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ABSTRACT

The approximation evaluations by polynomial splines are well-known. They are obtained by the similarity principle; in
the case of non-polynomial splines the implementation of this principle is difficult. Another method for obtaining of the
evaluations was discussed earlier (see [1]) in the case of nonpolynomial splines of Lagrange type. The aim of this paper
is to obtain the evaluations of approximation by non-polynomial splines of Hermite type. Considering a linearly inde-

def
pendent system of column-vectors {aj}_ , a;€ R™. Let A:(ao,a1,~~-,am) be square matrix. Supposing

je{0,1,--,m}
def T def T . .
that ¢ =(@.¢.,,0,) and @=(w, @, - @,) are columns with components from the linear space F such

def
that Aw=¢. Let g= (go,gl,--~,gm)T be vector with components g; belonging to conjugate space F~. For an
def m . .
element ue F we consider a linear combination of elements {a)j}je{o,l,m,m} 0= ijo<gj,u>a)j. By definition, put

(g,u)d:((go,u>,<gl,u>,~~-,(gm,u>)T. The discussions are based on the next assertion. The following relation holds:

u-d=detA™ det( where the second factor on the right-hand side is the determinant of a block-matrix of

A o
(gu) u)
order m + 2. Using this assertion, we get the representation of residual of approximation by minimal splines of Hermite
type. Taking into account the representation, we get evaluations of the residual and calculate relevant constants. As a

result the obtained evaluations are exact ones for components of generated vector-function (o(t) :

Keywords: Splines; Errors of Approximations

1. Eg;saigejglntatlon of Approximation Suppose that godif(%,(/)l,---,%)T and
For convenience we shall give scheme of representation a)dif(a)o,wl,m,a)m )T are columns with components
Z;‘S;h[el]z)approximation residual in general situation (see belonging to the space F : assume the relation

We cdnsider a linearly independent system of column- Aw=¢ )

vectors {a;} -~ (where m is a natural number) o\ oiig: matrix A is defined by (1).

def
Let g=(0o 0y, 0y,) be vector with components
def g; belonging to conjugate space F.
A=(ag,a,a,). 1) For an element u e F we consider a linear combina-

tion of elements {wj}j 0L}

in the space R™*. The matrix A composed of these
columns is denoted by

Let F be linear space.
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def

UzZT:0<gj,u>a)j. (3)

From (2) and (3) it follows that

l]=((g,u),A‘lgo):((AT)fl(g,U),qD), (4)

where (g,u) denotes the column-vector in R™"*,

namely, (g, u) ((go, )(gl,u),---,(gm,u))T.The

outer round brackets in (4) mean the inner product of
m+1-dimensional vectors.
Theorem 1 The following relation holds:

A o
J = det A det . , (5)
[(9,U> uj

where the second factor on the right-hand side is the de-
terminant of a block-matrix of order m+2.

Proof By (4), we have 0= (<(AT )71 g, u>, (p). Hence

m m

0=detA"3 > A

i=0 j=0

(0;,0)9, (6)

where A; is the cofactor of an entry a; of the matrix
A . By (6), we can represent the difference 0—u as the

product of determinants, written as
8y 8 Ay ?
(gou) {giu)  {gyu) uf
()

0 =det A

The equality (7) is equivalent to the equality (5).

2. Representation of the Remainder of
Approximation by Elementary Hermite
Type Splines

n (a,B) we consider a grid of the form
Ko KXy <Xy <X <oy

lim x; =, limXx; =4

jo—o joro )

We set

G U( IN J+1)
jez

Let o(t) = (g, (t). 0 (), 0n (1)) be
m+1-component vector-function with components in
C" (&, B). We assume that Wronskian of the compo-
nents is separated from zero.

Consider function u(t), ueC"(a,3), and intro-
duce notation

def

h=sup(x;., = ;).

