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ABSTRACT

This paper is devoted to the study of the linearization problem of system of three second-order ordinary differ-
ential equations y; = F, (X, ¥y, Y, Vs, Vi, Y5, Y5 ). Yo = B (X, Y1, Y. Y. V1. Vs, Vs ) and
Y. =F, (x, Vi Yoi Yo Yia Yo, y;). The necessary conditions for linearization by general point transformation

t= (0(X, Y1 Y2, y3),u1(t)= '/’1(Xl Yi: Y2, y3)v u, (t)=y/2(X, Y1 Y2, ys) and u, (t)=(//3(X, Yi: Y2, y3) are found.
The sufficient conditions for linearization by restricted class of point transformation

t=p(x),u (t)=w, (X, ¥,). U (t)=w, (X, y;,Y,) and uy(t)=w,(X,Y,,Y,,y,) are obtained. Moreover, the
procedure for obtaining the linearizing transformation is provided in explicit forms. Examples demonstrating
the procedure of using the linearization theorems are presented.
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1. Introduction

In general, physical applications of differential equations are in the form of nonlinear equations, which are very
difficult to solve explicitly. Most of the solutions are approximate solutions. In solving nonlinear ordinary diffe-
rential equations, one of the solving methods is reducing nonlinear ordinary differential equations to be linear
ordinary differential equations, which makes the method easier and then we have exact solution of original equ-
ation.

The first linearization problem for single second-order ordinary differential equations was solved by S. Lie [1].
He found the general form of all ordinary differential equations of second-order that can be reduced to a linear
equation by changing the independent and dependent variables. He showed that any linearizable second-order
equation should be at most cubic in the first-order derivative and provided a linearization test in terms of its co-
efficients. The linearization criterion is written through relative invariants of the equivalence group. A. M.
Tresse [2] and R. Liouville [3] treated the equivalence problem for second-order ordinary differential equations
in terms of relative invariants of the equivalence group of point transformations. In [4] an infinitesimal tech-
nique for obtaining relative invariants was applied to the linearization problem. A different approach to tackling
the equivalence problem of second-order ordinary differential equations was developed by E. Cartan [5]. The
idea of his approach was to associate with every differential equation a uniquely defined geometric structure of a
certain form.

The linearization problem for a system of second-order ordinary differential equations was studied in [6,7]. In
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[6], Wafo and Mahomed found the criteria for linearization of a system of two second-order ordinary differential
equations which are related with the existence of an admitted four-dimensional Lie algebra. In [8], Aminova and
Aminov gave the necessary and sufficient conditions for a system of second-order ordinary differential equa-
tions to be equivalent to the free particle equations. Particular class of systems of two (n = 2) second-order ordi-
nary differential equations was considered by Mahomed and Qadir [9] and they also provided the construction
of the linearizing point transformation by using complex variables. Some first-order and second-order relative
invariants with respect to point transformations for a system of two ordinary differential equations were obtained
in [10]. In [11], Sookmee and Meleshko proposed a new method of linearizing a system of equations, where a
given system of equations is reduced to a single equation to which the Lie theorem on linearization is applied. In
[12], necessary and sufficient conditions for a system of two second-order ordinary differential equations to be
equivalent to the simplest equations were obtained by using the implementation of Cartan’s method. Lineariza-
tion criteria for a system of two second-order ordinary under general point transformation were obtained in [13].
In [7], linearization criteria for a system of two second-order ordinary differential equations to be equivalent to
the linear system with constant coefficients matrix via fiber preserving point transformations were achieved.

Nowadays, the linearization problem of a system of three second-order ordinary differential equations to be
equivalent to linear system via point transformations is open. Hence, it’s worth solving this problem as essential
part of a study of differential equations.

The manuscript is organized as follows. In Section 2, the necessary conditions of linearization of a system of
three second-order ordinary differential equations in the general case of point transformations are presented. In
particular, in Section 3, sufficient conditions for linearizing restricted class of point transformations are obtained.
Examples which illustrate the procedure of using the linearization theorems are presented in Section 4.

2. Necessary Conditions for Linearization

We begin with investigating the necessary conditions for linearization. We consider a system of three second-
order ordinary differential equations

Y7 =B (X Y0 Yo Yoo Y40 Y 5
Y: =P (X Y0 Yo Yo V10 Y20 V), @
Y =Fa(X Vi Yo Yau Vi, Vi V3.
which can be transformed to a linear system
u/(t)=0, uy(t)=0, u;(t)=0, )
under the point transformation
t=0(X 1,20 ¥3),
U (1) = (X Y0, Y2, ¥3),
Uy () =72 (X V10 Y20 ¥a).
Us (t) =73 (X, Y1, Y21 Vs)

©)

So that we arrive at the following theorem.
Theorem 1. Any system of three second-order ordinary differential Equation (1) obtained from a linear sys-
tem (2) by a point transformation (3) has to be the form

Vi =au Yy + (3, Y5 + Yy +au ) Y7 + (s Yyt + (B Vs + i) Yy + Y5 + Y5 +8u0 ) Vi
+ 2011 Y5" + (B Vs + 8113 ) Vs + @y V3. + Bugs Vs + e,

V5 = 1Y + (B Y] + Y3 + 20 ) V5© + (@Y + (B Y5 + 857 ) Vi + 8155 + 05 +ng0 ) Vs
+ 8,0, Y1+ (850, Y + 505 ) Vi + g Y57 + By Vs + B

Yy =8 Ysl +(aisYy + s Y5 + 85, ) Vs (5 + (Y5 + 85 ) Vi +Bus Yyt +8seY5 + 8510 ) Vi

2 ’ ’ 12 ’
+ a311y1 + (a312 y2 + a313) yl + a'314 yZ + a315 y2 + aSlG :

(4)
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hl¢¥1y1 + hzl//l)’l)ﬁ + h3l//2)’1)’1 + h4l//3)’1)’1 )/A‘

2hl¢¥1)’z + 2h2l//1)’1)’2 + 2h3l//2¥1¥2 + 2h4l//3)’1y2 )/A'

2h1¢¥1)’3 + 2h2l//1¥1)’3 + 2h3l//2¥1¥3 + 2h4l//3)’1¥3 )/A’

