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Abstract 
The theory of networks provides a mathematical basis for building and model-
ing the chemical structures and complex networks. Topological indices (TIs) are 
employed in several physicochemical applications, particularly for characteriz-
ing and modeling the chemical structures of diverse molecular compounds, in-
cluding dendrimers. Dendrimers are intentionally synthesized or combined nat-
ural macromolecules characterized by a series of branching layers around a cen-
tral core. In this manuscript, we calculate various connection-based Zagreb in-
dices (ZIs), including the atom-bond connectivity connection index (ABCCI), 
geometric-arithmetic connection index (GACI), augmented connection index 
(ACI), symmetric division connection index (SDCI), harmonic connection in-
dex (HCI), inverse sum connection index (ISCI), and hyper Zagreb connection 
index (HZCI). Additionally, we discuss the connection-based ZIs for one of the 
most significant types of dendrimers, namely Tetrathiafulvalene (TTF) den-
drimers. In addition, we provide a detailed numerical and graphical compara-
tive analysis of the calculated results for TTF dendrimers, highlighting their per-
formance and potential advantages in various applications. 
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1. Introduction 

Dendrimers are the primary objects of nanobiotechnology, rapidly expanding 
field that utilizes the principles of nanofabrication to construct devices. Den-
drimers are star-shaped, heavily branching macromolecules having a distinct, 
tree-like structure [1]. Dendrimers are described as new generations of macro-
molecules and appeared in the second half of the twentieth century. The synthesis 
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of these “cascade molecules” was first made by Fritz Vogtle and his colleagues in 
1978. After that, in 1981 R.G. Denkewalter at Allied Corporation, Donald Tomalia 
at Dow Chemical in 1983 & 1985 and George R. Newkome in 1985 have also con-
tributed to the synthesis of dendrimer. In 1990, Craig Hawker and Jean Fréchet 
initiated a convergent synthetic approach which went further in the process [2]. 
In recent years, dendrimers have attracted much attention due to their potential 
in a wide composition of areas specifically in the drug delivery system. They can 
actively encapsulate therapeutic molecules and the surface properties of these sys-
tems can be easily modified for precise tasks. 

They are produced via a methodical procedure that produces layers or genera-
tions, culminating in a thick, multipurpose surface. The remarkable control that 
dendrimers provide over molecule size, shape, and functional groups due to their 
distinct structure makes them useful in a variety of applications, including drug 
delivery, nanotechnology and biomaterials, immunology, antimicrobials, and an-
tivirals [3]-[5]. For molecular graphs or networks to be properly described math-
ematically, graph invariants are essential. Several facets of life have benefited 
greatly from the application of graph theory (GT). 

The current research is concerned with the systematic investigation of topolog-
ical indices of highly branched, symmetric nanostructures, namely the Tetrathia-
fulvalene (TTF) dendrimers which show great promise in the field of molecular 
electronics, organic conductors and material science. These dendrimers can have 
electron donating properties and have emerged as a promising class of materials 
for developing advanced functional materials. We therefore represent TTF den-
drimers as molecular graphs and calculate a number of topological indices, in-
cluding the Zagreb indices, Randic index, atom-bond connectivity (ABC) index 
and geometric-arithmetic (GA) index. We propose to obtain the closed-form ex-
pressions of these indices at various dendrimer growth stages. The importance of 
the study is due to the theoretical knowledge of TTF dendrimers and its applica-
bility in QSAR/QSPR model building, which can utilize the topological index for 
predicting chemical, physical, and biological properties of molecular architectures. 
This work adds a new dimension to the use of graph theory with novel applica-
tions in nanotechnology and computational chemistry. 

The research focus is on characterizing this molecular chemical structure using 
topological indices (TIs) or graph theoretic-invariants. By assigning a numerical 
value to a chemical substance, a topological index (TI) aids researchers in main-
taining the psychochemical aspects of chemical structure in theoretical chemistry. 
It helps researchers determine the molecular compounds’ physical characteristics, 
biological activities, and chemical reactivity.  