., def . .\ def

AT ) W) @

Let symbol | M| denote the number of elements of a
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set M.
We assume that natural numbers I,m,q,s,s;,l; com-
ply with relatlons =121 2 ~->I L, 21,
S=5y28 > ql_1 z +1)=m+1.
By definition put
def

q, = [{ij1-1, SI’SSi}|,

where re{1-1,2-1,---,s}. Obviously 1<gq, <q.
We introduce the functlons o, (t) by the approxi-
mate relations

k+s djk-1 ()

j:kzﬂ_l IZ(; i Wi (t):‘/’(t) 9)
Vte(xk,xkﬂ) VK € Z, suppw;; = Xis o Xjr |-
Consider square matrix A of the order m+1 (see

notation (8)),

et ' (00-1-1) '
A = (¢)k+l—l 1Pt Pt Praztr Pz
’ s—1
!(plgrizzll )’ : ’¢k+s'¢k+s"“’(p|£[j—s ))’

and vector-function
def

Dy (t)= (a’k+1—|,o’a)k+1-|,1a"'v

O 11,0y -1 Dkr2-1,00 D211

.
'"!a)k+2—l,q2,|—1"”’a)k+s,0'wk+s,1"”'a)k+s,qs—1) ;
then the relations (9) may be rewritten as
Ao(t), =e(t) Vte(X.X.) VkeZ

suppw; ; = [xHi X J

It can be proved (for example, see [2]) that the matrix
A is invertible. Hence the functions w,;(t) are de-
fined uniquely and they are linear independent. If g=gq,,
r=1-1,2—1,---,s, then the functions o, (t) belong to
C*(a, ), and functional system {g;;| defined by
formula

<gj,i’”>d:“(i)(xj)’
is biorthogonal to the system {a;.,. (t)} so that
<gj,i’

Rewrite the system (9) in the form

0 )=8,:0,; ViieZ jje{01,q-1},

Z Zo: k+rwk+rl( )—go(t) vte()(k7)(k+1) vk e Z.
=1-

(10)

Under condition t — x, +0 we have
o) (% +0)=6,,8,, i,i'=0,1,---,q, -1, 1-1 <r<s.

Analogously on the adjacent interval we get
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o) (% =0)=6,6,, i=01-,q -1, 2-1<r<s+l.

+r-1,i' ii'“r,
Discuss the linear space
def
Ho o
SX~(/’ - CIPE({Q)Li }ieZ,je{O,l,w,qfl} )’

where L(...) is the linear hull of the elements in the
curly brackets and Cl, means the closure of the linear
hull in the topology of pointwise convergence.

We call SQ, , the space of elementary Hermite type
(X, ) -splines.
By definition, put
def
] -1 '
<g’u>k - (Uk+17| Ui ’."’ulg(illl—l )'uk+2—l Uo7
uls(j-zilrl) 1 Ui ul:+s [ u&‘iss_l) )

We consider the function G(t) defined by

a(t)dif iifuﬁ‘j,wkm (1) Vte(X,%.) VkeZ
o (11)
Theorem 2 For te[x,X.,], keZ,
) L A e(t)
t)-a(t) = det , 12
u(t)-a() =det A% 0 by ugy) (12)

where the second factor on the right-hand side is the de-
terminant of the square matrix of order m+2 written in
the block form.

Proof We can obtain the identity (12) by expanding
the second determinant of right part of (12) and by usage
of the relations (10)-(11) (cf. [1]).

3. Some Auxiliary Assertions

Let m,n, py, p,.---, P, be natural numbers with prop-
erty p,+p, +--+p,=m+1; let a,b,z,---,z, be real
numbers, which comply with inequalities
a<z,<z<-<z,,<z,<b.Letusput

def def
P=(Po P Py)s 2=(20,20,2,).