2h1¢xy1 + h5¢y1y1 + 2h21//1xy1 + hGV/lylyl + 2h3'//2xy1 + h7l//2y1y1 + 2h4l//3xyl + hﬂl//3yly1 )/A’

2hl¢)’2)’3 + 2h2y/1Y2Y3 + 2h3l//2¥2)’3 + 2h4l//3)’2)’3 )/A‘

2h1(pxy2 + 2h5¢y1y2 + 2h2l//lxy2 + 2h6'//ly1y2 + 2h3’//2xy2 + 2h7l//2y1y2 + 2h4l//3xy2 + 2h8‘//3y1y2 )/A’

= (
(
= (
o=
s = (M, + oy, + 0y, +hs, ) )/A,
=
=
o = (N, + oWy, + Ny, + 0, ) /A,
(

2h1(0xy3 + 2h5¢y1y3 + 2h2Wlxy3 + 2h61//1y1y3 + 2h3l//2xy3 + 2h7l//2y1y3 + 2h4l//3xy3 + 2h8W3y1y3 )/A'

2h5¢xy1 + hlq)xx + 2h61//1xy + hz'/’m + 2h7V/2xy1 + hal//Zxx + 2h81//3xy1 + h4l/l3xx /A

h5¢¥2yz + hGl//leYz + h7l//2)’2¥2 * hSl//3)’2Y2 /A

=(2h 5Py,y5 + 2h61//1¥2y3 + 2h7l//2¥2y3 + 2h3V/3Y2)’3 )/A’

(2 5¢xy + 2h6l//1xy2 + 2h7l//2xy2 + zhfil//:%xyz /A
(h5(0Y3Y3 + h6yl1)’3¥3 + h7l//2¥3)/3 + h3W3Y3Y3 /A

(2 5¢xy3 + 2h6l//lxy3 + 2h7l//2xy3 + 2h8l//3xy3 )/A'
=(h

Sq)xx + hel//lxx + h7l//2xx + hal//3xx /A

24 = (Zhl(pxyz + hggﬂyzyz + 2h2V/1xy2 + rHol//lyzyz + 2h31//2xy2 + hlll//Zyzyz + 2h4l//3xy2 + hlz‘//3y2y2 )/A'

(Zhl(pxyl + 2h9¢y1y2 + 2h2W1xy1 + 2hlo‘//1y1yz + 2h3V/2xy1 + 2hll(//2yly2 + 2h4l//3xyl + 2hlzl//3y1y2 )/A

= (2hl(pxy3 + 2h9(py2y3 + 2h2V/1xy3 + 2hlol//1y2y3 + 2h3V/2xy3 + 2hlll//2y2y3 + 2h4l//3xy3 + 2hlz‘//3y2y3 )/A'

a'210

2h9¢xy + hl(pxx + 2hlol//lxy2 + hz‘//lxx + 2h11‘//2xy2 + h3l//2>(x + 2hlz‘//3xy2 + h4W3xx /A

G =y, + hlo‘//ly1y1 + hlll//2y1y1 + hlz‘/’syly1 /A

a212

2h 9(0)’1)’3 + 2hlol//l}’1y3 + 2hlll//2)’1}’3 + 2hl?!//3y1)’3 )/A’

h9¢y33’3 + th(/lleYs + hll(//2V3Y3 + hl?l//3Y3Y3 /A

a'2 14 =

(
(1
(

815 = (2Nyy, + 2N, + 2N, + 20075 ) /A,
=(

815 = (200, + 2Ny, + 2, + 2N, ) /A,
(

h9¢)xx + hlol/llxx + hllWZxx + hlzl//3xx )/

aZlG
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®)

(6)

(7)

(®)

©)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(@7)
(28)
(29)

(30)
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= (2h1¢7xy2 + 2hl3(py2y3 + 2h21//lxy2 + 2hlAl//1y2y3 + 2h3l//2xy2 + Zhlsl//2y2y3 + 2h4l//3xy2 + 2hlGl//3y2y3 )/A’

a316

= (l//ly1 !//2y2 l//3y3 - l//lyl ‘//2y3 V/Syz - l/llyz l//2y1 !//3y3 + l//lyz V/2y3 ‘//3y1 + l/lly3 ‘//2y1 ‘//3y2 - l//1y3 ‘//Zyz ‘//3y1 ) ’

e =
(
o=(-
(
o= (-
(
= (-
(

o=(0
(
(
=
=
(
o=(-0
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(Zhl¢)xy3 + hl3¢y3y3 + 2h2'//lxy3 + h14l//1y3y3 + 2h3W2xy3 + hlsl//2y3y3 + 2h4‘//3xy3 + hlGl//3y3y3 /A

(Zhlq)xyl + 2m3¢)y1y3 + 2h2l//lxy1 + 2h14l//ly1y3 + 2h3l//2xy1 + 2h15l//2y1y3 + 2h4l//3xy1 + 2h16l//3y1y3 )/A

(2?11340Xy3 +he, + 2h14‘//1xy3 +hy,, + 2hlsl/12xy3 +hy,,, + 2h161,//3xy3 +hys,, )/A
= (M, + Mgy, + oy + Mgy )/A,

<2h13¢y1yz + 2h14‘/’1y1y2 + 2hlsl//2y1y2 + 2?1161//3y1y2 )/A

(2hlsgoxy1 + 2h14l//lxyl + 2h15l//2xyl + 2h16‘//3xy1 )/A,

o = (May,y, + by, + sV, + My, )/A,

s =(
(

2hl3¢xy2 + 2hl4l//1xy2 + 2h151//2xy2 + 2h16W3xy2 )/A’

hlsgoxx + hlAV/lxx + hlsl//2xx + hley/3xx )/A'

_(py1 ¥ Y2 Vs Y3 (py1 ¥ Y3 l//3y2 + (pyz ¥ Y1 L£ y3 ngz ¥ Y3 l//3}’1 - (’0)’3 ¥ 1 l//3)’z + §0y3 ¥ Y2 Y3 Y ) !
Py, (//1)’2 y/3>’3 - (0)’1 l/ll)’s l//3)’z - (p)’z Wlh !//3Y3 + g0)’2 W1Y3 l//3)’1 + §0y3 l//1Y1 l//3V2 - (0)’3 (//1)’2 l//3>’1 ) !
Py V1 wl)’Z V2 Y3 + (ph V/1Y3 L& Y2 + (Dyz l//1Y1 ¥ y3 (pY2 V/1Y3 ¥ o (pya l//1y1 Ve Y2 + (p}’3 l//l}’Z L4 Y1 ) !

