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Abstract

This paper discusses a queueing system with a retrial orbit and batch service,
in which the quantity of customers’ rooms in the queue is finite and the space
of retrial orbit is infinite. When the server starts serving, it serves all custom-
ers in the queue in a single batch, which is the so-called batch service. If a new
customer or a retrial customer finds all the customers’ rooms are occupied, he
will decide whether or not to join the retrial orbit. By using the censoring
technique and the matrix analysis method, we first obtain the decay function
of the stationary distribution for the quantity of customers in the retrial orbit
and the quantity of customers in the queue. Then based on the form of decay
rate function and the Karamata Tauberian theorem, we finally get the exact
tail asymptotics of the stationary distribution.
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1. Introduction

Due to the complexity of the queueing system with a retrial orbit and batch ser-
vice, we cannot obtain the exact joint stationary distribution for the quantity of
customers in the orbit and the quantity of customers in the queue. Therefore, we
study the tail asymptotic behavior of the joint stationary distribution, and we get
an intuitive conclusion.

The so-called retrial orbit is the retrial queue which has been taken to model
many problems in real life, such as computer systems, telephone systems and
communication networks. Retrial queues mean that a customer who finds that

there is no space in the system for him to receive service will join the retrial orbit.
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Then the retrial customer (customer in the retrial orbit) repeatedly tries to get
into the queue or server space to obtain the service. There are a large amount of
documents on the retrial queues, including articles [1] [2] [3], books [4] [5] and
so on. Some scholars have studied the topic of the tail asymptotic behavior for
the stationary distribution of the queue size in the retrial queues. The research
on this topic can be found in the following articles. Shang et al. [6] studied the
tail asymptotic behavior of the stable queue in the M/ G/1 retrial queueing sys-
tem. By using the analytic properties of probability generating functions, Kim et
al [7], Kim et al. [8], and Kim et al. [9] considered different retrial queues and
got the tail asymptotic property of the queue size (the number of retrial custom-
ers) distribution. By using the censoring technique and matrix analysis method,
Liu and Zhao [10] and Liu et al [11] studied the M/ M] c retrial queueing system
with different conditions and obtained the asymptotic lower and upper bounds
of the stationary distribution. Then Kim et a/ [12] and Kim et al [13] improved
the results of [10] [11] and got the more accurate tail asymptotic results. Fur-
thermore, Liu and Zhao [14] used the random decomposition method to study
the retrial queue with two types of customers and obtained the asymptotic of the
tail probability.

In this paper, we focus on the batch service which depends on the length of
the customer queue. Batch service queueing system has been studied by many
scholars. Oyen et al [15], Wal et al [16] and Boxma et al [17] studied the
batch-service polling system. In recent years, Bountali and Economou [18] and
Ommeren et al. [19] considered batch service queueing systems and assumed
that the service time is independent of the batch size. However, Pradhan and
Gupta [20] and Du et al [21] studied the batch service which depends on the
batch size.

The paper is organized as follows. In Section 2, we first describe the queueing
system with a retrial orbit and batch service, and then obtain some useful equa-
tions by using the censoring technique and the matrix analysis method. In Sec-
tion 3, based on the asymptotic form of the rate matrix, the expression of the
decay function about the stationary distribution is obtained. In Section 4, we re-
write the infinitesimal generator Q and get the exact tail asymptotics for the sta-

tionary distribution. The conclusion is made in Section 5.

2. Model Description and Analysis

We first introduce the model of this single server queueing system with batch
service and a retrial orbit. The maximum quantity of customers’ rooms in the
system queue is V. When the server starts serving, all customers in the queue
will be served as a batch and will leave the system after completing the service.
The service time intervals are exponential random variables with the parameter

o, L=0,
MENN=-L), L=12N,
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where 4 is a positive constant, and L implies the quantity of customers in the
queue. The customers’ arrival process is a Poisson process with the rate 4. The
first customer waiting in the queue may leave the system due to he is impatient
after a random waiting time which complies with an exponential distribution
with the rate . If a new customer arrives at the system and finds one empty
room, the customer will join the queue’s room. Otherwise, all rooms are occu-
pied, the customer will join the retrial orbit with probability p and become a re-
trial customer, or will leave the system immediately with probability 1-— p . Each
retrial customer in the orbit frequently tries for service according to a Poisson
process with the rate o until he finds an empty room based upon retrial, and
then joins the empty room. If a retrial customer finds all rooms are occupied, the
customer will return to the retrial orbit with probability g, or will leave the sys-
tem with probability g =1-¢. In this paper, we assume that g >0, and find
that the system is stable without any conditions.

