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Abstract

Through a variable transformation, the Whitham-Broer-Kaup system is transformed into a para-
meter Levi system. Based on the Lax pair of the parameter Levi system, the N-fold Darboux trans-
formation with multi-parameters is constructed. Then some new explicit solutions for the Whi-
tham-Broer-Kaup system are obtained via the given Darboux transformation.
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1. Introduction

Studying of the nonlinear models in shallow water wave is very important, such as Korteweg-de Vries (KdV)
equation [1] [2], Kadomtsev-Petviashvili (KP) equation [3] [4], Boussinesq equation [5] [6], etc. There are many
methods to study these nonlinear models, such as the inverse scattering transformation [7], the Backlund trans-
formation (BT) [8], the Hirota bilinear method [9], the Darboux transformation (DT) [10], and so on. Among
those various approaches, the DT is a useful method to get explicit solutions.

In this paper, we investigate the Whitham-Broer-Kaup (WBK) system [11]-[13] for the dispersive long water
in the shallow water

@

u, +uu, +v, + gu,, =0,
Vo +(uv) +au,, — By, =0,

where u=u(xt) is the field of the horizontal velocity, and v =v(x,t) is the height that deviates from equi-

How to cite this paper: Xu, T.T. (2015) Darboux Transformation and New Multi-Soliton Solutions of the Whitham-Broer-
Kaup System. Applied Mathematics, 6, 20-27. http://dx.doi.org/10.4236/am.2015.61003



http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2015.61003
http://dx.doi.org/10.4236/am.2015.61003
http://www.scirp.org
mailto:xutiantian0197@163.com
http://creativecommons.org/licenses/by/4.0/

T.T.Xu

librium position of the liquid. The constants « and S represent different diffusion powers. If «=0 and
P =0, the WBK system (1) reduces to the classical long-wave system that describes the shallow water wave
with diffusion [14]. If =1 and S =0, the WBK system (1) becomes the modified Boussinesq-Burgers equ-
ation [7].

Many solutions have been obtained for the WBK system (1), such as the analytical solution, the soliton-like
solution, the soliton solutions, the periodic solution, the rational solution, and so on [15]-[19].

In this paper, through a proper transformation

u :c[ln(rX -q,+9° —rz)]X —2cr,

)
2 2 .2 ZﬂC—CZ 2 .2 2
V=-C (rx -q,+9°—r )—T[In(rx -q,+q°—r )lx +(2,Bc—c )rx,
the WBK system (1) is transformed into the parameter Levi system
c
qt _C(qr)x _Erxx = 0'
®)

I, —%qxx —3crr, +cqq, =0.

Based on the obtained Lax pair, we construct the N-fold DT of the parameter Levi system (3) and then get the
N-fold DT of the WBK system (1). Resorting to the obtained DT, we get new multi-soliton solutions of the
WBK system.

The paper is organized as follows. In Section 2, we construct the N-fold DT of the Levi system and the WBK
system. In Section 3, DT will be applied to generate explicit solutions of the WBK system (1).

2. Darboux Transformation

In this section, we first construct the N-fold DT of the parameter Levi system, and then get explicit solutions of

the WBK system.
We consider the following spectral problem corresponding to the Levi system (3)
A+Qq 24(r—q
0.=Up. o=(p.) U=( 1 _g_q)j 4)

and its auxiliary problem

(01 :V¢71 V = c ’ (5)
—cA+cr cﬂz—c(r—q)ﬂ—zrx—crq

—cA? +c(r—q)ﬂ+%rX +erq —2c(r—q)A° +c(2r2 -2rq+q, —r, )/1

where A is a spectral parameter and ¢’ =4(a+ #%). The compatibility condition ¢, = ¢, yields a zero
curvature equation U, =V, +UV —-VU =0 which leads to the Levi system (3) by a direct computation.
Now we introduce a transformation of (4) and (5)

p=To, (6)
where T is defined by
T,+TU =UT, T,+TV =VT. (7
Then the Lax pair (4) and (5) are transformed into
9, =Up, (®)
?=Vo, 9)

O,
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where U, V have the same form as U, V , except replacing q, I, q.,, r, with g, r, g, T, re-
spectively.
In order to make the Lax pair (4) and (5) invariant under the transformation (6), it is necessary to find a matrix

T.
Let the matrix T in (6) be in the form of
T=T(2)=af A*) B() (10)
C(4) D(4)
with
N-1 N-1 N-1 N-1
A(2)=Y AL +2Y, B(4)=2Y BA", C(4)=D.CA", D(4)= DA,
k=0 k=0 k=0 k=0

where a, A, B,, C,, D, (0<k <N -1) arefunctionsof x and t.