Lemma 1 For arbitrary m+1-component vector-func-
tion w(t)eC™(a,b) the representation

det (v (20) 07 (20 )-8 ™ (20)wr (2) W/ (22) o
v (@) (2,) 0 (2) w7 (2,)
= T (p.2)det(w(20).¥ (z), 0™ (2) 0™ (&),
A (51),...,,/,<Po+m+---+r)n4) (&),
"',W(m)(ﬁn))dffldﬁz"'dfn

n

(13)

is valid; here 7 (p,z) is a linear operator of integration
over parallelepiped
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def
m,={(&.&..&)

with nonnegative kernel.

Proof We consider the case n=3, Py =2,
p,=p,=1, m=3. Introduce value y, with property
z, <y, <z, and use notation

Yo =Zpy Y. =14,

sothat a<y, <y, <Y,<Y,<b.

Using the additivity property of determinants and in-
tegrals and applying the Newton?-Leibnitz formula, we
find

det (v (o) w (%) (¥2)w (¥2))
=7, (y)det(v (¥o) v (&).w' (7). (6))d&dndo,
where 'y = (Yo, V1, Y50 Vs ) s
Ji(Y) T (&,7,0)d&dnde
diijy:dgljyyfdn yyjf (&,7,0)do.
Similarly,
de'[(t//(yo),(//(yl),g//(yz),g//(yg))
=T, (y)det(w (¥,).w'(&).w"(&).w" (¢))d&dEdS,
where
T (y) f(&.&,,¢)d&dE,dS
- jyy:dgljfdnj:daj;dgzj:f (&.5,,0)d¢.
Finally
det (v (Yo ) (). v (%) v (¥5))
=T, (y)det(w (¥,).w' (&) (&).w"(&))dadEds,,

where

Vé e[z, 7] :1,2,---,n}

Y3 =12, (14)

(15)

(16)

T5(y) f (46,4 )d4d5dE,
N Y2 Y3 n 0 ¢
= [ 4] dn dofids, [ A< 1 (4.4.4)ds,

(17)
Integral operators .7, can be rewritten in the form
Ji(y) f(£)d&ds,dg,
def
= [, (1.6) £ (£)ddsds, 1-123,
where &=(&,¢,,4), and
def
M, ={(&.6.&)| V& e[y ]i=1,2.3}.
It is obvious that
YoS&ESY Sy, <0<y, )

G<&<n<g<o.
Since the lower limit is no more than the upper one in

AM



8 Y. K. DEM’YANOVICH, I. G. BUROVA

the integrals in (15)-(17), the result of integration is non-

negative for any nonnegative continuous function f (5)

Hence the integral operations 7,,i=1,2,3, have nonne-
gative kernels
By (17) we have

det(w(yo),M,V/(Yz),W(%)j

Yi = Yo

1 n Y2 Y3, (7 0
VYo 94, dn[ dof a5, ] ¢ (19)
et (v (3, (6) 0" (&) 0" ()8

Recall that vector-function  (t) is continuously dif-
ferentiable in neighborhood of the point y,, and passa-
ging to limitas y, —» y, +0, we get

det(y/(yo).V/'(YO)v‘//()’z)"//(ys))
ool e o e

I det(w (vo).w'(vo) 0" (&)™ (44)) 0

It follows easily that relation (20) can be written in the
form

det(l//(yo)"//,(yo)1‘//(YZ)"//(Y3))
=Ty (V) det(w (¥0) ' (Yo) v (&) v (&) 46,08,

where ¥ =(Y,.Y,,Y;), and the operator T (V) isde-
fined by identity

u7(1) (7) f (yoﬂfz ' é)dédé

= [ o] 9, L[] 1 (v, 608 ) A

By relations (18) and (21) we see that the integral ope-
rator J, (Y) may be represented in the form

‘7(1)(7) f(¥o,£5083)dE,dE,
= J.nzx(l) (7’52’53) f (y0’§2’§3)d§zd§3,

def

where T, = {(51,§Z)|V§i e[y yi]i=23}, and
Ky (&.4;) s nonnegative function

%’aking into account (14), we obtain
J(p,2)= T (Y), where p=(211), z2=(25,2,.2,),
¥ =(Yo: Y2+ Ys) - Thus the assertion is true in discussed
case.

