considered 
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∫
                     (1.4) 

in a bounded domain and 2p > . They established a local existence result and showed that the local solution 
was global and decays uniformly if the initial data were small enough. 

In [12], Song and Xue considered with the following viscoelastic equation with strong damping: 
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              (1.5) 

where Ω  was a bounded domain of nR ( )1n ≥  with a smooth boundary ∂Ω , 2m ≥ , 2p > , and
:g R R+ +→  was a positive nonincreasing function. They showed, under suitable conditions on g , that there 

were solutions of (1.5) with arbitrarily high initial energy that blow up in a finite time. For the same problem 
(1.5), in [13], Song and Zhong showed that there were solutions of (1.5) with positive initial energy that blew up 
in finite time. For more related works, we refer the reader to [14]-[18]. 

In this work, we intend to study the following initial-boundary value problem: 
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where ( )1nR nΩ ⊂ ≥  is a bounded domain with a smooth boundary ∂Ω , 2m ≥ , p > 2, 1 2, 0ε ε ≥ , 3 0ε > ,  

for the problem (1.6), the memory term ( ) ( )
0

dg s u t s s
+∞

∆ −∫  (see [19] [20]) replaces ( ) ( )
0

d
t
g t s u s s− ∆∫ ,  

and we consider the strong damping term 1 tuε− ∆  and the nonlinear damping term 2
2

m
t tu uε − . 

Now, we shall add a new variable ( ) ( ),ts x sη η η= =  to the system which corresponds to the relative dis-
placement history. Let us define 

( ) ( ) ( ) ( ), , ,ts x s u x t u x t sη η η= = = − −                           (1.7) 

A direct computation yields 

( ) ( ) ( )t s ts s u tη η= − +                                  (1.8) 

Thus, the original memory term can be written as 

( ) ( ) ( ) ( ) ( )
0 0 0

d d dg s u t s s g s s u g s s sη
+∞ +∞ +∞

∆ − = ⋅∆ − ∆∫ ∫ ∫                  (1.9) 

and we get a new system 

( )( ) ( ) ( ) 2 2
1 2 30 0

1 d d m p
tt t t tu g s s u u g s s s u u u uε η ε ε

+∞ +∞ − −− − ∆ − ∆ − ∆ + =∫ ∫           (1.10) 

t s tuη η= − +                                        (1.11) 

with the initial conditions 

( ) ( ) ( ) ( ) ( ) ( )0 1,0 ,  ,0 ,  0 ,0 0,    t
tu x u x u x u x x xη η= = = = ∈Ω                  (1.12) 

and boundary conditions 

( ), 0,    ,  0u x t x t= ∈∂Ω ≥                                  (1.13) 

The paper is organized as follows. In Section 2, we first prove the blow up result, and then in Section 3, we 
prove the global existence result. 

For convenience, we denote the norm and scalar product in ( )2L Ω  by ⋅  and ( ),⋅ ⋅ , and let ( )1V H= Ω . 
C  denotes a general positive constant, which may be different in different estimates. 

2. Blow Up 
In this section, we present some materials needed in the proof of our results, state a local existence result, which 
can be established, combining the argument of [21], and prove our main result. For this reason, we assume that 

(G1) :g R R+ +→  is a differentiable function satisfying ( )
0

1 d 0g s s l
+∞

− = >∫ ; 

(G2) ( ) ( )0,  0,    g s g s s R+′≥ ≤ ∀ ∈ ; 
(G3) There exists a constant 0ξ >  such that ( ) ( ) 0g s g sξ′ + ≤ , s R+∀ ∈ ; 
We start with a local existence theorem which can be established by the Faedo-Galerkin methods. The inter-

ested readers are referred to Cavalcanti, Domingos Cavalcanti and Soriano [22] for details: 
Theorem 2.1. Assume (G1) holds. Let 2m ≥  and 

2 22 , 3;
2

2, 1,2.

np n
n

p n

− < ≤ ≥
−

 ≥ =

                               (2.1) 

Then for any initial data 

( ) ( )1 2
0 0 1,    u H u L∈ Ω ∈ Ω , 

with compact support, problem (1.10) has a unique solution 

[ ] ( )( ) [ ] ( )( )1 1 2
00, ; 0, ;u C T H C T L∈ Ω ∩ Ω  

for some 0T > . 
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Lemma 2.2. Assume (G1), (G2), (G3) and (2.1) hold. Let ( )u t  be a solution of (1.10), then ( )E t  is non-
increasing, that is 