YixVa Y2 l//3y3 l//lxl//Zy3 l//3y2 - ‘/Ilyz !/IZXl//Sy3 + ‘/Ilyz Vs y3 Wax + ‘/Ily3 l//2xw3y2 - (//1y3 ¥, Y2 Vax ) ’

wx‘/IZyz l//3y3 + (ﬂxV/ZyB l//3y2 + goyz WZXV/3y3 - (pyz ‘//2y3 Vax = (0y3 !//le//?.yz + ¢y3 l//2y2 Vax ) '

(oxl//lyz l//3y3 - (vajly3 l//3y2 - (pYZ Wlx‘//3y3 + (pyz l//ly3 Wiy t+ ¢y3 Wlxl//Byz - (py3 l//lyz Vax ) )

(2% l//lyz Y, V3 + (pxl/lly3 l//2y2 + (pyz VYo vz (pyz les Vox — (py3 Vs Yo + ¢y3 l//lyz Vox ) ’

l//lx!/IZyll//3y3 + ‘/llxl//2y3 l//3y1 + lelw2xw3y3 !//1y11/12y3 '//3x - VllyBl//le//3y1 + V/1y3 ‘//Zyll//3x ) '

Y, v l//3y3 (oxl//Zyg '//3y1 - (pyl V/2xw3y3 + gpyl ‘//2y3 Vix + ¢y3 ‘//2xl/l3y1 - (oy3 v, V1 Wx ) ’
(px(//1yll//3y3 + ¢xW1y3 V/Syl + (pyl !//lx‘//3y3 - goyl v/ly3 Viax — ¢y3 l//lx‘//3y1 + ¢y3 l/lly1 Vax ) ’

(vajlyl l//2y3 - (pxl//ly3 l//Zyl - (pyl l//lxl//2y3 + (Dyll//ly3 Vo + (py3 Vix¥» v (py3 l//lyll//ZX ) '

lexWZyl l//3y2 Wlxl//Zyz l//Syl - l/llyl l//le//3y2 + ‘/jlyl l//2y2 Wiy + lez ‘//2xl//3y1 - l//lyz l//2y1 Vax ) '

(DXWZyll//SyZ + (DXWZyZ l//?.yl + (py1‘/12xl//3y2 - (pyll//Zyz Vax — (0y2 l//2xvj3y1 + (Dyz V/2y1‘/13x ) '

(Dxl/llyl l//?,yz - (Dxl/llyz ‘//3y1 - (Dyl ‘/llxy/?,yz + (Py1 l//lyz Wi + (Dyz y/lxl//3y1 - goyz lel Vax ) )

W1y1 l//Zyz + gox(/llyz ¥, V1 + ¢y1 l/llxl//Zyz - wyl l//lyz Wox — (0)’2 ‘//lx‘//2y1 + ¢y2 l//1y1 Wax )

(31)
(32)
(33)
(34)
(35)
(36)
@37
(38)
(39)

(40)
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A= (V2 Vay, =PV W2y Vg, =~ Oy, Vay Way, + OV 1y, Vo Way, + Oy Way Wy,
OV, Wy, Way, — Py W1V oy, Vay, T Py WiV oy, Way, T Py Wiy, VaxWay, — Py Wiy, Vay,Wax
Py W1y VaWay, T Pp W1y Voy,Wax T @y, ViV 2y, Vay, — Py, ViV ay,Vay, — Py, W1y VaxVay,
T Oy, W1y, VayWax T Py, Vi1, WaxWay, — Py, V1, Way, Wax — Py, W1V 2y Vay, T @y V1xV 2y, Vay

PV VaWay, = PV Vg, Wax = Py Wiy Vadlay, + Py Vay, Vo Ve ) # 0.

Proof. Applying a point transformation (3), one obtains the following transformation of the first-order deriva-
tives

_ Dy _ Wt Yy ey, YWy,
Do o+ Yipy, + Y0, + Y20,
()= 2 N 1,
Do O 1Py, + Y20, + Y10,
(1) = D Vot W, TV, 2
D¢ P+ Y10y, Yoy, + Y30,

u (t)

=0 (X Y0 Yo, Vau Vi Va0 V3 ),

=0, (X Y0 Yo Yo Vi Voo V3 ),

=05 (X, Y1 Var Yo V10 V30 V3)-

The transformed second-order derivatives are
du, D
ulu(t) — 21 — xgl
dt D,p (41)
= (glx + y]iglyl + yéglyz + yéglys + y]i,glyi + ygglyé + y.’:"glyé )/((px + y]f(pyl + yéwyz + yé¢y3 )

2
uz"(t)— du, D9,

S d Dy (42)
= (92x + yjlngyl + y£92y2 + yég2y3 + nyZyl’ + yggZyé + yggZyé )/(¢x + y£¢y1 + yé(pyz + yé(py3)
d’ D
() === =%
dtt D (43)

’ ! ! ", 14 14 ’ ’ ’
= (Gay + Vils, + Y30sy, + Volay, + Viays + Vs, + Yosy, ) /(0. +Vio, +¥io, +vi0,)

where

0 = (21 + Vi, + Y30y, + Yi0y, ) (Vi + Vit + Vil + Viins )

(Ve + Vi, + Vi, + Vi, )0+ Vit + Vi, + i, ) / (0 + Vigy, + Voo, + Vi, )
Ouy, = (2 + Yiey, + V30,, + Y50, ) (Wag, + Vit + VWi, + YWy, )

(Vo Yy + Vi¥ag, Y503, ) (P Vi + Vi, Vs, )+ Vi, + Vi, + Y30, )
0y, = (2 + iy, + Y30y, + Y50, ) (Vi * YWy + Vilissse * YWy )