Now consider the case of n=1, p,=3, p, =1.

Let y, is new variable, z, <y, <z;; by definition
put

Yo =120, Y3 =1, (22)

sothat a<y, <y, <y, <b.

Under condition y, — Yy, according to Taylor for-
mula we have

Open Access

v (¥2)=w (Yo)+¥ (%) (Y2~ Yo)
() (%2 =¥ +O((%2 =¥ ) ).
whence we get
det (v (¥o) v (Yo) W (¥2) % (%))

=Mdet(l//(yo)a‘//(yo):‘//"(yo)

O(Yz _YO)v’//(Y3))-
Thus by (21) we obtain
det (v (Yo) v (Yo)o¥" (Yo ) +O (Y2 = Yo ) ¥ (¥s))

2 ¥
e LU AUESERALES
2 Yo

where
F(’]vfzn yz:Ya)
def 6 ( ’ " "
= [dof d¢ [ det(v (vo).w' (o) W' (&) v (&) A
(23)
It follows in the standard way that

det (1 (¥o) ' (Yo) " (Yo) +O (¥ = Yo ) v (¥3))
:ﬁjyy:dnj;’odé~F(f7,52,yz,ya)
=F (7.8 Y2 ¥s),

where Y, <77<Y,, Y,<&<n<y,.
Passaging to limit under y, —y, we obtain

det(w (o) w' (Yo)o¥" (%) (¥5)) = F (Yo Yor Yoo s );

taking into account (23), we rewrite the formula in the
form

det (v (¥o) ' (o) v " (o) v (¥2))
= ["do] d¢|" det(v(yo),
v (%) v (¥e) v " (&))dé,.
Thus
det (v (Yo ) ' (Yo) " (Yo ) v (¥))
=T (Yo Y5 ) det (v (o) (Yo ) 0" (o) " (&) dés,
where
Ty (Yo ¥s) T (¥o.43)dE,
= [ Ke) (Yo ¥3:8s) (¥, 63) 0S5

def
here TI, =[y,,ys] and K, (Yo, Ys:&;) is nonnegative
function.
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Now recall notation (22); we obtain
T(P.2)= Ty (Yor¥a) . where p=(31),
This completes the proof in discussed case.

For an arbitrary natural p, one can obtain a similar
representation via multiple integrals with the lower inte-
gration limit less than the upper one. Analogously the
assertion is proved for p;,i=12,---,n. This completes
the proof. def .

Denote  O(t)=(Lt,t,--,t") and
function e(zy,2,,++,2,)= 1

Lemma 2 If suppositions of Lemma 1 are fulfilled,
then

7=(25,7,).

introduce the

(pﬂe=ﬁ%ﬁﬁo'ﬁ( )", ()

y=1 ) j=lo=0 =1

Proof Substituting vector-function &(t) for w(t)
in (13), we have

det(0(2,),0'(2),+++ 0™ (2,),0(2,),0'(2),
...,g(Prl)(Zl),...lg(zn),9'(Zn)’...,9(90*1)(Zn))
=7 (p.2)det(0(2,),0'(2,), -+, 0™ (2,),0™) (&),
,,’g(powrl)(gel)’,,_,g(pwpﬁwwﬂ)(ézn),
9(m)(§n))d§1d§z dE

(25)

The determinant on the right-hand side of (25) contains
a lower triangular matrix with entries 0!,1!,21--- m! at
the main diagonal so that right-hand side is equal to

ﬁy!J(p,z)e. (26)

The left-hand side contains the determinant of matrix,
which appears in Hermite interpolation problem