( ) 2 2
1 2,2

0
2

m
t tg V mE t u uξε η ε′ ≤ − ∇ − − ≤ .                      (2.2) 

where 
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η
+∞

= + − ∇ + −∫ .              (2.3) 

Proof. By multiplying the Equation in (1.10) by tu  and intergrating over Ω , we get 

( )( )
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∫

∫ ∫
                  (2.4) 

For the fourth term on the left side (2.4), by using (1.11), (G2) and (G3), we have 

( ) ( ) ( ) ( ) ( )
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2 20 0
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2 d 2
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∫ ∫ ∫ ∫

∫ ∫            (2.5) 

where 

( ) ( ) 22

, 20
dg V g s s sη η

+∞
= ∇∫                             (2.6) 

Then, we obtain 

( )( )2 2 2 3
2 ,2 0

2 2
1 2,2

d 1 1 1 d1 d
d 2 2 2 d

0
2

p
t g V p

m
t tg V m

u g s s u u
t p t

u u

ε
η

ξε η ε

+∞ 
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∫
                 (2.7) 

So, we have 

( ) 2 2
1 2,2

0
2

m
t tg V mE t u uξε η ε′ ≤ − ∇ − − ≤                      (2.8) 

where 

( ) ( )( )2 2 2 3
2 ,2 0

1 1 11 d
2 2 2

p
t g V pE t u g s s u u

p
ε

η
+∞

= + − ∇ + −∫  

Our main result reads as follows. 
Lemma 2.3. Suppose that (2.1) holds. Then there exists a positive constant 1C >  such that 

( )2 2

2 2

s p
p pu C u u u≤ ∇ + +                              (2.9) 

for any ( )1
0u H∈ Ω  and 2 s p≤ ≤ . 

Proof. If 1pu ≤ , by Sobolev embedding theorem Young’s inequality, then we have 

( ) ( )22 1 2 2

2 2 2 2

s
p pu u C u u C u uα α−≤ ≤ ∇ ≤ ∇ +  

So, we obtain 

( )2 2

2 2

s p
p pu C u u u≤ ∇ + +  
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If 1pu > , then 

( )2 2

2 2

s p p
p p pu u C u u u≤ ≤ ∇ + +  

Therefore (2.9) follows. 
We get 

( ) ( )H t E t= −                                    (2.10) 

and use, throughout this paper, C to denote a generic positive constant. 
As a result of (2.3) and (2.5), we have 
Corollary 2.4. Suppose that (2.1) holds. Then, we have 

( )( ) [ )2 2

,2
, 0,s p

tp g V pu C H t u u t Tη≤ − − − + ∈                  (2.11) 

for any ( )1
0u H∈ Ω  and 2 s p≤ ≤ . 

Lemma 2.5. ( pC  inequality) Let a, b is arbitrary real, then we have 

( ) ( )p p p
pa b C a b+ ≤ +                            (2.12) 

where 

1

1, 0 1;
2 , 1.p p
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                             (2.13) 

Proof. We set 
a

x
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= , that is to proof 
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1
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pp

x
f x C

x
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By taking a derivative of ( )f x , we obtain 
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( ) ( )
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1 1

2

1 1

1

p p

p

p x x
f x

x

− −+ −
′ =

+
 

If 0 1p< ≤ , then we know ( )f x  is monotone decreasing on ( ]0,1  and monotone increasing on [ )1,+∞ , 
and 

( ) ( )
0

lim 1, lim 1
x x

f x f x
→ →+∞

= =  

Then, we have 

( ) 1f x ≤  

If 1p > , then we know ( )f x  is monotone increasing on ( ]0,1  and monotone decreasing on [ )1,+∞ . So, 
we have 

( ) ( ) 11 2 pf x f −≤ =  

The proof is completed. 
Next, we have the following theorem concerning blow up. 
Theorem 2.6. Assume (G1), (G2), (G3) and (2.1) hold. Let 2m ≥ , { }max 2,p m>  satisfy (2.1). Assume 

further that 

( )
( )20

1 12d 1
1 11

2 2

p

g s s
p p

p

+∞
−

< = −
−− +

∫                       (2.14) 
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if ( ) ( ) ( )1 2
0 1 0,u u H L∈ Ω × Ω  and satisfy ( )0 0E < , then the solution of problem(1.10)blow up in finite time. 