(W + Vit + YWy, + YW ) (o ViPrs + YiPys + Vi ) / (0, + Vi, + 3oy, + Vio,, )
Oy, = (2 ¥i,, + Y30, + Y30, ) (Vo * Yi¥issgs + Yilinsne + YWy, )

(W + Vit + YWy, + YW, ) (o ViPr + YiPpys + Vi ) / (0, + Vi, + 30y, + Vio,, )
0 = (0 + Yio,, +vio,, + Vi, v,

2
_(l//lx + Yy, + Yoy, + YaWay, )(”y1 )/((ox + Y10y, * Y20, y3§0y3> )
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0; =((2+ Vi, + Vi, +Vio,, ),

(Vo Vit + Vi, + Vi, )9, ) / (0, + Vi, +Vio,, + Vi, )

0u; = (22 + Vioy, + Vioy, + i, vy,

(Ve + Vi, + Vi, + Vi, )9 ) / (0 + Vig, + Vo0, + Vi, )

G = (21 + Vi, + Y30,, + Y50y ) (Vs + Vil + Viliany, + Vil )

(W + YWy, + YWy, + Vil 0y, )P+ Vir, + Vi, + Vi, ) / (0, + vio,, +Yio,, + Vo, )
Oy, = (0 + Vioy, + Y30y, + Y20y, ) (Wan, + YiWary + YWy, + Vil )

~(Wan + YWy, + Va2, + Vi, )Py + Vil + Vi, + Vit ) / (0, + Vio, + Voo, + Vi, )
Oa, = (2 + Vi, + Y30, + Y2y, ) (Vs + Vil + VW 2y + VW21, )

~(War + YWy, + YWy, + Yilay, )Py + Vi, + VaPyy, + Viyy, ))/ (0. + Vioy, + Vo, + Yooy, )
Oa, = (20 + Vi, + V30, + V0, ) (Wars + Vil s + Vilarins + VW21 )

~(War + YW oy, + YWy, + Yilay, )Py + Vi, + VaPyy, + Viyy, ))/ (0. + Vioy, + Vo, + Vioy, )
Oy = (0 + Yigy, + Y10, + Y50y, W2

~(Wor + VW2, + Va2, + Vi, )0y, )/ (0, + Vi, + V30, + Vi, )

Qoy, = ((?’x + Y1’¢’y1 + yé@yz + yg(ﬂyg )'/’Zy3

~(Wor + ViW2y, + Yoy, + VW2, ), )/ (0, + Vi, +Yio,, + i, )

O = (01 + Vi, + 30y, + Y30, ) (Wany + YiWary + YWy, + VW2, )

(W YWy, + YWy, + Vi, ) (B, + Vil + Vi, + Vit ) / (0, + Vi, + 30, + Vio,, )
Oay, = (2 iy, +Y50,, + Y50y, ) (Vo + ViWar, + ViWar, + Vil )

(W YWy, + YWy, + Vi, ) (B, + Vil + Vs, + Vit ) / (0, + Vi, + 30, + Vio,, )
Gay, = (2 Vi, + 30y, + Y30y, ) (Vs + Yi¥srigs + Vilagpys + ViWs )

~(War + YiWsy, + Yslay, + Yilay, )Py ViPuuys + VoPy s + VaPyy, ))/ (0 + Vig, + Voo, + Vi, )
Gay, = (22 + ¥io, + 30,, + Y50, ) (Vans * YWy * VoW oy + Vilaysy, )

~(Wae + Vit + YiWay, + YWy, (s + Vi + Yoy, + Vs, ) / (0 + Vioy, + 30y, + Vi, )
Oay; = ((Q’x + Vi, + Y20y, + Y3y, )‘/’3y1

2
_(W3x + y]_l//3y1 + y2‘/’3y2 + y3w3y3 )(Dyl )/(wx + y1¢y1 + y2¢y2 + yS(Dy3 ) 1

OPEN ACCESS
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Ouys = (0 + Vi, + Vioy, + Vi, Wy,
(W YWy, + YWy, + VW3, )2, ) / (0, + Vi, + Vi, + Vo, )
Ouy, = (22 + Vi, + Voo, +Vio,, )Wy,
(Vo YiWay, + Vil + Vi, )94 ) / (0, + Vio, + Vioy, + Vi, )

and
0 , 0 , 0 y 0 " 0 " 0 " 0
DX—_+y1_+y2_+y3_+y1_+y2_+y3_+...

ox oy, oy, Y5 oy, oy; oy,

iS a tOtaI deriVatiVes. RepIaCing glx ' gly1 ! glyz 1 gly3 1 gly{ ' glyé ! glyé 1 gZX ' gZy1 ! gZyZ ' gZy3 ' gZyl’ 1 gZyé ' g2yé ' g3x’
sy, 1 O3y, Oy, » Oy Uays » Uay, - INtO Equations (41)-(43), one gets the system (4). o
3. Sufficient Conditions for Linearization

We have shown in the previous section that every linearizable system of three second-order ordinary differential
equations belongs to the class of systems (4). In this section, we formulate the theorem containing sufficient
conditions for linearization under the restricted class of point transformation

t=p(x),

u () =y (X, ¥2),

U, () =, (X, Y, Y2 ),
Uy (£) = w5 (X, Y1, Y5, ¥s)

(44)

We arrive at the following theorem.
Theorem 2 System (4) is linearizable by restricted class of point transformation (44) if and only if its coeffi-
cients satisfied the following equations
a,=04a,=02a,=0a;=04a=02a;,;=02a,=02a,=0,

(45)
= 0, Ay = 0, A3 = 0, Ay = 0, Q5 = 0, Ay = 0, Ay = 0, Ay = 0, A5 = 0,

Ay, = 0, A4y, = 0, 10y, = 0, 19y, = 0,
Q16y, = O’amey3 =0, Quy, = 0, A7y, = 0, (46)
10y, = 0, Ay, = 0, 13y, = 0, 16y, = 0,

a0, = (4a116yl + 280, — 48, + 810 — 48,58y, + 28108y, + 28,1585 — A5 + 485,08, )/2 (47)
810y, = 2844y, (48)
Qi6y,y, = Niey, Ya T Qaxe — uaxiso T gy Aigeos (49)
8y, =251y, /2, (50)