Molecular networks are used to simulate molecular substances. Regarding GT 
analysis, a molecular network can actually be defined as the structural formula of 
chemical compounds, basically describing what the vertices or the points, as well 
as the edges in it means. In [5]-[7], it has been highlighted that the application of 
TIs in various fields of science is infinite. Depending on the type of connection 
between two nodes, the type of TIs is said to be a distance-based TIs, connection-

https://doi.org/10.4236/ajcm.2025.152007


A. Arshad et al. 
 

 

DOI: 10.4236/ajcm.2025.152007 153 American Journal of Computational Mathematics 
 

based TIs, a degree-based TIs, and a polynomial based TI. 
Imran and Baig introduced the first TI depending on distance [8]. He was re-

searching the boiling point of paraffin in 1947. The concept of the first Zagreb 
indices (ZI) was developed by Trinajstic and Gunman [9]. In [10] [11], the second 
and third ZIs were examined. All of these degree-based TIs have successful uses 
in cheminformatics, which combines three important disciplines: information 
technology, mathematics, and chemistry [12]-[14]. These TIs have been used in a 
variety of physicochemical applications, particularly in the characterization of 
various chemical structures like tetrathiafulvalence (TTF) dendrimers. Tetrathia-
fulvalene (TTF) dendrimers are a group of dendritic macromolecular compounds 
that contain TTF fragments, recognized as effective electron donors. The synthe-
ses of TTF dendrimers are based on the aim to use the redox properties of TTF 
and structural formularity of dendrimers for the apparat of molecular electronics, 
sensing and drug delivery systems. 

From the recent research, Zhang et al. [15], have proposed a series of polyami-
doamine (PAMAM) dendrimers functionalized with TTF units at the periphery 
of the dendritic structure (Gn-PAMAM-TTF up to the second generation). These 
functionalized dendrimers generated nanospheres that were able to incorporate 
hydrophobic materials. The terminal TTF groups exhibited reversible redox be-
havior, and upon oxidation, each TTF radical cation formed a 1:1:1 host–guest 
complex with cucurbit uril (CB [8]). This interaction resulted in structural relax-
ation of the nanospheres and in the beginning of the process of the release of the 
encapsulated cargo, which signifies the possibility of a method for the construc-
tion of synergistically redox and supramolecular assembly for the drug delivery 
system. The incorporation of TTF units into dendritic structures is a major devel-
opment in functional dendrimers that provides a versatile means of developing 
stimuli-responsive materials for application across a range of fields including elec-
tronics and biomedical sciences.  

Tetrathiafulvalene (TTF) dendrimers have attracted much interest because of 
their redox properties and their possible uses in different sectors. For example, 
TTF-conjugated PAMAM dendrimers have been discussed in the drug delivery 
systems that could be initiated by redox reactions and supramolecular assemblies 
[15]. Further, the dendrimer synthesis and the electrochemical characterization of 
new TTF dendrimers for molecular electronics and materials science have been 
studied [16]. In addition, the synthesis, structures and redox properties of TTF 
and related bis (1,3-dithiole) dendrimers have been investigated to find the possi-
ble uses in photodynamic therapy and other biomedical developments [17]. These 
researches demonstrate the possibility to use TTF dendrimers for creating new 
materials for electronics, sensing and biomedical fields. A few days ago, Aiman 
and Aqsa [18] recently calculated the ZCIs for a PPEI and PPIO dendrimers. 