Let N(t) be the quantity of customers in the retrial orbit at time £ and let
I(t) be the quantity of customers in the queue at time # {(N(t),l(t)):tz 0}

is a continuous-time Markov chain with the state space

Q={(ni):n=0,1i=0,1---,N}.

Based on the model described above, Q matrix of the Markov chain has the
structure of QBD (quasi-birth-and-death) as follows

_BO y _
C, B 4
o-| &2 1 ,
C, B, A4
where
[0 1 (0 na 1
0 0 no
A= ’ 5 Cn = ’ 5
0 0 na
i Ap] L naq |
[ —(A+na) 4 1
(N - l) u+0 B 1
N-2 0 A
B - ( . )ﬂ b, ’
H 0 Py, A
| 0 0 —(lp+¢9+naq_)_
and
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B=—(A+(N-i)u+0+na), i=12,-N-1; n=0,1L-

We assume that 7 =(7,,7,,7,,--) is the stationary probability vector of the

Markov chain, where =, = (7{ b3 N ),n >0,and

T T,
7, =limP(N(t)=n1(t)=i), i=0,L-,N.

t—x0

We can find that 7, represents the joint stationary probability of the quantity
of customers in the retrial orbit and the queue length. Next, we define that
0, =0 . Moreover, O, (n=L2,---) is defined as the submatrix which is ob-
tained by removing the element matrixes of the first n rows and the first n col-
umns in the Q, where (4 /)th element of O, is as follows
4, it j=i+1,i=1,2,-,
(Q.),, =18 ifj=0i=0,1,2,-,
c if j=i-1,i=1,2,---.

n+i’
According to the matrix analysis method, z, has the solution of the following
matrix form

w, =7, RR,--R,, n=12,--, (1)

where 7, is the solution to the matrix equation below
7, (B, +RC,)=0, (2)
and
R,=40,(1,1), n=1,2,, (3)

where O, = (-0, )71 and Qn (1,1) represents the submatrix of the first row and
the first column in (), .

Throughout the paper, we let e, =(0,0,---,0,1)' . Based on the special
structure of A (only the element in the lower right-hand corner is non-zero) and

combined with (3), we can obtain that R, also has the special structure as fol-

lows

Rn = eN+1rn’
where r, = (rn’o,rml,---,r”’N). Combining formula (1) with the structure of R ,
we can get

”n = ¢)1”08N+lrn ’
n-1
where ¢, =[] i1 7. - Then, we have

”n:ﬂ.O,Ng)nrna nzlazs'“' (4)

7, isuniquely determined by (2) and the normalization conditions
Y me= ﬂOZ(H;Ri)e =1.
n=0 n=0

For studying this queuing system, we need to introduce the censored matrix
QS(H) with censoring set SS( N = {(s,i);s =0,1,---,n—1;i= 0,1,-~,N} . Based

n—

on the censoring technique, we can obtain the (4 )th element of QS(H)
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if j=i+1,i=0,1,--,n—2,

A

B, if j=ii=0,1,+,n-2,

o |C, if j=i—1,i=1,2,-,n—1,
B +RC,, ifj=i=n-—I,

where
R,C, =nae,, (O’Fn,O’rn,l’“.’rn,N—Z’rn,N—l +qr, y ) ©)
According to the sum of all the rows of censored matrix QS(H) being zero, we

know that
C_+B

n-1

+R,C, =0.

After expanding the last row of the above equation, we can obtain the following

key equation

=

-1 ﬂ/
rn)l.+67rn‘N=—p, n=12--. (6)
na

Il
o

Next, we discuss the censored matrix Q("). From the definition of the cen-
sored matrix, we know that Q" =(QS” )(n). By using the censoring technique

(see Liu and Zhao [10]), and based on the special structure of A and C,, we

have
00 - x
Mg R C)H L
Q ( n n+l n+1) O 0 xN_l
00 - x,

As Q(") is also the infinitesimal generator, the respective sum of each row is
zero. Combined with (5), the exact expressions of x, (i=0,1,2,---,N) can be
obtained. We find that

{nzna, i=0,1,-,N-1

Xy =hnaq.