Q1ox = (4a216y2 + 2a310x - 4a316y3 - 2a116a27 + 23116337 + azzlo - 4a216a24 + 2a216a39 - aszlo + 4a316a34 )/2, (51)

10y, = A7 (52)
D10y, = 2a,,,, (53)
iy = (2a213y1 — 28308y, + 284,855 + 28,08p); — 838y, )/4- (54)
QB11y, = (2"‘127y1 +28,,8,, +48,;,8,, —ay, )/4- (55)
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19k = <4a216 o + 81108015 — 48168511 + 810813 — 289168y, )/2:

A3y, = (2857, + 83087 — 8108y + 28,158, )/2 ,

Dt6yy, = (aney1 8y + 28,16, By + Bg7 — 87,810 + 8gyy, Bug + gy, B )/21
A16y,y, = (2a216y2 By + 28,5 — 285438510 + 285, 8y1s T 87y, e )/2 ,

a34y1 = a37Y3/2’
a34yz = a39y3/2’

837y, = By,
8310y, = g7
8310y, = o
Bg10y, = 28g4y

811, = (28415,, — 28430811 + 284855 + 285118415 — By138ary + 25181, — BBy ) /4,
3y, = (2aGlzyl + 28,8y, +48,,85,, — 8,784, + 285,859 — 85,84, ) /4,

Buusy, = 2857y, + 284,85 + 28,,,80 + 4208, — 35 ) /4,

s = (28415, ~ Bosofe1p + ByrBass + Ao, — sy ) 2,

By, = (4a314y1 — 28,85, + 28,85, + 8,855 — 28514847 )/2

Batay, = (280, + 8218 + 280158 — 8749 ) /2,

Aygy = (4aGleyl + 8108513 — 48158511 + 8y13855 — 285585, + 8g108s15 — 285,585, ) / 2,
313y, = (2a315y1 + 110817 — B10a1p + 2813814 T+ g1389 — Agy5y; )/2,

13y, = (2845, + 8110y + A58 — Bagosy + 233138y, ) 2,

810 = (28415, — 28510814 + 2854815 + 2851981, — Bays )/4

Q14 = (2850, + 285,85 + 485,85, — 8 )/4

s = (48a1sy, — 281168415 + By108s15 — Hps68ys + BagoBoss — 216 ) /2,

aSlSY3 = (2a39>< + 8510839 ~ 831989 + 2"’13156‘34 )/2’

a316y1y3 = (aileyl a37 + a216y1 a39 + 2a316y1 a34 + a37><x - a37xa310 + a37y1 aile + a37y3 a316 + a39y1a216 )/2'

B16y,y, — (a216y2 Qg9 + 28416y, 8y + Bggyx — BagyBarg + gy, By + Bagy, Bprp + Bagy, Aais )/21

RB16y,y; — <2a316y3 Ay + 285, — 284,84, + 28y, 86 + 8y, Qg5 T Bggy, B )/2

¥3

(29) one gets the conditions

OPEN ACCESS

(56)
(57)
(58)
(59)
(60)
(61)
(62)
(63)
(64)
(65)

(66)
(67)
(68)
(69)
(70)
(71)
(72)
(73)
(74)
(75)
(76)
(77)
(78)
(79)
(80)

(81)

Proof. Since ¢, .9, ., v, .y, and y,, are O, then A=guy, v+0 where v=y, v, .Consider-
ing equation (v, ) =0 one obtains v, =0. From Equations (5)-(7), (9)-(13), (15)-(19), (23), (26) and (28)-
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a11=a12=a13=a15=a16=ai7=a18=a19=a111=0’
Ay = Qyy3 =85y =855 = 8yg = 8ypp = 8yyy = Ay =0.

The results from Equations (31)-(34), (8), (21), (22), (25), (27), (38), (36),(37), (14), (20), (24), (37), (39), (30)
and (40) can be rewritten as

Do = Py (2V, + 50V +ay,V) /(2),

Via = (20, + V3,110V + V3, 8000V — 2071, 815V ) / (2v),
Wi, = Wiy, (2V, — 8430V +8y0V) / (4v),

iy, = Vay, Qas

Vo = (2!//1y1 WouVy T Wiy, Wox@iioV + Wiy WoyBoioV — 2!//1yll//2y1 AV — 2¢’:1216V2 )/( 2'//1V1V) ,
Vo = (200 W 2y Ve = Vi Wy, B0V + Vi Wy, BoioV — 23,150° ) [ (4, v),

Yoy = _(Vlly1'//2y1 8y, + aznv)/l//lyl )

Vi = <2W3xvx FWayBu10V + Way 10V — 25, 311V — 205y, 8V — 275, aelev)/( 2V),
Vi, = (2‘//3y1Vx ~ Wy, B0V + Wy, BV — 2073, 8y — 205, a,mv) / (4v),

Vi, = (2W3y2 Ve +Way, Q110V = Way, 80V — 2075, a315V)/(4V)v

Wi, = (Wsy, (29, + 81yl + B0V — 2a310v))/(4v),

Yayy = _<‘/’3y1314 +Way, 811 T3y, 3311),

Yayy, = _('//3)/2 8y t W3y, 8, )/2:
Vayy, = Vay, a37/2,

Vay,y, = _(‘//3y2 Ay T W3y, 8514 ),
Vayoys = Vay, a39/21

Vayey, = Vay, Saa

Vy, = _V(Zau +ay )/2:

V,, =—ay,V.
The relation (vy2 )y3 :0’("”1V1y1)y2 =0,(l//ly1y1)y3 =0, (l//zylyl) ( ) ¢xx 0,('//1xy1)y =0,
(Vi) :0'<‘/’2xy1>y3 =0,(v2,.), =0.(04), =0, (24), (l//lxyl) =0,(),, =0 ield the conditions

Aoy, = 0, Ay, = 0, Ay, = 0, 1y, = 0, Ayry, = 0,
a110y3 = _a210y3’a210y3 =0, a116y3 = O,a213y3 = Olazwy3 =0,
Q10y, = ~Q0y, T 2a‘24x’a110y1 =28y, - 10y, T 8750

By, = 28y ~ gy, T 71 B0y, = 2845, 8y35y, =0,
respectively. Comparing the mixed derivatives

(V/3Xy3 )y3 = (V/3V3y3 )x ’(VY1 )yz = (Vyz )Y1 ’(l//3YQY3 )y3 = (l//3Y3Y3 )y2 !
(W3V1V3 )),2 (W3YZY3 ) (V/3V1Y3 )y (l//3y3)’3 ) (l//lxh ) (l//l)’ﬂ’l )x !