Among these defined TIs, connection-based TIs have much important and can 
be brought into play to characterized the chemical compound and forecast their 
various physiological properties in a wide and numerous ways. In 2018, Ali et al. 
[19] proposed a new term that is called connection number, it refers to the total 
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number of the nodes of the curtain node’s neighborhood whose distance is exactly 
two. Recently Arshad et al. [20] [21] calculated connection number-based Zagreb 
indices of path, cycle and complete graphs. They introduced connection-based TIs 
once the connection number was invited, and they used octane isomers to test the 
suitability of these newly presented connection-based ZIs. They discovered that 
ZIs based on connections are more resilient to the chemical characteristics of mo-
lecular structures. In 1998, Estrada et al. [22] looked into the atom bond connec-
tivity (ABC) index, a significance degree -based TI. The fourth iteration of the 
ABC index is presented by Ghorbani et al. [23]. Furthermore, in 2009, Vukicevic 
and Furtula [24] introduced the geometric arithmetic (GA) index, another signif-
icant index type. Additionally, Garaovoc et al. [25] provided the fifth edition of 
the (GA) index, which he used to verify the dendrimers’ chemical characteristics. 
Vukicevic’s invention [26] in 2010. The augmented Zagreb index (AZI) is intro-
duced by Furtula. In addition, Fajtlowicz [27] proposed the concept of harmonic 
index (HI). The idea of the inverse sum (IS) index was introduced by VUKicevic 
and Gasperov [28]. Shirdel et al. introduced the idea of hyper ZI (HZI) [29]. Doc-
ument 27 Recently, refer to [30]-[33] for further information regarding ZCIs. This 
manuscript was motivated by the following.  

Some basic concepts are covered in Section 2. The basic conclusion for deter-
mining the TTF dendrimers ZCIs, including HCI, AZCI, SDCI, AGCI, HZCI, 
ISCI, and ABCCI, is shown in Section 3. The main findings for ZCI calculations 
in the dendrimer network are presented in Section 4. Section 5 and 6 devote to the 
numerical and graphical comparisons of the TTF dendrimers depending on the 
calculated results. 

2. Preliminaries 

Let ξ  be a network, ( ) ( )( ),D Eξ ξ ξ= , where ( )D ξ  is the set of vertices and 
( )E ξ , is the set of edges. The number of vertices at a distance of one from a vertex 

is its degree. The number of vertices that are two distances away from a particular 
vertex is its connection number.  
We present the connection-based ZI, which was suggested by Sattar and Javaid 
[30] [34]. 

Definition 2.1. [30] [34] If ξ  represents a chemical structure then the HCI is 
defined as; 

( ) ( ) ( )( ),

2HCI z v z vξξ
∈

 
=  + 
∑

 § §
. 

( )z§  and ( )v§  denote the CNs for the vertices z  and v , respectively. 
Definition 2.2. [30] [34] If ξ  represents a chemical structure then the SDCI 

is defined as; 

( ) ( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )( ),

min , max ,
SDCI

max , min ,z v

z v z v
z v z vξξ

∈

 
= + 

  
∑



§ § § §
§ § § §

. 

where ( ) ( )( )min ,z v§ §  is the minimum of ( )z§  and ( )v§  and  
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( ) ( )( )max ,z v§ §  is the maximum of ( )z§  and ( )v§ .  
Definition 2.3. [30] [34] If ξ  represents a chemical structure then the ABCCI 

is defined as; 

 ( ) ( ) ( )
( ) ( )( ),

2
ABCCI z v

z v
z vξξ

∈

+ −
=

×∑


§ §
§ §

. 

Definition 2.4. [30] [34] If ξ  represent a chemical structure then the ISCI is 
define as; 

( ) ( ) ( )
( ) ( )( ),ISCI z v

z v
z vξξ

∈

 ×
=  + 
∑



§ §
§ §

. 

Definition 2.5. [30] [34] If ξ  represent a chemical structure then the GACI is 
defined as; 

( ) ( ) ( )
( ) ( )( ),

2
GACI z v

z v
z vξξ

∈
=

+∑


§ §
§ §

. 

Definition 2.6. [30] [34] If ξ  represent a chemical structure, then the HZCI 
is define as; 

( ) ( ) ( )( )
2

,HZCI z v v vξξ
∈

= +  ∑


§ § . 

Definition 2.7. [30] [34] If ξ  represent a chemical structure, then the expres-
sion for AZCI is define as: 

( ) ( ) ( )
( ) ( )( ),AZCI

2z v

z v
z vξξ

∈

 +
=  + − 
∑



§ §
§ §

. 