After the above analysis of Q(") , we have

i —(/1 + na) A no
(N-N)u+6 B A na
o = (N-2)u 0 B A na
Y7, 0 By A+na
L 0 Ao Qi 0+ a, N2 Ans1 |

where
Knel = —(ﬂ,p + 0) + (n + l)a(rn+1,1v—1 + ‘7’?;+1,N)’

a =(n+1)ar i=0,1,---,N-1.

n+l,i n+l,i°

Based on the balance equation of the censored matrix and combined with (4), we

can get

r0" =0, n=0,1,-

n
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Continue to expand the above matrix equation, we have the following equations

N-1
—(i-i—na)rn’o+9rn,1+Z(N—i),urn’i =0 @)
i=1
ﬂ'rn,O + ﬂlrn,l + Hrn,Z ta, 0N = 0 ®)
/Irn,l + ﬂZrn,2 + 6rn,3 ta, N = 0 9
ﬂrn,zv-z + :BN-lrn,N—l + [‘9 + an+],N—2:|rn,N =0 10)
N-1
naz rn,i + ﬂ'rn,Nfl + an&lrn,N = 0
i=0

3. Decay Function of 7, ;

In this queueing system, z,, (7>0) does not have the exact expression when
N takes a general value. Therefore, we need to focus on the asymptotic property
of z,, when n—0. We discuss the decay function of z,, to study the
asymptotic behavior.

We assume that a decay function of 7,, is /4 (n)>0. For each i>0, we

have

. . T i . ﬂ-ni
0<M, <liminf —— <limsup—~

- <N,
n—w h[ (n) n—o0 h[ (n) 2

where M, and N, are two constants independent of n. That is, for each j

there are always two positive constants M, and N, existing independent of n,

1

satisfying when n—0
Mk (n)<z,, <N (n).

In order to find the decay function 4, (n), we need to analyze the asymptoticity
of r,, in the following theorem and corollary. We define o(x,) and O(x,)
as limo(x,)/x,=0 and limO(x,)/x, =W #0 respectively, where W is a
constant.

Theorem 3.1. For i=0,1,2,---,N , we have

ip 1 (6 1
o= — +o| —— |-
n,i aq nN*l‘Fl [aj (nNHl)

Proof. Based on (6), when n — o, we get that

v, =0, i=0,1,---,N. (11)

According to (7) and (11), we can get nr, ; — 0. According to (8) and the above
conclusions, we have nr,; — 0. Similarly, according to (9) and the above con-

clusions, we obtain that nr,, — 0. Finally, we get nr, , , — 0. That s,

n,N-1

nr,, —>0, i=0,1,---,N-1. (12)

- _ A
We can know that n(ZN o+ qrn’N) =22 from the result of (6). Next, subs-
a

i=0 "n,i

tituting the conclusion of (12) into it, we can obtain
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or

0
=221 2] 1)
’ aq n\ o n

Obviously, multiply both sides of (7)-(10) by n,let n — o0, we have
n’r.—0, i=0,1,---,N-2,

n,i

and

that is

Ap 1(6 1
rn,N—I:__'_z — |+o0 — |
aq n o n

Repeat the above process, multiply the equations of (7)-(10) by »*, we can
get nsrw. -0, i=0,1,---,N-3,and

2
n3rn N-2 %ﬁ_g(g] 5
’ ag \a

ip 1(6Y 1
22 (0] 1)
aq n\«a n

By analogy with the same way, finally we get

1 N 1
Vni:/l—f' N'+l(£j +O[W)’ iZO,l,"‘,N.
Tag n M\« n

or

The proof is finished. U

The asymptotic result in Theorem 3.1 can replace “0” with “O” to improve the
asymptotic formula.