Proof. From (2.2), we have 

( ) ( ) 22
1 2, 2

0
2

m
t tg V mH t E t u uξ η ε ε′ ′= − ≥ + ∇ + ≥                 (2.15) 

consequently, we have 

( ) ( ) 30 0 p
pH H t u

p
ε

< ≤ ≤                             (2.16) 

Similar to [18], then we define the weighed functional 

( ) ( )1 dtW t H t uu xα ε−

Ω
= + ∫                            (2.17) 

where 0ε >  shall be chosen in what follows. Let 
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p p m

p p m
α
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                         (2.18) 

By multiplying (1.10) by u  and taking a derivative of (2.17), we obtain 
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∫

∫ ∫ ∫ ∫

      (2.19) 

By using Holder inequality and Young’s inequality to estimate the fourth term on the right hand side of (2.19) 
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1d d d
4g Vg s s u t x s g s s uη β η
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Ω
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for some number β  with 0
2
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Then, we have 
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∫ ∫

             (2.23) 

By using Holder inequality and Young’s inequality to estimate the last two terms on right hand side of (2.24), 
we obtain 
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2 1 11
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 
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and 
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m
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m pu u x x C u

−

Ω Ω

 
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and 
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Substituting (2.24), (2.25) and (2.26) and to (2.23), we have 
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by taking δ  so that ( )1
m
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From (2.16), we have 
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11 3
m

m m p mm
p pH u u

p

α
αα ε

−
+ −−  

≤  
 

                       (2.31) 

Then, hence (2.31) yields 

( )

( )
( )

( )

2 2 2
1 2, 22

11
13

2

1
2 t g V

mm
m p m
p

pW t u a a u

KpH t C u
m p

α
α

ε ε η ε

ε
ε ε

−−
+ −

 ′ ≥ + + + ∇ 
 
  
 + −  
   

                (2.32) 

where 1 2
pa β= − , ( )1

2 0

11 1 d
2 4 2 4
p pa g s sε

γ β
+∞   

= − − − − +   
   

∫ , and taking proper 1ε , β , γ  such that  

1 0a > , 2 0a > . 

Writing ( )1s m p mα= + − , for 
( )

20 min ,
2 1

p p m
p p m

α
 − − < <  

−  
, we know 0 s p< ≤ . By using Corollary2.4 

we have 

( )

( ) ( )( )

2 2 2
1 2, 22

2 2
1 ,2

1
2 t g V

p
t g V p

pW t u a a u

pH t C H t u u

ε ε η ε

ε η

 ′ ≥ + + + ∇ 
 
 + − − − − +  

               (2.33) 

where 
( )11

3
1 2

mmKC C
m p

α
ε

ε
−−  

=  
 

. 

From (2.3) and (G1) we have 

( ) 2 2 23
2 ,2

1 1 1
2 2 2

p
tp g VH t u u u

p
ε

η≥ − − ∇ −                        (2.34)  

writing ( )3 32 2p a p a= + − , where { }3 1 2min ,a a a= , estimate (2.34) yields 

( ) ( ) ( )

( ) ( )

2 2 2
1 3 1 1 3 2 3, 22

3
3 1 1

1
2

2
             2 ,

t g V

p
p

pW t C a u a C a a a u

a
p a C H t C u

p

ε ε η ε

ε ε

 ′ ≥ + + − + + − + − ∇ 
 

 
+ − + + − 

 

          (2.35) 

at this point, we choose K  large enough, so 1C  is small enough. Then there exists 0σ >  such that 

( ) ( )( )2 2

,2
0p

t g V pW t u H t uεσ η′ ≥ + + + ≥ .                        (2.36) 