3. Connection-Based ZIs for Tetrathiafulvalene (TTF)  
Dendrimer  

We calculated the connection-based ZIs, such as HCI, AZCI, SDCI, GACI, HZCI, 
ISCI, and ABCCI, of topological features of a significant type of dendrimer known 
as a TTF dendrimer in this section. TTF dendrimer, denoted as TD[m] with m 
stages, when 1,2, ,m n=   is made up of end groups, additional branches, and the 
basic unit with Figures 1-3 which include the connection number of every vertex.  

 

 
Figure 1. The center of the TTF dendrimer TD [0]. 
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Figure 2. The graph included in every branch of TD [n]. 

 

 
Figure 3. TD [1] with Connection number of each vertex. 

4. Main Results 

Proposition 4.1: Let ξ  be a chemical graph, then the expression for HCI is 
denoted as: 

( )HCI 2 44.5809 25.7548k= − . 

Proof: by using equation 2.1 and Table 1. 
 

Table 1. Total number of edge on connection number base ( ) ( )( ) ( ),z v ξ § § . 

S.R ( ) ( )( ) ( ),z v ξ § §  Number of edges 

1 ( ) ( )1,2 ξ  ( )4 2k  

2 ( ) ( )2,3 ξ  ( )8 2 4k −  

3 ( ) ( )3,3 ξ  ( )72 2 40k −  

4 ( ) ( )3,4 ξ  ( )20 2 16k −  

5 ( ) ( )4,4 ξ  ( )36 2 25k −  
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( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )( ) ( )( )

( )( )

,

1,2 2,3

3,3 3,4

4,4

2HCI

2 2

2 2

2

2 2 24 2 8 2 4 72 2 40
1 2 2 3 3 3

220 2 16
3 4

z v

k k k

k

z v

z v z v

z v z v

z v

ξξ

ξ ξ

ξ ξ

ξ

∈

 
=  + 

   
= +   + +   

   
+ +   + +   

 
+  + 
          = + − + −          + + +          
  + −  + 

∑


 

 



§ §

§ § § §

§ § § §

§ §

( )( )
( )
( )
( )

236 2 25
4 4

2 2.6667 3.2 24 5.71420 9

1.6 13.3334 4.5714 6.25

2 44.5809 25.7548.

k

k

k

   + −     +   
= + + + +

− − − −

= −

+

 

Proposition 4.2: Let ξ  be a chemical graph, then the expression for SDCI is 
denoted as: 

( )SDCI 2 285.0001 172.0001k= −  

Proof: By using equation 2.2 and Table 1. 

( )
( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )( )

( ) ( )
( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( ) ( )
( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( ) ( )
( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( )

,

1,2

2,3

3,3

3,4

min , max ,
SDCI

max , min ,

min , max ,
max , min ,

min , max ,
max , min ,

min , max ,
max , min ,

z v

z v z v
z v z v

z v z v
z v z v

z v z v
z v z v

z v z v
z v z v

ξξ

ξ

ξ

ξ

∈

 
= + 

  
 

= + 
  
 

+ + 
  
 

+ + 
  

+

∑










§ § § §
§ § § §

§ § § §
§ § § §

§ § § §
§ § § §

§ § § §
§ § § §

( )
( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( ) ( )
( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( )

( ) ( )
( )

( )
( )

( )( ) ( )
( )

( )
( )

( )( ) ( )

4,4

min , max ,
max , min ,

min , max ,
max , min ,

min 1,2 max 1,2
4 2

max 1,2 min 1,2

min 2,3 max 2,3
8 2 4

max 2,3 min 2,3

min 3,3
72 2 40

max 3,

k

k

k

z v z v
z v z v

z v z v
z v z v

ξ

ξ

 
+ 

  
 