(V/3XY3 )y1 = (W3Y1Y3 )x ’(W3XY3 )YZ = (l//3y2y3 )x

OPEN ACCESS AM
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one arrives at the following conditions

a27 Yo a39 393

a310y3:2a34x’a24y1: 2 184y, = 1837y, = gy,

Ay, = 2 1810y, = 8750 B0y, = Bg7xr Aapoy, = Boxs

respectively. The equations (‘/’2y2>y = (V2 )
Xy1

Vay, )ylyl =(v ZM) (V’val) ('/’Zvlvl)x’('/’3xn)y3z(%xvs)yl’
’/’SXVz) (’/’3xys> ('/’3XVz) ('/’3y1yz)x ’(V/Sxyz )yz :('//3sz2 )x’
(‘//3y1y3) (Vo )y3 :(%vm)yz (Vo )yz = (Vayon )yl’
('/’3sz3) (V’an) ('/’3xyz) (V’W) (V’Bylvl )X’

( 3V1Vz) (ZN (V’val )x’("’lxx)ylyl :('/’ZVM )xx
Vo), = (Vo ), (Wau )y, = (Vans ). - (Wanc )y, = (W2 ).

WSXX (l//3xy1 )x ,(V/SX Y1Y3 (l//3y1y3 )xx ’(WSXX )YZY3 - <l//3y2y3 )xx '

(
(
(Vo )
(72 )
(Vs ),
(
(
(

Vs i

W),y = (Waysys )+ PrOVide the following conditions:
2a213y2 = 28,7, + 8308y — 808y + 28538y,
4‘?’-211y2 =2ay, w T 28,,8,; +48,,,8,,V — a227 ,
4ay, = 2'3213y1 — 284198y + 28148513 + 28510851 — By138y;,
2a313y3 = 28q7, + 81085 + By13859 — 8319857 + 28538,
251315y3 = 284, + 810839 — 310859 + 28y;58y,,
28y, = 23’315y1 ~ 89108312 t 8978515 + 83108312 — Ag158s7
4a314x = 2"3‘315)/2 - 2a210a314 + 2‘?‘24a315 + 2a31oae.14 — 8315859,
4a311y3 = 2a37y1 +28y,8q + 28,85 +48y;,8, — as%w
26‘312y3 = 255'393/1 + 897839 + 2831,8, — 83789,
2aelzy2 = 4a314y1 - 2a24a312 + 2&276314 + 831585 — 233143377
4""314y3 = 2a39y2 + 2a24asg +4a,,,8,, —a329,
2a313y2 = 2a315y1 + 8010831, — 8y108g1p + 28138y, + 8313859 — 858y,

43311x = 23-313yl - 2a110a311 + 2a143313 + 2a211a315 — A58, t+ 2a310a311 — 313847,
4:;1311y2 = 2a312yl + 28,85, +48,,,85), — 8y; 85, + 284,859 — 83,857,

2a110x = 4a116y1 + 2a210x - 4a216y2 + a'1210 _4a116a14 + 2a116a27 - azzlo + 43-2163-24l
Qi6yy, = Miey, s T Brane ~ Buay @i t 8iay, B

2a315x = 4a316y2 - 2a116a312 + Q5108315 _4a21sa314 + 83108315 — 2a316a39'

2
22y, = 4a216y2 + 284, — 45‘315y3 — 284,48y, + 28584, + 8319 — 48,158y, + 28,1535

OPEN ACCESS
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2a213x = 4a21e y T 8108213 ~ 43116a211 + 108513 — 28'216 8y,
23313x = 4a316y1 + 8108513 — 431163311 + 8513835 — Zazmaalz + 83108313 — 261316837,
a316y1y3 = 3116y1a37 + a216y1 Ay + 2a316y1 Az + gy — Qg7 B0 a37yla'.l.16 + a37y3 8316 + a39y1 Q16
2a316y2 y3 a216y2 85 + 2a316y2 8y T 9y — Bg95 8310 T g9 Vi Q16 + 85 Yo 8y16 T 859 Y3 8316
2a316y3y3 = 2a316y3 a34 + 2a34xx - 2a34xa310 + 2a34y3 a316 + a37y3 a116 + a39y3 a216'
Mixing the derivative (V/zy2 )xx = (t/lm)y2 , One obtains the derivative
= (12V] +4v,v (5 + 8y
2 2 2
-V (4a110x _4a210x +16a216y2 _ano - 2a110a210 _831163-27 +3a210 _16a216a24))/(8V)-
Comparing the mixed derivatives (v, ) =(v,), , (v, )_=(Vy), onegets the conditions

2a’216y1y2 =85y, 857 + zazmy1 Q4 T By7xx — Ba7x B0 T g7y, Q36 + 857y, B

2a216y2y2 = 2a216y2 By + 28y, — 28850 + 23-24)/2 816 T 857y, 116

All obtained results satisfied the equations (z//zy2 ) =0,
¥3

Van )ylyl - (V/SVM) %’X" VY2 (%Vﬂ'z ) W3XX )yzyz - (W3yzY2 )xx ’("”3% )yz - (%VD’Z )x '
V/3XY1 )y3 = (V/3Y1Y3 )x ’(W3XY1 )YZVZ = (W3YZY2 )Xyl ’(V/3XY1 )y2y3 = (W3YZY3 )Xyl ’(W3XY1 )y3y3 = (W3Y3Y3 )Xyl !

Yaxy, )y1y3 = (l//3y1)’3 )XYQ ’(l//3XYZ )y3 = (l//3YZY3 )x '(V/3XY2 )y3y3 = (l//3Y3Y3 )Xyz '(V/3XY3 )Yl = <W3Y1Y1 )xy !