Corollary 3.1. For i=0,1,2,---,N, we have

ip 1 (o 1
ro=———| — +0| —— | 13
n,i aq nN*l‘Fl (aj (HNHZ ) ( )

Proof. According to (6) and Theorem 3.1, we can get

0
=221 o[ 1)
’ aq n\ o n

T N-1 :L{%(EJ‘F O(%)
' ag n \a n

Similarly, according to the above methods, when i=0,1,---, N, the result can be

Based on (10), we have

derived as follows
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ip 1 (' 1
n,i aq nN71+1 (aj (nNHZj

The conclusion is proved. g
Next, we further improve the asymptotic expression. For example, we can find
that

1 N-1
oy :/1_;7__:2 T (14)
naq 4 i-o

After substituting (13) into it, we obtain that

0
-2 (2) 22001 o(1) w
' aq n\ o agn-\a) q n

Based on the asymptotic expression of 7, ; in (15), combining (10), we can get

Ap1(0Y Ap1(0Y (1 A+u+0 1
22 (0) A2 (0) (1 £ran0) g 1)
agn\a) agn \«a q o n

From (13), it is easy to get the next formula

2
2b(e]of)
aqgn \a n

Substituting the above results of 7, , , and 7, , , into (14), after a simple cal-

TaN-2

culation, we can obtain

2
r”NJ_fl{l_l(ﬁj.;Lz(ﬁj .;,(;M}OP}H
T oagn n\a)q n\a) q\q 0 n

The above formula can be conveyed as follows

rﬂ,N:Q{l—£+%+0(%ﬂ, (16)
n

noq non

where a:i_, b=da’ [H_WTWJ' From the above asymptotic results of
aq

7, ;» we obtain the decay function of 7, in the below theorem.
Theorem 3.2. In the queueing system with a retrial orbit and batch service,

the decay function h,(n) of the stationary probability r,, Is

"0
hi(n):i(/l—f] e i=0,1,2,0,N. (17)
n!\ aq
Proof. As aand bin (16) have the same expression, the condition a* —4b<0
is satisfied, and there always exists two positive real numbers b, and b,, satis-
fying b <b<b, sothat a’—4bh, <0,u=1,2.
According to the expression of 7, in (16), there always exists a positive in-
teger N,.Forall n>N,, we have

0</1_p_(1_g+b_12j<rw< /117_(1—£+b—22j.
naq n o n ' naq

n n

Therefore, when n> N, we get
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0<U°[’1—‘DJ f[ l(l—£+b—;]<ﬁrw<U°(l—pJ ﬁ l{l—£+b—2}

aq ) jiZnya JjoJ j=1 aq ) iinyaJ J jz

—-Ny N

A 4 .

where U° = (—I_jj [17,.x isaconstant independent of n. In accordance with
aq P

Corollary 3.2 of Liu et al. [11], we can get the asymptotic results of the upper and

lower bounds of 7, 7, -, , , as follows

n n 7i
(2] g o-2eh)eumdf22]
aq ) jinyJ J J n!'\ ag

n n 7i
Uo[ﬂ_gJ 0l L(l_g+%j~U<z>L[ﬁ_fJ o
aq ) ingwJ J J n!\ ag

where, U" and U"? are positive constants independent of n.

Thendueto 7, =7, ][] 7y wehave
n 9 n 9
— 1(ap) 2
ﬂONU<1>L(LfJ T g <ﬂ0NU<z>_(_I_’J i
’ n!\ aq ’ ’ n!\ aq

Let U, =x,,U", Uj=x,,U",then

hN(n):L(ﬂ_pJ” o

n!\ aq

v .
From (4), we know 7, =7, ,——, i=0,1,---,N—1. Then substituting (13)

rn,N

and (16) into it, we can get

n 9
———N+i
hl(n):l'(l_l—jj n > l:();l))N_l

The conclusion is proved. g
4. Exact Tail Asymptotics for z, ;

The infinitesimal generator Q of the Markov chain is partitioned in conformity

with the level, whose (4 ))th element can be written as

A, if j=i+1,i=0,1,2,---,
(0) =4B,+iB, if j=i,i=012, -,
L] ~
iC, if j=i—-1,i=1,2,--,
where
K ] [0 « i
0 0 «a
i- = S
0 0 «
L ip] | aq |
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?

-a m+0 x A
= - b EO = 772 9 KZ '/'1 9
- M-t 0 Ky, A
L -aq | | 0 0 —(/Ip + 6’)_
and

K =—(A+(N-i)u+0),
m; :(N—l')y’ i=1,2,---,N-1.