+ + 
  

  
= +      

  
+ − +      

+ −



§ § § §
§ § § §

§ § § §
§ § § §

( )
( )
( )

max 3,3
3 min 3,3

  
+      
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( )( ) ( )
( )

( )
( )

( )( ) ( )
( )

( )
( )

( )( ) ( )( ) ( )( )( )

( )( ) ( )( )( )

min 3,4 max 2,3
20 2 16

max 3,4 min 2,3

min 3,3 max 4,4
36 2 25

max 4,4 min 3,3

5 134 2 8 2 4 72 2 40 2
2 6

2520 2 16 36 2 25 2
12

2 10 17.3334

k

k

k k k

k k

k

  
+ − +      
  

+ − +      
        = + − + −              
    + − + −      

= +( )
( )
( )

144 41.6667 72

8.6667 80 33.3334 50

2 285.0001 172.0001.k

+ + +

+ − − − −

= −

 

Proposition 4.3: Let ξ  be a chemical graph, then the expression for ABBCI is 
denoted as: 

( )ABCCI 2 90.4025 54.6129k= −  

Proof: By using equation 2.3 and Table 1. 

( ) ( ) ( )
( ) ( )( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( ){ }

( ){ }

( ){ }

,

1,2 2,3

3,3 3,4

4,4

2
ABCCI

2 2

2 2

2

1 2 2 2 3 24 2 8 2 4
1 2 2 3

3 3 272 2 40
3 3

3 4 220 2 16
3 4

3

z v

k k

k

k

z v
z v

z v z v
z v z v

z v z v
z v z v

z v
z v

ξξ

ϖ ϖ

ϖ ϖ

ϖ

∈

+ −
=

×

+ − + −
= +

× ×

+ − + −
+ +

× ×

+ −
+

×

   + − + −
= + −   

× ×   
 + −

+ − 
× 

 + −
+ − 

× 

+

∑


 

 



§ §
§ §

§ § § §
§ § § §

§ § § §
§ § § §

§ §
§ §

( ){ }
( )
( )
( )

4 4 26 2 25
4 4

2 2.8284 4.6188 48 12.9099 22.0454

2.3092 26.6667 10.3279 15.3093

2 90.4025 54.6129.

k

k

k

 + −
− 

× 
= + + + +

− − −

−=

−+

 

Proposition 4.4: Let ξ  be a chemical graph, then the expression for ISCI is 
denoted as: 

( )ISCI 2 226.5524 142.2285k= −  
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Proof: By using equation 2.4 and Table 1. 

( ) ( ) ( )
( ) ( )( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( )( ) ( )( )

,

1,2 2,3

3,3 3,4

4,4

ISCI

1 2 2 3 3 34 2 8 2 4 72 2 40
1 2 2 3 3 3

z v

k k k

z v
z v

z v z v
z v z v

z v z v
z v z v

z v
z v

ξξ

ξ ξ

ξ ξ

ξ

∈

 ×
=  + 

   × ×
= +   + +   

   × ×
+ +   + +   

 ×
+  + 
 ×   ×  ×    = + − + −      + + +      
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k
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    

 ×   ×    + − + −      + +      
= + + + + + − − − −

= −

 

Proposition 4.5: Let ξ  be a chemical graph, then the expression for GACI is 
denoted as: 

( ) ( )GACI 2 103.4036 84.7544k= −  

Proof: By using equation 2.5 and Table 1. 
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ξξ

ξ ξ

ξ ξ

ξ

∈
=

+

= +
+ +

+ +
+ +

+
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   × ×
= + −   + +   

   × ×
+ − + −   + +   
 ×

+ − +

∑


 

 


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§ §

§ § § §
§ § § §

§ § § §
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2 3.7712 7.8384 72 19.794 36

3.9192 40 25 15.8352

2 103.4036 84.7544.

k

k




= + + + +

+ − − − −

= −
 

Proposition 4.6: Let ξ  be a chemical graph, then the expression for HZCI is 
denoted as: 
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( )HZCI 2 6112 3884.k= −  

Proof: by using equation 2.7 and Table 1. 

( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )( ) ( )( )( ) ( )( )( )

( )( )( ) ( )( )( )

( )

2

,

2 2
1,2 2,3

2 2
3,3 3,4

2
4,4

2 2 2

2

HZCI

4 2 1 2 8 2 4 2 3 72 2 40 3 3

20 2 16 3 4 36 2 25 4 4

2 36 200 2592 980 2304

z v

k k k

k k

k

v v

v v v v

v v v v

v v

ξξ

ξ ξ

ξ ξ

ξ

∈
= +  

+ +      

+ +      

+  

    = + + − + + − +     
   + − + + − + 

= +

+ +

+

 
= + + + + +

∑


 

 



§ §

§ § § §

§ § § §

§ §

( )
( )

100 1440 784 1600

2 6112 3884.k

− − − −

= −

 

Proposition 4.7: Let ξ  be a chemical graph, then the expression for AZCI is 
denoted as: 

( )AZCI 2 330 548.6667k= − . 

Proof: By using equation 2.6 and Table 1. 
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5. Comparative Analysis 

In this subsection, we compare those aforementioned connection-based ZIs to 
each other to figure out which connection-based ZIs is superior to all others. For 
the present calculations, we have presented the necessary parameters with which 
the ZCI values of TTF dendrimers have been estimated.  
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1, 2,3, ,7k =  , and have incorporated them in the following Table 2. In Table 
2, we have given the ZCI values of TTF dendrimers for 1,2,3, ,7k =  . The ZCIs 
of the TTF dendrimer (Figure 4) are graphically compared. 

 
Table 2. ZCI values of graph ξ  for 1,2,3, ,8a =   are calculated in Table 2. 

ZCIs 1k =  
 

2k =  
 

3k =  
 

4k =  
 

5k =  
 

6k =  
 

7k =  
 

( )HCI ξ  63.41 152.57 330.89 687.53 1400.81 2827.37 5680.49 

( )SDCI ξ  398 968 2108 4388 8948 18068 36308 

( )ABCCI ξ  126.19 306.99 668.59 1391.79 2838.19 5730.99 11516.59 

( )ISCI ξ  310.88 763.98 1670.18 3482.58 7107.38 41356.90 28856.18 

( )GACI ξ  122.05 328.85 742.45 1569.65 3234.05 6532.85 13150.45 

( )HZCI ξ  8340 20564 45012 93908 191700 387284 778452 

( )AZCI ξ  111.33 771.33 2091.33 4731.33 10011.33 20571.33 41691.33 

 

 
Figure 4. Comparing the connection-based ZIs of the graph ξ  graphically for 

1,2,3, ,7k =  . 

6. Conclusions 

The following observations mark the end of our talk.  
The developed general equation for calculating TTF dendrimers utilizing ZCIs 

specifically, HCI, AZCI, SDCI, GACI, HZCI, ISCI, and ABCCI is presented in this 
paper. Additionally, we have performed both numerical and graphical compari-
sons of the previously described ZCIs of TTF dendrimer.  

It is clear from looking at Table 2 and Figure 4 that the HZCI and TTF den-
drimers regularly obtain the highest values in this network. Figure 4’s graphical 
depiction shows that the HZCI has a higher line than any other ZCI in the TTF 
dendrimer. 

Future Direction: Tetrathiafulvalene (TTF) dendrimers are dendritic macro-
molecules containing TTF units and are popular for their specific electrochemical 
behavior. More future work for TTF dendrimers involves the application of TTF 
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dendrimers in molecular electronics as a potential candidate as well as the synthe-
sis of highly conductive and rich components for molecular devices at the na-
noscale. Further, research efforts are directed towards optimizing their electro-
chemical stability and precise control of redox characteristics for application in 
organic photovoltaics and sensors. Developments in synthetic techniques con-
tinue to focus on generating further elaborate TTF dendrimer structures since the 
compounds, with their broader functionalities, may easily be incorporated into 
additional technological systems. 
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