Let o(4)= (¢1(1j ). 2, gﬂbj ))T w(4)= (z//l(ﬂj )w (4 ))T be two basic solutions of the spectral problem
(4) and use them to define a linear algebraic system

Y (A +BA4 )2 ==4],

k=0 (11)

with
5 - ¢2</1j)—rjl//2(lj)
| =
(pl(/Ij)—rj(//l(/lj)

where the constants 4, T; (Ak AN =0,k # j) are suitably chosen such that the determinant of the coeffi-
cients of (11) are nonzero. If we take

, 1< j<2N-1, (12)

1
By,=r-gq, CN—1:E7 (13)

then A, B, C,, D, (0<k<N-1) areuniquely determined by (11).
From (10), we have

detT (2;) = o [A(’lj )D(4)-B(4)c(4 )J (14)
We note that (11) can be written as a linear algebraic system
A(’ij):_@B(ij)' C(’ij):_@'D(li) (15)
and
detT (4;)=0,

which implies that 4, (1< j<2N-1) are 2N -1 rootsof detT(1)=0, thatis
2N-1

detT (1) =7 (2A-4). (16)

j=1

where y isindependent of A .From the above facts, we can prove the following propositions.
Proposition 1. Let « satisfy the following first-order differential equation

—_t
4D, ,-2r+2q

©,

q

r
d,Ina = _E_T(A‘“ ~Dy,-2Cy ,) [r-a,+2A (r-q)-2B,,-r*+q’]. (17)
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Then the matrix U determined by Equation (7) is the same formas U :
g[A*T 2A4(F-7) ’
1 -A-7q
where the transformations from the old potentials q, r to @, ¥ aregivenby

r_

T=5 +H(Aa-D v~ ) g B 2R (ra) 2By (18)
- 1
= (A Bua20a)gpo [0 28 (- 0) =28 ']
Proof: Let T =T"/detT and
f,(2) f,(4
(7. +TU)T [11( ) i )J, (19)
21(1) fZZ(A)

where T denotes the adjoint matrix of T. It is easy to see that f,(1) and f,(4) are 2N th-order
polynomials in A, while 27f, (1), f,(4) are (2N — 1)th-order polynomials in A . From (4) and (12), we
get

8y =1-2(2; +0)8; -2, (r )3} (20)

By using (16) and (20), we can prove that 4, (1< j <2N -1) are the roots of f,;(2)(k,j=12). From (15),
we have

detT|f; (1), k,j=12.
Hence, together with (19), we have
(T, +TU)T" =(detT)P(2), (21)
that is
T,+TU = P(/I)T (22)
with
, (i):[psm i el
A P+l

where pfq!)(k, j=1,2,1=0,1) are independent of 1. By comparing the coefficients of A"*, A" and A"
in (22), we find

pl(i) :_pglz) =1, p21 =1, (23)
- =  [r-q+2 2B, ,—r*+q’ 24
P2 = p gL T 2R (1-0) 2By’ (24)
Py =o,Inac+r - pf, (25)
P =0, Ina+4C,_, +2D,_, —2A, , +0. (26)
Substituting (17) into (24)-(26) yields
py =2(r-q), pf'=a, pY=-q @7)

®
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From (7) and (22), we find that U = P(1). The proof is completed. O
Remark. When N =1, assumingthat A, =B, =C , =D =0, the DT can be rewritten as

_ r q 1 2 2
=———+(A-Dy) | —q, +2A (r—q)- :
=557 (AD) 4D0—2r+2q[rx 9, +2A (r-a)-r’+q*| o9
—_ g 1 2 2
r:E_E+(A°"D°)+m[r*_q””‘)(r—q)"r +o' ]

Let the basic solution ¢(4;), w(4;) of (4) satisfy (5) as well. Through a similar way as Proposition 1, we
can prove that V has the same form as V under the transformation (6) and (18). We get the following propo-
sition.

Proposition 2. Suppose « satisfy the following equation

1

oina :c[(F—cT)(ANl—ZCNz)JrE(cTX ) A(r-a)eror T BNZ] (29)

Then the matrix V defined by (9) has the same form as V , that is

~e2 +e(F=q) A+ 2T +erq —26(F =) 4% (2" -2+, ~T,)4
V=
—CA+CT ciz—c(F—d)/l—%FX—cm

where @ and T are given by (18).

The proof of Proposition 2 is similar with Proposition 1, but it is much more tedious and then we omit the
proof for brevity. For the similar proof we can also refer to [20] [21].

According to Proposition 1 and 2, the Lax pair (4) and (5) is transformed into the Lax pair (8) and (9), then
the transformation (6) and (18): (¢;q,r) — (#:;T.,T) is called the DT of the Lax pair (4) and (5). The Lax pair
leads to the parameter Levi system (3) and then the transformation (6) and (18): (¢;q,r)—(@;d,F) is also
called DT of the parameter Levi system (3). On the other hand, together with the transformation (2), the para-
meter Levi system (3) is transformed into the WBK system (1), then we get the solutions of the WBK system
1).