Throughout the paper, we define x, ~y, when n — o, which denotes

limX~ =1 where {x,:n=0,1,---} and {y,:n=0,1,---} are two sequences of
n—>0 yn
real numbers. In addition, we define x(z)~ y(z) when z— a, which denotes

that 1im> ()
z%ay z

=1 where x(z) and y(z) are two functions. From the result

of Section 3, we can get the below lemma.
Lemma 4.1. For the queueing system with a retrial orbit and batch service, the
stationary probability 7, satisfies
7, ~Ch/(n), i=0,1,---,N,

where C, Isa constant and independent of n, and h;(n) is shown in (17).
The gist of this paper is to deduce the expression of C, in Lemma 4.1. To

n

achieve the goal, we introduce the vector F, = (Fn,O,F FTSRLNY A ) , where

Fni:n![a—q_J 7T, i=0,1,2,---,N, (18)
) ﬂp 3!
and define its generating function F’(z)= (FO* (2),F (2).. Fy (z)) , where

F,.*(z)zisz", i=0,1,2,-+,N. (19)
n=0

From Lemma 4.1, the following lemma can be obtained immediately.
Lemma 4.2. The vector generating function F’(z) is analytic on
{z € (C:|z| < 1} , that is, Fl.* (z) is analytic on {z eC :|Z| < 1} for i=0,1,---,N .
We duplicate the following lemma which is a special case of the Karamata
Tauberian theorem on power series, and the lemma plays a very important role
in the next section.
Lemma 4.3. (Bingham et al. [22]) Suppose that a, >0 and the power series

Y a,z" convergesfor z€[0,1).If a and rare real numbers with r>0, then
n=0

L an”
kzz(:)ak Nm, as n—» o,
if and only if

0
o -
Yaz~———,as z>1".

k=0 (l—z)
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Lemma 4.4. If k is a non-negative integer which satisfies k >i_+N ~i,
aq
then for i=0,1,---,N , we have
k k
LE () LR ()
. dz . dz
0 < liminf 7 <limsup———F——<.
z>l1" —+N-i-1-k z—1" —+N-i-1-k
(I—Z)aq (I—Z)aq

Proof. Based on Lemma 4.1 and (18), we can find two positive constants K,

and K, which satisfy

—i—Nﬂ’ —i—Nﬂ'

Kn“  <F <Kun“
Then we can get another two positive constants K| and K, such that

iy —%—Nﬂ' (n+k)l L —a%—Nﬂ'
Kin"n <—F .. <Kn'n . (20)

n' n+k,i

From the definition of E* (Z) in (19), we know
(j+k)
j!

k

4 . il
F =
RO

Fi.7 (21)

Then we immediately obtain the following in the equation, for ze [0,1)

o kfi;zvﬂ' ke © kfi;NH'
K> n @ Z"<—F (z)<K)d.n 9 7.
n=0 dZ n=0
According to Lemma 4.3, the proof is completed. O

Now the main conclusion about the expression of C, in Lemma 4.1 is shown
in the following theorem.

Theorem 4.1. There exists a positive constant c¢ such that

fim 2 =c(ﬁ], i=0,1,---,N,
'Hwhi(n) 0

where b, (n) is given by (17) and c is shown in (27).

Proof. Based on the balance equation 70 =0, we can obtain the following

differential equation after some calculations,

F’ (z)(0'222;1 +0zB, + C’) +%F* (z)(0'2z3;1 + O'Zzél) =F,C, (22)
where o :j—q and A pe (z) is interpreted component wise. Taking the 4th
P
derivative on both sides of (18) with respect to z we have for £k>2,
dk+1 ) 2~ )= dk . ) g~ B B B
awF (Z)(O'Z A+z Bl)*’JF (z)[(3k+l)a z"A+o0zB, +2kozB, + CJ .
23
k-1 k-2
+ko%F*(z)[(3k—l)az;1+l§o +(k=1)B, ]+ k(1) UZ%F*(Z)AZO.