(
(
(
(‘/’3%)”2 = Vo, )xy3 ’(%%)yzyz = (Vayun )m '(V/3ym>y2yz (V’3szz) (%m ) = (Vayen)
(00 B (0 B (2P Nl (9 B ('/’sylyz)ym=(Wsysy3)ylyz-('/’sm3) = (Vo ),
(

l//3y2y2 )y3y3 = (W3y3y3 )yzyz '(l//3y2y3 )y3 = (!//3y3y3 )y2 '(Vxx )y3 = 0

4. Linearizing Transformation

By the prove of Theorem 2, we arrive at the following corollary.

563

Corollary 3. Provided that the sufficient conditions in Theorem 2 are satisfied, the transformation (44) map-
ping system (4) to a linear system (2) is obtained by solving the following compatible system of equations for

the functions @ (x),w; (X, ;). %, (X, ¥1,¥,) and wy (X, ¥y, Y5, Y5):
v, =-Vv(2a,+a,)/2,

v, = —va24,
2

= (12V] +4v,v (3 + 8y

v (_8a116y1 - 8a216y2 a‘1210 + 2a110a210 + 8a116a14 + 4a116a27 - a2210 + 83-216 A ))/(8\/)'

qoxx = (2(/)xvx + (va(ano + a210 ))/(2\/)’
Vi = (Zl/llxvx + Y3,V (B0 + 850 ) — 2V, 846 )/( 2v),

Ving = <2V Wiy, VW, ( Q10 + 38 / (4V

Vigy = Viy 8

OPEN ACCESS
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WVay, =V/W1y,

Voo = (W20, + VW, (B30 + Bogo ) = 2075, W, B35 — 27 ) / (2wp,,),
Vo, = (Zl//zylvxl//lyl Wy Wy, (—Bugg + 8y ) — 2078, ) / (4VV’1V1 )

Vs, = (Von Wiy 80 —Vas ) 1y,

Vo = (21//3XvX + W,V (B + 8y ) — 295, Va1 — 275, VB — 205, Vagq ) / (2v),
Wiy, = (21//3y1vX + 3y V(— B30 +8yyg ) — 203y, Vay; — 205, VA, ) / (4v),

Wiy, = (21//3y2vX + W3,V (8130 — By ) — 2073y, VA )/(4v)

Wiy, = (21//3y3vX + W3,V By + 0 — 2a310))/(4v),

Wiy = —Vay, 81 — Way, oy — Way, Bapy,

Vs, = (Va7 = ¥ay,302,) /2,

'//3y1y3 = (_V/Syg a37 )/2’

Vayoy, = Way, 8o ~Way, 8a14,

l//3y2y3 = (_l//3y3 a39 )/2’

Vayey, = Way, Qa4

Example 1. Consider the system of nonlinear ordinary differential equation.

”n 1 12 !
y1+5y12 +y; =0,

n 1 ’ 14 ’ ’
Y, +Ey22 Ty, + Y, = 0,
Ya+Ys Yy +YyYs+Ys=0.

It is a system of the form (4) with the coefficients

ay; =0’a12 =01a13 201314 =_(1/2)1a15 =0’a16 =O'a'.l7 =O,a18 =Ova19 =0,
ay =-lay =0ay,=04a,=04a,,=0a,=0a,=0,

a, = —(]/2),&27 =-1, Ay = 0,

By =18y =0,8y, =0,8,; = 0,8, =0,8,5 =0,8,5 =0,

8y =-Lag =-la, =-1,

8y = —1 83y, = 0,85, = 0,835 = 0,85, =0,855 = 0,855 =0.

(89)
(90)
(91)
(92)
(93)
(94)
(95)
(96)
(97)
(98)
(99)
(100)

(101)
(102)

(103)

(104)

One can check that the coefficients (104) obey the conditions (45)-(81). Thus, the Equation (103) is lineariz-

able. We have

OPEN ACCESS

v, =V,
vy, =V/2,

Vi =V, (3v, —2v)/(2v),
P =0 (v, V)V,

Vi = Vix (Vx _V)/V!

(105)
(106)
(107)
(108)
(109)
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Vg, = (W1, % )/(Zv)
Vigy, =Vay, /2,

Yoy, =V,

W = Way (Y —V)/V,
Vo, =(Way Vi )/(Zv)
Vg =Way [2,

Vo =Var (Y =V)/(¥),

Vaxy, = (Wsylvx )/(2\/)’

Vapy =Vsay /2’

From (105) and (106) we get
v = ghralxy)
and

%*Cz(x)h)

v=e ,
respectively. Since one can use any particular solution, we can take

2><+y1+y—2
v=e 2

and this solution satisfies (107). Now the Equation (108) becomes
P = Py
and yields
@, =€, c, = const.
Therefore
p=e"%+c,.

Since one can use any particular solution, we setc, =0,c, = 0 and take

X

p=e".
Now the Equations (109)-(111) are written
l//lxx = l//lx’
l//lxyl = '//lyl ’
'//1y
l//1Y1Y1 = 21 '

OPEN ACCESS
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(110)
(111)
(112)
(113)
(114)
(115)
(116)
(117)
(118)

(119)
(120)
(121)
(122)
(123)
(124)
(125)

(126)
(127)

(128)
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To consider (127) and (128), one takes

then

Since one can use any particular solution, we set c, (x) =0 and take

2

yy=2e 2,
this solution satisfies (126). Now the Equations (112)-(115) are written as

Y2
X+y+5
Y1 >

‘//Zyz = n !

To consider (129), after integration, one finds

Vi Y2

w,=28 % 2 4G (X Y,).

Since one can use any particular solution, we setcg (x,y,) =0 and take

this solution satisfies (130)-(132). Now the Equations (116)-(125) are written

V/Sxx = l//sx’
V/Sxyl = W3y1 '
Vaxy, =Wy,
Vaxy; = Vayyo
l//3y
l//3Y1Y1 = 21 !
l//By
W3Y1YZ 22 !
_ ‘//3y3
Yayy, = 2
V/3y2
V/3Y2Y2 = 2 !
l//Sy
W3yz)’3 23 !