Theorem 1. If (q,r) is a solution of the parameter Levi system (3), (q,F) with

_ r—q 1
q:T+(A“*1_D”*1_ZCN*2)_m[rx—qx+2ANfl(f—q)—2'3Nfz—r2+q2]’ (30)
_ =
r=""94(A,-Dy,-2C,,)

5 [rx—qx+2ANfl(r—q)—ZBN_2—r2+q2].

+—

4D, —2r+2q
is another solution of the parameter Levi system (3), where A, ,, B, ,, Cy_,, Dy aredetermined by (11)
and (13).

From the transformation (2), we find that

Theorem 2. If (u,v) is a solution of the WBK system (1), (T,V) with

0= c[ln(fx —q, +T° —FZ)J — 2cF,
2pc—c?
2

(31)

<l

=—c*(F, -, +3° - F*)- [In(TX —q, +0° —FZ)L +(2pc-c?)r,

is another solution of the WBK system (1), where (q_,T) is determined by (30). Then the transformation
(@;a,r) > (2;79,T) isalso called the DT of the WBK system (1).

3. New Solutions

In this section, we take a trivial solution (q,r)=(0,1) as the “seed” solution, to obtain multi-soliton solutions
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of the WBK system (1).
Substituting (g,r)=(0,1) into the Lax pair (4) and (5), the two basic solutions are

cosh¢, sinhg;
go(/1j>= 1 k]- . , l//(/ij)z 1. k]- (32)
—=cosh¢. +——sinh¢&, —=sinh&, + ——cosh¢;
2 J 24, J 2 J 24, d
with & =k [x—c(2 -1)t], k =27 +22; (1<j<2N-1).
According to (12), we get
k. [ tanh&. —r.
9, :—1+—J L , 1< j<2N-1. (33)
2 22;| 1-rtanh¢;
For simplicity, we discuss the following two cases,i.e. N=1 and N=2.
As N=1,let A=24,solving the linear algebraic system (11) and (13), we have
1
=--64, D,=——, 34
Ah=-h-oh, Di=-p (34)
according to (28), we get
1+2(1- - 244658 1+2(1- 2(1- z
25,(1+3,) 25,(1+43,)
Substituting (35) into (31), we obtain the solution of the WBK system (1) as
U[1]=c[Inw[1]] —2cr[1],
_ _ 2pc—c? _ (36)
v[1] = —c*(w[1])- Inw[1 2pc—c?)r[1
[1] =~ (w[t]) - === [nw[1]],, (20~ P[],
2(1+4,)0, +(1+24) 67
with w[t]— - 2 A)AF(L24)5
(1+4,)

By choosing proper parameters (suchas r, =5, 4 =7, c¢=1, B=1/15), we find that U[l] is a bell-type-
solitonand V[1] is a M-type-soliton.
As N=2,let 1=4, (j =1,2,3), together with (11) and (13), we have

A A A

A1=—A1, B =_BOI C.= CO, D =—2 (37)
A, A A, LA,
with
oAk A4 L 64 A -84 1 -k -84 A
A =1 6,4, 4 AAl::l- 0,4, _1"22_52/122' ABo:]- _122_52}‘22 A,
1 53/13 ’13 1 5313 _/13‘2_53’13‘2 1 _/132_53/13‘2 /13
_1 _1
. 18 A oA O oA
A=l 8, SA. Mg =l & —A Aq=|-3h 5 O
03 O/,
? ? 1 53 _%/13 _%ﬂe 53 53/13

With the help of (30), we get

®
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Figure 1. Plots of the three-soliton solution (39).
A 1 2A -2B,-1
q =q[2]=E+A1—D1—2CO—T_°2,
1 2A l23 1 (38)
T27[2]==+A-D,-2C, + —2 2~
2] 2 TATBG 4D, -2
Then we get another solution of the WBK system (1) by using of (31)
u[2]=c[Inw[2]] —2cF[2],
(39)

v[2]- —czv_\/[z]—(ﬂc—%][an[Z]]xx +(2p0-c*)7[2],

with w[2]=F[2] -a[2], +q[2] -F[2] .

When we take 4 =-5, 4,=-4, 4,=3, c=1, =120, =3, r,=1/2, r,=2, U[2] is a three-
bell-type-soliton solution with two overtaking solitons and one head-on soliton (see Figure 1(a)) and \7[2] isa
three-M-type-soliton solution with two overtaking solitons and one head-on soliton (see Figure 1(b)). We note
that by the obtained DT, we can get (2N —1) soliton solutions which are different from those in [19] which are
2N -soliton solutions.
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