aq
Post multiplying (19) by e, ,,, we obtain

From now on, we take k = {i_} +3, where [*] stands for the integer part.
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dk+1 6 k
-z*(1 Z)dzk” F;(z)+[k+1——(7jz2—kFN(z)+q> (z)=0, (24)
where
o (2)=|[ 26+ L oz L=2) LB ()
ag c e
A 1)d .
+(a—62+67—o_ dzk FN—I(Z)
k(Ap+0) dt o,
+{k(3k 1)z- 7 k(k—l)}dzk_l Fy(z)
Ak d< - .
+ 7 dz*! FN—l(Z)+k(k_1)2 k=2 FN(Z)
Noting that — I(Z) has a removable singularity at z =0, we rewrite (24) as
z (1-z
det )1 d . @ (2
de+1 FN (Z):[k_'_l_a_qj:@FN (Z)+ 22 (1(_2), |Z|<1. (25)

k

Solving (25) for %F; (z) , we have, for |z| <1,

;Z_];FN* (2)=(1-z)s " [F;(") O+ LWy dt],

dk

where F,") (0)= @F; (z)| .Based on Lemma 4.4, we find that

z=0

0
0N (t)(l —t)k77? is bounded when te (0,1) . When z—1", we can obtain the

following formula from (25)
de . aY 0 O e
JFN(Z)NC(EJ F[k+l_a_qJ(l_Z)aq . (26)
where

) :(EJN E(0)+]! CI):2(1)(1 —t)k’a% dt

; (27)
¢ F(k +1- _j
aq
Recalling (21) and applying Lemma 4.3 to (26), we can obtain that
n (j+k) v L

ZuFM,N ~ C(Zj ;0’1 “, n—>owo, (28)

I 0) p11- 2

aq

Then we compare the coefficients of z" for both sides of (25). It is easy to find
that the coefficient of z" on the left side is
(n+k+1)!

}’l' n+k+1,N >
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and the coefficient of z", the first term on the right side, is

(k+1—i_Ji(j+,k)!F,+k,N.

aq )in J!

By calculating the second term on the right side of (25), we have
(D* k k .
Q) (e, b Py R
-z ag ) df o dz
Aoz d

ag 1-zdz*
z d . Ap+6 1 dt .
+k(3k_l):FFN(Z)_k( 0“7 +k—1]l_zdzk_lFN(Z)
1 d"?
1-zd?

. 1 1 d° .
FN,I(Z)'F—_——FN,l(Z)

oql-zdz"

/1k 1 4!
aql ZdelFNl( )+k(k_1)2

Let ®, (n=0,1,2,---) be the coefficients of the power series expansion of
0} (z) about z=0.By comparing the coefficients of z" on both sides of the
above equation, we get

(n+k-1)! 1(n+k)!

u 0
D =— 2k —_— | F _  F
; J ( +an (n—l)' n+k—1,N+O_ n' n+k,N
j+k j+k
—Z( Lr Fjpna _Z( )
jO

/+kN 1
aq j=o
i+ k—1)!
+k(3k—1)z(+') . (29)
j=0 J:
r(j+k=1)!
_k(/lpir9+k_1j u o
aq o J! ’
Ak & (j+k=1) 2 (j+k-2)!
+a_qj:OTF/+k71,N71 +k(k_1) ;T J+k=2,N*
Then for the coefficients of z" on both sides of (25), we obtain the following
equation
+k+1)! ©(j+k)! "
uFMHN -2 Z(j ) Fion+3 @, n=012--(30)
n! aq j=0 ]' S =0 /

From (20) and (28), (29) yields

k—iﬂ
Dividing both sides of (30) by n “  and taking »n — oo, we have

a) =
F . ~cl—=| n*,
" (9)

which leads to
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from (18). This result indicates that the theorem holds for i=N .
From the balance equation #Q=0, for n=0,1,--- and i=0,1,2,---,N -2,

we get
—(A+(n+V)a)z,.,,+60m,.,, + Af?]jﬁ’1+l’j =0, (31
Ay = K +(n+ D) ] 700 fefzmm +(n+2)az,,,, =0, (32)
AP,y + Ay + 6Ty + (14 2) (T 47,0, ) =0 (33)

where &, = —(/Ip +0+(n+ l)aﬁ) . Based on Lemma 4.1, we find, for
izoalaza'”aN;

n,i

lim <o,
n—m hi (}’l)
Dividing both sides of (31)-(33) by #,,(n) and taking n — oo, we get
nar, ., ~0r,,, =01, N-1
The proof is finished. O

5. Concluding Remarks

In this paper, we discussed a queueing system with an orbit and batch service
which depends on the batch size. We not only got the decay function of the sta-
tionary distribution, but also derived a more accurate tail asymptotic form. Us-
ing the method described in this article, we may analyze the exact tail asymptotic

of other similar queueing systems.
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