OPEN ACCESS

(129)

(130)
(131)

(132)

(133)
(134)
(135)
(136)

(137)

(138)

(139)

(140)

(141)
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Vaysys = Vays- (142)
To consider (136), (139), (141) and (142), one obtains
x+£+y—2+y3
l//3y3 = 22
so that
x+y1+y2+y

y,=e % 2 +C7(X!y11y2)-

Since one can use any particular solution, we setc, (x Y1, ¥, ) =0and take
Y1 Y2

X+—=+== +y
y;=¢ )
this solution satisfies (133)-(135), (137)-(138) and (140). Then, one obtains the following transformations
x4 xr A, Y2 xi L, Y2 CRAL
t=e*u(t)=2e 2,u,(t)=2e 2 2,u,(t)=e 2 . (143)

Hence, the system (103) is mapped by the transformations (143) to the linear system
u/(t)=0,u; (t)=0,u;(t)=0
The solution of this linear system is
u (t)=ct+c,,
U, (t)=cit+c,,
us

Ug (t) =cst+cg
where ¢ ( =12, 6) are arbitrary constants. By using the transformation (143), one finds

i x+%+y2 i Y2

== X+ 4254

2 ek 2 _ X 2 2 B _ X
2e 2 =ce’+c,,2e =C,e" +¢,, e =C." +C,.

c,+c,e’”
=2In| ———|,
Y1 [ 2 ]
y, =2In M
z c +c,e™ )

Ys = IH{MJ

C;+C,e

Hence, the solution of the system (103) is

Example 2. Consider the system of nonlinear ordinary differential equation
" 1 ! ’
Y1 +Ey12 +Y; =0,
Y3+ Yy +YiYs+ Y, =0, (144)

Y+ Yy +YYi+y; =0
It is a system of the form (4) with the coefficients

a,; =08, =0,a, =0,a, =(-1)/2,3, =0,a, =0,
a; =0,a, =084 =08, =-La, =0,a, =0,
ayy; =08, =0,8,5 =0,a,, =08, =-la, =-1,
8y = 0,850 = -1 8y, =0,a,, =0,a,; =0,8,, =0,
85 = 0,8, =0,85 =185 =-La, =0,a;, =1,
8y = 0,85, = 0,853 =0,85, =0,855 =0,8,5 =0.

(145)
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One can check that the coefficients (145) obey the conditions (45)-(81). Thus, the Equation (144) is lineariz-

able. We have

From (146) and (147) we get

and

respectively. Since one can use any particular solution, we can take

and this solution satisfies (148). Now the Equation (149) becomes

and yields

OPEN ACCESS

Vo =V, (3v, —2v)/(2v),
Do =, (V, —V)/V,
Wi = Vi (Ve = V)V,

Vi, = (V’lylvx )/(ZV)’

L4 yw T

l//1Y1/2’

V/Zyz = v/l//lyl '

Vo =Vax (L =V)IV,
Vo = (V2% ) /(29),
Yoy =Vay, /2

Wan =Ws (V= V)/(v),
W, = (Vo Vs )/(Zv)
Vg, = (Vo )/(29),
Vi, =<1//3y3vx)/(2v),
Vagy =Way /2,

l//3y1y2 = V/3Yz /2’

Vayy; =Vay, /2’
l//3yzy2 =

:O,

Vs Y2Y3

Vs Va¥s

v=e

(//3y2 !

l//3 y3*

yi+ei(x.y2)

V= eV2+Cz(X:Y1)’

V= e2x+y1+y2

q)XX

@, =€ ¢, = const.

=

(146)
(147)
(148)
(149)
(150)
(151)
(152)
(153)
(154)
(155)
(156)
(157)
(158)

(159)

(160)
(161)
(162)
(163)
(164)
(165)
(166)
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Thus
_ X+03,
p=e"%+c,.

Since one can use any particular solution, we setc, =0,c, =0 and take

p=¢e".
Now the Equations (150)-(152) are written
l/llxx = l/’lx' (167)
l//lxyl = lel’ (168)
v
Vi =5 (169)
To consider (168) and (169), one gets
x+ 2
l//lyl =€ 2 '

Then

Since one can use any particular solution, we set c, (x) =0 and take

2

yy=2e 2,
this solution satisfies (167). Now the Equations (153)-(156) are written as
eX+Y1+y2
Yoy, =y (170)
e?
Vo =Woxs (171)
Voxy, =Vay» (172)
174
Voyy = ;yl ’ (173)

To consider (170), after integration, one finds

x+ 2Ly

]
yy=e ?  +c(xy).
Since one can use any particular solution, we set ¢ (x, y;)=0 and take

i

(//2 _ ex+7+y2 ,
this solution satisfies (171)-(173). Now the Equations (157)-(166) are written
!//Sxx = l//3><’ (174)
l//3xy1 = l/layl 1 (175)
l//3xy2 = l//3y2 ’ (176)
V/Sxy?, = l//3y3 ’ (177)
174
Vg =5 (178)
174
Vayy, = %’ (179)
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V3
l//3)’1Y3 = 2y3 ! (180)
Vsyoy, =Wy, (181)
Vay,y =0, (182)

Vaysys = Vayy- (183)

To consider (177), (180) and (183), one takes

il
X+2-4
2 Y3

l//3y3 =€
so that
x+ﬂ+y3
yy=e ? +C7(X’y1’yz)-
Since one can use any particular solution, we setc, (x, Y1, ¥, ) =0and take

X+£+
l//3 —e 2 Yz’
this solution satisfies (174)-(176), (178)-(179), (181)-(182). Then, one obtains the following transformations
M L x+ﬁ+y2 x+ﬁ+y3
t=eu(t)=2e 2,u,(t)=e 2 ",u(t)=e 2 . (184)

Hence, the system (144) is mapped by the transformations (184) to the linear system
u/(t)=0,u; (t)=0,u;(t)=0.

The solution of this linear system is
u (t)=ct+c,,
U, (t)=cgt+c,,
U (t) =cst+C4
where ¢;,(i=1,2,---,6) re arbitrary constants. By using the transformation (184), one finds

x+

X
2e %2 =ce’+¢,,

N
X+22+Y,
2 7 =ce" ey,
i
X++Y3
2 7 =ce" +G.

Hence, the solution of the system (144) is
+ce”
yl = 2 In (C].sz ’

Y =In[M},

-X
C, +C,e

—X
C, +Ce
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