By using Holder inequality and Young’s inequality, we next estimate  

( ) ( ) ( )
1

2 2
1 212 22 2

2 d d 1d
p p

p
pu u x u x x C u

−

Ω Ω Ω

 
  = ≤ ≤   
   

∫ ∫ ∫                  (2.37) 

and 

2 2 2
dt t tpuu x u u C u u

Ω
≤ ≤∫                             (2.38) 

which implies 
1 11

1 1 11 1
2 2

dt t tp puu x C u u C u u
θµ

α α αα α− − −− −
Ω

 
≤ ≤ +  

 
∫                        (2.39) 
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where 1 1 1
µ θ
+ = , we take ( )2 1θ α= − , to get 2

1 1 2
t pµ

α α
= = ≤

− −
 by (2.18). We then use Corollary 2.4 

( )
( )( )

1
21
2

2 2

,2

d

                   ,

t
t tp

p
t p g V

uu x C u u

C H t u u

α

η

−
Ω

≤ +

≤ + + +

∫                      (2.40) 

By using pC  inequality we have 

( ) ( )

( )

( )

11
1 11

11
11

2 2

,2

d

             2 d

             ,

t

t

p
t p g V

W t H t uu x

H t uu x

C H t u u

α αα

αα

ε

η

− −−
Ω

−−
Ω

 = + 
 

≤ + 
  

 ≤ + + + 

∫

∫                         (2.41) 

According to (2.36) and (2.41), we get 

( ) ( )
1

1W t kW tα−′ ≥                                       (2.42) 

where k C= . According to the theorem of Ordinary Differential Equation, we have 

( )
( )

1

1

1

0
1

W t
k tW

α
α

α
α α

α

−
−
−

≥
−

−

                               (2.43) 

So, we know ( )W t  blow up in finite time 
( )1

1

0
T

k W
α
α

α

α

∗

−

−
≤ . The proof is completed. 

3. Global Existence 
In this section, we show that solution of (1.10) is global if m p≥ . 

Lemma 3.1. For 0a ≥ , 0x > , ( )
xaf x

x
=  is the convexity of the function. 

Proof. 

( )
( )2

3

ln 1 1
0

xa a
f x

x

 − + ′′ = > , 

so, ( )f x  is convex. 
Theorem 3.2. Assume (G1), (G2) and (G3) hold. Let p m≤  satisfy (2.1). If for any initial data 

( ) ( ) ( )1 2
0 1 0,u u H L∈ Ω × Ω  with compact support, so problem (1.7) has a unique global solution, such that 

[ ) ( )( ) [ ) ( )( )1 1 2
00, ; 0, ;u C T H C T L∈ Ω ∩ Ω  

for any 0T > . 
Proof. Similar to [23], we set 

( ) ( )( )2 2 2 3
2 ,2 0

1 1 11 d
2 2 2

p
t g V pF t u g s s u u

p
ε

η
+∞

= + − ∇ + +∫            (3.1) 

from (2.3), we have 

( ) ( ) 32 p
pF t E t u

p
ε

= +                             (3.2) 
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By differentiating ( )F t  and using (2.2), we get 

( ) ( ) 2
3

2 2 2
1 2 3,2

2 d

         2 d .
2

p
t

m p
t t tg V m

F t E t u uu x

u u u uu x

ε

ξε η ε ε

−

Ω

−

Ω

′ ′= +

≤ − ∇ − − +

∫

∫
                (3.3) 

By using Holder inequality and Young’s inequality, we next estimate  

( ) ( )
1

1
2 1 11d d d

1 1 1                     .

p
p p

pp p pp p
t t t pp

p pp p
t tp pp p

u uu x u x u x u u

pu u u u
p p p

−

− − −−
Ω Ω Ω

 
≤ =  

 
−

≤ + ≤ +

∫ ∫ ∫
            (3.4) 

Setting ( )
d yy

tt yuu x
y

y y
Ω= =∫ , we know ( )f y  is the convexity of function by Corollary 3.1. Since 2 < p 

≤ m, we obtain 
2

2

2

p m
t ttp m

u uu
p m

≤ +                              (3.5) 

Substituting (3.5) to (3.3), we have 

( )
2

2 2 2
1 2 3,2

2
2 2

m
m ptt m

t tg V pm

uu
F t u u u

m
ξε η ε ε

 
 ′ ≤ − ∇ − − + + +
 
 

          (3.6) 

so, there exists a small enough constant C  such that 

( ) ( )F t CF t′ ≤                                   (3.7) 

Then, by using Gronwall inequality and continuation principle, we complete the proof of the global existence 
result. 
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