PU(z;)=b, i=12,,p;-1 j=12-n,
where b\") are prescribed numbers and
P(t)= Z“rj_":oajtj . Value of the mentioned determinant is
known (see [3], p. 43); it is equal to
n pj-1
HHO"H(Z -z )p'p' (27)
j=10=0 i=1
Equating of (26) to (27) gives (24). It completes the
proof.
4. Evaluations of Approximation by Splines
of Hermite Type
We assume that u,¢ € C™*[a, 8] and

‘det(@ (p’,(p",---,(p(m) )(t)‘ >c>0. (28)

Open Access

By the uniform continuity of the function under con-
sideration on [a,b], from (28) we conclude that for any
e eéo,c) there exists h, (¢) such that for

he O,ho(é‘)} and &,&,, ¢, E[Xk 141 Xk+5]
[det(0(x).0'(&).0"(&) 0™ (&) 2. >0,

(29)
where ¢, =c-¢.
By definition, put
-1 n pj-1 j-1 by
D(mnpz) H;/ [1I1e! ( ) :
j=10=0 i=1
Lemma 3 Under the assumption (29), for
he(0.hy(£)] the inequality
|det A |=c,D(m,n, p,z) (30)
is true; here n=l+s-1, z; =X .;, P;=0>

j =0,1---,n

Proof We use Lemma 1 and represent det A, in the
form (13) for n=s+l1-1, z; =X, ,,;, P;j=01j>
j=01---,n, w(t)=e(t).Asaresult, we find

det A =J(p, Z)de':((p(xk—lﬂ)’(p'(xk—lﬂ)’”"
(p(Qk-m) (Xk—l+1)!(p(§1)'¢,(§l)l"'!(p(qk_l+l) (51)'
(&) 0" (&) dEdE, -de,

Using the estimate (29), the positiveness of the kernel
of the integral operation 7(p,z), and the relation (24)
obtained in Lemma 2, we derive the estimate (4.3) for

h e(O,ho(g)] )

Now we set
N
v(t)=(e(t)u(t))
Z; =Xa 1)) P =0, for 0<j<I-1, (32)
Z; =Xy, Py =0, for I+1<j <n. (33)

Lemma 4 If u,peC™(a,B) , then for
te (X, X,,) the following inequality holds:

det&g/}l)k (:E:))J

where

n=I+s,z =t, p =1, (31)

<D(m+1,5+1,p,7)D,,, (p,u),

(34)

def
Dp.i(pu) :max|det(‘/’(xk+1-l ) (Xeanr )
v (X ) (&)™ (E), (35)
Y (gn)’...,,/,(mﬂ) (&, ))‘

and the maximum is taken over

51’521""§n € [Xk—l+1’xk+s]
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Proof By (31)-(33) the relation (13) may be written in
the form

q T @Sqo_l) (D(t) [/ (pﬁi;‘l)
et L

u®yu(t) U, e
:J(p,z)det(w(xk+1_,),y/'(xk+1_,),---,w(p°'1)(xM_l ),
p'P (&), (),
p R (g) oy M ()| dd, - d,

It is clear that conditions of Lemma 1 and Lemma 2
are fulfilled, and therefore the kernel of integral operator
J(p,z) is nonnegative. By Lemma 2 we get evaluation
(34)-(35).

Theorem 3 If u,peC™*(, B) and (29) holds, then
for te (X, X.1)

ORI E

uk+l—|

k+s

IT (x-1)""

j=k-l+1

1

W 'Dm+1((p'u)'

(36)

where D, ., (¢,u) is defined by (35)

Proof Usage (34)-(35) in (12) gives the evaluation
(36).

Corollary 1 Under the assumptions of Theorem 3, the
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interpolation G(t) of.a function u(t) is exact on ele-
ments of the space ® = L{p,, @, -, ¢,}. 1.€.,

a(t)=u(t) vte(a,p) Vued. (37)

Proof If identity u(t)=g;(t) is fulfilled for a num-
ber j, j=0,1---,m, then in (33) the determinant
D, includes two identical rows; therefore
D1 (.0, ) =0. Thus the relation (37) is true.
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